1. introduction

1.3 turning point

dx

example : — =a—2", x

dt

d
equilibrium : d—sz =a—2"=0= X =

case 1 : a >0

i

2

T =dz/dt

v

v

X = +/a is stable, X = —/a is unstable

case 3: a <0

<

Va

bifurcation diagram

N

(0) =z , goal : find z(t)

+Va

0

none

,a>0
, a=0
,a <0

case 2: a =0
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X = 0 is unstable

/ stable

-

-

-

-

-~ ~- unstable

There is a turning point at (a, X) = (0,0); this is also called saddle-node bifur-

cation. (more later)




linear stability analysis : define 2’ = x — X : perturbation

dr’  dx 9 ,
Pkt =a— (' + X)? }K)f—i—QxX—i—)/j
d /
linearized equation : d_a; —2X2 =2(t)==x (O)eSt = —2X : growth rate

X=vVa=s<0 itlim:v’(t)zoz stable
— 00
X=—-Va=s>0= tlim 2'(t) = 400 : unstable
—00

X=0=s5=0 = 2'(t) =2'(0) for all ¢ : marginally stable
nonlinear terms determine stability

explicit solution

case 1 : a =0

d 2 4 gl t+
dt x? x
1 1

t=0=—-——=c=>—=—t—— =>z1=

i) T i) t 4+ —

T To
() = ——

rot + 1

rg=0 = z(t) =0 for all ¢

x0>O:>hmx() 0

t—00
rg <0 = x(t) > —c0 as t — t. = —1/x¢ : blow-up
x

\\

case 2 : a >0

dx x dx
=a—2° a:a2,a>0 = —=a’—-2 =

g = dt
dt ’ dt a? — x?




Lo _ 11
a2—12 2a\a+zr a-—=x

1

—(ln(a+x)—ln(a—x)> =t+c=1In (OHFSC) = 2at + 2ac
200 oa—x
oz+x_A62at,A_oz+x0

oa—x a — 2

Ae?0l _q (a + 20)e2 — (o — )
r=a|l——5— | =a
1+ Ae2at (a — m0) + (a 4 mp)e2d
(a + mp)e®t — (v — mp)e ™A

=«
((a —20)e~ % 4 (a4 xo)eat>
(a sinh at + x cosh at) (a tanh at + :Uo>
= X =

a cosh at + x(sinh ot o + xp tanh at

tanht
(G i
xo = £v/a = z(t) = £+/a for all ¢
To > —va = tlgglox(t) =va  —----- —1
Ty < —v/a = z(t) > —oc0 as t — \_/—;tanh_l(\/&/xg)
T

\/ax-—ﬁ —

_\/a __________________________

case 3: a <0
\/—_a Ty — v/ —a tany/—at
vV—a+ xgtany/—at
_1 _1 \/ —a
tan
v —a Lo

x(t) =

) , derivation ...

x(t) - —oco ast — ) : blow-up



1.4 transcritical bifurcation 9

J Mon
T

— =az — bz | assume b > 0 1/9

equilibrium : az —b2? =0 = z(a —bx) =0 = X =0, a/b

case 1 : a >0 case 2: a =0
x i
x x
ﬁ\ /
b
X =0 is unstable, X = % is stable X =0 is unstable

case 3: a <0

/5
b
X =0 is stable, X = % is unstable

bifurcation diagram

This is a transcritical bifurcation; there is an exchange of stability at the bifur-
cation point a = 0.




linear stability

=0v-X

d’  d

d—g; = d—;; = ar—br* = a(z/+ X)—b(z'+ X)? = ax’—i—gf—@&@?—k%x’X—l—}J@)
dx’

e (a —2bX)z" = 2/(t) = 2/(0)e* |, s = a — 20X

stable ifa <0

X=0=s=a:
ST a {unstable ifa>0

v N unstable if a < 0
= — S=—a:
b stable ifa >0
explicit solution
d
d—:z = ax — bx? : separation of variables works, but here we use an alternative
lde d[f1 1 RNt tion 1
———=—|—| =—al| — . linear equation for —
x2dt  dt\ x x q x
case 1 : a =20
1 1 bxot + 1
—=bt+—= ot ¥ if 29 #0
X X0 i)
(1) 0 for all heck X =0
x(t) = or all xy , chec =
brot + 1 0

rg >0 =2x(t) >0ast—>o00, 290 <0 = 2(t) > —o0 as t — —1/bxy
case 2 : a # 0

d(l b) <1 b)
- - — = —q| — — —
dt \ x a T a

l_ﬁ (i_ﬁ)e—at jl_a_beB—at+ b (a—bxo)e_aterg;O
x

ax a ax

x(t) = il , check X =0,
(a — bxg)e™ 4 + b

a

b

a
a>0,x9>0 :>x(t)—>€ast—>oo

1 bxry —
a>0,:z:0<0:>:c(t)—>—ooast—>—ln<SUO a)
a bxg

similarly for a < 0



1.5 pitchfork bifurcation

3 . Landau equation

equilibrium : z(a—bx?) =0 =X = 0or X = ++/a/b if a, b have the same sign

case 1 : a>0,b>0

\

X

\ x
case 3:a>0,b0<0 case4d:a<0,b<0

;. .

/ .

bifurcation diagram
case land 2: 5> 0 case 3Jand 4 : b <0

x x

\ ——————

supercritical pitchfork bifurcation subcritical pitchfork bifurcation
The Landau equation is invariant under the transformation Tx = —x. The set

case 2:a<0,b6>0

T

of equilibrium points is either {0} or {0, &=1/a/b}; both sets are invariant under
T; all elements of the 1st set are invariant under 7T, but some elements of the
2nd set are not invariant under 7T'; this is an example of symmetry breaking.




linear stability

3
r=x-X Wed
1/11
dx’  dzx 3 ,
— = —qx - = X) — bz + X)3
priaiilc br’ = a(z' + X) — bz’ + X)
= ax +91( b}}< +3@§<2X—I—be’X2 +}3§(
dx’
da;f (a —3bX?Ha" = 2/(t) = 2'(0)e”, s = a — 3bX?
X0 s—q- stable ,a <0 X = :i:/ e o stable ,a >0
unstable, a > 0’ unstable, a < 0
explicit solution
d
d—f:ax—bx?’

3 dt dt \ x2 22 dt \z2 a) 2 a
1 b 1 b —9at
- . . — - e
2 a 3 a

(
—baZ\ _ b
(_) 2t Vita 0

1) axg
x? 1 :
20t + — ifa=0
\ Lo
f azg if a %0, check X =0, £1/a/b
if a , chec =0, a
(a — ba2)e—2at 4 pg2
.’,UO .
S\ — fa= heck X =
202t 11 if a =0, chec 0
o(t) = Sign(xo) =0
5 1 brd —a _
(@ —bxf)e by brg =0 = t.= —In 5 , blow-up occurs if ¢, > 0
 2a bxj

case 1 :a>0,0>0
te <0 , no blow-up , tlim x(t) = sign(xg)+\/a/b
— 00

The system is bistable, i.e. there are two stable nonzero equilibrium points; a
perturbation of X = 0 grows due to linear instability, but eventually equilibrates
to X = £1/a/b due to nonlinearity.



case 2:a<0,b>0

te <0 , no blow-up , tlgilo z(t) =0 for all xg
Nonlinearity reinforces the linear stability of X = 0.
case 3:a>0,b<0

>0 if t=0
(a — bx%)6_2at + bad = {a :

bzt <0 if t— oo

te >0 , blow-up occurs |, gl_glc x(t) = sign(xg) - 00

Nonlinearity reinforces the linear instability of X = 0.

cased:a<0,b<0

[vo| > \/a/b = 22 >a/b = bx} —a <0 =t.>0 , blow-up occurs

2] < /afb = 22 <a/b = a—bi2 <0 = (a—ba2)e 2% 4 bz < 0 fort >0
= no blow-up , tliglo z(t) =0

20| = y/a/b is a threshold for instability.

X = 0 is subject to a finite amplitude instability.

1.6 Hopf bifurcation 4
dr d Wed
E:—y—l—(a—aﬁ—y?)x,d—g;:a:—l—(a—xQ—yQ)y 1/18

equilibrium

—y+(a—2* =y =0=—y*+ (a—2* —y*)ay =0
z4+ (a—2?—y)y=0= 22+ (a—2®—y*)ay =0

=224+ =0=X=Y =0

linear stability

=z, y =y

d_xj—_ /_‘_a/x, d_y/_x/+a lii x/ o a_]_ ,CU/
a7 Cdt Y7a\y) T\ o) \y
/ / / o B ,
e () ()- (7))
Y Yo Yo 1 a—s i

: : -5 —1 .
ismanagenvalue,det(als )z(a—s)2+1:0 =s=a=x1



oSt — ola+ i)t _ Lat it _ eat(

cost +isint)
2'(t),y'(t) € span{eatsint, eatcost}

stable ifa <0
unstable if a > 0

= (X,Y) =(0,0) is {

explicit solution

x=rcosf,y=rsinf

x4 iy =rcosf +irsinf = r(cos + isinf) Y
d d
d_erid—i = —y+ (a—xz—yQ):U+z'(;c+ (a_$2—y2)y)

= —y+ir+(a—2®>—y*)(z+iy) = (z+iy)(i+a—2*—y?) = rei‘g(i+a—7“2)
d it _ 0,40  dr g _ <ird—9+@>ei9

aC T T T at ' dt
d 0 if a >0
—T:ar—r?’,equilibrium:R: ,\/5? ¢ r(t) = ...
dt 0 if a <0
r
/T:\/a
_________________ a

There is a supercritical pitchfork bifurcation at a = 0.

do
— =1 O(t) =t+ 6
dt = 0(t) =t +06

For a >0, the equilibrium R=/a yields a time-dependent periodic solution of
the original system given by z(t) = v/acos(t + 0y), y(t) = /asin(t + 6y).

In general, (z(t),y(t)) defines an orbit or trajectory in the xy-plane.

a < 0 : all orbits approach (0,0) as t — oo, (0,0) is a stable focus

a > 0: the circle 2+ = a is a stable limit _cycle, all orbits with (zq, yo) # (0, 0)
approach the limit cycle as ¢ — oo, (0,0) is an unstable focus
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summary
1. dx/dt = a — z* : turning point , s = =/a

2. dx/dt = ax — ba? : transcritical , s = +a N

3. dx/dt = ax — b3 : pitchfork | s = {a, —2a}
de/dt = —y + (a — 2* — y*)x

il — 9 9 : Hopt , s=a =+
y/ z+(a—a"—y)y

In each case the bifurcation occurs at a =0, i.e. when the real part of s changes
sign, where s is an eigenvalue of the linearized problem. Cases 1,2,3 are called
zero-crossing bifurcations; in case 4 the bifurcation occurs when a complex con-

jugate pair of eigenvalues crosses the imaginary axis in the complex s-plane.

1.7 nonlinear oscillations in a conservative system

d*x

i f(x) : Newton’s 2nd law for particle motion z(t) in a force field

initial data : z(0), dx/dt(0)
equilibrium points : f(X) =0
linear stability : 2/ =2 — X

s’ dPx
= =5 = @) = f@ + X) = J) + (X

case 1: f(X) <0 = f(X)=—-a?, a>0

2'(t) = acosat + bsinat = Asin(at + 6) : stable
dx’
dt

a2A2\ dt

v dax’ /dt

X is a center, the orbits are bounded linear oscillations with period 27/« this

is called simple harmonic motion

1 1 "\2
= aAcos(at + 6y) = ye —(z)? + <d_x) =1

: ellipse in phase plane

Mon
1/23
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case 2: f/(X)>0 = fI(X)=a?,a>0
ccosh(at + 0y) if |a] < |b| , acsinh(at + 0y) if |a| < [0
2'(t) = { esinh(at + 6p) if |a] > || | d—ﬁ = { accosh(at + 6) if |a| > |b]

cetat if |a| = [b] +TaceTat if |a| = [b]
1 1 ysda dz’
g(ac’)2 — w( dxt ) = +1 : hyperbolas , d_a; = faa’ : lines , unstable
dx'/dt

ZER

X is a saddle point, the orbits are unbounded except for (0,0), some orbits have
a turning point, note the 4 orbits that converge to (0,0) as ¢t — o0

Return to the nonlinear problem.
T
potential energy : V(z) =— [ f(s)ds = f(x) = —V'(z)
Lo
X is an equilibrium < f(X) =0 < V/(X) =0: X is a critical point of V (z)
V"(X) >0 = V(x) has a local min at z = X, f/(X) <0 : center
V"(X) <0 = V(x) has a local max at z = X, f/(X) > 0 : saddle

Kineti 1 (d:p)
inetic ener
gy . dt

theorem

d
The total energy E = ( v

dt
this is the sense in which the system is conservative.

proof

dE _drl sda dx d2x de  dax
dt dt[ (dt)JrV(x)} dtdt2+v()dt 2 (@)= f(@)) =0 ok

corollary
V(z(t)) < FEforallt,V(z(t)=E< —(t1) =0

) + V() of a solution z(t) is constant in time;
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d? 1
example d—tf—l—a:Q = V( ):—x+§x3
. f v
1
_____ 2
] 3
-. X : |1 i
-1 |
Y N |
3
r<-—1,x>1= f(z) <0, V'(x) >0 : particle is decelerating , 2" (t) < 0
—l<x<1l = f(x)>0,V'(x) <O0: particle is accelerating , z”(t) > 0
(1) = =2 : cent
equilibrium : X = £1 | linear stability : f'(z) = —2x ') comer
f'(—=1) = 2 :saddle
1 sdx\2 1
phase plane : —(—I) —x+—1=F
dz b) —2/3
dt ¢) —2/3< E<2/3
d) E=2/3
e) E>2/3
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The set {z : V(z) = E} has 1, 2, or 3 points, and at such points 2/(t) = 0.

a) B < —-2/3 V' let 21 = z(t;) be such that V(z;) = E,
then 2”(t1) = f(x1) = =V'(x1) < 0, z(¢t)
T /:\ . has a local max at x; and z; is a turn-

_________ E around at x; < —1, then decreases back
to —oo

)/ = \’/ ing point, z(t) comes in from —oo, turns

6
Fri
1/27

2 possibilities

bl) x(t) < xq, x(t) is similar to (a)
b2) x(t) = 1 is the center

2 possibilities

cl) z(t) <z, x(t) is similar to (a)

c2) x9 < z(t) < w3, x2 and z3 are turning
points, z(t) is a periodic orbit

3 possibilities

dl) z(t) < —1

2(t) >0 = x(t) > —1last — o0
' (t) <0 =xz(t) > —last - —o0
d2) z(t) = —1 is the saddle point
d3) —1 < z(t) < a9

In (d3), z(t) has a turning point (local max) at s, x(t) = —1 as t — +o0o, z(t)
is a homoclinic orbit, also called a separatrix because it separates the bounded
and unbounded orbits.

e) E>2/3

— I has sufficient energy to circle around the
equilibrium at X =1

/{ 4 x(t) starts out similar to (a), but here it




15

energy surface, z = 0.5(dx/d’c)2 + V(x)

period

Consider a periodic orbit with —2/3 < E < 2/3.

X3

dx

T L3 dy
r /0 di = 2/3;2 dr/dt 2 29 /2(E — V(1))

V(z9) = V(z3) = E = improper integral, does it converge or diverge?

1 U dx
recall :
0 VT

1

1 Ude
— = 2\/5‘0 = 2 : converges , / — = 2lnz ,= 00 diverges
0o X

E—V(x) = B~ (Us) + V'(22)(@ — 22) + V" (@)@ — 22) + -+
1

~Y

: converges , similar for x3

1
VE—V(x) \/—V/(l‘g)(ﬂi‘ — Tg) '

however if £ — 2/3, then zo — —1, V'(x3) — 0

1

1
VE-V@ v

x9)(x — x9)?

. diverges , hence T'— oo as F — 2/3

Mon
1/30

On the homoclinic orbit (where £ = 2/3), z(t) — —1 as t — 4oo; this is
consistent with the exponential behavior of the orbits of the linearized problem

at a saddle point.
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example : nonlinear pendulum

angular displacement — velocity — acceleration

df d20
0df — V— — (—
dt dt?
Newton’s 2nd law (tangential component)
d20 d20
m - éﬁ = —mgsinf = — T = —(g/l)sind
mg sin

equilibrium points : sinf =0 =60 =nw,n=0, 1, £2,
linear stability : 8/ =0 — nw
f(0) = —(g/0)sin0 = f'(0) = —(g/t) cos® = f'(nm) = (¢/¢)(~1)"""
d*¢’ ;
— (g/0)(~1)"0" - {stable it n is even : center

dt? unstable if n is odd : saddle point
potential energy : V(6) = —(g/{) cos 0, satisfies f(6) = —V'(0)
v
9/t+

|
energy : (ili) (g/l)cost =F

E < —g/t¢ : no orbits

E = —g/l : center at § = 2n7

—g/l < E < g/l : bounded periodic orbits
FE = g/t : saddle point or heteroclinic orbit

FE > g/¢ : unbounded periodic orbits
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period : bounded periodic orbits

—g/l < E< g/l = FE=—g/lcosa ,where 0 <a <7, a: amplitude of orbit

@ df a df
/—a V2(E -V (0)) /O V/2(g/¢)(cos§ — cosa)

E—-V(0) = —%COSCL + %COSQ = (g/l)(cos @ — cosa)

cosf) —cosa = cos(2-0/2) —cos(2-a/2) =1 —2sin*(0/2) — (1 — 2sin*(a/2))
= 2(sin?*(a/2) — sin*(6/2))
substitute sin(6/2) = sin(a/2) sin ¢
cos — cosa = 2sin?(a/2)(1 — sin’¢) = 2sin?(a/2) cos’¢
—sin 0df = 2sin*(a/2) - 2cos ¢ - — sin pdg
sin @ = 2sin(6/2) cos(0/2) = 2sin(a/2) sin ¢/1 — sin®(a/2) sin’¢
B 4sin?(a/2) cos ¢ sin ¢ de _ 2sin(a/2) cos ¢ do
2sin(a/2) sin g/1 — sin*(a/2) sin®¢ /1 — sin®(a/2) sin®¢
~ \/2(cosf — cosa)de
V1 —sin®(a/2) sin¢

/2
=44/{/ / = 44/1/g K (sin®(a/2))
\/1 — sin? a/2) sin’¢
K(m) : complete elliptic integral
V1 —msin?¢
1
:1+£+O(a:2) asx — 0
1l—2 2

T = 4\/6/79/7T/2<1 + %sinQ(a/Q) sin’¢ + O(a4)>d¢ as a — 0
_4\/7< —-%2-—+O )_wa( +—+O ))
note : a—>7T$T—>4\/7/7T2d¢ =

cos ¢




1.8 maps

Tpe1 = F(z,), n=0,1,2,...

1. Euler’s method for dv _ f(x)

Tpy1 — Tn

At

dt

2. Newton’s method for f(z) =0

f(%‘l) = f(zn) + f/(xn)(xnﬂ — ) ‘i‘/j Tnt1

dm

—

3. Poincaré map fOY — = f(2), &

X

Z

= (7,9, 2)

=Ty — f’(ajn)

4. logistic map

Tyl = Az, — b,

b=0= 2, =a"xg :

Ty, © population in nth generation

exponential growth ;, b > 0 : decay , finite resources

18
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definition

If X = F(X), then zy =

linear stability :

n

X =ux,=

=z, — X

Tyy1 = Tpp1 — X = F(x,) — F(X)

Ty = FI(X)z), = @), =

lim a:
n—oo

0
unbounded
bounded

(F"(X))" g

if |F'(X
if |F'(X
if |F'(X

)| <
)| >
)l

= F(x), + X)
1 : stable
> 1 : unstable
1

~ F(X)

X for n > 1 and X is called a fixed point.
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example : logistic map

consider x,.1 = ax,(1 —x,) = F(z,), F(r) =ax(l —z) , assume a > 0

F F
al /
4 Lo beevenin A0
I
| T1f----- ya
I :US .......... /
I 7
/ :
I / . . .
1 Ty T3 T1 T2

note : if 0 <z <land 0<a<4, then 0 < F(z) <1,ie F:[0,1] —[0,1]

fixed points : X =aX(1 - X) = aX’+(1-a)X =X(aX+1—-a)=0

X:O,a_l

a
linear stability : F'(z) = a — 2az = a(1l — 2x)

stable for0<a<1
unstable for 1 < a <4

F’(a;1> :a<1—2(a;1>> —a—2a-1)=2—a

a—1 [stable forl<a<3
" lunstablefor0<a<land 3 <a<4

F'(0)=a=X=0: {

a

bifurcation diagram (partial)

x
1 :
stable fixed point
2 - - - unstable fixed point
3

........... stable 2-cycle

_____ unstable 2-cycle

N 3.4495 (later)

(0,1) : transcritical bifurcation , (3,2/3) : flip bifurcation
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definition : If there exist X # X3 such that Xy = F(X;) and X; = F(Xy),
then {z,} = {X1, Xo, X1, Xs, ...} is an orbit of period 2 or a 2-cycle.

Look for a 2-cycle of the logistic map.

Xy =aXi(1 — Xy)
Xi=aXo(l—Xo)=a-aX;(1—-X1)(1 —aX1(1—X71))
X(@*(X -1)(1—aX +aX?)+1)=0

4th degree equation for X

—1 1
we already know two roots, X :0,a =1—-—
a a
1 1., 99 9 1
aX(X—-14——-—)a"X"—a’X+a)+—)=0
a a a

1 1
aX(X -1+ =)(a*X*-a’X +a) —aX’+aX —1+—)=0
a a

aX((X -1+ %)(CL2X2 —a’X +a)+ (X -1+ %)(—ax +1)) =0

1
aX(X -1+ )@’ X*—a*X +a—aX +1)=0
a

1
aX(X -1+ )a*’X?*—ala+1)X +a+1)=0
a

X _ ala+1) £ /a2(a+1)? — 4a%(a + 1)

2a?
Ca+1lxy/a®+2a+1—4a—4)
B 2a
a—1 3—ax+/(a+1)(a—3)
= +
a 2a

Hence the 2-cycle exists for a < —1 and a > 3.



logistic map : x,11 =ax, (1 —x,)

a=0.9 a=2.8
[ 1 I
0.5 — 05 -
0 0 I
0 0.5 1 0 0.5
a = 0.9 : a single stable fixed point at X =0
a = 2.8 : two fixed points, X = 0 is unstable and X = ¢ ; is stable
1 a= 31 a= 37
I 1 i
i n
|
- _ |
0.5 0.5 | o
0 | 0 |
0 0.5 1 0 0.5

a = 3.1 : two unstable fixed points, a stable 2-cycle

a = 3.7 : two unstable fixed points, an unstable 2-cycle (more later)



2.1, 2.2 classification of bifurcations (local behavior)

consider dz/dt = F(a,x) or x,41 = F(a,x,)

F:R'xR™ - R"™, a € R': control parameters , z € R™ : state space

define : £ ={(a,z): F(a,z) =0} : equilibrium set

A point (ag, Xy) € € is called a bifurcation point if the number of solutions of

F(a,z) = 0 changes as a varies in a neighborhood of ay.

m=1/0=1

£ is a curve in the (a, x)-plane; we will classify the points (ag, Xg) € £.

22

Mon
2/6

question : Given (ag, Xo) € £, when does there exist a function x = X (a) such

that Xy = X(ap) and F(a, X (a)) =07

notation : FO = F(ao,Xo), FxO = Fx(ao,Xo), Fa() = Fa(ao,X()), N
answer : implicit function theorem : If F}y #£ 0, then ...
definition : If Fy = 0 and Fy # 0 or Fy # 0, then (ag, Xo) € £ is a regular point.

case 1 : F,o # 0, F,p # 0 : regular point, but no bifurcation

F(a,z) = B + Fuo(r — Xo) + Fapla —ag) + -+ =0
IFT = X(a) = Xo — (Fao/Fo)(a — ao) + -+

X X
S R~ i ] R |
| |
| |
I a | a
ap ao
case 2 : F,0 =0, F, # 0, F,0 # 0 : regular turning point
F(a,x) = B + Efo(x — Xo) + Fula — ao) + 5 Fuuo(x — Xo)* +--- =0
IFT as above does not apply, but X (a) = Xo 4 \/—2(Fuo/Fp0)(a — ag) + - --
X X
Xob-=------ Xop-=-----
I |
I a | a

agp

note : IFT can be applied, Fo # 0 = A(z) = ay — 5




example : x,+1 = ae’” : exponential map , a > 0

equilibrium set : F(a,z) =ae’ —x =0 v =ac¥ S a=ze ¥
ao X
Xo

x a

Fla,2) =ae’ —2 =0, Fy(a,7) =ae? —1=0 = Xg=1, qy = e

Foo=0,F,=e#0,F.,0 =17 0 : regular turning point
X(a) = Xo £ v/—2(Fu/Fuo)(a—ag) + -+ = 1£/2(1 —ea) + ---

23

definition : If Fy = Fo = F,0 = 0, then (ag, Xy) € £ is a singular point.

basic examples

1. F(a,z) = (z — Xo)*> — (a — ag)? = 0 : transcritical bifurcation

X() ————— X(a):Xoi(a—ag)

a

2. Fla,z) = (z — Xo)((z — Xo)* — (a — ag)) = 0 : singular turning point
D% pitchfork bifurcation

X(Cl) :Xo,X(CL) :Xoi\/m

/N

I a
ap

note : In a pitchfork bifurcation, dx/da changes sign along a branch of X(a);

this is not true for a transcritical bifurcation.
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X
D G X(a) = Xo % (a — ag)*?
|
|
|
| a
ao
4. F(a,z) = (x — Xo)* + (a — ap)* = 0 : conjugate point
X
X() ————— ?
|
|
| a
o
example : F(a,x) =23 + a® — 3ax = 0 : folium of Descartes 10
F.(a,x) =32 —3a =0 = a = 2* g;d

2 4+a® —3ar =23 + 25 - 323 =323 - 2) =0 = Xy =0, 2!/
Foi(a,x) = 6x, Fy(a,x) = 3a® — 3z, Fy,(a,2) = -3, Fu(a,z) = 6a
(ag, Xo) = (0,0)

Fy=F,y = F,0 =0 : singular point
ancozoy FaxO:_S) FaaO:O
F(a,z) ~ Fyola — ap)(z — Xo) = —3ax =0

=a=0o0rz=0: transgm/tical or pitchfork , locally a = 22 or x = a?

(ag. Xo) = (41/3ﬂ 21/3)
Fo=F,=0, Fo= 3(161/3 — 21/3) £ 0 : regular point
Frpo =623 40 = F(a,2) ~ Fyo(a — ap) + + Fyo(z — Xo)? = 0

X(a) = Xo £ v/—2(Fu/Fuo)(a — ag) = a < ag : turning point



folium of Descartes

F(a,r) =23 +a® — 3ax =0

(ap, Xo) = (0,0) : singular point , pitchfork

(ag, Xo) = (41/3,21/3)

2

: regular turning point

X

41/3

25
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m=1/0=2
The equilibrium set £ = {(a,b,x) : F(a,b,x) = 0 defines a surface x = X (a, b)
in (a, b, x)-space (which may be multi-valued).
Assume (ag, by, Xy) € £.
F(a,b,x) :%—FFxo(a:—XO) + Foo(a — ap) + Fro(b—by) +--- =0
1

If Fpo # 0, then X (a,b) = Xy — F—(Fao(a —ag) + Fro(b— b)) + -+ - and there
z0

is no bifurcation at (ayg, by, Xo); hence bifurcation can only occur when F,y = 0.

The two equations F'(a,b,x) = 0, F,(a,b,x) = 0 define a curve in the (a.b)-plane
called the bifurcation set. (For £ = 1 this is just a set of points on the a-axis.)

example : F(a,b,z) = 42> — 2ax +b =0

For each (a,b) the surface x = X (a,b) has 1, 2, or 3 values.

EF(a,b,x) = 1222 —2a =0 = z = +(a/6)"/? : bifurcation only occurs for a > 0
Fla,b,z) =0 = 4-+(a/6)** = 2a-+(a/6)> +b =10

= +4(a/6)*? —12 - +(a/6)%? + b= 0

= +8(a/6)*? = b = 64a® = 650> = 8a® = 2717 : bifurcation set

The bifurcation set itself has a bifurcation; this can be analyzed as f(a,b) = 0, or
observe that b = #+./8/27a%/2, so the bifurcation set has a cusp at (a,b) = (0, 0).

Now consider a plane (ag, b, ) with ag > 0; the intersection of the surface with
this plane is a curve x = X (ag, b) with turning points at b = +by = + 8/27a8/25

this follows from the relation b = —423 + 2ayx sketched below.

b(z) = by + by(z — Xo) + 30 (x — Xo)2 + -
= by — 12Xo(z — Xo)2 + - -

2(b) = Xo £ +/—(1/12X,) (b — by) + - - -

As ag varies there are two curves of turning

points on the surface, each of which corre-

sponds to a fold and which project onto the
cusp in the (a,b)-plane.

The cusp separates regions of the (a, b)-plane
where X (a,b) has 1, 2, or 3 values; X(a,b)
has 2 values on the cusp.
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(a) X 4

F(a,b,x) =0

b

a

(b) x|

one T ——
solution 0
| one
three solution b
solutions
a

Fig. 2.3 The cusp catastrophe. (a) The folded surface F(a,b,x) =0 in the
(a, b, x)-space and (b) the projection in the (a, b)-plane of its points with ‘vertical’
tangents, and with a cusp at (0, 0).



2.3 structural stability

How is a bifurcation affected by an imperfection in the system?

F(a,z,6) =0, § =0 : perfect system , § # 0 : imperfect system

28
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example 1 : F(a,z,0) =2>—a=0

(ag, Xo) = (0,0) = Fy=0,F,0 =0, Fyo = —1, F30 = 2 : regular turning point

r=++a,a= 1’

X

F(a,z,0) = F(a,z,0) + Fs(a,z,0)5 + O(56?)

=22 — a+ Fs00 + Fo5006 + Fys0a0 + %Fm(goxzé + O(62,a%5, axd, 239)

= 22(1 + %Fxx(s()é) + Ep50w0 — a(l — Fu500) + Fso0 + O(62%,...)
=(1+ %Fmgoé)(:v + %F$505)2 — (1 = Fu500)(a — Fs00) + O(6%,...)

= A turning point is structurally stable.

example 2 : F(a,z,0) =2*>—a*+ 35 =0

=0 = 2?—a?>=0 = x = +a : transcritical bifurcation at (0, 0)

0#£0=>x==+vVa®>—06,a==xVr2+§

5 —

0
x
a

Z

0>0

N\
N
AN
AN
¥

X

/
/
/
a

/
/
/

AN
/
/

/
/
AN

AN

AN
AN
AN

/
/
/
/
7/

A transcritical bifurcation is not structurally stable.




example 3 : F(a,r,0) = x(2®> —a) + 0
b=0=2a2(2>-a)=0=2=0,z==+a
§#0 =>a=2"4+5/x
=20

9o=1 T E— x X
// //
// //
7 -~
7 7
/ //
4 mZ=————f————== @ TEmm——fm———— a
T~ \
N N
\\ \\
\\\ \\\

A pitchfork bifurcation is not structurally stable.
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example 4 : F(a,2,0) =2>+a>—35=0
§ =0 : conjugate point , & > 0 : circle of radius v/d , ¢ < 0 : no solution

A conjugate point is not structurally stable.

F(a,m,5):lx2+%a3—a—%+5:0

example :

0=0: F(a,z,0) = 52 + 5(a+1)*(a—2) = Xy =0, a9 = —1,2
(=1,0) = F ~ 2% — (a+ 1)* : transcritical

(2,0) = F ~ 2%+ 3(a — 2) : turning point , a < 2
d==+:F(a,z,5)=52"+3(a—1)*a+2) = Xy=0,a =1,-2

1,0) = F ~ 122 + (a — 1)? : conjugate point
2
(=2,0) = F ~ 5%+ 3(a+ 2) : turning point , a < —2

T — F00 =a— —oo, F~La?+ 5a®: cusp , a <0
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example : F(a,2,0) = 52 +3a®*—a—2+6=0

Each frame shows the equilibrium set in the (a, z)-plane.

2 4

9 = 0 : The transcritical bifurcation at (—1,0) is structurally unstable and the
turning point at (2,0) is structurally stable.

o= % : The turning point at (—2,0) is structurally stable and the conjugate

point at (1,0) is structurally unstable.
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2.4 bifurcations in higher dimensions

ﬁ(&,f):o, F:R'xIR™ - R™, m>2: vector field

12
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consider a point in the equilibrium set : F (dp, Xo) =0

OF;
F;, = y—}— ]z: — CLJO + Z axk
AQ(CL—CL()) +J0($—X()) = O = X(CL) = XO — JO 1140(6—60) + -
Hence bifurcation can occur only if Jj is singular; recall for £ =m =1, Jy = F.

— ] — f:l :2
example : F(a, ) = (smy tanx) , T = (x) ; !

ar —y — %y Y a one-parameter family
of vector fields on IR

xk_XkO) -:O,izl:m
0

F(a,0) =0 = X, = 0 is a solution for all a

—sec’z  cosy
J: 2
a—2xy —1—=x
Jo=("1 Y 4= ()] =0, Agla—a0) + Jo(@— X0) =0 = Jo7 =0
0= 1 —1)0 =\, 0_ ’ a—ap 0\T 0) = 0L =

Hence we expect that the solution branch bifurcating from (1,0) behaves like

a —1

_ (-1 1> , det J =1 — a , bifurcation at ap =1
0

X (a) ~ €(a)¥, where e(a) = 0 as a — 1 and 7 = <1> € null(Jp).

Set €(a) = v~ )Z(a) = X(a) + Y (a) and look for a perturbation series solution.
Xa)=eX; +EXo+-- , Y(a)=eYi+ Yo+, a=1+ca; + ag+ - -

@@= (S v vharm) = (0)

ok X +Yi=1,Y-X;=0, X, -V =0=X, =V, =1

€. X0+Y=0,Y-X=0, o+ X;—Y¥o=0=X=Y=0,0a,=0
& Xty =0, Yi— 1Y~ (X5 +3X8) = 0, Xst+ap+anXy — Y3~ X7Y; =0

Y= RO XD =G+ D= > X = Y=,

1,1 11 1
—w T 7o e =0=a=3

X(a)=3e— 5+, Y(a)=ge+ g+, a=1+5€+---

e==++/3a—1)+--- :>X'(a):ﬂ:% 3(a—1) (1>+ as a — 1

Hence (a, X (a)) has a supercritical pitchfork bifurcation at (1,0), and this shows
why a perturbation series in powers of a — 1 is bound to fail.
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singularity theory, catastrophe theory
theorem (René Thom)

Let F(@,©) = 0, where F : R® x R™ — R™, F = —VV. There are 7 distinct
structurally stable bifurcations of co-dimension ¢ < 4.

llm V name

1] 1 %ajg + ax turning point
211 %x‘l + %a:cz + bx cusp

311 %x5 + %a:z:‘3 + %be +cx swallow tail

3| 2 23 4+ y3 + cay — ax — by hyperbolic umbilic
312 |23 —3xy® +c(z®+y*) —ax —by | elliptic umbilic
411 %azﬁ + %ax4 + %ba:3 + %cxz + dx butterfly
412 | 2%y + %y“ + ca? + dy? — ax — by | parabolic umbilic

swallow tail : F(a,b,c,x) = 2* + az® + bz + ¢ = 0 (Q2.13)
The equilibrium set is a 3D volume in (a, b, ¢, z)-space and the bifurcation set
is a 2D surface in (a, b, ¢)-space.
S(n) ={(a,b,c) : F(a,b,c,z) =0 has n solutions} : n =0,1,2,3,4
generic cases : S(0),5(2), 5(4) are open sets in (a, b, ¢)-space
| F
|

special cases : S(1),S5(3) are surfaces in (a, b, c)-space

| | F
| |

bifurcations occur when Fy(a,b,c,r) = 42° + 2ax +b=0 = b= —42° — 2ax

F(a,b,c,z) =0 = c= -2t —ar? —bx = —2* — ax® — x(—42° — 2ax) = 32* + ax?
b= —423 — 2ax

= the bifurcation set is a parametrized surface in (a, b, ¢)-space 4 9
c=32"+ax
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2asr—>0=c~blasb—0

a>0:b~—x,c~x

|

|

|
The curve (¢(z), b(x)) in the (b, ¢)-plane has 2 cusps and a self-intersection point.
by = —122% — 2a = —2(62° + a) , ¢, = 122° + 2ax = 22(62* + a)
= b, =c, =0 for 623 +a =0 or g = £+/—a/6

as T — xa[, cp = Ci/by = 0/0 = —x0, cpp = (Cot — Cp - byy) /U2 — 0/0 = F00

B

The swallow tail surface has a cusp ridge and a self-intersection curve.
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3. iterated maps : x,41 = F(z,) , F: R™ - R"
3.1 stability of fixed points

13
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definition : A fixed point X = F(X) is (Lyapunov) stable if for any € > 0, there
exists d > 0, such that |z — X| < = |z, — X| < efor all n > 1, i.e. any orbit
x, starting sufficiently close to X remains arbitrarily close to X for all n > 1.

A fixed point X is asymptotically stable if X is stable and z,, -+ X as n — oo
for all zy in a neighborhood of X.

note : stability # asymptotic stability
example : z,,1 = —x,, X = 0 is stable, but not asymptotically stable

OF, ) =z = J(X)"z
Ozj|x

Assume J(X) has m linearly independent eigenvectors u; with eigenvalues \;.

& & {hnearly stable if |A;] < 1 for all j

n

linear stability : )., = J(X)z], , J(X) = (

Th = g Cju; = T, = g cjAju; 0 X is

‘= = linearly unstable if |\;| > 1 for some j

Hartman-Grobman theorem

linear stability + hyperbolicity (the eigenvalues of J(X) have nonzero real part)
= stability, asymptotic stability

In general X = X(a); then if X (a) is linearly stable for a < ap and |\;(a)| = 1
as a — ag for some j, we expect that ag is a bifurcation point and X(a) is
unstable for a > ay.

example : z,11 = ax,(1 —2,),0<a <4
X =0 : fixed point for all a > 0, F(z) = azx(l —z) = J(z) = a(l — 2x) = A
X=0: A=a=XisstableforO<a<1

a=1=A=1=u1 =z
X is unstable for a > 1

a = 1 is a transcritical bifurcation point {new fixed point appears for a > 1

X=(a—1)/a: N=2—a = X isstablefor 1 <a <3

a=3=>A=—-1=2 = (-1)"x

n 0
X is unstable for a > 3
2-cycle appears for a > 3

a = 3 is a flip bifurcation point {

summary
A =1: anew fixed point appears (transcritical, pitchfork, ...)

A= —1: anew 2-cycle appears (flip)
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3.2 stability of periodic orbits

definition : If X3,..., X, are distinct points such that FI(X;) = X, F(Xy) =
Xs, ..., F(X,) = Xy, then S = {X;j,...,X,} is a periodic orbit of F' of period p
or p-cycle and F(S) =5, so S is an invariant set.

Define S = {z : |xr — Xj| < € for some j = 1 : p}. Then S is stable if for any
€ > 0, there exists 6 > 0 such that g € S5 = x,, € S, for all n > 1.

G(z)=FoFo---0F(x): p-th generation map

-~

p times

X € p-cycle of F'= X is a fixed point of G (but <= does not hold, for example
a fixed point of G may be a fixed point of F).

stability of a p-cycle of F' < stability as a fixed point of G
example : p =2, 2-cycle

S={X,) Y}, XAY FX)=Y ,FY)=X

G(z) = F(F(x)): X,Y are fixed points of G

| ), 26
X 7(995.7'

8£Cj
= KX)=JY)J(X), K(Y)=J(X)J(Y)

NN 0F,

- ox
X o Uk

OFy,

F(X) O

n

¥ =KX, , K(X)= (

X

In general K(X) # K(Y), but K(X) = J(Y)K(Y)J(Y)™ !, so K(X) and K(Y)
have the same eigenvalues and the stability of the 2-cycle is well-defined.

example : F(z) = ax(l — x)

a+1++/(a+1)(a—3)
2a

2-cycle : {X,Y} = {
J(x) = a(l —2z2)

} for a > 3, is it stable?

K(X) = J(Y)J(X) = a(l — 2V)a(l — 2X) = a®(1 — 2(X + V) + 4XY)
:a2(1_2(a+1) +4<(a+1)2— (a+1)(a—3)>>

a 4a?
:a2—2a(a—|—1)+(a+1)£%+1—//+3):a2—2a2—2a—|—4a—|—4
K(X)=—-d>+2a+4=5—(a—1)?
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G has a pitchfork bifurcation, 2 new fixed points appear

a=3=K(X)=1 {F has a flip bifurcation, a 2-cycle appears
KX)=-1le5—(a—12%=—-1<a=1+6~ 3.4459
G has a flip bifurcation at a = 1 + /6

stable for 3 <a <1+ 6
unstable for a > 1+ /6

stable for 1 + 6 < a < as
unstable for a > as

the 2-cycle of F is {

I has a 4-cycle for a > 1 + V6 {

bifurcation diagram (partial, schematic)

X

[ 3 34459 =1+6

The bifurcation diagrams of F' and G look the same, but they have different
meanings; for example a 2-cycle of F' corresponds to 2 fixed points of G.

preview (Feigenbaum, 1970s)
0 <a; <ag <---: infinite sequence of flip bifurcations , period-doubling

14
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p ~ Qs — A0 T asr — o0
T [ee]

(s = 3.57 for the logistic map , 6 = 4.6692 : universal constant , a > a, : later




period-doubling :

a=2.5
1
0.5
0
0 0.5 1
a=3
0.5
0
0 0.5 1
a=3.2
1
0.5
0
0 0.5 1
a=3.4459
0.5
0
0 0.5 1
a=3.54
0.5
0
0 0.5 1
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creation of a 2"*!-cycle from a 2"-cycle by a flip bifurcation

2nd gen map

0.5
0

0 0.5 1
1
0.5
0

0 0.5 1
1
0.5
0

0 0.5 1
1
0.5
0

0 0.5 1
1
0.5
0

0 0.5 1

0.5

0

0 0.5 1
1
0.5
0

0 0.5 1
1
0.5
0

0 0.5 1
y
0.5
0

0 0.5 1
y

|
0.5
0

0 0.5 1

4th gen map

-

=

2 fixed points

flip bifurcation

2 fixed points
2-cycle

flip bifurcation

2 fixed points
2-cycle
4-cycle

F" has degree 2, 2nd gen map has degree 4, 4th gen map has degree 16

A flip bifurcation occurs when A = —1 at a fixed point in the 2" generation map.

This occurs in a self-similar manner.



definition
Given a map F'(x) and an initial point x(, exactly one of the following holds.
xo is a fixed point

x, is a fixed point for some n > 1 : eventually fixed

x, — fixed point as n — oo : asymptotically fixed

xo € p-cycle : periodic

x, € p-cycle for some n > 1 : eventually periodic

r, — p-cycle as n — oo : asymptotically periodic

N Sl B

none of the above : {z,} is aperiodic or chaotic

example : sawtooth map
Tpy1 =o0(xy,), 0:]0,1) = [0,1)
2z if 0<z<1/2

o(x) = 2z mod 1 = fractional part of 2z = .
2e—1if 1/2<zx <1

o goo
1L 1L
|
|
|
|
|
x & ' x
1 11 3
2 1 4241

If 27z, is an angle, then o is the doubling map on a circle.

T, = [b1, b, ...J]o = b1 /2 + by /2% + - -+ : binary notation
Tp+l = 2b1/2—|— 2b2/22 + -+ mod 1
=by/2 4+ b3/2% + -+ = [by, b3, .. .]o : Bernoulli shift

X =0 : unique fixed point , ¢’(0) = 2 : unstable , are there any p-cycles?

ooo(x) =4x mod 1

() o(o(z))
0<zr<l1l/4 |2z 0<o(x)<1/2|20(x)=4x
1/4<zx<1/2| 22 1/2<o0(z)<1|20(x)—1=4x—1
1/2<zx<3/4|2x—1|0<o0(x)<1/2]|20(x) =4z —2
3/4<zx<l |20—1|1/2<0(z)<1|20(x)—1=42—3
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o o o has 2 nonzero fixed points : X =1/3,2/3
= o has a 2-cycle : {1/3,2/3}, (6 00)'(1/3) =4 = unstable

o {zn} type
1/3]1/3,2/3,1/3,2/3, ... 2-cycle
1/411/4,1/2,0,0, ... eventually fixed
1/5|1/5,2/5,4/5,3/5,1/5, ... | 4-cycle
1/611/6,1/3,2/3,1/3,2/3,...|eventually periodic
v\ 1/7,2/7,4/7, 17, ... 3-cycle

1. p-cycles exist for all p > 1 , all unstable
2. xy : irrational = {z,} is chaotic , pf : binary expansion of xy is not repeating
3. xp, =2"zg mod 1, y, = 2"yy mod 1 = z, — y, = 2"(x¢ — yo) mod 1

= sensitive dependence on initial data

3.3, 3.4 attractors

definition : A point x is a limit point of an orbit {x,} if there is a subsequence
of {z,,} that converges to x; the w-limit set of {z,,} = {all limit points of {x,}}.
example : z,1 = (—1)"22

|zo] <1 = x, — 0 = the w-limit set is {0}

rg =1 =z, = (—1)" = the w-limit set is {£1}

note : An w-limit set is a closed invariant set. , pf: omit

definition : An attractor is an w-limit set which is the same for all nearby orbits.

example above : {0} is an attractor, {£1} is not an attractor.

example : sawtooth map

xo : rational = w-limit set is a p-cycle

x( : irrational = w-limit set is [0,1) , pf: ...
= the sawtooth map has no attractor

example : logistic map

0<a<l| 1<a<3 |[3<a<a|a<a<ay|-
attractor‘ {0} ‘{(a—l)/a}‘ 2-cycle ‘ 4-cycle ‘
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attractors of the logistic map

1.0

0.444
3.82 3.83 3.84 3.85 3.8 3.87 3.849  3.851 3.852  3.854  3.855

1. For 1 < a < as = 3.57 the attractors are 2"-cycles. A 2"+-cycle forms due
to a flip bifurcation in a 2"-cycle (period-doubling). The bifurcation points form
a Feigenbaum sequence a, ~ a, — Ad" with § = 4.6692.

2. For a > a, the attractor is a Cantor set for most values of a. A Cantor set is
uncountable, totally disconnected, closed, and every point is a limit point (more
later). Such an attractor is called a strange attractor or chaotic attractor.

3. The 2"-cycles that form for a < a., exist for a > a.,, but they are unstable.

4. For any p > 2 there is an interval where the attractor is a p-cycle; for example,
a stable 3-cycle forms for a = 1 + /8 = 3.82843, and for 3.82843 < a < 3.8495
there is a period-doubling sequence in which stable 3 - 2"-cycles form.

5. The set of attractors is self-similar.
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creation of a 3-cycle for the logistic map

The 3rd generation map is shown below.

a=3.82 a=3.82843 a=3.835
1 1 1
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 0.2
0 0 0
0 0.5 1 0 0.5 1 0] 0.5 1
a=3.82 a=3.82843 a=3.835
0.55 0.55 0.55
0.5 0.5 0.5
0.45 0.45 0.45
4 0.4 0.4
0.4 045 05 0.55 0.4 045 05 0.55 0.4 045 05 0.55

a = 3.82 : three lobes approach y = x
a = 3.82843 : a 3-cycle forms, tangent to y = x
a = 3.835 : two 3-cycles, one stable and one unstable

The 6th generation map is shown below.

a=3.835 a=3.8415 a=3.8475
0.55 0.55 0.55

0.5 0.5 0.5

0.45 0.45 0.45

O'%A 045 05 0.5 0'%.4 045 05 0.5 0'%.4 045 0.5 0.55

= 3.8415: a 6-cycle forms by a flip bifurcation of the stable 3-cycle
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definition

F:IR"™ — R™, p, = u(F"(S)) : measure ~ volume, area, length

15
Mon
3/6

|det J| =1 = p, = po : F is measure-preserving

|det J| > 1 = ppq1 > py ¢ Fis expanding
|det J| < 1= pps1 < iy F is contracting

An attractor can exist only if I’ is contracting.

example : F'(z) = ax(l — x)

1
a < 1= F is contracting for 0 < x <1

contracting for x ~ 1/2

a>1= Fis ]
expanding for x ~ 0,1

1

definition : Let A be an attractor of x,.; = F(z,). The domain of attraction
of A is {x¢ : the w-limit set of {z,} is A} = D(A).

example : F(z) = ax(l — x)

A D(A)

0<a<l {0} 0,1]

l<a<3 {(a—1)/a} (0,1)
3<a<1++6| 2cyce |(0,(a—1)/a)U((a—1)/a,1)

example : y,11 = 0(y,) = 2y, mod 1 : sawtooth map

let z,, = sin’ TYn
x

Y

|
1
ol 1
Tpy1 = Sin® Typ41 = sin® 27y, = (2sin 7y, cos Ty, )? = 4x,(1 — x,)

so {x,} = {sin® 7y, } is an orbit of the logistic map with a = 4
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{0} : fixed point of 0 = {0} : fixed point of F

{%, %} . 2-cycle of 0 = {%} . fixed point of F

{%, %, %, %} : 4-cycle of 0 = {%(5 + \/5)} . 2-cycle of F

16
Wed
3/8

Cain2m 1
check : sin® T = +(5—/5), ...
every p-cycle of o is unstable , o has no attractor = same is true for F’
Yo : irrational = {y,} is a chaotic orbit = {z,} is a chaotic orbit

In this case {y,} is uniformly distributed on [0, 1], but {x,} is not uniformly
distributed on [0, 1], it spends more time near x = 0, 1 than near x = 1/2.

The orbits {x, }, {y,} depend sensitively on z, yo, but their statistical properties
do not.

4.1 Cantor sets

Ko=1[0,1
: K-
—— Ki=[0,5]U[3,1]
9 )3 3
0 1 2 1
— — Cf) AT0102 310118 T1((8
01 2 3 6 1 8 1 Ky =[0,5]U[5,5]VUlg, gl VUlg,1]
9 9 9 9 9 9

K,, = union of 2" intervals of length 1/3", K, C K,,_1 C --- C K

K =,-, : Cantor set , somepointsinK:{O,l,i,% 12 7 %}

323297979
: lh la 13
ternary expansion : x € [0, 1] = x = 0.t1tots = 3 + 3 + 3 +---, t, € {0,1,2}
for example, 1/3 = 0.1 =0.02222--- , note: z € K < t,, € {0,2} for all n

properties of K

1. totally disconnected (contains no interval)

in fact the length of all the intervals removed is

1,2 4 _1(L%2+4%_ )_1 1
3 9 27 -3 39 3 1-2

2. uncountable, 3. closed, 4. every point is a limit point, 5. self-similar

proof

1. length of K,, = (%)n — 0asn — oo

2. assume K is countable , 1 = 0.t11t12t13- - - , 9 = O.t91to0to3- -+ , and so on

=1
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0if tj; =2
2 if t;; = 0

Then y € K, but y # x,, for all n; this contradicts the assumption; in fact, K is
in 1-1 correspondence with [0, 1] (replace 2 by 1 in ternary expansion).

define y = 0.515953 -+, 5 = {

3. intersection of closed sets is closed
4. let x = 0.t1tots--- € K
if expansion is infinite, set x,, = 0.t1-- -,

then x, € K, x T, Ty — X
if expansion is finite, set x, = x + 0.0---020 - - } " n? "

/]\
5. ok nth place

note

1. Other Cantor sets are constructed similarly.

1 2 3 4
0 5 5 5 5 1

2. A Cantor set is defined by properties 1-4 (need not be self-similar).
3. There are Cantor sets in IR™, m > 1.

4. For a > a.,, most attractors of the logistic map are Cantor sets.

4.2 dimension

d : topological dimension , an integer

finite set of points : d =0, curve : d =1, area : d = 2, volume : d = 3
What about more general sets? Is the dimension always an integer?

definition : Consider a set £ C IR™, and for any € > 0, let N(¢) be the number
of m-dimensional boxes of side € required to cover E; if N(¢) ~ ce ? as e — 0,

where ¢, D are independent of €, then D is the box dimension of E.

If D is not an integer, then E is a fractal set. (Mandelbrot)

examples
. E=]a,b]CIR, N(e)=(b—a)/e=(b—a)e'=D=1=d
2. E={z1,...,2,} CR, N(e)=n=ne"=D=0=d
3. K = Cantor set = [, K, , K,, = union of 2" intervals of length 1/3"
e=1/3", N(e) =2", Ine = —nln3, InN(e) =nln2

InN(e) .. nln2 In2

D =1li =1 =
P In(e~1) s nln3d In3

=0.63, but d =0
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4.4 Lyvapunov exponents
Tpi1 = F(z,), F:IR—> R

17
Mon
3/13

consider F'N(xg + €) — FN(z0) ~ eFN (2)
N-1

Fy (20) = Folwn—1) Fy(an—s) -+~ Fu(wo) = | FY (x0)] = ) In|Fu(a,)|
N-1 n=0

lim kS Z In |F,(x,)| = A : Lyapunov exponent of {x,}

N—oo N — e ' "

interpretation

NX ~ In [FN (20)] = |FN (20 + €) — FN(w0)] ~ €| FN ()] ~ eeVA
= \ is the exponential rate of separation of nearby orbits averaged over {x,}

A <0: stable , A > 0 : unstable sensitive depen'd.ence on initial data,
necessary condition for chaos

examples

1. F(z) =ax = |FN(2)| = |aV] = eNinja| A =Inlal

la| <1= X< 0: stable , |a|] > 1= X> 0 : unstable, but no chaos

2. o(z) : sawtooth map , o2 (xg) ~ 2N = eNVIN2 N — 112 =069 : chaos

T

3. logistic map , plot A for each attractor

)\ TIHZ

a9 A, as W

definition : F' is chaotic on an invariant set S if the following conditions hold.

(=

1. F has sensitive dependence on initial data (A > 0)

2. F'is topologically transitive, i.e. for any two open sets A, B C S, there exists
N > 0 such that F¥(A) (B # @ (mixing)

3. F has a dense set of p-cycles




3.6 two-dimensional maps

example (Smale, 1967) , F': S — IR?, S = square , F(S) = horseshoe
D_ S

w DA TR L VI CELUT / R R a0y
R NP P L R A RO AL O]

A B A B A B
attractor : (), —, F"(S) ~ [0,1] x K, K : Cantor set

example : baker'smap , F': S — S, S =[0,1)°
21, ay /2 ifo<z<<
F(I’,y){(xay/) 1 1_1‘ 2
(22 —1,ay/2+1/2) if 5 <2 <1
x-coordinate is sawtooth map

assume 0 < a < 1, map is expanding in z and contracting in y

attractor : [0,1) x K, K =(,_, K, : Cantor set , what is the dimension?
K, = union of 2" intervals of length (a/2)"
e=(a/2)", N(e) =2"=Ilne=n(lna—In2), InN(e) =nln2

box dimension of K = lim In N(e) _ In 2
0 In(e7!)  In2—1Ina

In2

1< D<?2
In2—1Ina’

box dimension of attractor of baker’s map : D =1+
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example : Hénon map

Tpi1 = 1+ vy, — az? -
n+l1 Yn nl o J= 2ax 1 , assume 0 < b < 1 : contracting
Yni1 = b, b 0

fixed points , period-doubling , Feigenbaum sequence , chaos

a=14,b=0.3: strange attractor , self-similar

5000 ?.2100

2000 0.1900

5000 ! ! L 1700 ! ! !
-1.5000 2.0000 1.5000 ©.5000 2.6000 2.70¢

.1898

1885 p.1894

1860 0.1889
?.6200 0.6325 @.6450 0.6290 0.6310 .63C

Lyvapunov exponents in higher dimension

F:IR™ — R™, g : eigenvalues of F¥(z9),j=1:m
Aj = A}l_rgo N7'In|g;| : jth Lyapunov exponent , assume A\; > Ay > - -+ > A,
conjecture (Kaplan-Yorke, 1979)

If k£ is the largest integer such that A\; +--- + Ay > 0, then the attractor has
Hausdorff dimension D =k + (A + - + A\g) /[ Akan|-

example : baker’s map,J:(g a(/)2> =X\ =In2, y=Ilna—1n2
In 2
M>0, M+ do=lna<0=k=1=D=1+X\/ Do =14 —2" ok

In2 —-1na
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3.7 complex maps

Zni1 = Fl(z,), F: 8% — 5% | where 52 =C U {0}

example : z,,1 = 22 , fixed points : X = {0,1,00} : stable, unstable, stable
domain of attraction : D(0) = {|z| < 1}, D(c0) = {|2| > 1}

definition : If F' has two attractors A;, Ay such that 0D(A;) = 0D(Ay) = J,
then J is called the Julia set of F.

example : F(z) = 2%, A = {0}, Ay = {00}, dD(0) = {|z| = 1} = dD(c0) = J
more generally , Fl(a,z) = 2+ a, a €C

definition : {a €C: 0 ¢ D(oc0)} = M : Mandelbrot set

For example, if @ = 0, then 0 ¢ D(00), so 0 € M.

1..25

=2.25 =075 .75

0.025

2.000 =

2.025 L L
-1.80 -1.76 -1.72
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5.1 ordinary differential equations 18
dx Mon
- = F(z), z(0) = x¢, x € R™, x(t) : orbit 3/20
g — ¢(xg,t) : flow map , defined by ¢;(xo,t) = F(p(xo, 1)), ¢(x0,0) = 20
Hence ¢(xg,t) is the location at time t of the orbit initially located at x.
definition
¢ is conservative or measure-preserving if u(¢(S,t)) = pu(S) forall S C R™ ¢t > 0
theorem
1) Jy = (V- F)J , where J = det(¢,) , note : previously J = F,
2) ¢ is conservative & V- F' =0
proof
1) ¢(x,t+h) = ¢(x,t) + hoy(x,t) + - - - = ¢d(x,t) + hF(Pp(x, b)) + - - -
Gu(x,t 4+ h) = ¢u(x,t) + hEL(9(2,8)) by, E) + - - -

= (o) + Yot = (VLR R Yot

J(x,t+h)=14+hV-F+---)J(z,t)
J(xz, t+h) — J(z,1)

Ji(@,t) = lim . = (V- F)J(z,t) ok

2) ¢(x,0) =2 = ¢,(x,0) =1 = J(x,0) =det I =1 = J(z,t) =1 by part (1)

u(9(5, 1)) = /¢< o= /S I t)dr = /de — () ok

5.2 Hamiltonian systems

r€IR?*, 2 = (q,p), q : position , p : momentum , H(q, p) : Hamiltonian

Hamilton' ; dg O0H dp OH
amilton’s equations : — = — |, — = ———
. dt  dp  dt Jq

1
example : H(q,p) = §p2 + V(q) : kinetic energy + potential energy
d d d?
i D 2 = —V'(q) = f(q) = ¢9q_ f(q) : nonlinear oscillator

dt 77 dt d? ) ;
dg; H dp, H
general case : © € R™, H(qy, ..., Qm,D1,-->Pm) , d%szﬁpj’ CZJ:_ﬁ_qj

example : coupled nonlinear oscillators

1
H(q17 q2, 7p17p2) - _(p% +pg) + V(ql) + V(qQ) + f(QIa QQ)
2
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claim

1. A Hamiltonian system preserves volume in the 2m-dimensional phase space.

(Liouville’s theorem)
2. H(q(t),p(t)) is a constant of motion. (conservation of energy)

proof
Lz=(q, .. ,GuP1,---Pm) € R*, dx/dt = F(x) , will show V- F =0

F - (ale,,apmH, —8q1H,,—8qu)

2m m m
J= J= J=

m m

2. H =% (8qu +q;+ Op; H -p’j) = Z (aqu ~Op; H + Op; H - —%H) =0

7=1 j=1

Hence, Hamiltonian systems have no attractors, and the orbit (¢(¢), p(t)) lies on
a level set of the energy H(q,p).

Poincaré recurrence theorem : Consider a Hamiltonian system dz/dt = F(x)
and suppose S € IR?™ is a bounded invariant set of positive measure. Then for
any € > 0 and almost all zy € S, there exists t > 0 such that |z(t) — zg| < e.

5.3 geometry of orbits 19
dr/dt = F(z), x € R™ : autonomous system , RHS is independent of time ;7\//(;(;

1. x(t) is either a fixed point or a non-self-intersecting curve

2. What kind of bounded orbits are possible? It depends on the dimension m;
x(t) can be a fixed point when m > 1, or a planar curve when m > 2, or a curve
that winds around a torus when m > 3.

Let (0(t), ¢(t)) be the polar angles of an orbit on the torus 7% = [0, 27) x [0, 27).

¢
& 2m

oP
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The plane 8 = 0 is the Poincaré section and this gives rise to the Poincaré map.

a,b) periodic orbits on torus = fixed point, 2-cycle of Poincaré map

¢) quasiperiodic orbit on torus = dense orbit of Poincaré map

special case : x(t) = (0(t), ¢(t)) = (wit,wst) mod 27

The orbit on the torus cuts the Poincaré section at time ¢,, with angles (6, ¢,).

2mTwWo

21
6n+1 = Hn + 27 = wlth = wltn + 27 = tn+1 = an + w— = ¢n+1 = gbn + o
1 1

deﬁnea:ﬂ,xn:%modli ngn<1,xnisaproxyf9r¢(t)
w1 2T Tpi1 = Ty +a mod 1 : rotation map
case 1 : a is rational
w2 q . : .
a = — = — , where p, q are relatively prime integers , pws = qwy
w1 p

Tp41 = Ty +q/p mod 1

{x,} = {0, 2x0 + q/p,x0 + 2q/p, ..., 20+ pq/p} mod 1 : p-cycle for all xg

x(t) is periodic and in each period it winds around p times in the -direction
and ¢ times in the ¢-direction; in pictures above, ¢/p =1/1,q/p =1/2

case 2 : a is irrational

pwy # quq for any relatively prime integers p, q

{x,} is dense in [0, 1) for all x,

x(t) is quasiperiodic and winds around densely on the torus

definition : In the general case dz/dt = F(z), x € R™, a quasiperiodic orbit
has the form z(t) = f(wit,...,w,t), where f is 2m-periodic in each argument,
no frequency wj is a rational multiple of another frequency, and r > 2.

examples with m=1.r =2

x(t) = sint + sin 2t : periodic

z(t) = sint + sin /2t : quasiperiodic
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5.4 stability of periodic orbits 20
Z—i:F(x),F:]Rm—)IRm 1;4/;1;
suppose X (t) is a T-periodic orbit : X (¢t +T) = X (¢) , is it stable or unstable?
linear stability : 2’ =z — X, C;—f = A(t)x', A(t) = F.(X(t)), A(t +T) = A(t)

Hence the perturbation satisfies a linear ODE with periodic coefficients.
Floquet theory
There are solutions of the form #'(t) = p(¢)eSt, where s € €, p(t + T) = p(t).

note : this generalizes the case A(t) = constant

2'(0) = p(0), «'(T) = p(T)e¥! = p(0)esT = 2/(0)esT

define s : Floquet exponent , ¢ = ST Floquet multiplier , o'(nT) = q"2'(0)

lg| < 1= stable , |¢| > 1 = unstable

—= 1 — ! T - ! O
q /(1) = 2'(0) o' (2T) = 2/(0) : 2/(t) has period 2T

q=—1=2'(T) = —2'(0) = < period-doubling
subharmonic instability : w — w/2

2'(t) has frequencies wy; = T/27, wy = Im s

=1 +1=1
4| qF L= Ims £ 0, 7= {quasiperiodic in general

dx

example : — = A(t)x, A(t) = ( 2

—1— %sintcost —1—|—%Sil’12t

—1—|—%cos2t 1 — 3sintcost
7 T =

The eigenvalues of A(t) have negative real part for all ¢, but z(t) = <_ (;(:E z> ot/2

is a solution, so the equation has a positive Floquet exponent. (hwb)

note : In general there are m Floquet multipliers ¢4, . . ., ¢, and when the system
depends on a parameter a, there can be bifurcations.

6.1 2D autonomous systems of ODEs

dx dy

R ta
o (z,y) , =

= curves in (x,y)-phase plane

6.2 linear systems

Let (0,0) be an equilibrium point, how do the neighboring orbits behave?
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dx

d
E:afc+bya_yzcx+dyaa:Fanb:Fy07CIGx07d:GyO

dt

d—)
o =J7,J = ab , look for Z(t) = eStii - normal mode |, Jii = sii , i = Y
dt cd v

det(J —sI) = (a—s)(d—5) —bc=5*—ps+q=(s—51)(s— s2)

+/p?—4
detJ,Sngp g d

p=a-+d= s+ sy =traceJ , q=ad — bc = s159 =

if p* # 4q, then sy # sy, F(t) = Clesltaﬁ + CQGSQtTZQ

—

if p? = 4q, then s; = sy = s, Z(t) = creStiy + CQGSt(tﬁl + ts), (J — sl)ty = uy

case eigenvalues si, S9
1 | node |p®>4q,q> 0] real, distinct, same sign
2 | saddle | p? > 4q,q < 0 | real, distinct, opposite sign
3 focus | p?> < 4q,p # 0 | complex conjugate pair, nonzero real part

case 1 : node, (0,0) is stable if p < 0, unstable if p > 0
1t
ot

6168 ﬁlast—>oo ifcl#o

if p <0, then s9 < 51 < 0= Z(t) ~ ~ ,
Uy ast — —oo if g #£ 0

6268
if p > 0, then s; > sy > 0 and some features of the sketch change ...
case 2 : saddle, 1 stable direction and 1 unstable direction, (0, 0) is unstable

case 3 : focus, (0,0) is stable if p < 0, unstable if p > 0, orbits are spirals

+iv/4q — p? i
o= PEIVATY st _ opt/2.00t g\ Jg =274 > 0

2

¥y focus

node vy saddle ¥ _
/ y = vyxlu / p—— /

-\y = vyxluy

In these cases the real part of each eigenvalue is nonzero; the equilibrium point is
said to be hyperbolic, and the phase portrait is structurally stable with respect
to perturbations of a, b, ¢, d and weak nonlinearity.



case ‘ ‘ ‘ eigenvalues sq, s9
4 | improper node | p* = 4q,q > 0 $1 = S = p/2 is real
) center PP<4q,p=0=qg>0|s12= +i,/q are imaginary

case 4 : improper node, (0,0) is stable if p < 0, unstable if p > 0

this is a limit of case 1 (node) when #; — 3

case 5 : center, Z(t) = clei\/atﬁl + CQG_i\/atl_l:Q , orbits are periodic, ellipses

improper node y

|

center Y

l

case ‘ ‘ ‘ eigenvalues si, So
6 | improper node | p* >4q,q=0=p#0 |s =pisreal, 55 =0
7 source/sink | p? =4q,q>0,b=c=0]| s = sy =a=d is real
case 6 : improper node, ¥(t) = ¢yl + coePlity . orbits are straight lines
dr
case 7 : source/sink, - = aX = T(t) = foeat, orbits are radial straight lines
improper node source/sink
Yy Y
y = voxlu,
+ constant
L >~ <

54
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ASYMPTOTICALLY STABLE q UNSTABLE
stable nodes stable foci unstable foci unstable nodes
X Se O 9Lk Mk
P’ =4q
7L : PR——
UNSTABLE
saddle points % saddle points
XX
d d
example : d—f:ax—cy, d—i{zcn:%—&y , assume a < 0, c#0

J = (CCL _CCL> =p=2a,q=a’+c, p*—4qg=14a>—4(a®>+*) = —-4c* <0

= (0,0) is a stable focus (more precisely, globally asymptotically stable)
note : det(J —sI) = (a—s)2+ 2 =0=s=a+ic= et = leFiC

6.3 Lyapunov’s direct method (energy method)

example (continued)

define H(z,y) = 3 (2* + y?) , consider H(z(t),y(t))

dH _ M de | OHdy _

dt  Ordt Oy dt

N dH
dt

= L(@(t)? + y(1)2) = L(2(0)% + y(0)2)e2¥ — 0 as t — oo

z(ax — cy) + y(cx + ay) = a(a® + y*) = 2aH

= 20H = H(x(t),y(t)) = H (o, ) 2

Hence (0,0) is globally asymptotically stable.
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note : In some cases the energy method can also handle nonlinear terms.

example (continued)

d d
—=az—cy+ fla,y), = = cr+ay+g(e,y)
assume f, g = O(z* +y*) as z,y — 0
dH
% = 2aH + xf(x,y) + yg(af,y) =aH + aH + a:f(a:,y) + yg(‘r7y)
1H < 0 for z,y sufficiently small
= o < aH for z,y sufficiently small

= H(z(t),y(t)) < H(wo,y0) el = (0,0) is asymptotically stable

This argument does not imply global stability with respect to initial data, but
it does show that a stable focus is structurally stable with respect to sufficiently
small nonlinear perturbations.

definition

Let dz/dt = F(x),x € R™, F(0) =0, so X =0 is an equilibrium point.
Then H(x) is a Lyapunov function or energy function of the ODE if . ..
1. H(x) is positive definite, i.e. H(x) > 0 for x # 0 and H(0) = 0,

2. the directional derivative F' - V H is negative definite.
theorem

If the ODE has a Lyapunov function, then X = 0 is asymptotically stable.

dH dx

f: —=VH.-—=F-VH<O0... k
proof : — \Y% 0 VH < ok
This says that if the system dissipates energy, then the equilibrium is stable.
example
d d
d—: = —x — 2%, d_?; =zy —9y° : (0,0) is an equilibrium
dx’ dy’
d_xt:_x” d—yt:0:>p:—1,q:0 : case 6 , improper node

cannot conclude that (0,0) is asymptotically stable
let H(z,y) = 32> +y* = F-VH = (—z — 2y*)z + (zy — y*)2y = — (2 + 2y*)
Then H is a Lyapunov function and (0, 0) is asymptotically stable.
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6.4 Lindstedt-Poincaré method for periodic orbits

21

example Q1.17 , hw2 Mon
2 1/3
12 + 2o —ex’=0,e>0 : nonlinear oscillation
equilibrium points c2(l —ex?) =0= X =0, £1/\/e , linear stability ...

d 1 1
energy : F = (J;) +V(z), V(z) = 5:102 — Zex4

4 dx/dt |

Let 2(0) =a, |a| <—=, —(0) =0, a : amplitude of orbit

dx
\f dt /2
B ) dx B 4 ea’ o T d¢
T—Q/m N B R e A v ey

3
= 27r(1 + gecﬂ + - ) as € — 0, we also want to express x(t) as a Fourier series

regular perturbation series

z(t) = xo(t) + exy(t) + wa(t) + - - -

d? d
i a0 =0, w(0) =a, —2(0) = 0 = z(t) = acost

d2 d d?
el.$+x1—x3:o,x1(0):0,%(0):0 %Jra:l—a?’cost

Re (63”) = cos 3t = Re(cost +isint)? = cos®t — 3costsin®¢

3 1
= cos®t — 3cost(l — cos’t) = 4cos’t — 3cost = cos’t = Zcost+zcos3t

i 3(3 - 3t>
—_— Tr1 = Qa — COS — COS
ez ! 4 4

particular solution : z1(t) = Atsint + Bt cost + C cos 3t
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d2
—dj;l = A(t- —sint 4+ 2cost) + B(t - —cost — 2sint) — 9C cos 3t
d2
%jol—2Acost—2Bs1nt—8Cc083t
3 1 3 1
2A="0¢* B=0,-8C=—-a*=A=-d*, C=——0d°
= 1% 0, —8C 1° < 3¢

3 1
x1(t) = ga?’t sint — 3—2(13 cos 3t + Dsint 4+ E cost

1 1 d.fCl

0)=0=——a"+E=0=>FE=—a’,—(0)=0=D=0

n(0) =0= —ga’ + > E=5a 50
1 1
x1(t) = ga?’t sint — 3—2a3 cos 3t + 3—2a3 cost
(t) = 2o(t) + ez (t) + L+ <3t F— L osst 4 - t>+
= e+ = aCOS a sint — — cos — COS ..

H = Al en “\s 32 32

/I\

secular term

1. For any fixed ¢t > 0, the approximation converges as ¢ — 0.

2 (t) = 20(t)] = O(e) , [2(t) = (2o(t) + ex1(t))] = O(€%) , .

2. For any ¢ > 0, the approximation is accurate if ¢t << 1 &t << 6_1, but it
is not uniformly valid for all ¢ > 0, the method fails to provide the period T

Lindstedt-Poincaré method

T =2r/w , define s = wt : scaled time , z(s) = x(t)

r(t+T)=ux(t) = 2(s+2m) = Z(s)

d*x d d d
yo) +r—ex®=0,2(0)=a, d—i(O) =0 , replace prileir drop tilde
> dx

- - — — R — 2 —
WSt ex® =0, 2(0) a,dS(O) 0, z(s+2m) = z(s)

z(s) = xo(s) + ex1(s) + x2(8) + -+, w = wo + ewy + 2wy + - - -
d?x
2_
v ds?

d2$0 d2$1
:(w§+2ew0w1+---)<d82 +€d82 —I—)

dSC() d:Cl d2$0

=l (Wb + B )
d2 d:l;‘()

0, 0d2+xo O,xo(O):a,E(O):()

2m-periodicity = wy =1, xo(s) = acoss

€
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d2ZE‘1 d2$0
61 3@‘4‘2000&)1@—{—1’1—.%3—0
d? 3 1
ahn + x1 = 2wjacos s + a®cos® s = (2w1a + —a3> cos s + —a> cos 3s
ds? 4 4
3 3
periodicity = 2wia + Za?’ =0=w = —gaQ, eliminates secular term
(5) = 0" 35) , check < 71(0) = 0, “71(0) = 0

x1(s) = —a’(cos s — cos 3s) , check : z =0, —(0)=0, ...

! 32 ’ ! " ds ’
z(s) = zo(s) + €x1(s) +--- = acos s + 3—62a3(coss —cos3s) + - - -

3 9

w:wo+ew1+...:1_§€a 4
z(t) = acoswt + 3—€2a3(c08 wt — cos 3wt) + - - - : Fourier series

2T 27 3
- = — 92 (1 Zea? >
w  1—Zea?+--- " +8€a i

1. 7T

2. The expansion is uniformly valid for all ¢ > 0, the error is O(e) or O(e?) or
... forallt > 0.

6.5 limit cycles

recall : dx/dt = —y + (a — 2* — y?)x, dy/dt = z + (a — 2% — y*)y

22
Wed
4/5

stable if a < 0
unstable if a > 0

a —1
1 a

dr/dt =r(a—1?),df/dt =1 r

(0,0) : equilibrium point , J = ( ) =s=axi: focus{

There is a supercritical Hopf bifurcation at a = 0, for @ > 0 there is a limit cycle
(periodic attracting orbit) given by z(t) = v/a cos(t +6y) , y(t) = /asin(t + 6y).
example : dx/dt = —y + ax + zy?, dy/dt = v + ay — z*

a —1

(0,0) : equilibrium point , J = ( ) a) : same as above

Hence there is a Hopf bifurcation at a = 0 here too, but the polar coordinate
form of the system is hard to analyze.
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Lindstedt-Poincaré method

Look for a periodic orbit of amplitude € near (0,0).

previous example suggests € = /a, a = €2

~

s=wt, x(s)=x(t), y(s) =y(t), 2(s), y(s) : 2m-periodic

d d
d/dt = wd/ds , drop tilde , wd—x = —y + €2x + 27, W — ¢ + 2y — 22
s

ds
d
assume z(s) has a maximum at s =0 , so d—x(O) =0
s

x(s) = 3)@(3) + ex1(8) + €2xa(s) + Ex3(s) + - - -
y(s) = W(S) + ey1(s) + €2ya(s) + Sysz(s) + - - -

w = wp+ ewy + Ewy + - - -
dx dxq 9 dzs dxq 3 dxs dxs dzq
wE = ewog—ke (w()%%—le) + € <w0 73 + w1 s -|—cu2£) + -
dy
w@ — ...

2? =t 2mxg e Y = Y€ 2pyp o Yt = Emyt

dx d d’x
el wo—l = —y, cuoﬂ =T = wg—l + 21 =0, 2m-periodicity = wy =1
ds ds ds?
d.fCl .
d—(O) =0= x1(s) = Ajcoss, yi1(s) = Ay sins
S
dx dx d d
9 2 1 Y2 Yy _ 2
€ -wods +w1ds yz,wods +w1ds To9 — X7
dx d
-2 — wiAsins = —ys, 252 +wiAjcoss = 19 — A%cos2s
ds ds
d*zs dys
T w1 A cos s = = —(—w1 Ay cos s + xo — A% cos’ s)
d2372

1
— T Xy = 2%%11 coss + A7 - 5(1 + cos 2s) , periodicity = w; =0
T9(s) = a+ [ cos2s : particular solution

1 1 1
—45 cos2s + o+ [Fcos2s = 514%(1 +cos2s) = a = EA%, B = —EA%
1 1 d
To(s) = Agcos s + A%(E — 5 oos 25) using %(0) =0
s

1
Ya(s) = Agsins — gA% sin 2
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dx dx dx
3. 3 2 . 2
€ 1 Wo 75 +}/1 75 +w2—d8 = —Ys + 1+ T1Y)
dys dys dy
291 _9
wo s + w1 s + W9 s T3+ Y1 T1T9
= Ts — woArsins = —yg-l—Alcoss—l—Alcosssm S
s
dy3 1 1
s + wyAjcoss = x3+ Aysins — 245 cos s(Aycos s + A? (5 sy cos 25))
s
d? d
= d_x;, — wyAjcoss = —% — Ajysins 4 A?(2 cos? ssin s — sin® 5)
s
1 1
= —(—wqAj cos s+x3+ Ay sin s—2A; cos s(As cos 5+A%(§—€(2 cos’s—1))))

—Aysins + Afsin s(2(1 — sin® s) — sin” s)
d2x3 ) 1
2 + x3 = A1(2wy cos s — 2sins) + 241 Ay - 5(1 + cos 2s)

4 2
+ A3 (cos s(§ —3 cos’ s) + sin s(2 — 3sin? 5))
3 1 3 1
recall : cos® s = 7 cos S+Z cos 3s = 0053(54—%) =7 Cos(s—l—g)-l-z coS 3(3+g)

s 3. 1

= sin°s = —sins — —sin 3s
4 4

d2
dx23 + x3 = 2A;1(wy cos s — sins) + A1 As(1 + cos 2s)

5! 1 1
+A?(E €08 § — ~= €08 3s — Y sin s + 1 sin 3s)

5 1 10
periodicity = 24wy + EAE{’ =0, —24, — ZA? =0=> A= -8, wy = 5

7(s) = eAjcoss + O(€?), y(s) = eArsins + O(e?)
x(t) = +v—8acoswt + O(a), y(t) = v—8asinwt + O(a), w =1+ 1—??a + 0(a®?)

A periodic orbit of amplitude /—8a Lmax
~

exists for a < 0 (presumably unstable), ~ -

so a = 0 is a subcritical Hopf bifurca- ~

tion point. \
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Poincaré-Bendixson theorem

dz dy 5
o = Fy), — =Gy), (vy) €R

23
Mon
4/10

If D ¢ IR? is a compact invariant set which contains no equilibrium points, then
any orbit starting in D is either periodic or converges to a limit cycle.
Hence an attractor of a 2D autonomous system consists of equilibrium points or

limit cycles, and nothing more complex like a quasiperiodic orbit on a torus or
a chaotic attractor.

d d
example : —x::c—y—x(x2+2y2) , —y:x+y—y(:c2—|—y2)
dt dt
s . 1 -1 .
(0,0) : equilibrium point , J = (1 1) = s =144 : unstable focus

dr dx dy

2 _ .2, 2 ar _ o ar ay

rt=x"4y :>/%“dt xdtJr/fydt
vy — (2 +2y°)) +y(e+y — y(@® +y?))

=2’ +y* — (2* +y*)? — 2°y® = r* — r!(1 + cos® Osin” 0)

d
r:1:>d—7;:—cos2ﬁsin29§0

p =D ={(z,y) : e <r <1}

T
7“—e:>aze—0(€3)>0f01"e—>0+ is a compact invariant set

dy dx
do gt do d d

tan9—£:>se09 dt dt _, 277 _ Y _ =

x dt x2 dt dt dt

1
:$($+/3/—y@3+y2))—yﬁﬂ/—y—ﬂ\if%—QyQ =72+ 27“ sin? 0 sin 20
df : R .
= g # 0 in D = no equilibrium points in D

PB theorem = there exists a periodic orbit or a limit cycle in D

6.6 damped oscillations

dx d
example : ——I—QG—I—I—QZ—O O<exl1

e dt
2% VIS
¢ o i1l e

look for z(t) = et = 2+ 2es+1=0= .

2(t) = e~ (Acos /1 — %t + Bsiny/1 — €2t) : damped oscillations
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if we expand in powers of € , then ...
“leosVT—t=(1—et+ L2+ )(cost — L&sint + - -)
= cost — et cost + 1 €2(t?cost —sint) + - -+ : cannot see correct behavior

method of averaging

d d
o Y, LA 2ey : 2D autonomous linear system
dt dt
dr dz d dr
r% = :UE - yd—i{ =zy + y(—x — 2ey) = —26y = yr — —2¢rsin’
a(t) = average radius at time ¢ for one revolution
d 1 _
d_ctl ~ —2€aq - 5 = —ea = a(t) ~ ape €t . correct behavior

van der Pol equation

d’x N ( 1)dx N 0 e = 0: simple harmonic motion
— +e(z” — T =
dt? dt e > 0: growing for 22 < 1, decaying for 2> > 1
d d
d_ng =y, d_? = —x —¢(2®* — 1)y : 2D autonomous nonlinear system
+iv4 — €2
(0,0) : equilibrium point , J = 01 == © . unstable focus
—1 € 2
d d
rd—;—x—x %er /f—ea: —1)y) = —€e(r?cos*d — 1)r?sin* 6
d
d_: = —er(r?cos’f — 1) sin? 0
case 1 : method of averaging
(cos2 0 sin® 6) = (i sin? 20) — i : l — i
avg 1 avg =5 TR
: 1 1 1
(cos® B)ave - (sin” 0)ayg = S T =T
d 1 1
d_j = —ea (a2 g 3) = éa(él —a?) = a(t) = 2 is a stable equilibrium

da/dt

Hence the vdP equation has a limit cycle
9 ¢ given by z(t) ~ 2 cos(t + 0y) as € — 0.
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case 2 : € = 00 , ad-hoc method

t
du
let u(t) = d — =
et u(t) /x(s)s,sodt x
d*z dx du du d?u du
O o () )
7 et =D e =0 = (G iz tar =

d? 1 sduN3 d
d_tg + e<§ (d_?) — d—?) +u = 0 : Rayleigh equation

d d 1
=, o= —e(gat — 1) —u=—utef(a) = —e(w— f(x))

1 d dx/dt —
where f(x) =x — §x3, U= ew = di = dz:)//dt = —¢ (—w xf(x))
consider the orbits in the (w,x)-plane for ¢ — oo

)

l { I

N+
e |

\

| T 1

The limit cycle is Q1Q2Q3Q4Q1, where x(t) changes rapidly on Q1Q2 and Q3Q4,
and slowly on (Q2()3 and (Q4()1; this is a relaxation oscillation; it did not occur
in previous limit cycle examples.
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limit cycle for van der Pol’s equation : ¢ = 10,7 = 19.08

(z,dx/dt)-plane U}

10+

Qs
=
2 X
x-
(t,z)-plane
2 . 14
h
0 + + + —3
10 20 30 40
t
1 1y
-2 i
[5)
.J
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van der Pol equation

e=0.5

=0.2

€

e=2.0




7.1 forced oscillations

d? d
d_tf = f(z, d_f) + F(t) = restoring/damping force + external force
F' =0 : 2D autonomous system = no chaos

F # 0 : 2D non-autonomous system = chaos is possible

example

d*x
pTE) + Q%2 = T'coswt : simple harmonic motion + forcing

() : natural frequency , w : forcing frequency

case 1 : w? # Q% : non-resonance

I' coswt
x(t) = AcosQt + Bsin Qt + P2 check . ..
x(t) is quasiperiodic if w is not a rational multiple of €2

T cos wi same frequency and phase as forcing (synchronous)
2 : response < bounded amplitude for ¢ > 0
v unbounded amplitude for w? — 2

case 2 : w2 = Q2 . resonarce

't sinwt
x(t):Acoth+Bsith+$ , check ...
w

The response is asynchronous, the amplitude grows linearly in time.
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7.2 weakly nonlinear forced oscillations away from resonance

example
d?x

pE) + Q%2 — ex® = I'coswt : Duffing equation , assume € > (

d2
recall : d_tf + Q% —ex® =0, page 57 , 1 center , 2 saddles

Lindstedt-Poincaré = there are periodic orbits of the form
- 1 - - - 3
x(t) = acoswt + ﬁeag(coswt — cos3Wt) + -, =01 — §6a2 4o

where z(0) = a,dz/dt(0) =0

We want to find a synchronous response for I' # 0; for € = 0 this is only possible
if w? # Q2 (non-resonance), for € > 0 the non-resonance condition is different.




z(t) = wo(t) + ex1(t) + €*x9(t) + - - : regular perturbation series

I' coswt

e — 2+ Q%2p = Tcoswt = xy(t) = Z 2

L. d%l F—S <i cos wt + i CcoS 3wt>
$B\4 4

x1(t) = acoswt + bcos 3wt

coswt 1 —aw® +al = —2—
cos 3wt : —9bw? + b2 =

cos 3wt

1
_ 4
(Q2 — w2) (Q2 — w2)3(Q2 — 9w?)
et —= 4+ 0?1y = 32311 ~ cos® wt{coswt, cos 3wt}

xo(t) = acoswt + bcos 3wt 4+ ccos bwt , solve for a,b,c. ..
Q2 Q02

expansion is valid for w? # Q2 —, ... : non-resonance condition

9725
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7.3 weakly nonlinear forced oscillations near resonance

example
2
Cclle + 021 — §2° = T cos wit
s = wt 4 _ wi z(s) = z(t) , drop tilde
T dt ds’ ’
d?x Q2 o 4 T
2 Tt = 5t = —coss

We will show that for certain parameter values near resonance, there is a syn-

chronous response of bounded amplitude.

§/w? = € : weak nonlinearity

['/w? = ey : small-amplitude forcing

0?/w? =1+ ¢B : forcing frequency close to natural frequency
d*x

@+x—e(vcoss—ﬁx+x3) , (s +2m) = x(s)
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el : W—I—xo:O:xo(s) = apcos s + bysin s
s
d’x
1. 1 _ 3
€ .F—I—xl = 7y cos —fxg + T

z3 = (agcos s + by sin s)3
= a3 cos® s + 3adby cos? sin s + 3agb? cos ssin’ s + b} sin® s
= a cos® s + 3adby(1 — sin? s) sin s + 3agb3 cos s(1 — cos? s) + bj sin® s
= Saob cos s + Saobo sin s
— 3agb}) (5 cos s + 1 cos 3s) + (b3 — 3adby) (3 sins — 1 sin3s
0 o) (7 1
3 (ao + agh?) cos s + = (b3 + a2by) sin s

+ l(ao — 3agb}) cos 3s — + (b} — 3adby) sin 3s

—— + 31 = (v — Bag + 2(a} + aob})) cos s + (—Bby + (b3 + adby)) sin s

+ - (aj — 3agbd) cos 3s — + (b — 3agby) sin 3s
ap(B — 4 (af + b)) =7
3
4

: amplitude equations
2 2)) 25
(ag+b5)) =0 Mo
4/17

d? 1
Ka;l + a1 = Zag cos 35
1
x(s) = agcos s + €(aj cos s + by sin s — 3—2a3 cos 3s) +

The response is in phase with the forcing (or 7 radians out of phase); the response
amplitude ag can take on 1, 2, or 3 possible values depending on 5 (how close
the forcing frequency is to the natural frequency).



return to original parameters

3 0? 1

ag w? €

3

r
02 —w? = —5ag + — = ag = ap(Q,w,s,T)

4 ag

r
02 — 2

note : 0 =0=qy =

0>0

|ag|

3

4

ok

2

ao‘

J

(309

2

w. €

W > We

W< We

r

(909

2

1

ao

1 response , stable 7 radians out of phase

3 responses , only 1 is stable and in phase
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8.1 Lorenz system

8.2 Dufling equation with negative stiffness
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8.3 homoclinic chaos

Consider a planar Hamiltonian system with a time-periodic perturbation,
dz/dt = F(z) + ef(z,t), & = (x,y) € R?, 2o = (0),

where F' = (H,,—H,),H = H(z,y) and f(z,t+7T) = f(x,t).

For € = 0 an orbit z(t) cannot cross itself, but for € # 0 it can.

Let X, be a saddle point for the unperturbed system.

W#(Xy) = {xo cx(t) = Xpast — oo} : stable manifold of X

W*(Xo) = {zo : x(t) = Xy as t — — oo} : unstable manifold of X

Assume the unperturbed system has a homoclinic orbit ¢o(t) such that gy(t) —
Xy as t = H+oo; what happens for € # 07 %

W*(X)

X

W (X)

Consider the Poincaré map for € > 0 defined by zy — z(to+7T) = P (z0), where
dr/dt = F(x)+ef(x,t),x(ty) = x9, and assume P’ has a saddle point X, such
that X’ — X as € — 0. Next consider the iterated map, z,,1 = P*(z,), and
define analogues of W*(Xy), W"(Xj) for € > 0.

M3(XP0) = {x: (P*)"(z) — X! as n — oo}

MY X0) ={x: (P")"(z) — X as n — —oo}

1. For € = 0 the manifolds W?* W" coincide, but for € > 0 the manifolds M7, M*
may be disjoint or may intersect transversely.

2. Since M?*, M" are invariant sets, if they intersect once, then they will intersect
an infinite number of times.

3. A lobe between M?® and M" is mapped onto the 2nd lobe ahead. If the system
is area-preserving, then as the lobes approach X' for n — oo, they contract
along M? and expand along M", and conversely for n — —oo.

4. The resulting homoclinic tangle contains a Smale horseshoe with ...

a) a countable set of periodic orbits of arbitrarily high period,
b) an uncountable set of non-periodic orbits,
c¢) a dense chaotic orbit.
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Some possible configurations of stable and unstable manifolds of a saddle point of
a planar map. (a) homoclinic connection of Xy, (b,c) non-intersecting manifolds
of X! (d) transversely intersecting manifolds of X’ = homoclinic tangle.

Mi(Xo) MY(X®

M(X?)

Mi(Xo)

(a) (b)

ME(X4

[{
X2

ME(XE)
(c) (d)

In case (d) a square starting near X’ is contracted, stretched, and folded as it
enters the homoclinc tangle; contrast that to what happens in the other cases.
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f(B) f(D)

A

from Picturing the Horseshoe Map, by W. Casselman (2005) AMS Notices
see also What is ... a Horseshoe?, by M. Shub (2005) AMS Notices

We can determine whether or not M?*, M" intersect transversely without calcu-
lating them explicitly using Melnikov’s method.

dx/dt = F(x) + ef(x,t)

If go(t) is a homoclinic orbit for e = 0, then so is qo(t — to) for any .
Let ¢*(t,t0), " (t, to) be orbits for € # 0 such that
q:(t,t0) — X0 ast — 00 , qX(to,t0) — qo(0) as € = 0

)

q“(t, tg) — X ast — —oco , ¢“(to,to) — qo(0) as € — 0

q:(tﬂvlﬁ)

Fig. 8.12 The distance between the orbits on the stable and unstable manifolds
near q,(0) at time ¢,,.

now define d(ty) = ¢"(to,t0) — ¢ (to,t0) : hard to compute
consider instead D(ty) = d(ty) - n(tp) : Melnikov distance between M and M?
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—F(QO—W where a* = (a1, a9)t = (—as.ay) : unit normal to
n(ty) = Fla(0)] h (a1,a2)* = (—az,a1) : unit 1 to q0(0)

Expand D(ty) for ¢ — 0.

@ (t,to) = qo(t — to) + €qi(t, to) + - - - for t >ty

g (t,to) = qo(t — to) + €qi'(t, to) + - - - for t <ty

= d(to) = q¢(to, to) — ¢ (to, to) = €(qy (o, to) — qi(to, to)) + -
Derive differential equations for ¢f(¢,%o), ¢} (¢, to).

d

L2 (0t0) = U3t 10) + £ @t 10). 1)
d d .

— to) + Eafh(t, to) + -+

= F(qo(t —to) + eqi(t, o) + -+ ) + f (qo(t —to) +--- 1)

= =t)) + J(a(t —to)) - €qi(t,to) + -+ €f(qo(t —to), ) + -
%qf(t, to) = J(qo(t — t0))ai(t, to) + f(qo(t —to),t) , similarly for ¢t
D(to) = d(to) - n(to)

= €(q¥ —q° F(q0(0))*
= aito, o) = ailto-fo)) - Tg oy
F(q0(0)) A (gi' (o, to) — 4 (Yo, to))

| F(q0(0))]
aNb=(ar,a2) A (b1, ba) = arbs — agby = (b, bs) - (—ag,a1) =b-a*

define A*(t,tg) = F(qo(t — to)) A qj(t, to)

A1) = ol — ) Flan(t — 1)) A g3t 1)
+ F(qo(t —t0)) A (J(qo(t — 0))qi (¢, to) + f(qo(t — to), 1))
(Ja) Nb+a N (Jb)=trJ-aAb
proof : Ja = (Ji1a1 + Jizag, Jorar + Jagas)
(Jia1 + Jrsaz)by — (;]ﬂl/al + Jazag)by + al%l + Jogba) — aa(J11b + Jrfb/)
= Jii(a1by — asby) + Joa(arby — azby) ok

ny Hyy

F=(H,—-H,;) = J= <—H o
TT Ty

>:>trJ:O



d

(1 10) = Flao(t = t0)) A f(aolt = ), 1)

A%(o0,tyg) — A%(t, tg) = /too F(qo(r —to)) A f(qo(r — to),r)dr

A%(to,t0) = A%(oote] ~ [ Flanlt — t) A flanlt — t0). )

AS(OO,to) = tliglo F(QO(t - to)) A qf(t, to) = F(X()) AN qig(OO, to) =0

similarly Au(to, tO) = /to F(qO(t — to)) N f(C]Q(t - to), t)dt - hw
. E(Au(to, to) — As(toto)) A GM(to) o
PO === r@onr T F@o)l
M(ty) = /OO F(qo(t —t0)) A f(qo(t —to),t)dt : Melnikov function

M (tp) has a simple root
= D(ty) has a simple root nearby
= M", M?® intersect transversely

= homoclinic tangle, Smale horseshoe, chaos

75

example : Duffing equation
negative stiffness

To %y t k dampi
—— ted— — x4 2> =eycoswt : { weak dampin
a2 7 Ping
weak periodic forcing
d d
first-order system : dfz =y, d?i z — 2% + €(y coswt — §y)

H(z,y) = 3y* — 32° + 12* : Hamiltonian for € = 0

equilibrium points : y =0, x=0o0or x = £1

ph 5

A

N )

_ww/
X




1
homoclinic orbit : H(z,y) =0 = y* = 2 (1 — §x2> , we need x(t),y(t)
d d
d—f:a: 1—%x2:> ‘ =dt , note: y=0=2=0, £/2

mﬂl—%az?
\\ x . dr . 1
l\ cost = , —sinfdf = — ,sinf = /1 — 522

V2 V2
&

i
—+/2sin 6db do
=dt = =
V2 cos 6 sin 6 cos
do oS 0do _ cos 0do
cosf  cos2f 1 —sinZ6

du :(1/2 . 1/2>du:_dt

\ t
SN — {\)(-L

—dt

, set u=sin6, du = cos 6db

T 1w 1l—u 14w
1 1 1

= —In Tu = —t+C = Jru:C'e*%
2 1—wu 1—wu

choose t =v2att=0=0=0=u=0=C=1
l+u=(1-ue? sull+e?)=e-1

—9t —t ¢
e —1 et —e

U= = :—tanhtzsinﬁzﬁ/l—la:?
e 241 e t4et 2

1
tanh?t = 1 — §x2 = 2% = 2(1 — tanh®*t) = 2sech’t

d
x =v/2secht Y = d—ag — —v2secht - tanht

q(t) = (z,y) = V2secht(1, — tanht)
F(qo(t)) = (y, = —2%) , flqo(t)) = (0, coswt — dy)
Fqo(t —t0)) A f(qo(t —to),t) = y(t — to)(ycoswt — dy(t —to))

M(ty) = / y(t —to)(ycoswt — dy(t — to))dt , set s =1 —tg

oo

= /_OO y(s)(ycosw(s+ty) — dy(s))ds

o
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= / y(s)(’}/WCOS wty — sinws sinwty) — dy(s))ds

= —sinwiy - —\/57/

(0.9]

sech stanh s - sinwsds — ¢ - 2/ sech’s tanh?®s ds

o0 —0o0

4
= V21w sech% sin wty — 56

4
M(t)) =0 < V2myw sech% > 5(5 & forcing dominates damping
example

dx

7

o x4+ 2° = ecost : Duffing equation, zero damping, weak periodic forcing

eps=0
1 .
0.5
0 -
-0.5¢1
-1 : - -
-2 -1 0 1 2

set € = 0.001,0.01,0.02,0.04, take 250 iterations of Poincaré map
xo = +0.01, £0.5,40.8, £1.5,y9 = 0, xo < 0 is blue, zy > 0 is red

eps = 0.001 eps = 0.01
1 - 1 '
0.5} 0.5}
of ol
-0.5 -0.5
-1 : -1
-2 -1 0 1 2 -2 2
eps =0.02
1 - - - 1
05} # "'L*'? %, £ T - 05
£ iy i '
o~ Sele 3
0 &\O S O ] 0
2 LSBT *
i 0. /..\,,:' : ;'.‘.. . | 05
05 é"kﬁf‘ R -0.
-1 : : : -1 : : :
-2 1 0 1 2 -2 1 0 1 2
conclusion : particle transport, mixing, chaos



