1. Tues 1/19 1

2-point BVP

—y'+d@)y = f(z), 0<z<1, y(0)=a, y(l)=2

finite-difference scheme

1
h=——,z;=th, 1=0,1,...,n+ 1 : mesh points
n+1

| | | | | | | | !

| ! ! ! ! ! ! ! !

mo xl ------ x,[/71 {L’Z xz+1 ------ xn mn+1
yi = y(z;) , di = d(zi) , fi = f(z:)
D.y, = %Hh_yz , D_y; = yl_hyl_l . forward /backward difference operators

Yi — Yi-1 1
D.D_y; = Dy (D_y;) = Dy (th> = E(Derz‘ — D.iyi1)
1 (yi—H —Yi (yz — ym)) _ Y1 —2Yit Yi
h h h h?

Yir1 = Y(xip1) = y(x; + h)
2 4 5 (5
o1 = Ui + byl + Byl By 8y 10 O(hS)

2 4 4
i = g — byl + Byl = Iy By B O (RS)

= Qs oy h2
D+D_yz- _ Yi+1 hy; Yi—1 _ yl/_/ + 12 ( + O(h4)
/I\
discrete exact discretization
approximation value error

u; - numerical solution , uw; ~y; , wp=a, U1 =0

Uir1 — 2U; + Ui
_ .

) +diu; = f;, 1 =1,...,n : finite-difference scheme
— (—ui“ + (2 + dihz) Ui — Ui—l) = fi
1=1 = 7( UQ+<2+d1h2>U1_O5) = fi



2+ dh? —1 U1
—1 2-+-d2h2 —1 U2
1 * . M . * . .
h2
—1 2+4d, 1h? —1 Up1
—1 2 +d,h? Uy,

Apup, = frn , Ap : tridiagonal , symmetric
questions

1. Is A;, invertible?

2. How can uj, be computed?

3. Does ujp, — yn as h — 0, i.e. does the scheme converge?

LU factorization for a tridiagonal system

ai C1 1 a;
by ay fr 1 a2
. Cp—1 ‘. -
b, an Bn 1
A= LU , L : unit lower triangular , U : upper triangular
consider Az = f
procedure : find L, U , solve Lz = f , solve Ux = z
check : Av = LUx=Lz=f ok

find L. U
a; = aq
b
by = Brok—1 = B =
k1

ap = Prcp—1 +ar = o = ap — Prcp—1 for k=2:n

f1—|—04/h2
f2

j%—l
fo+ B/1?

C2

Cn—1
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solve Lz = [ : forward elimination

21 = fi
Brzk—1+ 2= [fr = 2= [fr— Brzr—1 for k=2:n

solve Ux = z : back substitution

Zn
Qn
Rl — CkTk+1
oty + Cptp1 =2 = xtp=———— for k=n-—1:1
Qg

note
memory = O(n) if vectors are used instead of full matrices

operation count = O(n)

1. matrix-vector multiplication

A mxnmatrix (IRorC) , z : n-vector = Ax =0b : m-vector

aiq a2 -+ Qip 1 by
asy Qg v+ Az, || w2 | | b2
Am1 am2 T Amn Tn bm

n
CLZ'jZCj:bZ‘, 1=1:m
—

J

n
> zja; = b , where a; = jth column of A
j=1

recall : If A is invertible, then x = A~!b.

theorem: Let A € ©"*". Then the following conditions are equivalent.
A is invertible, i.e. there exists A~! st AA™ 1 =1

det A # 0

The columns of A are linearly independent.

range A = {b: b= Az for some z} = C"

rank A = dim range A = n

null A = null space of A = {z: Ax =0} = {0}

N A R e

the e-values of A are nonzero



2. orthogonality

over IR over €

T ¢ : n
r'y =) x;y; : inner product x'y = > T;y; : inner product

i=1 i=1

2Ty =0 : orthogonal x*y =0 : orthogonal
AT = A . symmetric A* = A : hermitian or self-adjoint
AT = A=! . orthogonal A* = A~ ¢ unitary
note

l.2*2 >0, 272=0< =0

2. If A e €™" is hermitian, then its e-values A,..., \, are real and the corre-
sponding e-vectors uq,...,u, may be chosen to form an orthonormal basis for
C", ie. wu; = d;; and span(uy,...,u,) = C". In this case, U = [uy...u,] is
unitary.

AUj :/\juj = AU:UD, D:dlag()\l,,)\n)

= A=UDU* : spectral factorization

If A e R™™ is symmetric, then A = QDQT, where Q is orthogonal.

spectral method for solving Ax = b when A is hermitian
find D, U
expand b = aqu; + -+ + apu, , o = ujb

thenx:%ul—l—---—l—%un = Arxr=0b o0k
A A

3. If Ae @™ then A*A € €™" is hermitian with e-values A > 0.

proof
(AB)" = B*A* = (A*A)" = A*A
(Ax)*(Az) S0 ok

AtAr =X x, 2 #0 = ¥ A" Ax = A" = A\ =

T*T



3. norms

A vector norm is a function z — ||z|| satisfying the following properties.

Llzll =0, [[z]| =0 & 2 =0
2. ]| = [o - []]]
3. o +yll < [l=ll + Iyl

T
example 2

el = 2 e el =
1=1 | -
n 1/2 | HI’Hl =1

HxHOO - maX{‘xil SES 1,...,?1}

note : ||z]le < ||zll2 < ||2|]1

matrix norm

LA =0, [[All =0 & A=0
2. |laAll = |l - |]A]
3. |[A+ Bl < [[All + [|BI|

A
definition : Given a vector norm ||z||, the induced matrix norm is ||A|| = sup HH T‘H
x#0 xr
proof : hw
note

1. sup = supremum = least upper bound

max = maximum
example : sup[0,1] =1 , max[0,1] =1
sup[0,1) =1 , max][0,1) does not exist

2. [|Az][ < [[A]] - [[]]

for any induced matrix norm , proof : omit
IABI| < [|A[] - [| Bl }
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theorem
A
L |JAlL = sup|| all = max y _ |a;;j| : max column sum
w0 |[2[[1 i
A
2. [|A||lo = supH oo = max ) _|a;;| : max row sum
240|700 G

example

1 2
A=(y 5) = 1Al =1. |4llx =3

L [Aelly = S l(A2)i| = 2| Zaya| < X lagllas] = ¥ laylla
1 i) 1) J

< max 3 Jay| -3 |r;| = max) lay] ||zl
i j i

|| Az][s
[|z][2

note : max ) |a;j| = > |a;| for some index k
i i

< max ) _|a;;| forall z#0
7o

Consider e; = (0,...,0,1,0,...,0)T.

/I\
kth spot

Then [lex|[s =1, [[Aex[l = D |air|.

]

A A A
e 1 S [ [
0 ||z|]h i 5 : |ex| 1 0 |||

2. hw
note
| Az
141 = sup 22— o 14z
w40 ||7]| 2]|=1

1. |]A]] is the maximum amplification factor for vectors on the unit sphere

2. There exists a vector x such that ||z|| = 1 and ||Az|| = ||A]|.



Figure 3.1 from Trefethen and Bau (page 20)

1 2
4= (o )
The left side shows the unit sphere ||z||=1 in IR? for the 1-, 2-, and co-norms,
and the right side shows the image of the unit sphere under the map x — Ax.

2 (2,2)
(07 1)* ///
I-norm: : & I|All; =4
- %/&70)*
& // o
® //
oo-norm : A - Ao = 3

note
1. Dashed lines mark unit vectors that are amplified the most in each norm.

2. We will discuss the matrix 2-norm next.



definition

spectrum : sp(A) = {A €C: A is an e-value of A}
spectral radius : p(A) = max{|\| : A € sp(A)}
r*Ax

r*r

Rayleigh quotient : Ra(z) =

theorem

1. If A is hermitian, then sup R4(x) = max e-value of A.
x#0

2. For any matrix A, ||Al|; = p(A*A)'/2,
3. If A is hermitian, then ||Al]; = p(A).
proof

1. The e-values of A are real and hence they can be ordered, A\ > --- > \,, and
the e-vectors, uq, ..., u,, form an orthonormal basis.

T=aqup o, = = a4 an]?, Ar = aghjug -+ ap Ay

w*Ar = Mlag|* 4+ - 4 A an|?

v Axr Mg+ + Ao uiAug
Ra(z) T P4 a2 T Rafw) uiuy Lo
A Az)*(Ax))'/? A Az \1/2
2. (1Al = sup 14212 _ o ((AZ) 2) _ sup<$ x)
S TR R P UER G

= sup Ryea(z)/? = (max e-value of A*A)Y? = p(4A*A)Y? ok
x#0

3. [[All2 = p(A"A)? = p(A*)'? = p(A) ok

12 )

example - A:<0 2) Al = p(AA)2 = /255 — 29208
. 1 0 1 2 1 2 9 +£465

AA_(2 2)(0 2>_<2 8):)\_2 . check ...

Azl
12

A A
Ael:<1> o el gy - (2> el g o sosa ) e
0 || 2 |le2]2

problem : find x st

= [|All2




note

1. p(A) does not define a matrix norm.
2. p(A) < ||A|| for any induced matrix norm.
3. U :mitary = [[Uz|ls = [[z[l2, [[Ulla=1, [|[UAll2 = [[All2 = [|AU]]2

proof
1.,4:(8 é) — p(A) =0 but A£0

2. , 3. : hwl, hw2

4 . 5. singular value decomposition

theorem
AeC™" = A=UXV* where Ue C™" and Ve C"*" are unitary, X € R"*",
Y ~ diag(oy,...,0p),p =min(m,n),o1 > --- >0, >0,7<p,o41 =0,...

o, =10
m<n

<a11 a12 a13>:<U11 U12><01 0 0) Uil U2l U3t
as) a9y G23 U1 U2 0 o2 O (Um U2 7132)

U1z U23 Us3
m>n

ai;  ai up U2 U3 op O <U11 V21 )
a1 G2 | = | U21 U2 U3 0 oy | \712 7
asy asy U] U3z U33 0 0

o; : s-values

U=luj...upl, uy €eC™ : left s-vectors

V = [vl ... U], v; €C" ¢ right s-vectors

) , check ...

/ﬂ
|
—_
;/
I
/=
— O
o =
o O
N~
Y R
=%
(\)
o O
N~
—/
S-S
S-Sl
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derivation

A=UXV = AA=VXU'UEV*=VDV* D=¥%, AV =UX

1 1 |
A*A:<0 10)0 0:<1—1>:ﬂﬁ<20>ﬁﬁ
0 -1 0/|1 -1 1 1 —71; 0 o)L L
3 V2 V2 V2
0 0
V2 0 11
;xzzoo,vz({%{?)
0 0 V2 V2
AV—OO\%VE—OO—UZ
I I T I I U= S Ty B IPVO R |
V2 V2
0 0 0 0

0
= U = (1) , choose uy = (O
0 0

ten notes about svd

—_
N——
S
w

I

0 0 1 0
0Ol=U=|1 0 0 ok
1 0 0 1

1. 0;(A) = \i(A*A)Y/? = the s-values are unique, but there is some freedom in
choosing the s-vectors

2. HAHQ =01

4. AeC"" = |detA|l=o0y-- 0,

proof
det A =det(UXV*) =detU -det X -det V* | |detU| =|detV*| =1 ok

= range A = span(uq,...,u,) , null A = span(v,,1,...,v,)

= rankA=r, dimnullA=n—r = rank A+ dim nullA =n
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digression : forward difference approximation of a derivative

Dy fiw) = 1@ = 1)

For example, if f(x) = e*,x = 1, then f'(1) = e = 2.71828. .. is the exact value.

= f'(z) + 3f"(@)h + -+ = f(z) + O(h)

h Dof(1) | [D+f(1) = f(] | [D+f(A) = f()[/h
0.1 2.8588 0.1406 1.4056
0.05 2.7874 0.0691 1.3821
0.025 |  2.7525 0.0343 1.3705
+ + + 4
0 e 0 o =3/"(1) =5 =1.3591
note

If error ~ ch?, then p is the order of accuracy of the approximation.

= log(error) = log(ch?) = logc + plogh

= p = slope of the data on a log-log plot

We see that p = 1 for large h (expected) and p = —1 for small i (unexpected).
question : why does the error increase for small h?

1. The computed value has two sources of error; truncation error is due to re-
placing the exact derivative f’(x) by the finite-difference approximation D, f(z),
and roundoff error is due to using finite precision arithmetic.

2. The truncation error is O(h) and the roundoff error is O(e/h), where € ~ 1071
in Matlab.

3. The total error is O(h) + O(e/h), hence for large h the truncation error
dominates the roundoff error, but for small A the roundoff error dominates the
truncation error.

note

fle+h)—flz—h)

Dof(r) = o

. centered difference approximation , hw2



% Matlab

exact_value = exp(1);

for j=1:65
h(j) = 1/2"(j-1);
computed_value = (exp(1+h(j)) - exp(1))/h(j);
error(j) = abs(computed_value - exact_value);

end

plot(h,error,h,error,’o’); xlabel(’h’); ylabel(’error’)

loglog(h,error,h,error,’o’); ...

3 T T T T T T T T T

error

error
—
o
T

107%° 107" 107" 107 10°
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6. change of basis
AeC™" A=UXV*, 2" = y=Ax e C"
U=[up...up), v, €C”, V=1[v...0), vyeC"

= T =00 + - F v, , Y= P+ o+ Buun

define o' = [ M) = v}jx = Ve |, o = 5,1 = u*{y = U*y
oy, Uy T Bm UpY
y=Ax = Uy =AVy = o = UAVY = ¢ = 2
Hence A reduces to 3 when the domain is expressed in the basis {vy,...,v,}

and the range is expressed in the basis {uq, ..., Uy}

7. geometric interpretation of svd

A € R"™" maps the unit sphere in IR" into an ellipsoid in IR™ with principal
axes o1UL, ..., 0pUp.

A=UxVT
x — Ux preserves lengths and angles, i.e. ||[Uzx||s = ||z|l2, (Ux)*(Uy) = z*y

x — X stretches a sphere into an ellipsoid (of possibly lower dimension)

Lo / Y2
/
X 2 Yo

U1
U
2 A 02U

T (731

o1Uq

/

41
AUl = o1uq , AUQ = 02U3

=V, Yy =Uy,y =32 = y| = o], yh = 091},
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8. comparison of svd and Jordan form
svd : A=UXV* , Jordan form : A= BJB™!
a) svd applies to square and non-square matrices; Jordan applies only to square
b) svd uses 2 orthonormal bases to achieve diagonal form;
Jordan uses 1 general basis to achieve bidiagonal form

A

c¢) Jordan is used to compute A*, e; svd is used as we will see soon

0 0 0 1 0\ /2
1 -1 =11 0 0 0
0 0 0 0 1 0

10. best approximation

theorem

Consider A e €"™" |, A=UXV*, rank A =r.

a) A = oyuvy + -+ + opuv) o alternative form of svd

b) Let Ay = orugv} + -+ + opugvy , k=1:7r—1.

Then ||A — Aglla = og11 = inf{||A — Bl|s: BeC™" rank B = k},

i.e. Ay is the best rank-k approximation of A in the 2-norm.

note

Luel@", vel" = w* eC™" | range(uv*) = span(u) , rank(uv*) = 1

2. inf = infimum = greatest lower bound ~ minimum
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proof

a) X = oieie] + -+ + oe.es , where e; €C™, ef €C"

A = Ul(orere] + -+ + o)V = o1(Uer)(Ver)" + -+ + 0,(Ue,)(Ve,)*

= ouv} + -+ + ouvl ok
b) Ay, = oyuvf + -+ + opugvy , BEC™ ™ st rank B = k
rank Ay, =k = i%fHA — Blla < ||]A — Agl]2
A— A, = otV + o+ owv) = ||A = Aklls = orn
= i%f |A — Blls < 041 , need to show equality

nullBC C", dimnullB=n—rankB=n—k

span(vy, . .., vk41) C €, dim span(vy, ..., v51) =k + 1
= there exists x # 0 st x € null B N span(vy, ..., vk11)
= Br=0, zr=ov; + -+ + Q41041
= Ar = ao1uy + -+ 10k Uk
A—-B A
[|]2 [|]2
~ (JealPoi + - + |aPop )" > oray
(Jor? + - + g2 =7

= inf(|A— Bl > ox1 > inf[|[A— Bll ok

application : image compression

different names for SVD

PCA : principal component analysis

POD : proper orthogonal decomposition

15
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% application of the SVD to image compression
% p. 114, "Applied Numerical Linear Algebra", J. Demmel (SIAM)
load clown.mat;
[U,S,V]=svd(X);
% X is a matrix of pixels of dimension 200 by 320 = 64000
colormap(’gray’) ;
subplot(2,2,1);
image(X); title(’original image’);
k=3; subplot(2,2,2);
image (U(:,1:k)*S(1:k,1:k)*V(:,1:k)’); title(’k=3’);
original image k=3

N

50

¥

100 § 100

150 150

200 200

50 100 150 200 250 300

k=20

50

100 100
150 150
200 200 .
50 100 150 200 250 300 50 100 150 200 250 300
relative error compression ratio

k Ok+1/01 520k /64000

3 0.155 0.024

10 0.077 0.081

20 0.040 0.163
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0. projectors

definition : A projector is a matrix P € ™" st P2 =P,

example
0 —1
P‘(O 1)
0 —1\/0 -1 0 —1
2 _ _
P, b )= 1)-=r

note

[

. range P = {v: Pv =v}
2. I—P is also a projector
3. range P = null(/—P)
4. range(I—P) = null P
5. null P N null(/—P) = {0}
6. C" = range P + null P , range P N null P = {0}
proof
l.verangeP = v=Px = Pv=P?’2=Pr=v
0. (I-P2=]-2P+P2=]-2P+P=1-P
3. a) v €rangeP = v= Pz
= (I-P)y=(I-P)Pz=(P—P2 =0 = v € null(]—P)
b)venull(/ —P) = (I —Pv=0
= v = Pv = v €range P

4. apply (3) with P replaced by I—P
5. venullP N null(/—P) = Pv=0, ([ —Plv=0=v=0
6. a) v=Pv+ (I—P)v € range P + range(/—P) = C™ = range P + null P
b) range P N null P = null(/—P) N null P = {0}



example
0 -1
P={y )

(0 =1\ (v _ —v2)_ (—1) B {(—1
Pv = <O 1) (1}2> = ( ) = Vo 1 = range P = span )

U2

NP oo v = Pu+ (I-P

L "
null P (I—-P)v

v range P

e = spun (1))

We say that P projects €™ onto range P along null P.
(-0 - (0

o= (3 (3 )= (3 1) o
=g o)) = (M) = ()

= range(/—P) = Span{<(1)>} = null P

1)} = range P

null(/—P) = span { (

definition : An orthogonal projector is a projector P st range P 1 null P.

0 -1

example : (O )

) is not an orthogonal projector

)

18
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claim: Let P be a projector. Then P is an orthogonal projector < P*= P.

proof
<) Let Pz € range P , (I—P)y € range(/—P) = null P.

Then (Px)*(I—P)y = 2*P*(I—P)y = 2*P(I—P)y = 0 = range P L null P.
=) Let {qi,...,q } be an orthonormal basis for range P and

{qr+1)...,qm} ----------- 7 e o o s o o o s o @ nullP.
g, J=1:r

: : m o
= {q1,...,¢n} is an orthonormal basis for C" st Pg; { 0. j=r+1:m

Let @ = [q1 - - ¢) : unitary. Then PQ = QD, where D = diag(1,...,1,0,...,0).
—_— Y—

= P = QDQ" : spectral factorization = P*= P ok " mer

note
P=Qeie] + -+ e€)Q" = qgi + -+ + ¢q7 = QQ*, where Q = [q1...¢,]
proof

A ej,j=1:r AN A qgi,j)g=1:r A,
Qq]_{0,jz7“+1:mjQQqJ_{O,jZT_Fl;ij—QQ ok

1
example : find the orthogonal projector onto span { ( . )}
(%)

\\ // / /U
\/ \/ / Ul

/ Pvs
null P ,- . range P

1 . 1 -1
range P = span(q) , q1 = ¢1§<—1> = P= o = 5(—1 1)

check : P*= qi¢iqu¢} = P, P*=P

1 -1 v v — 1 1
_ 1 1)y _ 1 2 _
Pv = 2(_1 1)(@) 5 (_1> = range P span{<_1>}

Pv=0=v=v = nmllP = span{(})} 1 range P ok
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theorem

Let AeC™", m>n, rank A = n.

1. A*A is invertible
2. P = A(A*A)714* is the orthogonal projector onto range A

example

proof
1. hw3

2. derivation

Let P be the orthogonal projector onto range A and let v € C"; we will derive
an expression for Puv.

range P = range A = Pv = Ax

A =lay---ay], range A = span{ay,...,a,}

range P L null P = a; L (I—P)v, j=1:n , because null P = range (I — P)
= aj([-Pv=0, j=1:n

= A*(I-P)v =0

= A*(v — Pv) = A*(v—Az) =0

= A'Axr = A'v

= x = (A*A) A%

= Pv = Az = A(A*A) 1A%

need to check : P2 =P, P* = P, range P = range A : hw3

note

1. If ay, ..., a, are orthonormal, then P = A(A*A)7A* = AA* = QQ* as before.
2. P = A(A*A)~1A* is used in solving least squares problems. (later)
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7.8.9. QR factorization

problem : Given A € €"*", m > n, rank A = n, find an orthonormal basis for
range A = span{ay, ..., a,}.

note : The SVD gives one solution, but here we consider an alternative.

Gram-Schmidt orthogonalization

a a
q1 = ! =f1¢a1=7“11Q1, H611H2=1

aill2 i1

as — q;asq (s — 124
Q2 = 2 121 = 2 121:>&2:T12Q1+7”22QQ

||a2 — C]1CL2Q1H2 22

i = 0, [lgol]2 = 1

4 = az — q1a3q1 — 543Gz a3 — T13¢1 — 2302
3 pum— p—

|as — qiasqi — g3asqa||2 33

= a3 = T13¢1 + T23q2 + T'33G3

Gqs = ¢gz =0, ||gslle = 1
algorithm : classical GS

forj=1:n
vj:aj
fore=1:7—-1
Tij = ¢; a;
UVj = U5 — Tijdqi
rij = lvjll2
G = vj/7j

operation count

nj—l n 2
m-+ (m—1) +m + m) ~ 4m ) — 1 ~4m-n—:2mn2ﬂos
> (m o+ (m— 1) ) j 2 p
=1

j=li j=1
note
1. rj; # 0 because {ay,...,a,} are assumed to be linearly independent
2. [ay---ap] = [q1--qn) ("1 Ti2 T3 - Tin
22 T23
733
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A= Q}A?J . reduced
Q :m X n , orthonormal columns
R:nxn , upper triangular , positive diagonal elements
A=QR : full
@ :m x m , unitary - add orthonormal columns to Q
R:mxn , ut, pde—addzerorowstof%
3. {q1,...,q;} is an orthonormal basis for span(as,...,a;) for j=1:n
4. P = QQ* is the orthogonal projector onto range A : hw3

example

1 1
A=|-1 0
0 1

1
a
rn o= Jlaill = V2, @ = L = % (—1)

11

1 1 1/2
r2 = qiay = % , Vg = ay — Tpq1 = (0 —12'\}5(—1)(1/2)
1 0 1
. 1/2 1/4/6
7"22|U2|2\/§7QQ702\/2(1/2 (/ )
22 1 /
. 1/vV2 1/V6\ (V2 1/V2 11
o ()

—1/v2 1/v6 [\ 0 3/V6
0 2/v6

To obtain a full QR factorization we need ¢3 st g3 L g1, q3 L g2, ||gsl]2 = 1.

1
choose q3 = % ( 1)

—1

0 1

—1/v2 1/v/6  1/V/3 || 0 3/V6 -1 0

1/V2 146 1/V3\ (V2 1/V2 11
- Iy )= -
0 2/vV6 —1/v/3)\ 0 0 0 1
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example

A (0.70000 0.70711

S
0.70001 0.70711) , note : 5 = 0.70710678

Apply classical GS to compute QR using 5-digit arithmetic.
ri1 = (0.70000% 4+ 0.70001%)/2

= (0.49000 + 0.4900140001)"/2 : exact

= (0.49000 + 0.49001)'/2 : rounded

— 0.98995
ar (0.70711 .

q = 7“711 = <0.70712> , T12 = qiaz = 1.00000

o (0.70711) B (0.70711) _( 0.00000)

2" 291 =\ 970711 0.70712) — \ —0.00001
B B vy ( 0.00000

= luslle = 0.00001, g2 = 2 = (o000

- 0.70711  0.00000\ =~ 0.98995 1.00000

Q= (0.70712 —1.00000) B = ( 0 0.00001> - computed factors

0.7000035445 0.70711

)R = = -5
@Rt = (0.7000134440 0.70711) = A+04 , where [|0A]|o <10

but ¢fga ~ —0.7, so Q is far from orthogonal

= classical GS is not backward stable (more later)

recall
a1 -an] = (g1 q] (T11 T2 T3 o T
22 123
T'33

Tnn
classical GS computes successive columns of R

modiﬁed GS .......... [ rOWS Of R
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algorithm : modified GS
fori=1:n
v, = a;
fori=1:n
rii = ||vill2
¢ = vi/Ti;
forj=14+1:n
Tij = 4;;

UVj = U5 — Tijqi

note
1. At step j in ¢GS, the components of {q1,...,¢;—1} are removed from a;.
At step 7 in mGS, the components of ¢; are removed from {a;y1,...,a,}.

The algorithms are mathematically equivalent, i.e. they produce the same Q, R
in exact arithmetic, but the operations are different.

example : a? —b? = (a+b)(a — b)
2. The operation count for mGS is 2mn?. (same as ¢cGS : hw3)
3. mGS can be expressed in matrix form. (so can ¢GS : hw3)

ay ag ag) (7 22 =8\ /10 0\ /1 0 0
0 1 0 0 = ==110 1 0|=|neagl
1
o o 1/J\o 0o 1/)\o o0 L

33

= [a1 a9 CL3] = [Q1 Q2 q3] 1 0 0 1 0 0 ™11 Ti12 T13
0 1 0 0 T99 To3 0 1 0
0 0 733 0 O 1 0 0 1

ok

0 71y To3
O O T33

4. Ri,Ry: ut ,pde = RiRy,R;': ut, pde

proof : omit (but more later in the context of LU factorization)

—[qquQ3](T11 712 7"13)

summary of GS : ARlRQ"‘Rn:Q :>A=Q}A%

—_———

R—l




% comparison between classical and modified Gram-Schmidt

% A variant of Experiment 2 on page 65 in Trefethen/Bau.

25

clf; clear;

n = 100; [Q,R] = gr(randn(n));

x=1:n; r=1.0-0.9 x x/n; for i = 1:n; R(i,i) = r(i); end;

A = Q*R; tic; [QC,RC] = cgs(A); toc; tic; [QM,RM] = mgs(A); toc;

semilogy( x , diag(RC) , ’0’ ); hold on;
semilogy( x , diag(RM) , ’x’ ); hold on;
semilogy( x , r , ==’ ); hold on;

typical output: elapsed time = 0.140803 s; elapsed time = 0.129855 s

2

10 N T T T T T T T T T
———— exact o
o classical Gram-Schmidt le) 63
. . o o 0)
x modified Gram-Schmidt o 4 o O 3
@)
O ch
10" | (0)e) |
CSD O O]
o) P O ]
o o
o0 ©
a o O
o o
o ©O o)
X
X X
X
10° X x ]
o
X X %
X
- _x y
~ X - ><'
N
N
10—1 | | | | | | | | | N\
0 10 20 30 40 50 60 70 80 90 100
note

1. Modified GS is slightly more accurate than classical GS.
2. Both methods require approximately the same cpu time.
3. Matlab uses Householder’s method for QR factorization. (later)




10. Householder’s method for Q) R factorization

AeR™" , m>n, rankA=n

GS is triangular orthogonalization

Householder is orthogonal triangularization

Qn- Q1A= R = A=QR : full

26

| ——
Qfl
example
* k% ¥ ok x k% * k%
* ok ok 0 * =x 0 *x =x 0 * =x
* % % — 0 *x =x — 0 0 =« — 0 0 =x
* % % 0 *x = 0 0 =« 0O 0 0
* % % 0 *x = 0 0 =« 0O 0 O
A 1A Q201 A Q30201 A
A Ay Ay As
step k

orthogonal

A= QrAr_1, Q : {introduces zeros below the diagonal in column k
rows and columns 1 : k£ — 1 are unchanged

(L 0N (A A\ [(An A
s = (01 ) (75 ) = (0" ) =
e {orthogonal

| Hx = £||z||ae1, x = 1st column of Ay ,e.g. =

* X K X

We will choose H to be a Householder reflector.
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theorem : Given z, let v = ||z||2e; — .
Define H =1—2P, P = HWHZ : orthogonal projector onto span(v).
U112
1
1. Po=——
x 5
2. Hx = Hl’”gel

3. H is hermitian , orthogonal

4. Hv = —v

: H refl 1
Huw — w for all w L v } reflects vectors across span(v)

\\\ x
\
N ///’ \ - span(v)" = null P
\\//// \\//,/
Pz N
- \
-7 \
- \
||[|2€1
/ v
\
\
\
\ span(v) = range P
proof
*
1
Lpe UL
ol 2
vz = ([[xllzer — )"z = [|xllazr — |2l = [l2]l2(z1 — [lx]]2)

1013 = v*v = ([|z]l2e1 — 2)"(||2[]2e1 — )
= |l=[15 = 2llz{lox1 + 213 = 2l|zll2([x]l2— 21) = =2[[xll2(z1 = [|2]]2) = —2v"z
2. Ha::(]—2P)x=x—2Pa::x—2-—;v:x+v=H:cHQel
3. H* =(I—2P) =1-2P=H
HH=(-2P)?=1—4P +4P> =]
4. Ho=(I—-2P)v=v—2Pv=v—2v=—v
let w L v, then Hw = (I —2P)w =w —2Pw=w ok
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note

Vv
HA22 = (I — 2P)A22 = A22 — 2HUH2AQQ
2

algorithm : Householder’s QR factorization

. we can avoid forming H explicitly

fork=1:n
x:Ak’:m,k
v = ||x||eer — x

v = v/ [|vr |2
fory=k:n

Ak:m,j - Ak:m,j - 2vk(vak:m,j)
note

1. input : A, output : R,vy,...,v, ,ie. @ is obtained implicitly

2. For numerical stability we can replace v = ||z||se; — x by v = —||z||261 —
and the resulting R may have some negative diagonal elements.

operation count

vp has length f =m — k+1
inner loop : 20 —14+14+0+0=44

n n

total : 224(m k+1)—4m221—4z Zk:—l—élz

k=1j= k=1 j= k=1 3=k k:—]k

~4m-T;—4Zk(n—]€)N2mn2—4(n-n—n) :an2—§n3ﬂ0ps
k=1

This is less than GS (2mn?).

application

Let m = n and consider Az = b.

factor A= QR , then Ax =b = QRx = b = Rx = Q*b : triangular

using Householder : @, Q1A=R =Q=0Q1---Qp = Q" = Qn--- Q1
Q*b is computed implicitly : bg. = brn — 20k (V) bk

operation count is §m3 flops



29

example

Comparison between Gram-Schmidt and Householder for computing the QR
factorization; a variant of Experiment 2 on page 65 in Trefethen/Bau. The
computed values of I;; are plotted for several methods and implementations.

2

10 F T T T T T T T T T
———— exact 9
. . le) @)
o classical Gram—-Schmidt (K) oD
x modified Gram-Schmidt (K) P o © 0 e b
; + Householder (K) © 5 o OOO 00
L e} i
10 square Householder (Matlab) ® 0 o o O
@)

0 10 20 30 10 50 60 70 80 % 100
elapsed_time
classical GS (K) 0.144016
modified GS (K) 0.137808
Householder (K) 0.073608
Householder (Matlab) 0.001323

1. The modified Gram-Schmidt and Householder methods have similar accuracy.
2. My Householder code is twice as fast as my Gram-Schmidt code.

3. Matlab’s Householder code is 56 times faster than my Householder code.
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11. least squares problems

problem : Given A € €"*", b e C™ , find z € C" st Az = b.

anry + -0+ apr, = b
. m equations , n variables
11 + -+ AppTy = bm

If m > n, the linear system Az = b is overdetermined.

example
1 1 1 Ty + x9 = 1
A=11 -1 ,b=|0| = 21 — 29 =0 : no solution
0 1 1 To = 1
X2
X1
note

Az = b has a solution < b € rangeA < b= x1a1 + -+ + Tha,

definition :  is aleast squares solution of Az = b if [|b — AZ|[; = min |[b — Az|]s,
i.e. £ minimizes the 2-norm of the residual r = b — Ax.

(3]
e

example : A, b as above

= (1) w:m:(é)(
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theorem

Let AcC™", m>n, rankA=n, beC".
Then z is a least squares solution of Ax = b < A*Ax = A*b. : normal equations

note

1. A*A is invertible
2. P = A(A*A)71A* is the orthogonal projector onto range A

proof

} hw3

b range A
Ax

>

Pb

I
I
=>

r=b—Ar=b— Pb+ Pb— Az = ||r||3=||b — Pb||3 + ||Pb — Ax||}

z is a ls solution of Ax = b < Pb = A% < normal equations (need to show)
Pb = Ai = A*Pb = A*A(A*A)7IA*D = A*As = A*b = A*Az

AAT = A = &= (AA)7IAD = Az = A(A*A)A*D = Pb ok

note

1. The ls solution is unique.

2.7 =b—Az=b—Pb= (I — P)b L range A
example: A, b as above

(1 1 0y /1 1\ (2 0 o0 (1
AA_(I —1 1)(1 —1)(0 3>’Ab_<2>

0 1

B = (AA)A% = (;g)

1 7/6 ~1/6
F=0b— Az = (0) - (—1/6) = ( 1/6) = |7]]2 = 75 = 0.4082
1 2/3 1/3




definition

(A*A)71A* = AT : pseudoinverse of A , AT €U | & =

example

1 1
A=11 -1
0 1

32

AT

ar e = (201200 Gy (12)

/3 —-1/3 1/3
note : ATA=1, AAT=P
example : data fitting , regression
Suppose (x;,;),7 = 1 : m are given data.

Y

x
model : y = azr + [ , how to choose «, 57
ary +f =y
: : m equations , 2 variables
Om:m""ﬁzym
I 1 (71
. . Q .
A(: :),:C(B),b(:):Awb
| Ym
I~ Azl = 3= (i + 5))

[
L
-

[
L
s
*
S
I
-
|
N

AAx = A*b, A*A ="

NE

8

3
INngE

S

N
I
_
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note : There are 3 methods for solving ls problems.

1. normal equations

A*Ax = A*D

definition : A € C™*™ is positive definite if x*Ax > 0 for all z # 0

note

AeC™", rankA=n = A*A €C"" , hermitian , pos def
proof : x*A*Ax = ||Az||3>0forx A0 ok

Cholesky factorization (more later)

L eC™" , lower triangular

AA=LL* = R*R h
 WHERE { R e ™" , upper triangular
A*Ar = A*b = R*Rx = A*b, 1. solve R*y = A*D

2. solve Ri =1y } : triangular

operation count

form A*A, A*b : mn? , Cholesky factorization : %n?’ , solve : O(n?)

2. QR factorization

A=0R: reduced , Q eC™", R e ™"
A% = Pb = QRi = QQ*b = Ré = Q" : triangular

GS : 2mn?
2.3

H :2mn?-—2n

operation count : {
3

m >>n = twice the work of forming the normal equations

3. SVD

A=USV*: reduced , U eC™", £ € R™", V e@™"

Ai = Pb = USV*% = UU*b = SV*i = U*b : diagonal , unitary

operation count : later

note
1. AT = (AA) 4" = R1Q* = VU™

2. Aside from operation count, we must also consider stability.
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34

example
10 7 8 7\ /1 39
7 5 6 5 1 23 .
8 6 10 9 ||1]= ]33] Ax=0b, A:symmetric , detA=1
7 5 9 10/ \1 31
0 7 8 7 9.2 32.1
7 5 6 5 —12.6 22.9
8 6 10 9 45 g31 |  Alz+d7) =b+6b
7 5 9 10 ~1.1 30.9
102|]c 136  ||0b]l 0.1
- ) = ~ 0.003
ol 1 7 (Bl 33

102 ||oo/[|2|loc _ 13.6/1
= = — 4488
[10b][oc/[10]loc 0.1/33

relative change in solution

relative change in data

note

Az =b, Alz+6z) =b+6b = Asz = b
|0zl = [[AT'b]] < |[ATY]-[oo]| , |[ol] = [|Az]] < [|A]|- |||
[lox][/[l=]] _ [lox]| [[b]]

T < |JATY| - |]A]| : max amplification factor

[sbll /eIl T16o]]~ l=]]
equality holds when [|Az[| = [|A[[ - [|z]| , [[A7"0b][ = [|A7Y| - ||6b]|
example
|Az][oc = [[blloc = 33, [|A]loc =33, |Jz]]oc =1

25 —41 10 -6
—41 68 —17 10
10 —17 5 —3
—6 10 -3 2

1471000 = [|02]loc = 13.6 , [JA™ | = 136 , [|0b]|oc = 0.1

Al =

I|Allo - [|A7|oo = 33136 = 4488 ok
definition : |[|A|| - ||[A7Y] = k(A) :
k(A) :
/{(A) : large T e et e e et e e

condition number

small = the problem of solving Ax = b is well-conditioned

............... ill-conditioned
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claim

1. k(A) > 1 for any induced matrix norm

2. U : unitary = ko(U) =1, ko(UA) = ko(AU) = ko(A)
3. k2(A) = Omax/Omin

4. A=A = £2(A) = |Mmax/| A min

J
5. Ar =0, A(x+0z) =b+6b = Noz]] /]Il < k(A)

[|8ol] /{[bl] —
|9 /||= + o]
6. Ar =0, (A+0A)(x+dz) =0 = < k(A
s ode o) oAl /jay ="
proof : hw4
example

—y" =1, y0) =y(1) =0
set h=1/N, x;=ih, i=0:N , note : previously h =1/(n+1)
—D+D_ui:fi, izliN—l,uO:UNZO

2 —1 U1 fl
1 —1 2 -1 U9 fo
= . . . : _ :
—1 || unv—o In—2
-1 2/ \un, Iy

"’{/Q(Ah) = ’)\|max/’)\|min =7
continuous case

—y" =Xy, y(0)=y(1) =0

e =K7? k=1,2,... , yp(x) =sinkrz , k : wavenumber

discrete case

—Uit1 + 2U; — Uiy

Apup, = duy, & 72

=u; , up=uny =0
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claim

up = (ug;) @ 1th component of kth eigenvector

where uy; = yr(z;) = sinknrz; = sinikrh and i,k =1: N —1
proof

uro = upy =0 ok

Up,i+1 = sin(i + 1)kwh = sinikwh cos kwh + cosikmhsin kmh

Up,i—1 = sin(i — 1)kwh = sinikmh cos kwh — cos ikwh sin kmh

— Uk it1 + 2Up; — Up,i—1 = —2sintkmhcos krh + 2sintkmh
= 2(1 — coskmh) sinikmh
= 2(1 — cos kmh)uy,;

2
i)\k:ﬁ(l—coskﬂrh), k=1:N-1 ok
see picture

2 2 4
| A|max = Av_1 = ﬁ(l —cos(N — 1)wh) = ﬁ(l + cosh) ~ = ash — 0

2
A|min = A1 = ﬁ(l — cosTh) ~ 2

1+ cosmh 4

ia(An) = 1 —cosnh  m2h?

= The problem of solving A,u, = f, becomes ill-conditioned as h — 0.
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continuous case : —y" = Ay, y(0) =y(1) =0

discrete case : —D,D _u; = Au; , ug =uy =0

e-vectors : yp(r) = sinkwx , k=1,2,...

up; = yr(x;) = sinikmh , i,k=1: N-1

k=1, N=8 k=2, N=8
k=4, N=8 k=7 , N=8

A A
V /\va

2
e-values : A\, = k*n? | A\ = ﬁ(l — cos krh)
A /
/
)K
/
X
X% 4 o —
/O/
-
& &
| B k
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13. floating point arithmetic

xr ==+ (g;) - 2% : base-2 floating point number

24 in IEEE single precision
53 7 double 7

m : mantissa , 1 <m <2?

p : precision = {

e : exponent , positive or negative integer

storage : x = [ #] m | e | , 32 bits or 64 bits
—24 -8
em = mmachine epsilon = {3_53 : 18_16

r € R = fl(z) : floating point representation of x

+, — , X , + : exact operations

@, O, ®, @ : floating point operations
IEEE arithmetic

1. fi(z) = 2(1 +¢€) , where |¢| < em

2. x,y : floating point numbers = x ®) y = (x *xy)(1 +¢€) , where |¢| < em

38
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14, 15. stability

definition

A problem is defined by a mapping * — f(z), where x : data , f(z): solution.
example
1. subtraction : f(x1,29) = 21 — 9

2. solving Az =b: f(A,b) = A1

definition B
k(z) = sup 1£(z) — F@II/f @)l . condition number of f at x
i~r T —al|/]|z]

note

This is consistent with our previous definition of k(A) for the problem of solving
Az =b.

definition

An algorithm for a problem f is defined by a mapping x — f(z), where f(z) is
an approximation to the exact solution f(z) for given data z.

example

L f(x1,22) = fi(z1) © fi(x)
2. f (A, b) = the result of applying Householder’s method in IEEE arithmetic

definition: An algorithm f for a problem f is called ...

o I (2) = f)]]
1. ... accurate if = O(em),
[Lf ()] .
i.e. the error in the approximate solution is small.
2. stable it L= ey = WO ZS@IE 50y ),
[|2]] [1Lf ()]

i.e. a small change in the data yields a small but reasonable change in the
approximate solution. (note : this differs from the textbook)

= O(em) and

3. ... backward stable if for any x there exists & st

fla) = f(@),
i.e. the approximate solution for the given data is the exact solution for some
slightly different data.
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example

1. IEEE operations are backward stable.
proof

f(a1,20) = 21 — 22, f(1,32) = fi(21) © fl(22)
(21) = 21(1+ 1), A(ws) = 22(1 + €)
fi(z1) © fl(z2) = (fl(z1) — A(z2))(1 + €3)

=x1(1+e)(1+e) —x2(l+e)(l+€) =T — To

o)

= f(w1,22) = f(Z1,T2)

|:L'1 — f‘l‘ _ |l‘1 — 5131(1 + 61)(1 + 63)‘
|21 |21

< |e1] + |es| + |eres] < 3em ok

2. The composition of two IEEE operations is backward stable,

1.e. (ﬂ(il?l) @ ﬂ(ajg)) @ ﬂ(SUg) = (551 * ZZ‘Q) * i’g s where
proof : hwb

‘i’i — .IZ‘ .

| ]

3. Computing the QR factorization of a matrix A by the Gram-Schmidt method
using IEEE arithmetic is not backward stable.

proof : we saw that the computed ) may not be orthogonal (page 23)

theorem

Let © — f(z) be a problem with condition number £(z) and let 2 — f(x) be

a backward stable algorithm for f. Then Hf(ﬁ)f(_x)fﬂ(x)" < k(x) - O(em).
proof B
f : backward stable = f(z) = f(z) for some 7 st HxH;HxH = O(em)
@ — @@
R s VIIE
\F@) ~ F@ll _ W@~ f@I e =all/lall o
T @I T @I 1l S ) Olem) ok

note : This implies that a backward stable algorithm applied to a well-conditioned
problem is accurate.
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16. conditioning and stability for QR factorization
problem : given A, find (), R st A = QR , where () : orthogonal , R : ut, pde
Householder’s method : @, ---Q1A =R = A=QR

—_———
Q* .
0 (I’H 0) JH=1-2P P=—""% R explict, Q : implicit
0 H vk |[3
theorem

1. The condition number for the problem of Q)R factorization is the same as the
condition number for the problem of solving Az = b,

15012/l
A).
SAL/ AL < ™=@

2. Householder’s method with IEEE arithmetic is backward stable, i.e. if Q, R
are the result of applying the algorithm to a matrix A4, then Q is orthogonal, R
is ut, pde, and QR = A + §A, where |[0A||/||Al| = O(em).  proof : omit
example (page 114)

R1 = triu(randn(50)); [Q1,X] = qr(randn(50)); % Householder
norm(Q1’*Q1l-eye(50))

eg. if A=QR and A+ 0A = (Q + §Q)R, then

ans = 1.8034 e-15 % O(em)
A = Q1*R1; cond(A)

ans = 1.3914e+16 % k(A) = O(eq')
[Q2,R2] = qr(A); norm(Q2’*Q2-eye(50))

ans = 2.0008 e-15 % O(em)
norm(Q2-Q1) /norm(Q1)

ans = 0.0195 % k(A) - O(em)
norm(R2-R1) /norm(R1)

ans = 0.0032 % k(A) - O(em)
norm(Q2*R2-A) /norm(A)

ans = 8.5504 e-16 % O(em)

discussion : A= Q1 Ry and @2, Ry are computed by qr(A); @1, Q2 are orthogonal
to O(em) and Ry, Ry are ut, pde, but )2, Ry are poor approximations to Q1, Ry
because qr allows roundoff errors of size O(em) to be amplified by as much as
k(A); nonetheless, qr is backward stable, i.e. @2, Ry are the exact factors of a
slightly different matrix.

question : what do you expect for Gram-Schmidt? hwb
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17. back substitution is backward stable

This implies that Householder’s method for solving Ax = b is backward stable.
recall : A=QR,y=Q0, Rv =y

18. condition number of the ls problem

AeC™" m>n, rankA=n
Ar=b, ||[b— Azl = min||b — Ax||

f(Ab) =2, k(A,b) is a complicated function

19. stability of algorithms for 1s problems

example : least squares polynomial approximation
signal : f(t)

measurements : f(¢;), t;=i/(m—1),i=0:m—1
model : p(t) = cy+cit +cot? + -+ + ¢ gt

co+ crto + catd 4+ -+ + ety = fo

co+city +eot? + o F ettt = f

]_ tO t(2) . e tgil CO fO
1 t]_ t% e t?_l c1 B fl
1oty o,y oty )\ Fn—1

Ar=0b, A€ IR™" : Vandermonde matrix

code
m = 100; n = 15; t = (0:m-1)’/(m-1);
A=11;
for i=1:n; A = [A t.”(i-1)]; end
cond (A)
ans = 2.2718e+10 % k(A) =1|4]] - ||AT|

b = exp(sin(4*t))/2006.787453080206;
x = A\b; % x(15) =14 O(em)
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1. Householder

[Q,R] = qr(A); x = R\(Q’*b); x(15)
ans = 1.00000031528723 % error ~ 1077 = 10? - e

Roundoff errors were amplified by a factor of 10?; this is due to ill-conditioning;
the algorithm is backward stable.

2. Gram-Schmidt

[Q,R] = mgs(A); x = R\(Q’*b); x(15)

ans = 1.02926594532672 % error ~ 1072 = 10 . ey
Roundoff errors were amplified by a factor of 10'*; this is more than can be
explained by ill-conditioning; in fact the algorithm is not backward stable.
3. normal equations
x = (A’*xA)\(A’*b); x(15)

ans = 0.39339069870283

The problem of solving A*Ax = A*b is more ill-conditioned than the problem
of solving Ax = b, because ko A*A) = ka(A)?. Hence the algorithm is unstable;
solving the Is problem using the normal equations increases the sensitivity of
the computed solution to roundoff errors.

4. SVD
[U,S,V] = svd(A); x = Vx(S\(U’*b)); x(15)
ans = 0.99999998230471 % error ~ 1078

“SVD is the Cadillac of methods for solving Is problems.” - W. Kahan (1982)

note
1. These results are from the textbook; yours may differ somewhat.

2. Difficulty arises here because k(A) is large; a better approach is to use a
different polynomial basis leading to a small k(A), e.g. p(t) = colo(t) + c1l1(t) +
oo+ cpo1ly—1(t), where [;(t) : Legendre polynomials.
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recall

=y +d(x)y = f(z), y(0) =a, y(1) =p

DDy =y + By + O(h*)

—D,D_u; + dyu; = f; : 2nd order accurate , ||up — yullee = O(h?)

4th order accuracy

D, D_y; = y!' + O(h?) for any smooth function y(z)
= DDyl = y" + O(h?)

DyD_(DiD_y; + O(h?) = 4" + O(h?)

u" = (D:D-)'y; + O()

DiD_y; = y! + §5 (D+D-)*y + O(h?)) + O(h")

y! = DyD_y; — " (DyD_)’y; + O(h?)

R T

— D,D_ (1 . ’;;D+D_) yi + O(h%)

—D.D_(1 — %D+D_)ui + dyu; = f; : 4th order scheme

i+1 — 2, i—
(D+D7)2U,Z~ = D+D7 (DJerUZ) — DJFD, (U +1 wu; + u 1)

h2
. Uj19 — 2U,’+1 + u; — 2(ui+1 — QUZ + ui_l) + u; — 2Ui_1 + U;_9
= 7
Ui — A + 6wy — duig +uo
= 1

y! ~ DD _u; — (D, D_)*u

Ui — 2u+ui R <U¢+2 — duiq + 6u; — dui—g + u¢—2>

h? 12 B4
1 1 4 5 4 1 . .
= 12 <_12Uz‘+2 + §Uz‘+1 - iui + §U¢—1 — 12%2) : H-point stencil

The matrix is pentadiagonal and solving Aju;, = f;, requires more work than in

the tridiagonal case.
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1 =1

1st equation relates us, us, uy, ug = a, u_; =7

remedy

1. extrapolate u_; from ug, ui, us, ...

2. use 2nd order scheme for 1st equation (us, uy, ug = «)

3. alternative

y! = DDy, — 2y + O(hY)

' +dy=f =y =dy—f =y =(dy) —f

ol = DuD_y; = U5 ()} — f7) + Ol
= D,D_y; — % (D.D_(dy); — D.D_f; + O(h?)) + O(h)
= D,D_(1—Sd)y; + 5D . D_f; + O(h?)

—D,.D_(1-— %dz)ul + dyu; = <1 + ;‘;DJFD_) fi » 4th order compact scheme

1. 3-point stencil , tridiagonal matrix
2. no problem for i =1, n

3. 4th order accuracy, i.e. ||up — yn||eo = O(h?)
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20. Gaussian elimination

anry + appre + ajzrs = by

|

ann aiz aiy b

2171 + G29%s + ag3x3 = by = | ag aga asg | bo
|

azy az azz 1 by

as1r1 + azre + agzrs = b3

step 1 : eliminate variable x; from eqs. 2 and 3 by elementary row operations

as

o1 = 7@ = Qg — a2 — lorary , asz — ags — larars , by — by — la10y
11
a31

31 = — = ag2 — aza — 31012, azz — azs — ls1a13 , b3 — b3 — l310y

ail

- |-~ these elements have changed

step 2 : eliminate variable x5 from eq. 3

32
3o = — = ags — ags — l32a93 , b3 — b3 — 3209
a2
|
aip ar2 ais | by
0 ax as ! b : upper triangular
|

matrix form

10 0 10 0
LolitA=U,Li=|—lsy 1 0|, Ly=|0 1 0
—l33 0 1 0 —l3p 1

general case : A e "™

. unit lower triangular

—lm i 1
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note 1
l21 1
(L1 L) =L=|1s Iz = A=LU
lml lm2 lm m—1 1
proof
(L1 L)t = Lyt Lty
0 0
Lk - ] - lkek 9 lk - lkJrl,k' y € = O
lm,k 0

0
(I —lpe)(I +lyel) = I — lyet + lpel — zk%*fke; =1

= L' =1+ L}
0
Li'Ly' = (T4 lhed)(I +lyet) = T + L} + be + zl%e;

= Lyt L)ty =T+ het + - + lp-1€,1 Ok

note

1. The L, U factors can be stored in A.
ain a2 a3 uip U1z U3
(am 22 CL23) - ( lor ug U23)
azyr az  ass s I3 uss
2. To solve Ax = b : factor A= LU , solve Ly =b , solve Ux =y , check ...
algorithm : LU factorization
fork=1:m-—1
forj=k+1:m
ajk = aj/agk

Qjk+1:m = Qjk+1:m — Ajk Ak k4+1:m
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operation count

@jk+1:m has length m — &k = inner loop = 2(m — k) flops

m—1 m m
total = Y 2lm—k) ~ kZ_:Q(m —k)? ~ 2m® : half of Householder

k=1 j=k+1 1 QR factorization
example
2 —1 0 2 —1 0 2 —1 0
-1 2 -1 | =10 5 1] =10 35 -1
0 —1 2 0 —1 2 0 0 3
-1 -1 2
Iy = =5 ls2 = 375 = —3
Iy = 3

2 -1 0 1 0 0 2 -1 0
-1 2 -1 | =|-5 1 0 0o 2 -1
0 -1 2 o -2 1)\o o 3% ok

definition : A has bandwidth 2p + 1 if a;; = 0 for |i — j| > p, eg. p=1:
tridiagonal

aq C Ay 0 ... 0
Ap+1,1 B . 0
0 . . . . . . a/m_p’m
0 ... 0 Aman—p " -
note

1. LU factorization of a band matrix preserves the bandwidth (as above for
p = 1), but sparsity within the band may be lost (more later)

2. for p fixed and m — oo, the operation count is O(mp?) << O(m3)

note

<(1) 1) does not have an LU factorization

proof

0 1 o 1 0 U111 U12> O:un } ..
(1 1) _<l21 1)( 0 iy = | = lyyuys contradiction ok
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ai; - Al
: is invertible for k =1 : m.

agy -+ Qkk

theorem
Given A, assume that Ay = (

1. Then there exists L : ult , U : ut , such that A = LU.

2. The L,U factors are unique.

proof

1. a;1 = Ay # 0, so we can perform step 1 of Gaussian elimination.

Assume steps 1 : kK — 1 have been performed.

o) el oV
Ly y--- 1A = a,(!?i ------ a,gj% : need a,g? =# (0 to proceed
afli a®)
1 i aip v Al i A1m
i | - - s
=[x - > o T N ap1 apro P
0 | S
* * 0 i 0 1 am1 i Amm

to see this, note :

L2L1 = (I — l2€§)(] — l16>{) = ] — llef — lge§ + l263116>{ = [ — (ll — lgllg)eik — l2€;

agll) L CL%{:) 1 . Cl.ll . a.lk
*
= C | =
atF)
kk k ... % 1 arl o Qpk
= a?f---a;’ij = det A # 0 ok
a,(clz) . pivot

2. A= LU =LyUy = Lyl =UU ' =1 = Li=Ly, Uy=Us ok



18. Thurs 3/25 50

21. partial pivoting

theorem

Given A, there exists a permutation matrix P st PA = LU.

example

0 1 0 1 1 1
A_<1 1):»13_(1 0>,PA_<O 1)_LU ok
proof

It agz) # 0, proceed as before, i.e. eliminate variable k from eqs. k 4+ 1 : m.

It a]g? = 0, there are two possibilities.

1. If ay,? =0 for j = k41 : m, then variable k does not appear in eqs. k£ : m, so
no elimination is needed (L = I). Proceed directly to step k + 1.

2. Otherwise, choose i st \a§£)| = max |a(

k<j<m '
proceed with elimination. This is called partial pivoting.

l,?\, then interchange rows k and ¢, and

This yields L, 1Py_1--- LoPy2 L1 PLA=U. ... see example below ... ok

example

AeC¥ = L3P Lo Py 1 PLA=TU , P, permutes rows k£ and ¢ for some ¢ > k

~

1 0 0 O 1 0 0 O 1 0 0 O
oo 01 1000 =t 0 01
2=lo o1 o] T o0 1o TR 001 0
0O 1 0 O —ly 0 0 1 —lsy 1 0 O
1 0 0 O
=t 10 0] - o
Pyl Py = —l31 01 0 =11 = Bl =11
—lyy 0 0 1

L3P3L2[~/1P2P1A =U = L3E2P3[N/1P2P1A =U = L3E2i1P3P2P1A =U ok

note
1. Az =b = PAx=Pb = LUx = Pb ...

2. complete pivoting interchanges rows and columns PAP = LU
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22. stability of Gaussian elimination

example

<611>_><61 1 )
112 0 1-112-1

exact solution : x; =7 =14+ 0O(e)
— €
2—-= 1 —2e
Ty=_—7 = 1. =1+ O(e)

Now consider the effect of roundoff error.
1 : T =
.1 | = computed solution : _~

€
The error is ||z — Z||x & 1 = I is inaccurate.

explanation
recall : Ax =0 = Ly=b, Uz =y

A:<€ 1>,A‘1: ! ( ! _1>:>moo(A)z4

1 1 e—1\—1 €

e 1 A | 1
U_<0 1—1>’U _6—1< 0 6>:>KOO(U)N

Since k(U) >> k(A), a small change in the data can yield a large change in the
computed solution, i.e. Gaussian elimination is an unstable algorithm for solving
Az = b (in this example).

remedy : partial pivoting , even if a,(ﬂ? # 0

112y (11 2 . Colut
¢ 131 0 1—6:1—26 . Salne exact solution

Consider the effect of roundoff error.

1 1.2 1 =1 - .
(O 11) = o1 = ||z — Z||c = O(e) = T is accurate

1 1
0 1—e¢€

A= (1Y) = sy, o=

€

> = koo(U) =4 ok
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note

Suppose A = LU. Gaussian elimination with IEEE arithmetic yields LU st
LU = A+ 6A, where [[6A]| ~ [|L|[ - [|U|[| - O(em). Partial pivoting ensures that
|Li;| <1, and if ||U|| = ||4||, then GE + IEEE + PP is backward stable; this

is often true in practice.

23. Cholesky factorization

- a symmetric form of LU factorization for hermitian positive definite matrices

recall

A e @™ is positive definite if *Ax > 0 for all z # 0

T Ar = (Tl R Tm) ailr - Qim 1 m
: = Z Qi T; T
am1 - Amm Im hi=1
example
2 —1
—1 2 —1
' ' is positive definite
1
—1 2
proof
m m m—1
rAx = Z 2T,x; — Z Tili—1 — Z TiTiy1
=1 1=2 1=1
5 5 m m—1
= |l‘1‘ + |1’m‘ + ZTZ(Z'Z _-Ti—l) + Z TZ(Z'Z _-Ti—i—l)
=2 i=1

m
= |ZE1\2 + |£Um\2 + > (Ti(x; —wiy) + Tia(xi — x3))
i=2

m
= |zl + |zwl” + 2@ — 7o) (@ — 1)
i—2

m
= |z |* + |ow|* + X |z — 24 > 0 for 2 £0 ok
i=2



two-dimensional BVP

—(¢zz + Pyy) = f for (x,y) € D C IR? : Poisson equation

¢ = g for (x,y) € 0D : Dirichlet boundary condition

example : D = unit square , h =1/N, (z;,y;) = (ih,jh),4,j=0: N
y

4

3 3 6 9

2 2 5 8 : h :i , lexicographic order
1 1 4 +

0 X

0 1 2 3 4
— 5 (i1 — 2w + wisy + i — 2u 4 wijo1) = fi
% (4u” — Ui+1,5 — Ui—1,; — Ujj+1 — um_l) = fij . 5—pOiIlt stencil
(1,7) = (1,1) = 5 (dusr — up1 — ugt — Wiz — u1p) = f11
s (dur — ugr — wi2) = fi1 + 32 (901 + gio0)

1 2 3 4 5 6 7 8 9

U11 U129 U3 U1 U292 U23 U3y Uu32 U33
4 —1 —1

—1 4 -1 —1
—1 4 —1
—1 4 -1 —1
—1 —1 4 -1 —1
-1 —1 4 —1
—1 4 -1
—1 —1 4 -1
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Apup, = [
T -1
-1 T -1
Ap = . block tridiagonal , T : tridiagonal
- U
-1 T

claim: Ay is positive definite
proof : omit

Cholesky factorization

given A e C"™*™ : hermitian , positive definite

ai w*
A = , a11=6>1k1461>0

w B
1 0\ /an w*
= « | : 1st step of Gaussian elimination
w
wo 0 p_ W
a1 ail
1 0\ /an 0 1 w*
= | w . a11
ww
o V0 B- 0 I
a1 a1

Jai 1 w*
ail 0 0 \/a_ll
— w i~ V@i | . 1st step of Cholesky
If\o B- factorizati
N - 0 I actorization

A = RTAQRl , R1 cut s pde
Ay = (R)T'AR;! : hermitian |, positive definite , pf : ...
(2)

ayy = e3Ases > 0, so we can continue

after m steps we have A = R{R--- R' R,,--- RoRy = R'R , R: ut , pde

R R
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example
2 -1 0 \/500100\/5%0
_ | =1 3
—1 2 —1| = 7 1 0 0 35 -1 0 1 0
0 —1 2 0 0 1 0 -1 2 0 0 1
V2 0 0\/1 0 0\(V2 5 O
1 3
= v Va2 Do ogto -/
0 —/% 1)\0 0 3/ 0 o0 1
v2 0 0\ (V2 &% 0
:_7; NE R 0 3 -2, check ok
o 2 yile 0y
algorithm : Cholesky factorization
R=A
fork=1:m
R eom = Ricjoom/ R
forj)=k+1:m
Rj,j:m - Rj,j:m - RZij,j:m
note : this is slightly different than the text
operation count
m m—k m (m — k
S % m-jan) =23 23 A Pt flops
=1j=k+1 1=
This is 4 3 the work of LU factorization.

note

1. The bandwidth is preserved.

2. There is no need for pivoting because :

3. tosolve Az =0 :

4. other versions :

factor A= R*R , solve R*'y =b |,

a) A = LL*
b) A = LDL* |

a) rij > 0,
b) the algorithm is backward stable.
Rr =y

L : 1t , pde
L :ult, D : diag , pde
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24. eigenvalues

problem : given A € "™, find A\, x # 0 st Az = \x

e-value : frequency , growth rate , energy level , ...

e-vector : normal mode , ground state , excited state , ...

definition : pa(z) = det(A — zI) : characteristic polynomial of A

note

A is an e-value of A < pa(\) =0

algebraic multiplicity of A = multiplicity of A\ as a root of pa(z)

geometric multiplicity of A = dimnull(A — AI)

example

1—2 1

Az(é 1>:>pA(z):det< 0 >:(1—2)2:>)\:1

1—2

alg mult = 2 |, geom mult = dimnull (8 é) =1

definition

A and B are similar if there exists an invertible matrix X st A = XBX L.

note

Similar matrices have the same characteristic polynomial, the same e-values,
and the same algebraic and geometric multiplicities.

definition

A is diagonalizable if it is similar to a diagonal matrix, i.e. if A = XDX 1,
where D is diagonal. In this case, the e-values of A are the diagonal elements of
D and the corresponding e-vectors are the columns of X.

note
A is diagonalizable < €™ has a basis consisting of e-vectors of A

& alg mult = geom mult for every e-value
example

<(1) 1) is not diagonalizable
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definition

A is unitarily diagonalizable if there exists a unitary matrix @ st A = QDQ*,
where D is diagonal.

note

A is unitarily diagonalizable
< €™ has an orthonormal basis consisting of e-vectors of A
< Ais normal |, ie. A*A = AA* |, pf ...

A is hermitian = A is unitarily diagonalizable (spectral factorization)

example
11 L (1 -1 1 1\ (2 0
A‘(—l 1)’AA_(1 1)(—1 1>_<0 2)
. (1 1\/1 =1\ (2 0 .
AA —<_1 1)(1 1>—<0 2>:>Alsnormal
1 1 . 1 —1
A:< 11):<ﬂ wﬂ(1+z o.>«?ﬂ):QD@
-1 1 5B 0 1—2 57

Hence A is unitarily diagonalizable, but not hermitian.

definition : A Schur factorization has the form A = QT'Q*, where () is unitary
and T is upper triangular.

theorem : Any A € €™ has a Schur factorization.
proof : induction on m , m =1 is ok , assume true for m — 1

There exists A, x # 0 st Az = Az. Let U be any unitary matrix st u; = z/||z||s.

UAU = (g\ % > , by induction hypothesis B = VT'V* : Schur factorization
define ) = U (1 0 ) . unitar
o v)- Y

va0=(y v )rar(y v)=( )6 5) 6 v)

_(1 o><Azmv>_<A wﬂf)_(AzﬁV) §
o vv)\o BV) \o vBVY) " \o T o
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eigenvalue-revealing factorizations

A = XJX ! : Jordan form

A = XDX™! : diagonalization

A = QTQ* : Schur form

A = (QDQ* : unitary diagonalization

condition number of the e-value problem

example

-1
AZ(i i ) = piz)=det(A—z2)=(1-2)* -1=22-22 = 2=2,0

~ 1 !
A_<O | >:>>\_1

Hence a small change in A produced a large change in the e-values, i.e. the
e-value problem for A is ill-conditioned.

Bauer-Fike thm

Assume A is diagonalizable with A = XDX 1, where D = diag(\, ..., \n),
and let o be an e-value of a perturbed matrix A + dA. Then there exists an

index @ st | — ;| < ||0A||2 - ko(X), i.e. the condition number of the e-value
problem for A is ko(X).

proof : hw7
example

~1
A= (1 ; ):XDx—l, ko(X) =€t hw?

note

If A is normal, then A = QDQ* with k2(Q) = 1, so the e-value problem for A
is well-conditioned.
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25. overview of algorithms for computing e-values

obvious algorithm : form p(z) = det(A — z1I) , solve p(z) =0

example
1 0 ~ 1+e€ 0
A_<O 1):)\_1,,4_( 0 1_€>:)\_1ie

BF = the e-value problem for A is well-conditioned; i.e. a small change in the
matrix elements produces a small change in the e-values

pa(z) =(1—-2)=22-224+1= A=1
piz)=(1+e—2)(l—€e—2)=2>-22+1—¢ = A=1+¢

Note that a small change in the coefficients of the characteristic polynomial
produces a large change in the roots, i.e. the problem of finding the roots of the

characteristic polynomial is ill-conditioned, and hence the obvious algorithm for
computing the e-values of a matrix is unstable.

example (Wilkinson)

smart algorithm : find a stable eigenvalue-revealing factorization

D if A is hermitian
T in general

Q- QiAQr+Q; — |
¢ Q

Each step is a unitary similarity transformation.

hermitian case

* % % % x % *
phase 1 phase 2
S k S k k S k S
— —
x % % % * % % *
* % % % * % *
A tridiagonal D
general case
* % % % * % * %
* % % % * * % % %
— —
b S k S >k k S k b S k
* % % % * % *
upper Hessenberg T

note : phase 1 is direct , phase 2 is iterative
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example (Wilkinson)

A = diag(1,2,...,20) , BF = the e-value problem for A is well-conditioned
20

p(2)=1=2)2=2)---(20—2) = 3 az2"
k=0

20
ar = ap(1+107%,), 0 <7, <1 : random , p(z) = 3 apz" , roots = ?
k=0

code

plot( zeros(1,20) , o’ ); hold on;

for 1i=1:100
r = roots( poly(1:20) .* (ones(1,21)+1le-10*randn(1,21)) );
plot( r , ’.” ); axis([0 , 26 , -6 , 6 1);

end
6 T T T T
0‘ 0. . .
: . © wed Py
‘. 3"3.1 .?’o‘.”o;?' .- s
BRI I A
M S0 . L O «®
4k ‘?’ LA " otee :. % a.o B
. {5‘.. : °,?° * 4({
) .
7 o
. a0 .o. .;’o
k2 2N
.“’o e o ° o:}

Iy "%
?. o...} : o .:.&*
_2 I~ ﬁ:::: ‘e . : i
b ..°~ . OQ.
.°?:: w e )
%, . P o..p:
....\:?..:’, . ) ) " o:o
i o IS4 ]
Eoepo toee  Toegt R
b f. . 9’0"30‘ 4 0:: : ’o' .{3
S g
-6 ! ! ! !
0 5 10 15 20 25

This example shows that the roots of a polynomial can depend very sensitively
on the coefficients of the polynomial.
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2
2

I —2P, P=uwv"/||v]|
v=2a=x||z|lser, Hr = ||z||]2 €1

(IO)H
0 H)’

choose () as in 1st step of QR factorization

QTQ* as in Householder Q)R factorization

QRy Qk

try to produce A

~QJA=R = A

Q

*

26. reduction to upper Hessenberg or tridiagonal form (phase 1)

idea #1

22. Thurs 4/8
k
.

Q

=
% 7
= g
< o0
< @) =
© 2, 07
o
=

progress

|
HHEE o« »@mE 5 * o
——— DBy i
SEEE BEEE Y E ko«

*NHHH Y% © o I

] ] [ [%]
B B B[] B (3] [+
B B [ [ o] (3] [+
(] B B [ (] [ 3] [+

QHQ*, where H is upper Hessenberg

|||||||||| __ —
[¥]o o © __ *\[¥] o o | o o * ¥
P |
TO% ¥, ¥ ¥ o olx x
Il I — ¢ ! |
* ¥ ¥ % oix x % D | oo
| m ¥ X% ¥ o oo
e, ! | —— - ==
¥ ¥ ¥ ¥ ¥, % ¥ ¥ ~ !
¥ ¥ ¥ % m.ub ! 0"* x x m ¥ %% % “olo o
a 1 | | N—
* Xk X X x % % % & KX ¥ X o x x x P
= \ --h ....... w ¥ *"00 —
O ~
¥ % %X %X x ox % x | g *xix x x ~Hlooo W **"**
u b - bt \_J
****\'/MW Xl% % x5 @@ X Fx o xx %
~ _ ~ _ | W | e mm— - -
¥ % ¥ ¥ o O ¥ ¥ ¥ ¥
+ | | T I
EE S R X ¥ ¥ ¥ n O, % % % X, ¥ ¥ x W :
ml ! ! - O =IO O x x'oo
¥ ¥ ¥ ¥ O o'x % % ! o ! —
SO o = | -whw--w-%- 2 - oo o i
/|\
¥ X ¥ ¥ x o0 o Vuk.c O * ¥ ox x'x oo =
(]
—— E 2 oo — = S
* ¥ % % —o o o ! - -,
. — (ol
— ] > — > & «
I S N I S o < <
Ov n Ov 0 * *
<t <C g 2 <C < o & &
¥ — ¥ — D} .m ¥ — % .m * A *
& & T « « S « «
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summary

Ael™™ = Q5 QIAQ1 - Quo = H
Q" Q

algorithm : reduction to upper Hessenberg form

fork=1:m—2

T = Apt1mk

v, = x + sign(z1)||z[|2 €1

v = U/ [|vkl]2

Arrtmem = Akt — 208V Ak 1o kem)
At ki = At tm — 2(A1m ket 1:m Uk ) V)

operation count

m—2
Ist inner loop : 3 4(m —k)* ~ 4- sm?
k;iZ total = 5+ m? flops
2nd inner loop : Y. 4m(m — k) ~ 4m - sm?* = 2m?
k=1

note

1. The algorithm is backward stable.

2. If A is hermitian, the algorithm reduces A to tridiagonal form and the oper-
ation count can be reduced to %m?’ flops. , pf: hw7

27. basic e-value algorithms (phase 2)

1. For the rest of the discussion on e-values, we assume A is real symmetric.
Al, ..., Ay : e-values , real
qi,---,qm : e-vectors , orthonormal

2. Given an approximate e-vector x, we can compute an approximate e-value .

|Az — az|lp = min |[[Az —azx|ls  : [|b— AZ[|]s = min|[[b — Az||>
vlr & = 2TAx . ATAz = AT

A
= oa=22 2 R4(z) : Rayleigh quotient , Ra(g;) = \j

a1y
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error estimate
Ra(z) = Ra(qj) + VRa(q)) - (z — q;) + O(||lz — g;][*)
xi'}lx) _2lz - V(2"Az) — 2"Ax - V(a'2)

(z2)?

V(zTz) = V(22 + 23) = (221, 212) = 227

VR =V
a(@) ( xTy

rAx = anx% + 2a1901129 + a22x§
V(lﬂ;‘lﬂj) = (2&11331 + 2@121‘2 ) 20,12.%'1 + 2@22$2) = 2(Ax)T

o'z - 2(Ax)t — 2"Ax - 22T 2
(xTx)? 2Ty

VERa(r) = ((Az)" = Ra(w)a")

= VRA(QJ) =0
Ra(z) = X\ + O(||r — ¢4]1*) : quadratic approximation

power method : v, Av, A%v, ...

v ¢ given , [[v©]; =1
for k=1,2,...

w = ApF-1)

¥ =w/|[wl]>

A®) = (p()) T4 ®)

ol

(k)
2 11 Y lg 5A0
A o_|q]. L :
example : A 1 ? 411 ; U 1 V31 5.181818
2 5.208D9214320 = A ax

theorem

Suppose [A] > [Xo| > -+ > |A] and ¢f 0@ # 0.

A k
)\2 ),P\(k)—)\ﬂ:()(
1

proof : v = a1q1 + g + -+ QG

A2

Then [Jo® — (dq1)|| = O ( Ao
A1

)

v = 6, A0 = B, (041)\’fql + Mgy + - + Ozm)\fnqm)

s [ A\F O (A k
= Brag A} (fh + = (2) G+ -+ — () Qm>
a1 )\1

= v¥) = +¢; , the £ depends on sign(\;) ok
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note : The power method has some limitations.

1. it gives only the largest e-value

A
2. v®) AF) converge linearly and the convergence factor )\2| may not be small

1
idea : 1. apply power method to A™! : w=A"1v & Aw =0

9 . n . (A— pul) ! {

e-vectors are g;

e-values are (\; — )~

shifted inverse iteration

v : given, [[v@||, =1
for k=1,2,...

solve (A — pul)w = v*=1

v = w/||wl],

AE) = (k) T44(F)
theorem
Suppose |A; — p| < [Ag — pu| < |A; — p| for i@ # J, i.e. Ay is the e-value of A
closest to p and A\ is the next closest. Assume also that q?vm) # 0.

1 A A —
A — 2 J M|

k 2k
)\ _
),|A<k>_AJ\:0(‘ JTH )
AJ— A — I\ Al —

Ak — M
Hence by using a suitable shift p, any e-value of A can be obtained, and the
convergence factor can be made small.

Aj—
Ag —

Then [Jo® — (dq)|| = O (\

proof
as before , \; —

ok

Y

question : What is the effect of roundoft error?

claim: If (A—pul)w = v is solved by a backward stable method, then ||w—®|| =
K(A —pl)-O(em). Hence if p is close to Ay, then A — pl is ill-conditioned and
the error in @ can be large, but ) is still a good approximation to g;.

proof

suppose (A — pl)lb = 0, where ||v — 0| = O(en)
(A—pl)(w—w)=0—v=a1q1+ "+ angn

= w—w=o(\ =) g+t am(An = 1) g~ ag(Ay = p) Ty ok



Rayleigh quotient iteration : update u

v given, [[v@|], =1

A0 = (p(0)T4(0)

for k=1,2,...
solve (A — A*=D )y = p=1)
o = w/ |l
AR = (pF) T4y (k)

theorem

If v is sufficiently close to an e-vector ¢y, then

[[0#*Y — (£q5)]| = O([v™ — (£¢,)IP)
A — g = O(IA™ =A%)

} : cubic convergence.

proof
(A= AP Nw=20F = w= (A= AP g +0® —¢y)
1 1
~ (k) _
w Ay — AW
) = ~ g+ (0" —q7)

_J’_i
wll ~ " " Ak = Ay

[o®D =gl = O(As = AW+ [[o™ = gy]]) = O(|[o™ — g/]*)

XE ] = O(|[u*D) — g12) = O([o® — g][%) = OAD — A, )

65

example
2 1 1 1 1
A= (1 3 1) A\ = 5.214319743377 , v\ = (1) R
1 1 4 1 V3
k | power method | shifted inverse iteration , © = 5 | Rayleigh quotient iteration
0 5.0 5.0 5.0
1 5.181818 5.213114 5.213114
2 5.208192 5.214312617 5.214319743184

2 6 10
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operation count per step
A full
power : O(m?)

inverse : O(m?) if A — pl = LU is precomputed

Rayleigh : O(m?) if A — AP ] = LU is computed at each step
A : tridiagonal

O(m) : this shows the benefit of phase 1

28. 29. R algorithm

algorithm

A = 4

for k=1,2,...
A=) — k) Rk
A = REQK)

note

1. AW = RWQK) — (Q(k))TQ(k)R(k)Q(k) — (Q(k‘))TA(kfl)Q(k) :

unitary similarity
transformation
o0 A _s {D 'if A is normal
T in general
theorem

Assume A is real symmetric, A = QDQT, D = diag(\;), | M| > -+ >|\n| > 0,
Q=[q- - qnl, det A(Q) # 0 for k =1:m. Then A®) 5 D,

example: A = <(1) (1)) = QR = AW = A for all k , thm doesn’t apply

proof
Alk) — (Q(k))TA(k—l) QW)
— (Q(k))T - (Q(l))TA(O) QW ...Qk = (Q(k))TAQ(k) : Q(k) =QW...QW
we will show that Q*) — @, so that A% — QTAQ = D
A= A0 = QWRY
A2=A-A=QWRVQURM = QR R RO)



67

AF = QW R®) — [Ake, ... Ake, ] : simultaneous power iteration

Ate; (k) (k)
kiej — q1 for j =1 :m , but span(A¥ey, ..., Are,,) = {Span(gl e )
|[A*e;]2 span(qi, .. ., qm)

We will show that ggk) — qj for j = 1,2, but it is true for j =1 : m.
€1 = a11q1 + a12q2 + - -+ XimGm

11 = equl = det Al(Q) 75 0

1 19 %]
g = —e€1 — (QQ + -+ mf]m>
Q11 Q11 a11

@1 = Puer+ Brg+ -+ Bimdm , B #0

Afqr = Maq = BuiAfe; + Bradsge + - + B\ g

( ) (k) k k
T g )\2 )\
= f——— 11 L4 B2 (A) @+ + Bim < )
1 Al
k
= Qg ) — 41
€y = (21q1 + 22Q2 + 23q3 + -+ + A2 Qm
. 1 12 A1m
=Qo1 | —e1—|—q@+ -+ —qn|| + a0g2+ q3q3 + -+ @l
11 11 11
21 (110099 — (91(x12 ~ ~
= —e€1+ Q2 + Q23Gq3 + - - - + Q2 Qm
Q11 Q11

T T
1] Qg2 €1q1 €14Q2
11099 — W91\ :det< >:det< )zdetA 0
11022 210012 a9y (99 €2qu 62Tq2 2(@) 7’é

q2 = Parer + Bres + Bazqs + -+ + BomGm » B2 # 0
Afgy = Mgy = BorAFer + BosAFey + PosAiqs + - + Bom MY g

(k) (k) (k) (k) (k) (k) k k
T T + A Am

— By, 11Q1 + B2 qQ i 29 42 _|_523< 3) o+ - +52m< )
A3 Ao A2

()

= @ 7@

= QW 5 Q = AW = (QM)TAQW - QTAQ =D ok
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example exact \;
2 1 1 5.2138 —0.0358 —0.0153\ 5.2143
A= (1 3 1) CAG) = (—0.0358 2.4308 0.1837) 2.4608
1 1 4 —0.0153  0.1837  1.3554) 1.3249

more details of ()R algorithm

1. importance of phase 1
A : tridiagonal = A®) : tridiagonal , pf: hw7

2. deflation

A O

() k) —
If |A;7, 1] <€, set AW = ( 0 A,

) and continue iterating on Aj, As.

3. Convergence can be accelerated by shifting.

QR algorithm with shifts

A0 = A
for k=1,2,...
Alk=1) _ M(k—n[ _ Q(k;)R(k) (1.3261 0.0371 0.0000
ABG) —

0.0371 2.4596 0.0000
) — pHOE 1 k1)
AW = RYQW + p oI 0.0000 0.0000 5.2143

How to choose p(®)?

Ak — (Q(k)ﬁ(k))—l — (E(k))—l(Q(k))T = QW (E(k))—T = QW ®)

AR = QW LK) — [AFe, ... A ke, ] : simultaneous inverse iteration
A ke,
—qgnpfori=1:m
A%l "
1% = R4 (¢'")) : we expect this to be a good choice
= ()" Aq) = (QWen)AQWen) = e, (QM)AQWe,, = ef AMe,, = A,

30. other e-value algorithms

31. computing the svd




25. Tues 4/20 69
32. overview of iterative methods
Ar=b, AeC™™  bel™
direct methods
LU, Cholesky, QR : O(m?) flops
iterative methods
xXo, 1, Ta,... — x : may be faster than direct methods
classical : Jacobi , Gauss-Seidel , SOR
Ar=b < = Bx+c¢, v,.1 = Bx, + ¢ : fixed-point iteration
modern : multigrid , Krylov
33. Arnoldi iteration : for computing e-values or solving linear systems
given A € €™ . general , b € C"
recall : reduction to upper Hessenberg form

g QIAQL Q2 =H = A= QHQ", Q : Householder reflector

Q" Q

note : computing the columns of () requires extra work
alternative
AQ=QH , Q =[q - qn] , these g; are not the e-vectors of A
Aq = hng + haige % 1 — Aqr — hi1 — haiga = ho1, @
Aqa = hiaq1 + haaga + h3ags %0 g2 — Aqy — hia, hay — h32q3 — h32, 3

AQn - han1 + h2nq2 + - hann + hn—l—l,nQn—H

Aqm - hlle + h2mq2 + -+ hmem

Arnoldi iteration : computes hj, , g;

b : given , ¢ =b/||b||2
forn=1,2,... % in practice, stop before n = m
v = Ag,
forj=1:n
hjn = qjv
v =10 — hjpq;
hosin = [|v]]2

Q1 = V/hps1n % if hpy1, =0 @ breakdown , later



70

note

1. Arnoldi iteration for computing A = QQHQ* resembles classical Gram-Schmidt
for computing A = QR.

2. Each step in Arnoldi iteration requires a matrix-vector product Ag, and it
produces a new orthonormal vector ¢, 1.

3. Let @, =[q1---q,] €C™". (not a Householder reflector)

hll h12 e ... hln
hop  hos «-- e hop,
AQn = QnHHn ) ﬁn = i . e qntl)xn
hn,n—l hnn
hn—i—l,n

alternative view of Arnoldi iteration

definition

K, = span(b, Ab, A%, ..., A" 1b) : Krylov subspace

K,=[b,Ab, A%, --- A" 1p] . Krylov matrix , C™*"

2K CKe C--CKy,n<sm
3. K1 = span(b) = span(q;) = range ()
ICo = span(b, Ab) = span(q1, ¢2) = range Q-

K, = span(b, Ab, ..., A"1b) = span(qy, qa, . . ., q,) = range @,

Hence the Arnoldi vectors ¢, ..., q, form an orthonormal basis for the Krylov
subspace IC,,.

4. K, = Q, R, : QR factorization, but K,, R, are not formed explicitly
5. AQ, = Qi1 H, = QAQ, = Q Q1 H, = H, € C"™"

——
Lxng1) ¢ last column is zero
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hi, hyp - o hi,
hoi hoy - . hop

H, = hss . : : upper Hessenberg
hn,n—l hnn

6. QnQ;, : orthogonal projector onto range @, = K,, , QrQn = Lixn
Qn C'—-C", e,—>Quei=q;,i=1:n

Q- C"—=C",¢g—>Qqg=e€,i=1:n

= think of @), Q) as change of basis matrices

note : A = QuQiA — QQuQLAQ, = QAQ, = H,

Hence H, is the orthogonal projection of A onto I, represented in the basis
{q1,...,q,} and we expect that A ~ H,, in some sense.

7. (problem 33.2) Suppose hy11, = 0 for some n. : breakdown

a) Agn = hinqi + -+ - + hon@n + W1 nny1 € Ky,

b) recall : K,, = span(b, Ab, ..., A" 1b) = span(q1, g2, . . ., Gn)

= AK,, = span(Ab, A%b, ..., A"b) = span(Aqi, Ags, ..., Aq,) C K, , check ...

= A, C K, : K, is an invariant subspace of A

c)K1C--CK,=Ku1=Kuoa="--+,check : A" = AA" € AK,, C K,
note : breakdown = AQ), = QnHﬁn = Q. H, (will use later)

now choose ¢,.1 orthogonal to ¢i,...,q, st ||¢g.+1]]2 = 1 and continue iterating

Agny1 = hipiqr + -+ Pugt i 1@ns1 + Mo np1Gnye @ this defines g,19

H,

:>A:QHQ*,H:< )

:) : upper Hessenberg with 7,11, =0
d) An e-value of H, is also an e-value of H and hence also of A.

proof: assume H,z = x, x #0, x € C" , define y = (g) L, y£0,yed™

o (5 2)(3) - (57) = () -
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e) If Az = b and A is invertible, then x € IC,.

proof: since A is invertible , it follows that H, H,, are also invertible
note : b= QuQib = QuH, Hy'Q3b = AQ,H;'Qrb

set v = Q,H, Qb , then Az =b

set y = H 1Q%b , then z = Q,y € range @, = K,, ok

Hence when Arnoldi iteration is applied to computing e-values or solving linear
systems, breakdown means we can stop iterating.

34. application of Arnoldi iteration to computing e-values

H, =Q!AQ, € C"" : approximate unitary similarity transformation

The e-values of H,, approximate the e-values of A.

35. application of Arnoldi iteration to solving Azx = b

Ae ™™ . general , be C™

idea
p(z) =det(A—2I) = ap + a1z + @2 + -+ + 2"
p(A) = apl + a1 A + asA? + -+ + a,, A" =0 : Cayley-Hamilton thm

—1
Al =~ (a1[ + A + -+ ozmAm_l) , a9 = p(0) = detA
QY
A = — (b + adb + -+ + 0, A7) € Ky = O
Qo

A7 b~ x, € K, , where ||Az, —b||s = Hél}& ||Az — b||2 : generalized 1s problem

This is the generalized minimum residual method. : GMRES

naive approach

rek, = x=K,y, where y €C"

min ||Az — b||s = min ||AK,y — b||2 : standard Is problem

solve for g , e.g. by QR factorization of AK,, , set x, = K,J

disadvantage : computing AK,, is expensive and numerically unstable
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smart approach

K, = Q,R, : Arnoldi iteration computes @), cheaply and stably without
computing K, R, explicitly.

reK, =x=0Q,yeC"

min ||Az —bl2 = min [[AQny — bll2 = min 1Qu1Huy — b2

yeeor

= min HQZHQnﬂLlFIny — Qui1bll2 = ;nin Hf[ny — @prbl]2

yEC? ecn
L. v € range Qni1 = ||Q5 103 = V' Qui1 Qv = v = ||v]3
2. Q@ 1@nt1 = Ity 1)x(ntn)
3. Qb =|[bll2e1 , 1 €T

min ||Az —bl2 = min || Hny — ||b]l2e1]]2

algorithm : GMRES
¢ = b/|[bl]2
forn=1,2,...
perform step n of Arnoldi iteration to create H, , ¢ni1
Hyy — |[bl]oen |2

find § : [\Hny = [[bllz¢1]|2 = min
Ty = Qny

note

1. assume Is problem is solved by Householder ()R factorization

AQ, € T™" : 2mn? — %n?) flops

H, € ¢ . O(n?) flops and can be reduced to O(n) by updating
2. Each step requires computing Ag,.

convergence analysis of GMRES

x € K, = span(b, Ab, ..., A""1b)

T =agh + oAb + - + a,_ 1 A" b

= q(A)b , where ¢(z) is a polynomial of degree < mn — 1
r=b—Ar=b—Aq(A)b= (I — Aq(A))b=p(A)b, p(z) =1 — zq(2)



define : P, = {p(z) : p is a polynomial of degree < n st p(0) =1}
Az, — blls = mip (|42 — bl = min [Ip(AD

LK, CKurr = |rnslle < lrall2 s 70 = b — Axy,
2 Ky = @ = [rmlls = 0
3. |rnll2 :]}Iel%lnHP(A)sz < 52%1”\|p(A)\|2-Hb|\2

4. assume A is diagonalizable , A= XDX !
p(A) = p(XDX™') = Xp(D) X~
p(A)ll2 = [|Xp(D)X ]2 < [IX|l2 - [[p(D)]2 - || X2

[Irlle < () - [[Bll2 - min - max, |p(A)

note : If sp(A) is clustered away from the origin, then there exists p € P,, st

Ama%; Ip(A)| decays rapidly as n increases, and GMRES converges rapidly.
esp(A

example: A € R??% (pictures on pp. 272-273)

case 1 : sp(A) is clustered away from the origin
A —2| <3 forall A€sp(A) , consider p(z) = (1 — ;) c P

1 n
max | A < () = rapid convergence
Aesp(4) 4

case 2 : sp(A) is not clustered away from the origin = slow convergence

36, 37. Lanczos iteration

A€ R™"™  symmetric , Arnoldi — Lanczos : A = QTQ*, T : tridiagonal
3-term recurrence , Gaussian quadrature ,

38. conjugate gradient method

A e IR™™  symmetric , positive definite ,

39. biorthogonalization methods

Ax =b, A : general , use Krylov subspaces for A and A*
40. preconditioning

Ar =b— M 'Azx = M~ 'b , for example M = diagA

74
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lrall  "OF T
l1oll N

1 Sy n
0 2 4 6 8 10 12

Figure‘35.2. .E'igenvalues. of the 290 x 200 matriz A of (35‘17); The dashed Figure 35.3. GMRES convergence curve for the same matriz A. This rapid,
curve is the circle of radius 1/ 2 with center z = 2 in C. The eigenvalues are 004y convergence is illustrative of Krylov subspace iterations under ideal cir-
approzimately uniformly distributed within this disk. cumstances, when A is a well-behaved (or well-preconditioned) matriz.

lrall 0% 3

el

. e 10°° . . ‘ : . n
eiFos] et e 0 2 4 6 8 10 12

Figure 35.5. GMRES convergence curve for the matriz of Figure 35.4. The
Figure 35.4. Eigenvalues of a 200 x 200 matriz, like that of (35.17) except with  convergence has slowed down greatly. When an iterative method stagnates like
a modified diagonal. Now the eigenvalues surround the origin on one side. this, it is time to look for a better preconditioner.



