warm-up : finite-difference approximation of a derivative P

forward difference

f'(x) =

question : how large is the error?

flx+h) = f(x)

h

= Dy f(x)

Thurs
1/11

flx+h)=f(x) + f(x)h + Sf"(x)h? + ---

L @D = 1

/]\

approximation

exact
value

= f'@) + S f"@h + -

T T

x r+h

truncation error

Hence the error is proportional to h; we write this as D, f(z) = f'(x) + O(h).
For example, if f(x) = e, x = 1, then f'(1) = e = 2.71828. .. is the exact value.

B | Do) | D)= F | D) = F)l/A
0.1 2.8588 0.1406 1.4056
0.05 2.7874 0.0691 1.3821
0.025 2.7525 0.0343 1.3705
1 1 1 0 l
1A €
0 e 0 o =g =5 =135

In general, if error ~ ch?, then p is called the order of accuracy and log(error) ~
log(ch?) = logc + plog h, so p is the slope of the data in a log-log plot. We see
that p = 1 for large h (expected) and p = —1 for small h (unexpected).

question : why does the error increase for small h?

1. The computed value has two sources of error: truncation error is due to re-
placing the exact derivative f’(x) by the finite-difference approximation D, f(z),
and roundoff error is due to using finite precision arithmetic.

2. The truncation error is O(h) and the roundoff error is O(e/h), where € ~ 10719

in Matlab.

3. The total error is O(h)+O(€e/h), so for large h the truncation error dominates,
but for small A the roundoft error dominates.

note : D_f(x) = f(z) = l{(x — )
pose) = La =) = fa=1)

2h

: backward difference

: central difference , hw



finite-difference approximation of a derivative

% Matlab

exact_value = exp(1);

for j=1:65
h(j) = 1/2"(3-1);
computed _value = (exp(1+h(j)) - exp(1))/h(j);
error(j) = abs(computed value - exact value);

end

plot(h,error,h,error,’o’); loglog(h,error,h,error,’o’);
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1. IVP for ODEs : given v = f(y), y(0) = yo , find y(t)
example : y' =y, y(0) =yo = y(t) =yoe'
y =siny, y(0) =y = y(t) =7
definition : An IVP is well-posed if the following conditions are satisfied.

1. A solution exists.

2. The solution is unique.

3. The solution depends continuously on the data (i.e. yq, f).

definition : f satisfies a Lipschitz condition on a domain D if there exists a
constant L > 0 such that |f(y) — f(u)| < L |y —u| for all y,u € D; we typically
assume that f(y) is smooth, so L = max |f,|. The Lipschitz constant L controls
how quickly nearby solutions can diverge from each other; a related concept is
the Lyapunov exponent (Math 558).

theorem : If f satisfies a Lipschitz condition, then the IVP is well-posed.

examples ; ;

y'=ay+b,y(0) =y = L=lal, y(t) = goe + (e = 1) e
t2

y = y'?, y(0)=0= L=occon{y >0}, y(t) =0, T : non-unique solution

Y=y, y(0)=1= L=ocon{y>1}, y(t)=(t—1)7" = limy(t) = oo

Euler’s method
h = At : time step , t, =nh,n=20,1,2,3,...

yn = y(t,) : exact solution , v = f(y), y(0) = yo
Uni1 7 Un _ o

h
example : ¥ =y, yo =1 = up11 = up + hu, = (1 + h)u,

u, : approximation |, (Un) = Upp1 = up + hf(un) , wo =10

U():l
U1:1+h
uy = (1+h)?, ..., u, = (1+h)"

consider t, =1 = nh=1,y, =y(l) =e = 2.7183

n h Unp, Un — Yn (un _ yn)/h
1 1 | 2.0000 | =0.7183 | —0.7183
2 | 1/2 | 2.2500 | —0.4683 | —0.9366
4 | 1/4 | 2.4414 | —0.2769 | —1.1075
!
o0

1 b i 1
0 e 0 ?7 . hw




Euler’s method

IVP : ¢y =y, y(0)=1
finite-difference scheme : wu, 1 = u, + hu, , up =1
The solid line is the exact solution y(t).

The circles are the numerical solution wu,,.

0 0.5 1 1.5 2 0 0.5 1 1.5 2

0 0.5 1 1.5 2 0 0.5 1 1.5 2
time t time t
1. For a fixed time ¢, the error decreases as the time step h — 0.

2. For a fixed time step h, the error increases as time ¢t — oo.



convergence proof (special case)
V=y,p=1=ylt)=¢
Upsi1 = Up + hty , ug=1 = u, = (14+h)"

consider t =1, h=1/n

lim u, = Jim (1+ i)” - L

InZ = In lim (Hi)n: lim In (1+i)”: lim nln (1+i) = 000

. In(1+h) 0 . 1
I St o i T

= }Lin}) u, = e =y(1) = Euler’'s method converges
%

Y =ay+b, y(0) =y : hw

convergence proof (general case)
v = 1), y(0) =y

Up+1 = Up + hf(un) y Up - giVGIl

fixt>0,seth=t/n = t=nh=t,, y, =y(t,) =y(t)
goal : }ng(l) u, = y(t)
step 1 : substitute y, into Euler’s method

Yn+1 = Yn + hf(yn) + 7 , Tn : local truncation error
Y1 = Y(taser) = y(ta + ) = y(ta) + hy'(t.) + 3h%y" (1)
= Ynr1 = Yo + hf(ya) + 517" (1) = 70 = k%" (1) = O(h?)

step 2 : analyze error , e, = U, — Yn
Cnt1 = Uny1 = Yni1 = Un + hf(un) — (Yo + hf (Yn) + 70)
= (tn = yn) + h(f(un) = fyn)) — 7
lens1] < len| + 2 f(un) = f(y)l + 170l < len] + hLu, — yu| + 7, 7= max|7|
lent1] < (14 hL)|e,| + 7
ler] < (1+ hL)|eg| + 7
leo| < (14 hL)|er| +7 < (1 +hL)((1+hL)|leg| +7)+ T
= (1+ hL)*|eo] + (1 + (1 + hL))T



n—1 )
len] < (1 +hL)"|eo| + D (1+ hL)'r

1=0
l+z<e” = (14z)"<e™ = (1+hL)" < el = elt
n—l - pn n—1 . (1—|—hL)n— 1 elt _ 1
H . L— f 1 = 1 hL i <
reca Z;)fr p— or r # z':O( + hL) Tl 1 S hi
et — 1
= |€n| S 6Lt‘60|+ hL T, T:maX‘Tn‘ = %h2M7 M:maX‘y//(t)‘
Lt _1 Mh
< Lt € )
len| < e"leo] + 7 5

if e =0, then }ng(l)|6n| =0 = }grg)un =y(t) ok

roundoff error

Upsr1 = Uy + hf(u,) : exact arithmetic

Upt1 = Uy + hf(v,) + €, : finite precision arithmetic
Yni1 = Yn + 1f (Yn) + T

let e, = v, —y,

en+1 = en +h(f(vn) = f(yn)) + € — T

lent1] < (L+hL)|e,| + €+ 7, e =maxle,| , 7= max |7,

Lt _1/7e Mh €

nl < Lt ‘ ( ) - — h—0

len] < e™eol + i h+ 5 )7 00 as
el —1  Mh 3
note : |u, — y,| < - . error bound Thurs
L 2 1/16
We can write this as u,, — y, = O(h); this means there exists a constant C
n — Yn b1 M

such that U < (' for h sufficiently small; we can take C' = ‘ TR
example

, e—1 e
y=y,y0)=1,L=1,t=1, M= = C= 1 -522.3354

So we know that |u, — y,| < 2.3354h for h sufficiently small, but we saw that
|un, — yn| = 1.1075h for h = 1/4; apparently the error bound overestimates the
error, so we need to understand more precisely how the error actually depends
on h.



claim : u, =y, + hE, + O(h?) : asymptotic expansion

Yn = Y(tn) = y(t) , E(t,) = E(t) : principal error function

= f(y)E—5y", E0)=0

This means there exists a constant (' such that

o — (v + BB _

h? -
for h sufficiently small.
example : y' =y, y(0) =1
E' =F — %et = FE(t)=— %tet , BE(1) = —%e = —1.3591

= U, = Y, — 1.3591h + O(h?)

proof : define e, = u, — (y, + hE,)
we already know that e, = O(h), we must show that e, = O(h?)

ent1 = Unt1 — (Ynt1 + hEpi1)
=y hfun) = (g + by + 512y + O(1®) + h(B + hE, + O(h?)))
=ty = (Yo + hEn) + h(f(un) — ;) = 1*(5y, + E,) + O(h?)

flun) = flyn +hEy+en) = f(yn) + fy(ya) (hE, + €,) + O(h?)

fun) =y, = fy(yn) (RE, + €,) + O(h?)

enr1 = en + hfy(yn) (hEy + eq) + O(h*) — B> (yy + E}) + O(h?)

=ep+ hfy(yn)en + hz(fy(yn>En - %yg - Evlz) + O<h3>
= 0 by definition of F

€n+1 = €Ep + hfy(yn)en + O(h3)

lenii| < (1 +hLD)|ey + K, k=0(h3) , assume ey =0
Lt 1
hL

= O(h*) ok

len| <

summary
Un = Yo + O(h)

Uy = Yy + hE, + O(h?)

Up = Yp + hE, + h*D, + O(h?®) |, where D, = D(t,)
hw : find the equation satisfied by D(t)



application : Richardson extrapolation
Up = Yp + hE, + k2D, + - -

AOO = uh = y+hE+h2D+0(h3)
2

h  h
A =u"? =y + S E+ Do)

h . h
Am:M”:y+4E+wD+Ow%

eliminate O(h) term

h2
2A10 — AOO = All =Y — 7D + O(hg)

h2
2490 — Ag = Ay =y — §D + O(h?)

eliminate O(h?) term

4A9 — Ay

3 = Ay =y + O(R?)

Ajo=y+ O(h) : computed using time step h/2’

Ajl = 2Aj0 — Aj—l,O = y+ O(hQ)

4A;1 — A,
Ap == =y 1 O(h)
8Ajo — Aj_
Ajp= =25 =y + O
example : ¢y =y, y(0)=1 = y(l)=e=2.7182818
j h Aj() Ajl AjQ Ajg
0] 0.1 2.5937425
11 0.05 2.6532977 | 2.7128529
21 0.025 | 2.6850638 | 2.7168299 | 2.7181556
3 1 0.0125 | 2.7014849 | 2.7179060 | 2.7182647 | 2.7182803

O(h) O(h?) O(h?) O(h?)
down a column : decreasing time step , fixed order of accuracy : h-refinement

across a row : fixed time step , increasing order of accuracy : p-refinement



Taylor series methods
y' = f(y)
h2
Ynt1 :yn+hy;+7y§{+---

1st order Taylor series method

Y = f(Yn)

Upt1 = Up + hf(u,) : Euler’'s method

2nd order Taylor series method

yz ::.fy(yn) 'yg - f?(yn)'zf(yn)
2
it =t B () oy ) - )

example

Tues
1/21

h? h?
Upi1 = un+hun+7un = (1+h+2>un
t=1, h=1/n
h Uy, Y — un| | |Un —un\/h2
0.1 2.7140808 | 0.0042010 0.4201
0.05 2.7171911 | 0.0010907 0.4363
0.025 2.7180039 | 0.0002779 0.4447
0.0125 | 2.7182117 | 0.0000701 0.4488
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Runge-Kutta methods
v =fy)
ki = f(un)
ko = f(un + ahky)
Up+1 = Up + h(bky + cky) : 2-stage RK method

choose a , b, c to minimize the local truncation error

Ynt1 = Yo + B(Of(Yn) + cf (Y + ahf(yn))) + Ta
flyn) = yn
flyn +ahf(yn)) = f(yn) + fy(ya) - ahf(ya) + O(R?) = y,, + ahy, + O(h?)
(1) Ynt1 = Yo + h(by,, + cly, + ahy, + O(h?))) + 7,
=y + (b + c)hy), + ach*y! + O(h3) + 7,

1
(2) Yns1 = Yn + hy), + §h29g + O(h3)

1
equate powers of h : b+c=1, ac= 5 T = O(h?)
c=—,b=1—— : l-parameter family of 2nd order methods
2a 2a
D 1
midpoint method : a = 5 b=0,c=1
]{:1 = f(un)

ko = f(un + ;l]ﬁ)
Upy1 = Up + hko = up + hf<un + Zf(un)>

1 1

modified Euler method : a=1,b= o c 5

kl - f(un)
k2 - f(un + hkl)

tnir =t B ks ) = () )



4th order Runge-Kutta

kl - f(un)
ky_f@%+gkﬁ
]ﬁg = f(un Zkz)

h
Ups1 = Up + g(kl + 2ko + 2ks + ky) : 4 stages

example
y=y,y0)=1
ki1 = u,
ko = u, + Zkl = (1 + Z)un
b= by = (14 (14 2, = (14 2+ 2,
b=+ bk = (14 (1 T, = (1m0,
umlzuw+g(y+%1+Z)+2@+€§+Z3+(1+h+2f+33)%
Upil = <1+h+f+i§+§z>un
t=1,h=1/n
h Up, Yn — Uy ‘yn_un|/h4

0.2 | 2.7182511 | 0.00003069185 | 0.01918
0.1 | 2.7182797 | 0.00000208432 | 0.02084
0.05 | 2.7182817 | 0.00000013580 | 0.02173




12

note : RK methods have the form w,.1 = u,, + hF(u,, h), where
(a) F(u,0) = f(u),

(b) F(u, h) satisfies a Lipschitz condition in wu, i.e. there exists a constant L such
that |F'(u,h) — F(v,h)| < Llu — v| for h sufficiently small.

example : modified Euler method

Up41 = Up + g(f(un) + f(un + hf(un)))

Flu.h) = 5 (£0) + Fla+ hf(a)

(a) F(u,0) = f(u) ok
(b) |F(u, k) = F(v, )]

= L) + Fut hf () — () + F(0 + B )
—~ ;\f(u) — f() + flu+hf(u)) = flv+Rfv))

< S 1) = F@I+ 1+ hf(w) = f(o+ hF)
< S Llu— vl + 5 Llu+ hf(u) — (v 4 f(v)

= S Lhu— o]+ 5 Llu— v+ h(f(u) — (o))

< S Llu= vl + 5 Lu =l + ShLIf(s) - f(0)

< Lju—v|+ ;hL-L\u—v| = (L + ;hL2)|u—vl

= |F(u,h) — F(v,h)| < Llu —v| for 0 < h < 1, where E:L—I—;LQ ok
hw : midpoint method

theorem

1. (a) = 7, = O(h?) (at least)

2. (b) = the scheme is stable wrt initial data

3. (a) + (b) = the scheme converges, i.e. fllirr(l) u, =y(t), t =nh : fixed
—
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note

1. (a) = the difference scheme approximates the correct differential equation

Thurs
1/23

Upt1 = Up + hE (uy, h)
Yn+1 = Yn + hF(yna h) + Tn

ynﬂh_yn:F(yn,h)JrT}: = Y, = f(yn) as h =0

We say that the difference scheme is consistent with the differential equation.

2. The scheme is stable wrt initial data if there exists a constant C' such that
for all n > 1, |u, — v,| < Clug — vy|, where u,, v, are the numerical solutions
starting from wug, vy, and ¢ = nh is fixed. The constant C' may depend on ¢,
but must be independent of n and h. In other words, a small change in the
initial data of the difference scheme leads to a small change in the solution of
the difference scheme.

3. The theorem says that consistency + stability = convergence.
proof
L. Upt1 = up + hE(uy, h)
Ynt1 = Y + hE(Yn, b)) + T
= yi + iy + O(h?) = 4+ h(Flyy, 0) + O(h)) + 7, = 7, = O(h?) ok
2. Let u, , v, be numerical solutions starting from ug , vg.
[Up11 — Vnt1| = |un + hEF (up, h) — (v, + hF (v, h)))|
< Jutn = V| + AP (g B) = F(v, )]
< (14 hL)|u, — vy
= |1, — vp| < (14 hL)"|Jug — vg| < e”hz\uo — | = ezt\uo —wvg| ok
3. define e,, = u,, — Y

Ent+l = Up+t1 — Ynt+1 = Up + hF(Un, h) - (yﬂ + hF(yTL? h) + Tn) -
Lt

hiL

- = e
lent1] < (14 hL)|ey| + |1 = len] < eLt|eo\ +

T, T =max|7,| ok

1. A method of the form u,,1 = u, + hF(u,, h) is an explicit 1-step method;
this includes RK and Taylor series methods.

2. If 7 = O(hP*1), then |u, —y,| = O(hP), i.e. the global error is one order lower
than the local truncation error; we say that the method is pth order accurate.
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generalization

1. systems
y,1 - fl(yh .. 7yN)

Y1 fi
: =>y’=f(y),y=(i),f=(5>
yy = fn(yr, -, un) YN fn

2. non-autonomous equations

J = ), B } N <y1>': (f(yll,yz)>

Yo =1t Y2

3. higher order equations

y' = f(y,v) ;’;:5 } = @;)l: (f(ygfyﬁ)

definition : A vector norm ||y|| has the following properties.

Lyl =0, Jlyll =0 < y=0

2. |ayl| = |af - [|y]|
3. |y +ul] < |yl| + [|ull

example
ol = 32l Nl = macld Il = (Qm )
1= 1=
noe 14y
Given a vector norm ||y||, the subordinate matrix norm is ||A|| = max ] ?‘1 :
Yy Y

|| A|| satisfies properties 1, 2, 3 above and 4, 5 below.
4 ([Ayll < [JA[]- Iyl . 5. [[AB|] < [[A]l - | B]]
example

N
|A][1 = max ) |a;;| : max column sum
7=

N
| Al|o = max Z:l la;;| : max row sum
]:

|Al|]2 = max 0;(A) : max singular value , max |\;(A)| if A is real symmetric
proof : Math 571

note : The previous results for a scalar equation ¢y = f(y) also hold for a system
of equations with |y| — ||y||, L = max |f,| = L = max||f,||, f, = (0fi/0y;).
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absolute stability

Consider y' = Ay, where y is a scalar and A is a complex number; this is called | 7y
the test equation. The exact solution is y(t) = y(0)e* and if real(\) < 0, then |1/28

y(t) is bounded as t — oo for all initial data. A numerical method with time
step h is absolutely stable if the numerical solution u, obtained by applying
the method to the test equation is bounded as n — oo for all initial data; this
means t = t, = nh — oo with fixed h. This is different than stability wrt initial
data which was concerned with a fixed time £t = t, = nh and n — oo, h — 0.
The region of absolute stability of a numerical method is the set of all points
in the complex hA-plane for which the method is absolutely stable.

example : Euler’s method
Y =y = upi1 = Uy + hAu, = (1+ h ) u, = u, = (14 hA) "ug

uy, is bounded as n oo < [1+ kA <1< |hA—(—1)] <1
h A — plane

N
N

The region of absolute stability of Euler’s method is the interior and boundary
of the unit circle centered at —1 in the hA-plane.

example : v = Ay , where A is diagonalizable , A = XDX !
D =diag(\1,...,A\y) , X =[z1---2n], Azj=Njz;, j=1:N

/\Nth

y(t) = areMlay + - + aye
Euler’s method : u, 1 = u, + hAu,, = (I + hA)u,

Uup = (I +hA)"up = a1 (1+hX\)"z1 + - + an(1+hAy)"zy
absolute stability < |1 +h);| <1, j=1:N

Hence to ensure absolute stability of Euler’s method applied to a diagonalizable
linear system 1’ = Ay, it is necessary to ensure absolute stability for the scalar
test equation i’ = \y for every eigenvalue of A.
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/
example : (‘z;) = <_lé _ff) <‘Z;> = A\ = =20, Ay = —2 : stiff system

20 2txy : fast component + slow component

y(t) = are Yz + age”
up = a1(1 — 20h)"x1 + as(1l — 2h)"xs
absolute stability < |1 —20h| <1, |1 —2h| <1
e 1<1-20h<1,-1<1-2h<1
& —-1<1-20h, -1<1-2h
S 0h<2,2h<2ah<01, h<1

Hence we must choose h < 0.1 to ensure that Euler’s method is absolutely stable.
Note that the fast component of the exact solution decays rapidly, so after
some time essentially only the slow component is present. By itself the slow
component requires only A < 1 for absolute stability, but we must choose h < 0.1
to ensure absolute stability of Euler’s method applied to the system. What
happens if we don’t?

backward Euler method

Un+1 — Un ) ..
y = fw), Hh = f(tps1) = Ups1 = up + hf(uye1) @ implicit

claim : 7, = O(h?) , proof : hw

test equation : ' = \y
1

1y m

U1 = Up + hAUp 1 = (1 — AN Upi = Up = Upy1 =

1
1 —hA

'/
The region of absolute stability of backward Euler is the exterior and boundary

of the unit circle centered at 1 in the hA-plane. Hence for the previous example
with A\ = —20, Ay = —2, backward Euler is absolutely stable for all A.

absolute stability < ‘ <l&s|l1-hA2>1

h A — plane




e (1) = (73 1)
examplie : = 9 _11

Y2

forward Euler, h=0.1025 , not AS

0 0.5 1 1.5 2

0 0.5 1 1.5 2

U1
Yo

) : <‘Z;>0: (g) , solid line = y;(t)

backward Euler, h=0.1025 , AS

mmmmmmmmmmm

=2t
-3 . . .
0 0.5 1 1.5 2
backward Euler, h=0.1 , AS
3 . . .
2 L

mmﬁmmmmmmmm)

ot
-3 . . :
0 0.5 1 1.5 2
backward Euler, h=0.09 , AS
3 . . .
2 L

m%mmmmmrmmmp

0 0.5 1 1.5 2
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Note that even though A\ = —20, Ay = —2, the solution has an initial interval
of transient growth; this is important in the theory of hydrodynamic stability.
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1. A scheme is A-stable if the region of absolute stability contains the left half of
the hA-plane, so backward Euler is A-stable and forward Euler is not A-stable.
For an A-stable scheme, the time step h is not restricted by absolute stability
and it can be chosen entirely on the basis of accuracy requirements.

2. Upy1 = Uy + hf(uyy1) can be solved by iteration.

ufloll = u, + hf(uy,), u,(ﬁirl) =u, +hf (u,(ﬁ)l) . predictor-corrector

Hence implicit schemes require more work than explicit schemes.

h
3. Upy1 = Uy + 2<f(un) + f(un+1)> . trapezoid method , implicit

claim : 7, = O(h®) , A-stable , proof : hw

absolute stability of RK4 -
h h Thurs
ki =f(un) s ko= flun+ ki) s ko= f(unt She) s ko= f(un -+ hio) /30

h
Upy1 = Uy + E(kl + 2ko + 2k3 + ky)

h2\2 . B33 . h4)\4>
2 6 o4 )"

Yy =Xy = un+1:(1+h/\+

4

hA-plane

2+

-4 i i i i i i i
-5 -4 -3 -2 -1 0 1 2 3

RK4 is not A-stable, but the region of absolute stability is larger than for forward
Fuler and it contains an interval on the imaginary axis.



multistep methods
Adams-Bashforth

Uns1 = Up + W(Bof(un) + Bif(un—1) + -+ + Brf(un—+))
This is an explicit (k + 1)-step method , §; = ?

. In+1

idea : ¥ = f(y) = yYna1 = yn+/t T (y() dt

approximate f(y(t)) by an interpolating polynomial p(t)

set Up i1 = Uy + /ttnﬂp(t) dt : need to find a formula for p(t)

p(tn) = f(un)
p(tn—l) - f(un—l)

p(tnfk) = f(un—k:)

define Vf,, = f, — fn_1 : backward difference

Van = v(vfn) = v(fn - fn—l) = vfn - an—l = fn - fn—l - (fn—l - fn—Z)
- fn - 2fn—1 + fn—2

vgfn == fn - 3fn—1 + 3fn—2 - fn—3

Newton form

Vi fn
2h?

p0) = fut (6= )+ (0= 1)~ 1)

b (t—ty) - (t— tnkﬂ)m : polynomial of degree k

k factors

k vj -
e ) (b s
=1

jiw

claim 7 factors

L. p(tn—j) = fn—j ,J=0:k

P o e —_ k+1
2. flolt)) - ploy = = e S

f(y(«)) for some a = «(t)

note : p(t) interpolates f(u,—;) in 1 and f(y,—;) in 2

19



proof 1
p(tn) = fu
p(tnfl) - fn + (tnfl - tn>vhfn
- fn + (_h)vffn - fn - vfn - fn - (fn - fn—l) - fn—l
2
p(tn—2) - fn + (tn—Q - tn) v}fn + (tn—2 - tn)(tn—2 - tn—l)VthQn
Vi Vif,
= fot om Sy oy

= fn - Qan + vzfn - fn - Q(fn - fn—l) + (fn - 2fn—1 + fn—?) — fn—2

k .
Ptai) = fo+ 3 (tak — ta)(tnr —tu1) -+ (tug — tn_jH)V_'j}J:;z
J=1 7
j factors
3 Vi,
= fn+ Z(—kzh)(—(kz —1h)-(—=(k—7+1h) T
J=1 !

k! k ko (k o
recall =], (a+dF= ( ,)ak_J b’ : binomial expansion
jl(k = 5)! (9) (@+0) ;) ] P
k . .
Pltas) = Y (j)l bV fy = (L= V) fu = St fu = fui ok
Jj=0

20

define I f,, = f, : identity , (I = V) f, = fu — (fu — fao1) = fao1 = S_fn : shift

tn
recall : w11 :un+/t o) dt
t—t, = sh
t—lfnflzt—tn—l—tn—tnfl=Sh+h=(8+1)h

bty == (s+k—1)h
1 1)--- kE—1
p(t)=fn+svfn+s<82+ G2 fy 4o SEHD k,($+ 944,

/tzmlp(t) dt = /Olp(t(s))hds = h (o + NV fo 1V 4 VL)



21

1
70:/0ds:1

1 1
fyl:/Osds:Q

1s(s+1) 1 1 5
— ds — — + - — =
m=f BT

.”_ 1s(s+1)---(s+k—1)
fyk—/o o ds, k> 1

k=0 : 1-step AB

Upt+1 = Up + hyofn = un + hf, : Euler’'s method

k=1 : 2-step AB

it =t R0t 0V ) =ttt U= Fon)) = b B fo)
k=2 : 3-step AB

h
Up+1 = Up + h(’)/()fn + 'Ylvfn + 'YQVan) = =1Up + 5(23][71 - 16fn—1 + 5fn72)
note 2
1. To get started we set ug = vy, but we also need to compute uq, us, ..., ug. Tues
2/4

2. To compute u,,1 from wu,, only one new function evaluation f, is needed
assuming f,_1,..., fn_x are stored.

3. Changing the step size h requires extra work.

proof 2 k+1
goal + o)~ p(t) = = ) S )

ift =t,_j,7 =0:k, then ok, so assume t #¢,_;, j=0:k

st o) = F(0(e) — (o) + G5B )~ S
g(tn) =0, g(th,-1) =0, ..., g(tn—r) =0, g(t) =0

= ¢(x) has k + 2 distinct roots

= ¢'(z) has k + 1 distinct roots , MVT : Math 451

= g%+ (2) has 1 root , say g**V(a) =0

k+1 .
then 0 = g*"(a) = dimf (yle)) + (k(: - Z()Z?(.t?(t ! gsii)))) ok
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local truncation error : (k4 1)-step AB

yn+1 - yn + / " dt + Tn

To = Yo+l = Yn — /:"“p(t) dt = [ (Fly(t) - p(t) ) di

n n

B /W (t—tn) - (t —tp_p) d*t

fly(a))dt , t —t, = sh

CE T
k+1
= ot D) S ERNT w420 hds = e y+2)(@) b2

(k+ 1)!

Adams-Moulton
Unp1 = Up + W(BZy f(uns1) + Bof(un) + -+ + Bif(un—r))
This is an implicit (k + 1)-step method |, 37 =7

p*(t) interpolates fr11, fn, .-+, fu—k : k+2 values , polynomial of degree k+1
() = fusr (= o)LL (1 ) (£ — 1)
h 2h
vkJrlfn—H
T+t (t - tn+1) U (t - tn—k+1) (k i 1)' thrl

k + 1 factors
t—th=sh = t—tysy =t —tp+ty —tyey =sh—h=(s—1)h

. s—1)s

p(t) = for1 + (s =)V + ( 5 ) VanH
(s=1)---(s+k—=1)

Upi1 = Up + / t)dt = / p*(t(s))hds

Upt1 = Up + D (7—1fn+1 + % Vi + 0+ % Vk+1fn+1)

. t(s=1s---(s+k—1)
%=, (k+1)! oo k=0
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k=1

Upt1 = Up + Wy fr1 = un + hfny1 @ backward Euler
k=0 : 1-step AM

* * 1
Upyl = Uy + h ('7—1fn+1 + Y vfn+1) = Up + h(fn+1 - 5(fn4r1 - fn)>

h
Upi1 = Up + 2<fn + an) . trapezoid method

k=1 : 2-step AM

Upt1 = Up + (Y fo1 + 7% Vi +M VanH)

=u, + h(fn+1 - ;(fnﬂ - fn) - 112(fn+1 —2fn+ f”1)>

s =ty (5 + 85— fu)

summary
AB

Thurs
2/6

Upr1 = Uy + D (’yofn +nVf+-+ ’ykkan) : (k+ 1)-step

1s(s+1)---(s+k—1
%:/0 (s+1) k'( )ds,k;21,70:1

T = Vil y(k+2)(t) hF+2 + O(hk+3>

AM

Up1 = Uy + D (’Yi1fn+1 +% Ve + -+ Vk+1fn+1> : (k+1)-step

. t(s—=1)s---(s+k—1) .
7]{}_/0 (k+1)' d87k2077—1_1

T = A g () B 4 O

note

k-step AB has global order of accuracy k
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region of absolute stability

AB , HA—plane |

-2 -15 -1 -0.5 0 0.5 1
5T T T
AM hA-plane
= ,
3 - -]
2 - -]
1 y ]
o+ ]{7 - 3 —
1k A _
o} ,
3} _
4} ,
-5 | | | | | | |
-8 -6 -4 -2 0 2 4

The method of order k is absolutely stable inside the contour. Note the difference
in scale; the AB regions are smaller than the AM regions. Higher order methods
have smaller regions of absolute stability than lower order methods. The 1st
order and 2nd order AM methods are not shown because they are A-stable.
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general multistep methods

QU + 0 Up—1 + -+ Qgp_i + L(Bof (un) + Bif(un—1) + -+ Bef(up—r)) =0

. k-step method , assume o # 0 , AB and AM are special cases

k

> (ajtn—i + hBif(un-i)) =0

=0

predictor : 3y =0

CVOU = - Z (azun i T hﬁzf(un—z))
=1

corrector : [y # 0
k

oaou;m“ = —hﬁof( ) Zl (atn—i + hpi f (un—;))
local truncation error

k

;} (Qiyn—i + BB f(Yn—i)) = 7o = O(R"1)

Yn—i = y(t —th) =

7=0 ]'
i /
Tpn = Z:O (iYn—i + hBiy,_;)
k r+1 4,0 (¢ , ro U (4 .
= Z (ai Yy '|( )(—ih)] + h’ﬁz Z Y - ( )(—ih)]) + O(hr—|—2>
i=0 j=0 J- j=0 J:
i r+l ) (¢ . r+1 4,00 (¢ .
=2 (@i > Y .,( )(—ih)J 5 Y ( )'(—z’h)(Jl)) +O(h™?)
=0\ j=0 J’ (1)
r+1
T = Z ij( )( )h] 4 O(hrJr?)
j:O
( )70@ (=) '8\ .
>
fCy=---=C,=0and C,; #0, then 7, = r+1y(T+1)(t)hr+1 + O(hr+2) and

we have a k-step method of order r.
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example
v =f(y)
un+12—hun_1 = f(uy) : leap-frog method
Up — Up—2 — 2hf(u,—1) =0 : explicit , 2-step , needs ug, u; to start
aw=1,a0=0,0=-1, =0, 5=-2, =0
Cy = i)oci:ozo—i—al%—ozg:O
2

Ch :g)(_i@i+ﬁi) :—}){—2a2+%+51+§{:0
02=§0<2 ) =2 42— =26 =0

= ;y(g)(t)h?’ + O(h*) = leap-frog is 2nd order accurate

question : What is the maximum order of a k-step multistep scheme?
Qg, ..., Bo, ..., Bk © 2k 4+ 2 coefficients

= 2k + 1 degrees of freedom

= Co=-=Cy% =0, Cyi1 #0

= 7, = O(h**1) is optimal

= the maximum order of a k-step multistep scheme is 2k

example
k=1 : trapezoid method has order 2

k=2 : 2-step AB has order 2 , 2-step AM has order 3
In fact there exists a 2-step scheme of order 4. (more later)

note : RK4 is a 1-step scheme of order 4, but there is no contradiction because
it is not a multistep scheme of the form considered here.
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characteristic polynomials of a multistep scheme

10
Qoly + A Up_1 + -+ + QpUp_f + h(ﬁof(un) —+ ﬁlf(un—l) 4+ 4 Bk‘f(un—k)) — (0 | Tues

k 2/11
p(O) =l + o+ =Y @

i=0

k .
o(¢) = ﬁock + ﬁlgk—l 4t B = ;)ﬁigk_z

p1) =X =Gy ol1) = 36
k k k k
p(1) = Z;)(k — i)y = kz;)ai + ;)(_i% + Bi) — Z;)ﬁi =kCy+ C; — (1)
recall : a method is consistent < 7, = O(h’™!) for some r > 1
SCi=C1=0p(1)=0, p(1)+0(1)=0
example : leap-frog
Un = Up—2 = 2hf(up1) =0 = p(() = -1, o(¢) = —2(

p(1) =0, p'(1)+ (1) =0 = leap-frog is consistent

question : When is a multistep scheme stable? convergent? absolutely stable?

special case : 3y =0 , test equation ¢y’ = Ay with A =0
k

> aju,—; = 0 : difference equation, linear, constant coefficient, homogeneous
i=0

gy + aqty—1 + -+ gy =0 (%)

given ug, uy, ..., ur_1, use (x) to solve for ug, uri1, ...

question : What is the general form of the solution w,,?

k k . k _
note : If u, = ¢, then Y aju,_; = > a;¢" " = "3 ;¢ = "Fp(0).

=0 i=0 =0
Hence if p(¢) = 0, then u,, = (" is a solution of ().
theorem : If p(¢) has j distinct roots (i, ..., (; with multiplicities my, ..., m;,
then the solution of the difference equation (x) has the form
Uy = (Cll() + apn + a12n2 + -+ al,ml_lnml_l)Cf
-+ (CLjo + ajn + aj2n2 + -+ aj7mj_1nmj71) jn,

where ayp, . .., ajm;,;—1 are determined by the initial data wo, ..., ug_1.

note : (1,...,(; are the characteristic roots of the difference equation (x) and

p(¢) = ag(C = C)™ - (C = ¢;)™



example

1. u, +4u,—1 — dup,_o =0

PQ)=C+4-5=(C-1(C+5) = G=1,G==5,m=my=1
Uy, = a1(]’ + a2y = a + as(—5H)" , check ...

2. Uy — 2Up_1 + Up—2 =0

pO=¢C=-20+1=((-1) = G=1, m =2

up, = (a1 + aan)(] = a1 + agn , check . ..

There is an analogy between difference equations and differential equations.
aogy™ + a4y =0, yt) =M = p(A) =0
L y"+4y =5y =0 = y(t) = are’ + aze™™

2.y =2y +y=0 = y(t) = (a1 + ast)e’

proof (sketch)

8] (077 051 (077
(%) = Up = ——Up1 — = Uy = U= — U]~ — U
0 0 o) Q
a1 893
U _— e e = Uk—1
o) o7}
Uk—1 1 o --- 0 Uk—9
U1 1 0 Uo
U1=AUO:>Un=AUnf1 ='°':AnUO

A=XJX': Jordan form , A" = XJ"X !

. :(_1)k _(_1\k . my . My
det(A — AT) p(A) = (=1)*(A =) (A=)

Qo
i1 0
J1 0 ‘ L
J = 7=]z': . 1 :mixmi,J[‘: ok
0 Ji '
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note

the difference scheme (x) is absolutely stable

& every solution u,, of (%) is bounded as n — oo
G| <1fori=1:j
& p(() satisfies the root condition : {and
if |(;| =1, then m; =1

0 if |¢] <1
proof : lim n”|¢|"=¢ 1 if [([=1, p=0
oo if || >1or [(|=1,p>1

example p(€) root condition? U,
C2+4¢—5 no ar + as(—5H)"
C2—20+1 no a1 + asn
-1 yes a; + as(—1)"

test equation : y' = A\y

Xk: (ajttp—i + hBif(un—)) =0 = Xk:(oq + hABi) Uy =0

11
Thurs
2/13

i=0 i=0
(g + hABo)uy + (a1 + hAB ) up—1 + -+ - + (g + AABE)up—r = 0 (%)

If w, = (", then f:(oq + RAB ) Up—i = -+ = " (p(C) + hAa(()).
i=0

Hence if p(¢) + hAo(¢) = 0, then u,, = (" is a solution of (xx).

theorem (existence of the principal root)

L. If p(1) =0, p'(1) # 0, then p(¢) + hAo((¢) has a root (1(h) st ]IIIL% Gi(h) = 1.
2. If in addition 7,, = O(h"*1), then (i (h) = " + O(h™1).

note

L. p(1) =0, p(1) #0 < p(¢) has a simple root at ¢ =1
This holds if the scheme is consistent and p(() satisfies the root condition.

2. (y(h) is called the principal root of the difference equation (xx); the other
roots of p({)+hAo(() are denoted (»(h), ... and are called the extraneous roots.

3. Under the assumptions of the thm, the difference equation (*x) has a solution
of the form u, = (1(h)" = (e" + O(h™1))* = e + O(h"), where t = nh; this
justifies calling (;(h) the principal root.

(a+b)"=a"+na"b+---

(ehA +_()(h¢+&>)n ::(ehA)n_+_n(ehA)n—1()(hr+1)_+...
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example : ¥ = My, y(0) =1 = y(t) = e

2-step AB : upi1 =y + sh(3f0 — fac1) uo =1, u1 =e
Up — Upy_1 — %h)\(Sun_l —Up9) =0

p(Q) = =¢, ¢={0,1}, p(1) =0, p'(1) #0, 7 = O(h?) , thm applies
p(Q) +hAa(Q) = —C—LhABC—1) = — (1 + 3N+ iha =0
C=2(1+3nA 4 (1+LR2A2 430X — 2h0)Y2) = L4 3N £ 3(1+ hA 4 §h2)2)1/2
(1 +x

hA

V2=1+ 12— Lt2”+0(2%)

=5+ 4M+ S 5 + §h°N%) = {(hA + §h°A%)° + O(h?))
=1+ hA + 3h2N2 4+ O(h?) = " + O(h?)

Go(h) =1 430X\ — (1 + hA 4+ I0°A%)Y2 = Thh + O(h?) = O(h)

Uy = alCl( )" 4 azGe(h)”

Gi(R)" = (" +O(R*))" = &M + O(h?) , G(h)" = O(h")

1 1\(a 1 a 1 G —1\/ 1 1 (e =G
(Cl C2><G2>:(€h/\>j<a2>:§h2—§1<—C1 1><6M> G — C2<C1—€hA
€hA—C2_€hA—C1+C1—C2 _C1—€
G-G -0 -G
= (1+0(3)) - (eM+0(h?) +O0(h%) -O(h") = lim u,, = e

=1+0(r%) , = O(h%)

a)p =

1, u; =e"

leap-frog : upi1 = up_1 + 2hf,, up =
Uy — Up—9 — 2hA\U,—1 = 0
p(¢)=C*—1,¢={%1}, p(1) =0, p/(1) £0, 7, = O(h®) , thm applies

(§)+hAa(g) =2 —1-2R\=C -2\ —-1=0

= S(2hA £ (4R2N% + 4)1/2)

(h) hA+ (14 h2A2)Y2 = hA 4+ 1+ 21222 + O(h*) = " + O(R3) : as before

Co(h) = hA — (1 4+ W22 = hA — (1 + Lh2A% + O(hY))

—(1 — hA+ h*A2 + O(h')) = —e " + O(h?)
U, = a1Gi(h)" + aala(h)”
Gh)" ==+ 0h?), Gh)" = (e +O(h))" = (=1)"e " + O(h?)
a; =1+ O0(h?), as = O(h3)
= (L +O(R®) - (eM + O(h?)) + O(h3) - ((=1)"e M + O(h?)) = lim u,, =

h—0



note : if h is fixed and n — oo, then O(h3)(—1)

ne—)\t

N

0  if real(A) >0
+oo if real(\) < 0
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This is an example of weak instability which occurs when p(¢) has two distinct

roots on the unit circle; in this case the roots of p(¢) + hAco(¢) may lie inside or
outside the unit circle. For the leap-frog method with real(A) > 0, the extraneous
root (3(h) lies inside the unit circle and is harmless, but with real(\) < 0, (2(h)

lies outside the unit circle and as(o(h)"™ eventually dominates ay(i(h)"

though as = O(h3).
example :

A=1, h=05
150 : :

100

50

oP

150

100

50

150

100}

50t

vV=My, y0)=1, tups1 =up1+2h u, , upg=1, uy =e

hA
A=-1, h=0.5
1@ . .
\
)
0.5¢ A
N\ /
_ 2 I
2 Y
or \ ]
o) \
\/
o)
-0.5 - -
2 3 4 5
A=-1 h=0.25
1@ .
0.5¢
ol %) [0}
© @
-0.5 - -
0 2 3 4 5
A=-1 h=0.125
1@
0.5¢
ot D
-0.5 - -
0 2 3 4 5

, even

12
Tues
2/18
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absolute stability of leap-frog

y/ = )‘y y Uptl = Up—1 + 2hAu,

p(()=(*-1=0 = (=41 : root condition is satisfied

p(Q) +hXa(() = =1 =2RA( = —2hRA = 1= ({ = )¢ — ) =
Q=" +Oh), G=—e"+0(h)

To determine absolute stability we must consider all values of AA.

(=hA=* (1 + h2>\2)1/2, hA = ng L = ; (C — é) : conformal mapping
hA-plane (-plane
| X /\
%
¢ —i

1. There are branch points at hA = 44 and a branch cut running between them.

2. The branch points hA = 41 are fixed by the mapping and every other point in
the hA-plane corresponds to two points in the (-plane, e.g. hA =0 = ( = £+1.
3. hA=iy, |y <1l=(=iy+ (1 — y2)1/2 . unit circle in (-plane

¢ =e |9\ <m=hA=3(e” —e ) =ising : branch cut in hA-plane

4. For any hA off the branch cut, the corresponding (i, (, are off the circle; in
fact since (1(o = —1, one root lies inside the circle and the other lies outside.

Hence the region of absolute stability of the leap-frog method is the interval in
the hA-plane between i and —i, excluding +i (why?).

recall : theorem (existence of the principal root)

1. If p(1) =0, p'(1) # 0, then p(¢) + hAo(¢) has a root (1(h) st }lllg(l) Gi(h) = 1.
2. If in addition 7,, = O(h™*1), then (y(h) = ™ + O(h™1).

proof

1. set F'(C,h) = p(C) + hAo(¢) =0 , want to solve for { = (1(h)

F((,h) =F(1,0) + F¢(1,0)(¢ — )+Fh(1 0O)h+---=0
Fh( ,0)
F(1,0)
),

(1, h +
h)=0, thl()

F(1,0)=p(1) =0, Fe(L0)=p(1) #0=(=1—

implicit function thm = there exists (;(h) st F((i(h
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2. set y(t) = eM = Mt

k k |
k .
= MRS (a4 hAB) M = AR (5 () 4 pAe ("))
1=0

= p(e") + ho(e™) = O(h™+Y)
set (1(h) = e +¢€ | then lim € = lim (¢; (h) — ") =0
0 = p(G1(R)) + hAa(Ci(R)) = p(e™ + €) + haa (e + ¢)
= (M) + F(EM)e + O() + hAo(e") + Olhe)
= O(h") 4+ O(€) + O(€*) + O(he) = ¢ = O(h" 1) ok

convergence theory 13

v = f(y), y(0) =yo : well-posed IVP ;f/hglgs
k

> (it + hBif (up—i)) =0 , ug, ..., up_1 : given

i=0

definition : A multistep method is ...
... convergent if u,, — y(t) as n — oo under the assumption that ¢t = nh is fixed
and ug, ..., Ur_1 — Yo-

. stable wrt initial data if there exists a constant C' such that for all n >k,
\up, — v < Cmax{|ug — vol,...,|ur—1 — vg—1|}, where u,,v, are two solutions
of the difference scheme, t = nh is fixed, and the constant C' may depend on t,
but is independent of n and h.

theorem

1. stability < root condition for p(()

2. if the scheme is consistent, then stability < convergence
recall : A k-step scheme has order < 2k.

theorem (Dahlquist)

A stable k-step scheme has order { <k+1if kisodd,

< k-+2 if kiseven.

If the scheme has order k + 2, then the roots of p(() all lie on the unit circle and
so the method is weakly unstable.

example

k =1 : the trapezoid method is a stable 1-step scheme of order 2
k =2 : Milne’s method is a stable 2-step scheme of order 4 , hw
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example

Up + 4y — Dup—o — h(4f(up—1) + 2f(up—2)) =0 : 2-step , explicit
hw : 7, = O(h?) = the scheme is consistent
p(()=C+4C—5=(C—1)(C+5) : root condition fails

= the scheme is unstable = the scheme is not convergent

consider 4/ = —y, y(0) =1 = yt) =e ', ug=1, uy = e
h=0.2 h=0.05
10 : : : : 10 : : : :
RN
NN
5 5! NEEEEEN
RN
1O I N N I O
——o0 o o o & P-o-00000000 1+t 11
of of S -
BEEEEEE
‘\1 NN
R
- - RN
RN
~10 . . . . _10 Oy
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
h=0.1 h=0.025
10 : : : : 10 SRR
CULEELE LT
CULEELE T
5| ] 5| SRR
RN IR
© (Pl|||||||||||||||||||||||||
e —-e—-o—-0—] OCW%lI|iiiiiiiiiHHHHHllH'
\ ||||||||||||||||||||||||||
\ ||||||||||||||||||||||||||
\ COCCLUCECE
_ ] =l |
5 8 5 ||||||||||||||||||||||||||
,|||||||||||||||||||||||||
10 , , , , 10 L
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

b : = (14 O(K)) - (¢ + O(h%)) + O(t) - ((~5)"e¥/* + O(h)
1. For any time step h, the numerical solution is accurate for some time, but the

growing oscillations of the extraneous root eventually ruin the accuracy.

2. The oscillations appear at an earlier time as h decreases; this strong instability
is in contrast to weak instability (e.g. leap-frog), where the growing oscillations
of the extraneous root appear at a later time as h decreases.
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recall : A multistep scheme is A-stable if the region of absolute stability contains
the left half-plane (e.g. backward Euler, trapezoid).

theorem (Dahlquist) An A-stable multistep scheme has order < 2; among all
A-stable schemes of order 2, the trapezoid method has the smallest C5 (= 1—12)

definition: A multistep method is A(a)-stable for 0 < a < /2 if the region of
absolute stability contains the wedge | arg(h\) — 7| < a.

h A= plane h\=plane

A(«)-stable 2 stiffly stable

theorem (Widlund) For any £ < 4 and 0 < a < 7/2, there exists a k-step
method of order k& which is A(a)-stable.

definition : A multistep method is stiffly stable if the region of absolute stability
contains a domain of the type shown.

example : BDF methods (backward differentiation formula)
ln1
recall AB/AM : ¢ = f(y) = yns1 = yn +/t TFy)dt , p(t) = f(y(t))

Vu, V2u,,
Vu Vu Vu Vu
/ — n MU —t. —t )" / _ n noy
P (t) ; + (2t —t, —t,_1) Y% = p'(t,) ; 57 Y (tn)

1

3 1
Eun — U1 + iun_g — hf(u,) =0 : 2-step BDF, implicit

7. = O(h3) : consistent , 2nd order accurate

P(C):2C2_2C+;:;(C—l)(ix—l)iQ:l, CQZ; . stable
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theorem (Gear) The k-step BDF method is stiffly stable for k£ < 6.

8 T T T T T T T T T T

For k = 1:6, the k-step BDF method is absolutely stable outside the contour.

miscellaneous ”
1. implicit schemes : F(u,) =0 , fixed-point iteration , Newton’s method | Tues
2/25

2. other methods for ¢/ = f(y) : implicit RK , ...
adaptive error control : variable time step/order

software : www.netlib.org , Matlab : ode45 , ...

ook W

mechanical systems : My” + Cy' + Ky = F : Newmark , HHT | ...

p/: Hq

, , geometric/symplectic methods
q = _Hp

6. Hamiltonian systems : {



2. IBVP for PDEs

heat equation

temperature : v(x,t) , heat flux : kKVo(z,t)

conservation of energy

jt/Dvdajz/aDH;VU-ndS :>/thd£€=/Dv-liVUdSE = v =V - -sVv

model problem
Vp = Vg , 0(x,0) = f(z) : find v(x,t) for t > 0
1. —oco < x <o : free-space BC
2. 0 <z <1, Dirichlet : v(0,t) =v(1,t) =0
Neumann : v,(0,t) = v,(1,£) =0
periodic : v(0,t) = v(1,t), v.(0,t) = v.(1,1)
We assume the problem is well-posed. (Math 454, 556, 656)

finite-difference scheme (forward Euler, central difference)

h=Ax,x;=jh,j=0,£1,£2, ..., k=At, t,=nk,n=0,1,2, ...
uj ~ v(xj,ty,)
u! U u’! —ul
J+1 J n j j—1
Dy} = ; , D_u; ;
n U? B u?—l 1 n n

D_|_D_Uj = D+ (h) = ﬁ D+U] — D_|_Uj1>

_ 1(“?+1 e R “?1) Uy — 2uf up

h h h h?

utt— u , — 2u” +u

U= Ve >~ = Dy D = I+ ! -

utt =l + kD D_u} = ul + Nul — 2u) +ul) ), A= k/h’

stencil

® n+1

37
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definition : Let |[u"||s = max|u]|. The scheme is stable if ||u"||o < [|u’]|s for
J

all n > 1 and all «’; this property is also called the maximum principle.

theorem : the scheme is stable & A < 1/2 < k < h?/2

proof
<) uftt =l + (1= 20)u) + Al

W < Au |+ (1= 20| + Aluf |

< AJuloo + (1= 20)[[u" oo + Al [t |oo = [[u"[lo = [[u"|oo < [|u”]]

2
=

=) assume A > 1/2 .| we will show the scheme is unstable

consider u = (—1)J

wj = Audyy + (1= 20)ud + duf | = M=1)7T + (1 = 20)(=1)) + A(=1)7!
= (=1)/(=A+ (1 =2\ =) = (1 —4N)u!

A>1/2=1—4)<—1= [Jul||e > |Ju°]| ok

theorem (convergence) 15
V=V, 0< <1, v(x,0)= f(x), v(0,t) =v(l,t) =0 ;f/hzfs
W — o u = 2ut 4 U 1
/ L=l 0 0Tl p=— j=1:N-1
k h2 Y N Y .]

k
Let z = x; = jh,t =t, =nk,\ = =) be fixed, set u? = f(x;),ug = uR = 0.
If A <1/2, then }Llir(l)uj = v(z,1).

proof 1. local truncation error
Y = f(y)

L4 7i", contrast to ODEs § w11 = u, + hf(uy)
Yn+l = Yn + hf(?Jn) + T

,Uij-l —

k h?
let v="0j], vy=(v)}, ...

’U}l—H =0+ ]ﬂ}t + %k Uy + O(]{??))
’U;L_i_l =v+ hvx + %h?%m + thUmxm + ihllvgc:mx + léioh5vxmcmx + O(h6)

U?—l =0V — hUgg + ihzvxx -1 h3vmxm + h4vxxxx - Lh5/Uacajac:mc + O(hG)

7} =i+ ghva + O(k*) — (v + 15h*Vowes + O(R))
VUt = Ugg = Vgt = Ugat = Vtgz = Uzazz = Tj - (fk - T12h2)vxm:x + O(kQ) + O(h4)

77 = O(k) 4+ O(h?) : 1st order in time, 2nd order in space, scheme is consistent
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example : uf*' =} + kD D_u, h=0.05, A\ =1/2 = k., = Ah? = 0.00125

t=0

0.8

0.6

0.4

0.2

0®
0

=&

0.2 0.4 0.6 0.8

h=0.05 , k=0.0013 , 1 timestep

0.8

0.6

0.4

0.2

oG

=&

0.2 0.4 0.6 0.8

h=0.05 , k=0.0013 , 25 timesteps

0.8

0.6

0.4

0.2

o®
0

- &

0.2 0.4 0.6 0.8

h=0.05 , k=0.0013 , 50 timesteps

0.8

0.6

0.4

0.2

o0&
0

)
0.2 0.4 0.6 0.8 1

k > k. : scheme is unstable

t=0

0.8

0.6

0.4

0.2

0®
0

—=&

0.2 0.4 0.6 0.8

h=0.05 , k=0.0012 , 1 timestep

0.8

0.6

0.4

0.2

0.2 0.4 0.6 0.8 1

h=0.05 , k=0.0012 , 25 timesteps

0.8
0.6
0.4

0.2

0®
0

- &

0.2 0.4 0.6 0.8

h=0.05 , k=0.0012 , 50 timesteps

0.8

0.6

0.4

0.2

0% )
0 0.2 0.4 0.6 0.8 1

k < k. : scheme is stable
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2. error bound

with = Ml + (1= 20l + A

vitt = Xl + (1= 200 + Aol + kT

set e = v —uj e?“ = ey + (1 —2XN)el + Nef | + k7]
A< 1/2 = [ e < [1€"]oo + kIl loe < €™ |oo + 2K]| || <
le"lloe < [l€”]loc + nkll7[loc =t - O(k) ok

note

1. We see (again) that for a consistent scheme, stability = convergence.
2. uf =v(z,t) + O(k) = v(z,t) + kE} + O(k®) : hw

alternative approach : method of lines
V=V, 0< <1, v(x,0)= f(x), v(0,t) =v(l,t) =0
define u,;(t) = v(z;,t) , xj=jh, h=1/N, j=1: N -1

t
x
0 Tj—1 X Tj+1 1
9w -
u = it }ZJ T system of ODEs , ug = uy =0
(5] —2 1
: 1 1 -2 1
W=Au, u= , A= 72 '
1
UN-1 1 —2

A : tridiagonal , symmetric = real e-values
theorem (Gershgorin)
If p is an e-value of A = (a;;), then there exists i such that |u — a;| < Y |ai;|.
proof 77
Au = pru =3 aijuy = pui = (p—ai)ui = 3 agg = |p—ai]-fuil <3 aij]-uj)

J JF J#
choose i st |u;| = max |u;| , then |p —a;| <D |ai;| - Ju] < > la;| ok

J Ji ‘ Z| JFi
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Gershgorin =

—2 2 —4
M_(fﬂ)|§h?$}z2gﬂgo
example : Euler’s method : uv"*! = «" + kAu" : finite-difference scheme

recall : absolute stability <& —2 < ku < 0 for all e-values p of A

4 o1
o<kt <0e 2ol
TTEEN g 20T e =

e-values and e-vectors of A

Au=pu, u=(uy, ..., uy_1)"
Ujp1 — 2Uj + uj—q
h2
wji1 — (2 + ph?)u; +u;—q =0 : difference equation

p(Q)=C =2+ ph*)+1=(C=C)(C—C)=0

u; = a1(] + a2

= puj , up=uy =0

uw=0= a1 +as=0 = ay=—a

_ N Ny _ N _ /N CIN_
ux =0 = a" =) =0 = ' = = (3] =1

G2

é:GQW”/N:ezmlmh, m=1:N—-1, m=0,N doesn’t work ...

G2

ClC? —1 = C12 _ e2m'mh — Cl _ eﬂ'imh : C? _ e—m’mh

mijmh e

uj = a1(] + a3 = a; (e _”jmh) = ay - 2tsinmymh

16
Tues
3/11

G+ G2 emmhpermimh 2 2(cosTmh — 1)

G+ G=2+ul’ = pu

h? h? h?
2 h—1 —4 h
e-values of A : u,, = (COSWZ; ): 12 Sinwﬂ;,m:liN—l

e-vectors of A : w,; =sinmmaz;, j=1: N —1 : discrete Fourier modes

mm = £ : wavenumber , wavelength = 27/ =2/m

matrix analysis of convergence

Ut = Uzg

u" = u" + kAu" : method of lines + Euler’s method
u" ™ = (I + kA)u™, 0" = (I + kA" + k"

e =" —u" = "t = (I + kA)e" + k"

le™ M) < T+ KA - [le™|] + K[|
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Hom Um,

1:N—-1

D, D_ + Dirichlet BC | Au,,

[ = —(4/h?) sin®(mmh/2) = (2/h?)(cosTmh — 1), m

16, A

N:

example :

1:N—-1,75=1:N-1

sinTmx;, m

Um,j =

4

AWAWAWAWAWAWAWA

m=15

VYV VYV

. long wavelength modes = 1 — 0

m — 0
m — N

- = — —4/h?

7

Short
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1—2A A
A I—-2Xx A
I+kA = A= —

A 1—=2\
1if A<1/2
AN—1if A >1/2
/I + kA||, = max of absolute values of e-values of I + kA
recall : the e-values of A lie in the interval [—4/h?, 0]

=S e T+EkA - ooiiein [1 — 4\, 1]
hence if A <1/2 , then ||/ + kA||, <1forp=1,2, 0o

el < e[| + k(] = [l < Nell + 7]l (7]l = max[[7"[] ok

17+ kAl = 17 + AL = {

Fourier analysis of PDE

vy = Uy , look for solutions of the form v(x,t) = %7 : Fourier mode , £ € IR

¢ : wavenumber , w : growth rate , w = —¢2 : dispersion relation

_e2triee | € =0 1 constant mode
(z,t) = e . . o
¢ # 0 : oscillatory in space, decaying in time

consider the IVP with free-space BC, v(z,0) = f(z) , —0o < & < o0
Fourier transform : f(£) = i/oo f(a:)e_ifxdsc , flx) = /_oo f(&)esde
Parseval relation : [~ |f(x)[*dw =2x [ |F(€)[d , ||f| = 2r||fII3

theorem
1. v(z,t) / f(e —£2t+i£wd€ . solution formula

2. [[v(-;O)]le < ||f]|2 for all t >0 : Lo-stability , maximum principle

Im
(&, 1) =

/OO (z,t)e " da

17
Tues
3/18

1
o
/ (x,t)e T gy = —/ Ve (, t)e —ET gy

6]
zfx

—00

- % vl t)(=i)e dx
A e ) (i) e = —€%0(E, )
U(8.t) = —€0(&,1) . v<£>0> = f(§) = (&) = f(§e "

-1
—21}:13
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= v(w,t) = [0 t)eds = [T Feeetrdg ok
2 D13 = [ o, t)[*de = zw/ o(, 1) [*dg
=2r [ |f(©Pe e < or [T |f(OPde = [ |f(2)[*dw = [|f|}} ok

Fourier analysis of difference scheme

W =l N (u g - 20 +uly) , j=0, %1,

look for solutions of the form u = ("e iKjh < €h < 7 : discrete Fourier mode

(rHeitih = (neitih 4 ) (CreiSlDh _ geneitih | (neitli=1h)

C=1+ M — 24 e ) =14 2\(cos€h — 1) = 1 — 4Xsin®(€h/2) = p(¢h)
witt = p(€h)u | p(€h) - amplification factor

p(&h)

1

iAZO,,OZl

:

|

A =1/4, p = cos’(§h/2)
|

|

|

|

A=1/2, p=costh

A >1/2

L. |[p(éh)| < 1forall ¢h & N <1/2
2. uf = p(&h)"uf
0 <A <1/4 : all modes decay monotonically in time

1A<A<1/2 - { long waves deca'y mogotqnically in' time
short waves oscillate in sign, amplitude decays
long waves decay monotonically in time
A > 1/2 : { intermediate waves oscillate in sign, amplitude decays

short waves oscillate in sign, amplitude grows
note : (h=m = u) =™ = (=1)/, p(r) =1 — 4\, recall .

3. amplification factor of PDE = e ¢F = ¢ MM = p(eh) + O((fh) ); for the
PDE all modes decay monotonically in time, unlike for the difference scheme



Consider the difference scheme with free-space BC.

J J

u”“—u + kDD v}, u) = f(x;), zj=jh, j=0,%1, ...

We will derive results for u analogous to the results for v(z, ).

Fourier coefficients : f,, = %/_ﬂ f(x)e ™ dx | f(x) = Z fn ™

m=—0o0

oo

Parseval relation : /_7T 1f(2)Pde =21 > |fl?

change notation : m — j, fm —uj, x—&h, f(z) — a"(§h)

wp = &[T anEhe Ita(eh) , an(gh) = Y e hws

2
j=—00

[ @ emPeh) =2x 3 [P, hws

j=—00
theorem
L ouj = 217T a’(ER)p(ER)" e~ 5 d(€R) : solution formula

2. A< 1/2= [Ju"||s < [|u’]2 for all n >0 : l-stability

proof
00 B 00
L. a"t(¢h) = > u?“e”gh = > (uf + A(ujy — 2uf +uf,
j=—oc j==o0c
o0 .. . .. 4
= > (u}le”gh + A (UM& — 2u?e”5h + u;}yé’éh))
j=—00
u?’ez(]_l)gh u?el(]"'l)gh

= S0 Wl (14 A — 24 ¢h)) = p(eh)a" (€h) , p(h) = 1 — AAsin(Eh/2)

j=—o00

@ (€h) = p(ER)ar (Eh) = @ (€h) = p(ER)"aV(ER) ok

2l = 3 gl = o [T jar(en)Pd(eh) = & [ lo(eh)"a

]7700

< /| <§h>\2d<fh>:§5 W2 = [l ok

j=—o0

et

18
Thurs
3/20

(€h)[*d(&h)
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implicit schemes
U=V, 0< <1, v(0,t) =v(1,£) =0 : Dirichlet BC
method of lines : v = Au , A= (1/h*)trid(1,—2,1)
the e-values of A lie in the interval (—4/h% 0) : stiff system

forward Euler : conditionally stable , i.e. stable < \ < 1/2

backward Euler : unconditionally stable , i.e. stable for all A > 0 , hwb

Crank-Nicolson : central differencing in space + trapezoid in time

u = u" + Tk(Au" + Au"t) ¢ error is O(h?) + O(k?) , 2nd order accurate
(I — kA" = (I + kA)u™ : linear system (more later)

theorem: CN is unconditionally stable and convergent in fs-norm

proof
Lou"™ = (I — kAN I + SkA)u"

= "o < ([ = 5kA) o |1+ 5EA|l2 - [Ju"]]:

the e-values of I — %kA lie in the interval (1,1 + 2\)

...... A T (1—2A,1)

(I — 5kA) M2 <1, [T+ 5kAlls <max{1,|[1 -2)} <1 & A< 1
then A < 1= [[u"™||s < |[u"||2 , but we can do better

1+%k,u

m is an e-value of (I — 3kA)™' (I + LkA)

if 1 is an e-value of A | then 5

p<0=||(I = 3kA) I+ $kA)|| < 1= |[u"™|s < |[u"]]p for all A >0 ok
2. u" =" + Lh(Au" + Aumt)
"t =0 4 SE(AV" 4+ Av™) + k" " = O(k?) , assume k = O(h)
e" =v"—u" = "M =e"+ Jk(Ae" + Ae"M) + k"
e = (I — $kA) (I + 5kA)e" + (I — $kA) k"
le" o < [le"[la+ kll7"[l2 = [le"]l2 < [[e”l]a+1- O(k?) ok

note : proving stability of CN in other norms requires different analysis
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Fourier analysis (Crank-Nicolson)

ut™ =l + $k(DyD_uf + Do D_ujt)

u}‘“ — %)\(ufﬂ — 2u?+1 + u?fll) =uj + %A(uffﬂ — 2u} +uf )

look for uj = (et 5 =0,41, ...

I g =24 ® M) 1 —2Xsin®*(Eh/2)

1= A€ =24 i) 14 2Xsin®(€R/2)
p(&h)

1

¢ p(ER) , u) = p(¢h)"ul

1. 0 <A <1/2 : all modes decay monotonically in time

long waves decay monotonically in time
short waves oscillate in sign, amplitude decays

A>1/2 {
2. |p(€h)| < 1 for all €h and all A >0
= CN is unconditionally ¢o-stable (with free-space BC)

The proof follows as for conditional ¢5-stability of the forward Euler/central
difference scheme on page 45.
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recall CN : (I — SkA)yu"™ = (I + SkA)u" 19
Tues
write this as Az = f , not the same A , assume N x N 3/25

tridiagonal Gaussian elimination : special case

a b 1 a; b
b a b By 1 oy b

b a | 6N 1 an
A= LU , L : unit lower triangular , U : upper triangular
steps
1. find L,U
2. solve Ly = f
3. solve Uz =y
check Av = LUx =Ly =f ok
find L,U

a = o
b= By = o =b/a1, a= b+ ay= ay=a— pib
bZBkOékfléﬁkZb/Qkfl, GZﬁkb+C¥k:>@k=a—ﬁkb, k=2:N

solve Ly = f : forward elimination
y1 = fi
fr=0a+u=uyr=[fr— Beyp_1, k=2: N

solve Ux = vy : back substitution

YN = anTy = Ty = yn/an

Yr = Tk + by = o = (yp — bopr) /o, k=N —1:1

note : operation count and memory are O(N)
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summary of Fourier analysis : 4 transform pairs
L f(2)/f(€), —co<z<oo/—00<&<o0
2. f(@)/{fm}, 0<2<1/m=0,%+1,...

3. {u;}/u(¢h) , j=0,41,.../ — 7 <¢h <
4 {uj}{tn}y, j=1:N—-1/m=1:N—1

The specific form depends on the domain and BC, and in each case there is a
Parseval relation.

example of #4 : stability analysis of forward Euler/central difference
U=V, 0< <1, v(0,t) =v(1,£) =0 : Dirichlet BC
uth = I+ kA", " ={ul}, j=1:N—-1, uf =uf
A= (1/h*)trid(1, —2,1)

e-values of A : i, = (—4/h?)sin?*(mmh/2), m=1: N —1

0, h=1/N

e-vectors of A : ¢, = {sinmmjh}, j=1: N — 1, orthonormal basis , check ...

any vector u = {u;} can be expanded in this basis

N-1 N-1
U= Y UnGm = Uuj = Y Upsinmmjh : inversion formula
m=1 m=1
N-1
Up =U-qm = Y ujsinmmgh : discrete Sine transform
j=1

N-1 N-1
|ull3 = > ui = 4, =|[a||; : Parseval relation
j=1 m=1

now consider the difference scheme

o =g
u = U, Gm
m=1
N-1 N-1 N—1
u" = (I + kA)"uO = (I +EA)" ﬂ?nqm = > ﬂ?n(l + k)" @ = U qm
m=1 m=1 m=1

11+ k| = [1 — 4Xsin?(mmh/2)| < 1 for A < 1/2
then ||u”||s = ||a"|]z < ||@°|s = |[u®]|]z : fo-stability

hw : Neumann BC , v,(0,t) = v,(1,¢) =0



energy method : alternative method for proving 2-norm stability

Vp = Uy, —00 < x < 00 , ok too for 0 < x <1 + Dirichlet BC

00 1/2
define |[v(-,t)|]2 = (/_ v(x,t)? dx) / . energy
theorem : |[|v(-,t)|]2 < ||v(+,0)||]2 for all t >0 : Lo-stability

proof

d d [oo 00 00
—||v(-,t 2 = — vidr = uvpdr = 2 VU, AT
dt 2 dt - - -

- —2/_oo(vx)2d:1: <0 ok

= 2w,

integration by parts

define (f, g) / f(x . inner product , (f, f) = ||f|[3

theorem : (f.9) = ~(f".9)

proof

(fo) =fd +fg

[ (foyde = [7 (£ + 1) dv = (f.9) +(f'9) = fa| =0 ok

summation by parts

define (f.9)n = > figi + (f. P = |I£13,

j=—00
theorem : (f,D_g) = —(D4f,9)
proof
fiv19541 — [59;  fim19i+1 — [j19; + fiv19; — fi9;
D —
+(f9) h h

= fi+1D+g5 + (D1 fj)g;
> Di(f9); = X (fi+1Drgj + (D1 fj)g) = X (fiD+gj-1 + (D+f7)95)
Jj=—00 J=—00 J=—00

_ v _ 9§ — gj1

= 2 (fiD-gj +(D+f))9j) » Dgjmr ==—=— =Dy,

j=-00

=(f,D_g)+ (Ds+f,9) = > Jin1951 = Ji9) = 0 : telescoping sum ok

h

j=—o0

50
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application to difference schemes

20
Thurs
3/27

ol = @2 = (32 @) @
o = (u",u")* = Z (uj) - discrete energy
j=—00

1. forward Euler/central difference
u" ™t =y + kD D_u"®
theorem : A < 1/2 = ||u"||]s < ||u’||]2 : conditionally stable

proof

Hun+1H2 . HunHQ — (unJrl’unJrl) . (un,un> — (un+1 + un’un+1 . un)

= (2u"+kD,D _u" kD,D_u") = 2k(u", Dy D_u") + k*||D.D_u"||* = a +b
= —2k(D_u",D_u") = —2/€HD,U”||2

S.D u"—D_u" k2
_m(

1S+ D_w”|| + | D-u"|)* = kA~ 4| D_u"|]

e 2 = Jla |2 < (=2k + 4kA) D[P = 252\ = D[D_u"|* < 0 ok

2. backward Euler/central difference

theorem : v"*' = 4" + kD, D_u""! : unconditionally stable , pf: hw
3. Crank-Nicolson

theorem : u"™ =u"+ +kD, D_ (u” + u”“) : unconditionally stable

proof

n—HHQ

Hu _ HunHQ — (un+1 + un7un+1 _ un) — ( n+1 € un 1]€D+ (un +un+1))

= —3k(D_(u" + "), D_(u" + u")) = = k| D_(u" + u" [P <0 ok

2D heat equation

Ut:Uxx+Uyy7 U(x,y,O):f(x,y), —o0<T,Yy <0

ujy = v(jh,th,nk) , j,£=0,%+1,... , n=0,1,...

n

n . n )
DTy, — Uji1e . D, = uﬁf Uj_1¢
+%5.0 =

h i h

noo R
Dy, = Lt T gy e T Y

+77 h uj, h




forward Euler/central difference

uiit = uly + k(DYDY + DYDY )ul,

uith =l N — 20, ol = 2uly )
1. maximum principle

U??l (L= 4ANufy + Mufyy o +uf g+ ufpq +ulpq)
theorem : ||u"||00 < |[u’]|o0 & A < 1/4

proof : as before

_ Cnei(§j+nl)h

2. Fourier analysis , look for uf,

p(€h,mh) = 14 2X\(cos b + cosnh — 2) = 1 — 4\(sin?(€h/2) + sin?(nh/2))
\p(&h, nh)| <leA<1/4

@"(Eh, nh)e'STTOMG(ER)d(nh)

| (€h, nh)[Pd(ER)d(nh)

theorem : A < 1/4 = [Ju"l2 < [[u’]]2

proof : @1 (Eh,nh) = p(Eh, nh)T"(Eh,nh) ... as before

52

backward Euler/central difference

W = ul + k(DY DT + DYDY yur!
(I — k(D*D* + DY D?))u"™ = u" : linear system
(L4 ANuji = Mujfy, +ufh e+ ufi +ujily) = g

consider the problem on D = [0, 1]?

v(z,y,0) = f(x,y) on D | v(x,y,t) =0 on 0D
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y
4
3 3 6 9
2 2 5 8
1 1 4 7
0 X
0 1 2 3 4
1 2 3 4 5 6 7 8 9
Uil U2 U3 U2 U22 U23 U3 U3z uss
144\ —A —A
—A 144N =) -
-\ 144X -\
- 1+4N =) -\
-\ —A 144\ -\ -\
—A —A 144X -\
-\ 144X -\
—A —-A 144X -\
-\ -\ 144\

1. symmetric, block tridiagonal, positive definite

methods : Cholesky, block LU, onjugate gradient, FF'T, SOR, multigrid, ...
2. p(€h,mh) = ... , 1D case is on hw

|p(Eh,mh)| < 1 for all A : unconditionally stable in 2-norm

(can also show by energy method)

3. global error is O(k) + O(h?)

goal : find a method that requires only 1D tridiagonal solves, is unconditionally
stable, and has global error O(k?) + O(h?)



operator splitting

y'=Ay = y(t) = ey

et =T+ At + S A+ - -

define S,(t) = e* : solution operator
y(t) = Sat)yo

Su(t) = Al = eAnk — (oAkyn — (g, (k)"

consider y' = (A+ B)y

theorem

Sarp(k) # Sa(k)Sp(k) , unless AB = BA

proof

Sarp(k) =B =T+ (A+ B)k+ L(A+ B)**+ - --
=1+ (A+B)k+ 3(A>+ AB+ BA+ B*)k*+ - --

Sa(k)Sp(k) = eMrePt = (I + Ak + L(Ak)> +---)(I + Bk + +(Bk)*+ - -+

=1+ (A+B)k+ (5A*+ AB+ 5 B*)k* + - -
Sarp(k) — Sa(k)Sp(k) = L(BA— AB)k* +--- ok

Sarp(k) = Sa(k)Sp(k) + O(k?)

Sarp(nk) = (Sarp(k))" = (Sa(k)Sp(k) + O(k)" = (Sa(k)Sp(k)" + O(k)

= global error is O(k) , this holds more generally

application : backward Euler/central difference scheme for 2D heat equation

utl =y + k(DT DT 4+ DY DY )yt
(I — k(D% D* + DYDY ))u"+! = "
utl = S gk, Suip(k) = (I — k(D% D* 4+ DY.DY))"!

set Sa(k) = (I — kD*D*)~", Sp(k) = (I — kDLDY)"!
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theorem : Sy p5(k) = Sa(k)Sp(k) + O(k?)
proof
u" = (I — k(D% D* + DY DY))u"*
= (I — kDY DY)(I — kDLD")u"* — k*DY DY D% D*y"*!
" = (I —kD*D*)"Y(I — kDY{D”)" " + O(k*) ok
The backward Euler/central difference scheme can be replaced by the following.

fractional-step method

(I — kDYDY )u"t= = u»
(I — kD% D" )u! = umt=

note : If the vector components are correctly ordered, then only 1D tridiagonal
systems need to be solved.

1st half-step : wuq, uo, uz, ug, us, ug, ur, us, Ug
2nd half-step : wq, ug, uz, us, us, ug, us, Ug, Uy

unconditionally stable in 2-norm , global error is O(k) + O(h?)

Crank-Nicolson

u"t = u" + Sk(DYD + DY DY) (u" + ut)
(I — +k(DED” + DY DY))u"™ = (I + Lk(D%D* + DY DY))u"
matrix is symmetric, positive definite, block-tridiagonal

1 —2X(sin*(¢h/2) + sin®(nh/2))
p(Eh,nh) = 5 oM (Eh/2) + s (nh/2) = |p(&h,nh)| < 1 for all X >0

unconditionally stable in 2-norm , global error is O(k?) + O(h?)

fractional-step/Crank-Nicolson

(I — kDYDY )u"*V2 = (I + Lk(D*D* + DY.D"))u"
( _ %k’DiDE)uvﬁ_l — un+1/2

1D tridiagonal systems, unconditionally stable, O(k) + O(h?)



alternating direction implicit

(I — kDYDY )u""/2 = (I + +kD% D" )u"
(I — $kD*D*)u"™ = (I + LkDY DY )u"+1/?
1D tridiagonal systems

stability of ADI

1 —2Xsin®*(Eh/2)

14 2Xsin%(nh/2)
1 — 2\ sin®(nh/2)

1+ 2\sin?(€h/2)

p1(§h,mh) , pr(m,0) =1—2\

p2(Eh, nh) =

, p2(0,m) =1 -2\
= each fractional step is conditionally stable : A < 1

1 — 2Xsin?(€h/2) 1 —2Xsin*(nh/2
p(&h,nh) = pr(§h.nh) - pa(Sh.nh) = 1~ zmQEih;zi 1+ 2/\211’1252}1?25

= |p(&h,nh)| < 1 for all £, n, A : each full step is unconditionally stable

accuracy of ADI

w2 — ot = L(DYDYumtY? 4+ DT DT )

utt —u" = LD DT (u™ + ) 4+ kDY DYy

2un—|—1/2 . (un+1 + un) — %kDf_Df (un - un—H)

u —u" = k(DY D + DY DY) (" + u") — Lk2DY DY D% D* (u"tt — u")

k?3

:—’Umw ﬁ+°'°
4 yy

Crank-Nicolson

= the global error of ADI is O(k?) + O(h?)

o6



hyperbolic equations

wave propagation : sound , light , water , gravitational , .

scalar wave equation

vtcv, =0, —co<z<oo, v(r,0)=f(r) , assumec >0

definition

The line z — ¢t = « in the xzt-plane is called a characteristic.

1A
r—cl =«

1 dt 1
slope = — = —
p dx c

dx
speed = — =¢

P di
T

«
theorem

1. The solution v(z,t) is constant on characteristics.
2. The solution is v(z,t) = f(xz — ct).

proof

1. v(x,t) = v(a + ct,t)

d
av(omtct,t) = v (a+ct,t)-c + v(a+ct,t) =0 ok

2. v(z,t) =v(a,0) = f(a) = flz —ct) ok
check : if v(z,t) = f(x —ct), then v; + cv, = f'-—c + ¢ f

t=20 t>0
/\ ” /\
€T

1. The solution is a traveling wave with wave speed c.
2. The domain of dependence of the PDE is {a}.

(%
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linear system of 1st order PDEs

f1)
o
The system is called hyperbolic if A is diagonalizable and has real e-values,
A=TDT™ ', D=diag(\,...,\), N € R.

v+ Avy, =0+ TDT v, =0 =T v, + DT v, =0
w=T" = w+ Dw, =0= (w;)s + Nj(w;), =0, i=1:p

vt—I—Avx—O,v(a:,O)—f(a:),U—(E) ,f—(

Up

Hence the e-values of A are the wave speeds of the system.

example

() (Vo) () =0 e 2

R (R (R
it D, =0 = (00 (=0 wilent) —unle 60

w=r = () = (h) = (i - £0)
v=tw = () =T () = Ja (e o))

B <w1<:c —1,0) + ws( + t,0)>
V2 \wi(x —¢,0) —wa(x +¢,0)
1 (fl(aj—t) + folx —t) + fi(z +1) —fg(:Uth))
2\ filx —t)+ folz —t) — filx +t) + fo(x + 1)
The solution is a superposition of traveling waves with wave speeds ¢ = +1.

The domain of dependence of the PDE is {x — ¢,z + t}.
t

(1)

r—1 T T+t
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example : 2nd order scalar wave equation

Vi = g, v(2,0) = f(x), v(z,0) = g(x) , assume ¢ > 0

v =0, = (V1) = Upt = Utz = (V2)

vy = vy (v2); = vy = CPVgy = (V1)
V1 0 —1 (%] .
o)+ (e o) () =

0 -1\ »
(0 ) =ror

D:<c 0>,T:< 1 1>,T_1:1<C —1)
0 —c —c c 2c\c 1

A

e, t) = 5 (fla +et) + e — ) + 5 (fola +ct) — fola — cf)

o t) = 3 (7' -+ et) - F/(x — et)) + (gl + ef) — gz — ct)

o(z,t) = ;( fla+ct) + fla —ct) +210 [ g(s)ds = d'Alembert’s formula
t

Tr —ct T+ ct

The domain of dependence of the PDE is [x — ¢t, z + ct].
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difference schemes

v+ cv, =0, v(z,0) = f(x)

v(z,t) = f(xr —ct), ¢>0 : right-moving wave
t

upwind i downwind
x |
T
downwind scheme
uttt
% + CD+U? = 0
u Tt — u, . —u k
/ L 4t ]:Oiuyﬂz(l%—c)\)u?—c)\u?ﬂ,)\:—
k h h
theorem

The downwind scheme is unconditionally unstable in the co-norm.

proof
set uy = (—1)7

then uj = (1 + cA)uf — cAud ) = (L4 cA)(=1)7 — cA(=1)7T = (=1)7(1 + 2c))
lu'lloo = (1+ 2eN)[[u”]|oc ok

t
r—ct =«

tn

23
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07 Zj
The domain of dependence of the PDE is {a}.

The ---vvvvvennn T downwind scheme is {x;, 241, ...,2j1n}
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upwind scheme

n+1 n

J J n __

e +cD,uj =0

n+1 n n n

u Tt — " ut —u”

/ ? L +c-2 hjleﬁu?“:(l—c)\)u?wtc)\ugl
theorem

The upwind scheme is stable in the oco-norm < cA < 1.

proof

) utt = (1- cA)uj + cAuj_y

1] < (1= e\ + Ay | < (1= N[ oo + N [a o = 1|

then [[u" oo < [Ju"[[s ok

=) assume cA > 1 , set u) = (—1)/

then uj = (1 — cA)uf + cAui | = (1 — cA)(=1)7 + eA(=1)71 = (=1)7(1 — 2c))

hence if cA > 1, then ||ut||oc = (2¢X —1)||u’||s and the scheme is unstable ok

cA <1 : small k/large h cA > 1 : large k/small h
t t
r—ct=u«w r—ct=«w
tn tn
o x; x o T, x
The domain of dependence of the upwind scheme is {z;_,, ..., z;}.

xj_n§a<:>%—xn S%—ctn©/ﬂ1297ﬁ<;<:>c)\§1
CFL condition : Courant-Friedrichs-Levy (1928)

The domain of dependence of the difference scheme contains the domain of
dependence of the PDE.

1. downwind scheme violates CFL for all A

2. upwind scheme satisfies CFL < cA\ <1
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local truncation error : upwind scheme

v +cv, =0

Vit g vl — vl o
J . 4 - J—1 iy
_ _ Ytk + ;H:tt + O(K?) —//+ //—;@/ — hu, +h;h2vm + O(R?))

= Wi + skvy + O(K?) + c(vf — 5000 + O(R?)) = Sh(APvey — cv42) + O(h?)
Vg = —CUg , Ut = —CUpt = —CUgp = _C(_CUSE)SC — 027}9595
T = she(eh — vy, + O(R?) = O(k) for fixed A = k/h

convergence : upwind scheme , cA <1

uitt = (1 — edulf + chull_,

vt = (1 - cA)V} + cAvj g + k7]

n— " — "

6] J J

et = (1 —cN)el + chel_y + kT}'

e Hloe < l€"[loo + Kl

€™ |oo < 11€°]|s0 + nk]|T||so =t - O(k) if € = 0

L fud = f(x))
n J J
= " — 0 if {h,k » 0 with A = k/h fixed such that ¢\ <1

note : The upwind scheme is exact for c\ = 1.

proof
with = (1 —eAu? + el =ul,
W= ==l = fay)
tn 12
Tj_p =2xj —nh =2 ?h:xj X—:c] ct,,
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notation
n+l _ u”

Lhu? = % +cD_ u =0, Ly : difference operator for upwind scheme
1. Lyo? =77 = Lhe(eh — Dvge + O(R2) = O(h

we know that v;+cv, =0 = " J 2 ( ) (%) (h)
2. u} = v} + O(h) for cA <1

theorem

Consider ¢; + cop, = 5hc(l — ¢\)py, : model equation for upwind scheme.

L. Ly} = O(h?)

2. ul = ¢ + O(h?) for cA <1

proof : as on previous page , hw7
1. The model equation gives explains the behavior of the numerical solution.

2. she(l — cA)¢y, : artificial viscosity

Fourier analysis of PDE

wt+i€x

vt 4+ cv, = 0, look for solutions of the form v(z,t) =e : Fourier mode

24
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w+icE = 0= w= —ict : dispersion relation = v(z,t) = e it — git(v—ct)

All modes travel with phase speed ¢ and constant amplitude independent of
wavenumber &.

IVP with free-space BC

v+ cv, =0, v(x,0) = f(x), —0o <z < o0 , goal : solution formula, stability

B(E 1) = ;ﬂ [ o, t)e da

1 o , 1 .
—i€x _ . —i€x
o (&, 1) = 27r/ v (z, t)e " dx 9 /_OO cvg(x,t)e” " dx

1 .
= —c- —v(gpt)e ™

- * b e [T ) (—ig)e dr

—00 27

= —icE(&, 1), 0(&,0) = f(§) = 0(&,t) = f(§)e™
/ (gt medg / f chteifmd£

)
1) =
= [7 F©eNdg = f(x —ct) , |lo(,0)llz = Ifll: ok

(&,
v(,
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example

vy + cv, = 0 : scalar wave equation , assume ¢ > (

uitt = (1 — eM)ul} + ehu_y, A = k/h : upwind scheme
O + cpp = %hc(l — ¢A) ¢, : model equation
c=1,k=0.01,h=0.1,cA=0.1, +he(l —cA) =0.045




Fourier analysis of difference schemes

look for solutions of the form uf} = p(£h) e’ | —m < Eh <m

downwind scheme

Wittt = (1+ cAuj —chul = p(Eh) =1+ cA — cheith

p(&h) maps [—m, ] into the circle centered at 1 4 cA with radius cA

p-plane

unconditionally unstable in 2-norm

max |p(Eh)] =1+ 2cA = {Short waves ((h = £m) are amplified the most

upwind scheme

u?“ = (1= cAuf +chuj_ ;= p(€h) =1 —cA+ che ih

p(&h) maps [—m, 7] into the circle centered at 1 — cA with radius ¢\

0<eA<1/2 1/2<ch <1 cA>1

scheme is stable in 2-norm

<
O<er<l=|pEh)[<1= {short waves are damped the most

scheme is unstable in 2-norm

cA > 1= max|p(¢h)| =2cA ~1= {short waves are amplified the most
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question : In a system with positive and negative wave speeds, e.g. vy = vy,
there is no unique upwind direction; is there is a stable scheme in this case?

central difference scheme

v + cv, = 0 , where ¢ can be positive or negative

un—H — uj n n uj 1 un—l n n 1 n n
theorem
1. The CFL condition is satisfied if |c|A < 1.
2. The scheme is unconditionally unstable in the 2-norm.
proof
1. draw the stencil ... , 2. p(§h) =1 — JeA(e®" — e =1 —icAsinéh ok
Lax-Friedrichs (1958)
vy +cv, =0
n+1 1/ n n
ui =y U+ ui) + cDyu’t =0
L j
w T — . r ., 1 n h? n
2

theorem hﬁ — i — i

2k 2\ 2\?

1. The CFL condition is satisfied if |c|A < 1.
2. LF is stable in the 2-norm if |c|A < 1.

3. LF is 1st order accurate, i.e. error = O(k).

h
4. The model equation for LF is ¢; + co, = 5(1 — M) ¢y, , proof : hw

Hence the central difference scheme is stabilized by adding artificial viscosity.

question : can we get 2nd order accuracy?



Lax-Wendroff (1960)

Vv =0 = v = —cvy , Vg = CUspy
v}”l —v v+ kv + %kzvﬁ +O(k*) —v

k k

= —cv, + %kc%m + O(k?)

n+l _ . n

u U
L j T2

theorem

I L Dy = kD D_u?

J

= V¢ + %k‘vtt + O(k’2)

1. The CFL condition is satisfied if |c|A < 1.

2. LW is stable in the 2-norm if |¢|A < 1.

3. LW is 2nd order accurate, i.e. error = O(k?).

4. The model equation for LW is ¢; + co,

= %chQ(l — A\ -

artificial dispersion (more later)
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Hence the central difference scheme is stabilized by adding artificial viscosity
and the viscosity coefficient is chosen to obtain 2nd order accuracy.

proof (partial)

J 2

uith = (1= X)) — LeA(l

— el + el + ]

p(Eh) =1 — A2 — LeA(1 — cA)eh + LeA(1+ cA)e it

=1 —icAsin&h — AN*(1 — cos&h) -

=1 — AN+ 2\%coséh — ichsinéh : ellipse

0<lc|A<1/2

1/2 < |e]A <1

compare to central difference scheme

clA>1

N

note

1. p(€h) =1 —icAsinEh — 2¢2 N2 sin?(Eh/2)

— -
-
s
’
/
/
!
I
Py
1 A d
\
\
\
N\
N
~
~ . _

N

/

2. If |¢|]A < 1, upwind and LF are stable in the co-norm, but LW is not.




c=1

k=0.01
h=0.1
cA =0.1

upwind scheme

157t

05F

_05 -

Lax-Wendroff

15t
)

05t

O L

_05 L
-1

0 2 4 6
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phase error
compare : v(z,t) = e " = p(¢h)nelch

p(Eh) = |p(ER)|e™EM) | B(¢h) = arg(p(Eh)) , —m < O(Eh) < T

n o_ n ,inb( §h) 15Eh __ n ,i(jEh +nb(Eh))
uj = |p(gh)|"e = |p(&h)["e

h
s+ no(eh) = (s + 7 PE) — e(a, - tehin)
c(&h) = _H(Zf;) = —e)\(ihh) : numerical wave speed

= |p(€h)|Me @ et . discrete traveling wave (amplitude can grow /decay)

definition : A PDE or numerical method is called dispersive if it has traveling
wave solutions for which the wave speed depends on the wavelength.

1. ¢t = ¢ppp : dispersive

O(v,t) = e = o = (i€)? = —i€® = (v, t) = @D

= c=c(§) = & : short waves (£ — 400) travel faster than long waves (£ — 0)
2. vy + cv, =0 : non-dispersive

v(x,t) = @) . all waves travel at the same speed

The dispersive character of the LW scheme can be seen in the model equation

and the numerical results; next it is analyzed through the numerical wave speed.

p(€R) =1 —icAsinEh — 22 M\ sin?(Eh/2) , E(€h) = 5\22) : compare to ¢

consider long waves , £¢h — 0
p(ER) =1 —icA(Eh — ¢ (ER)* +--+) — 2AAN*(ER/2)* +

imag(p(€h))  —cAh + LeA(Eh)® +
real(p(¢h)) 11— %02)\2(5}1)2 +

= (—cXéh + %c)\(fh)‘3 + - )(1+ %cz)\z(ﬁ'h)Q + )
= —cAEh + (FeX — AN (Eh)? +
= e+ ane? +azed+--- , e=¢Eh

tan 0(¢h) = tanarg(p(Eh)) =

O(Eh) = Bre + Pae? + Pzed + -+
tan 0(Eh) = O(Eh) + 50(Eh)* +

26
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= (Bre+ o€ + B3 + )+ S (Bre+ )P + -
= fie+ 5o + (B + 5 47)e* + - -
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Bi=ar=—cA, fo=az=0
Bs+ 507 = az = B3 = ($cA — 5A3N3) — $(—c\)? = $eA(1 — AN?)
0(Eh) = —cAlh + LeA(1 — AN (Eh)3 +
0(&h)
o(eh) = Zph = (1= L= EN(Eh) + )
Hence discrete traveling waves in the LW scheme travel at the correct speed ¢

in the long wave limit ((¢h — 0), but for £€h # 0 and |¢|A < 1, they travel slower
than the exact waves; this can be seen in the numerical results.

convection-diffusion equation

Vt + CUp = €Uy , assume ¢ > 0

uﬂ“ —uh

% +cD_uj = eDyD_uj : upwind/central

AN o=k/h, X = k/h?

uith = ul — e (Ul —uf o)) + edg(uly ) — 2ul + ul )

u?“ (1 — C/\1 — 26/\2)U + (C/\l + 6)\2) ] 1 + 6/\2u3+1
then [|[u"| < [|Ju"|| < 1 — A —2eXy >0, proof ...

E/\Q

1/2
unstable

stable

C/\1

cA1 < 1 —2eXy : more restrictive than for v; + cv, =0, cA\ < 1

E)\QSE_iC)\l R Y. Ut:€U$$7€)\2§1/2

note : if € << 1, then artificial viscosity may overwhelm physical viscosity
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hyperbolic systems i (z,1)
v+ Av, =0, v=uv(x,t) = :
vp(z, 1)

A=TDT ', D =diag(cy,...,c,) , ¢ : real

vt + TDT_lvx =0 = T_l?Jt + DT_lUx =0
decoupled scalar
set w =T 1v , then w; + Dw, = 0 = (w;); + ¢;(w;), = 0 { wave equations
with wave speeds ¢;
characteristics : z — ¢t = o , wi(z,t) = wi(x — ¢;t,0) , vi(x,t) = (Tw);(x,t)
slope of characteristics in zt-plane = ¢; !
example: p=4, 1< <0< <cu=c <c<0<c’<cgt

' (2,1)

Oy a3 9 a1

domain of dependence of v(z,t) : {1, g, as, ay}

Lax-Wendroff : u?“ = uj — kADou} + %k2A2D+Dfu§?

CFL condition is satisfied if max |¢;|A <1

example : linearized shallow water equations

27
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ho . /
U

ho, ug : equilibrium free surface height, horizontal velocity
h(z,t), u(z,t) : perturbations

conservation of mass, momentum
= + =
Uy + Uty + gh, =10 u/, g uy)\u/, 0

A= (1;0 ZO> = det(A — cI) = (ug — ¢)*> — ghy = c12 = up = V/gho
0



linearized shallow water equations , Lax-Wendroff scheme

dashed black line : ocean bottom , solid blue line : free surface height
hy = 1, u9p=0, g:2$61,2:uOﬂ:\/gho::l:\/i::lzl.lllll
CFL : max | A <1 A< 1/\/5 =0.7071 & k£ < 0.7071h

if h =0.01 , then k. = 0.007071
k = 0.007

k = 0.007125
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cutoff for final exam




