1. Tues 9/2

1.1 Euler equations

molecular model / continuum model

conservation laws : mass , momentum , energy

D : fluid domain (1D, 2D or 3D) , W C D

D
(x,y,2z) =x €D : Cartesian coordinates
: , L
(u,v,w) =u , u=u(zr,y,2,t) : velocity , wunits : [u] = T
p(x,t) : mass density per unit volume , [p] = 7

/W p(x,t)dV = total mass of fluid in volume W at time ¢
n : unit outward normal vector to OW

u-n : volume flow rate per unit area crossing 0W in the outward direction

L I3 1
=T =T
M L M 1
pu-n : mass flow rate , mass flux : [pun]:ﬁf:?ﬁ
conservation of mass
c;Zt/W av = - /8W pu-ndA : integral form

rate of change of mass in W = rate at which mass crosses OW



note
d :
p7 /W pdV = /W prdV | /aw pu-ndA = /WV - (pu)dV : divergence thm

= [+ V- (pu)dV =0
= pm+V-(pu)=0 : differential form

conservation of momentum : F = ma

acceleration

x(t) = (x(t),y(t), 2(t)) : path of a fluid particle

T =u(z,y,z,1)
y=v(zr,y,21) : 1st order system of ODEs
2 =w(,y,z,t)

Let f(z,y,z,t) be given (scalar or vector).

d

D
= fi+Vf-u=fi+(u-V)f = DJ; . derivative of f at a material point
D= O+ (u-V) : material derivative
Dp
note : p;+V-(pu) =0 = p+pV-u+Vp-u=0 = E:—pv-u
ex

f— u : velocity

D
D?SL =wu + (u-V)u : acceleration of a fluid particle

force

A fluid volume W is subject to two types of forces. A body force or external force
exerts a force per unit volume due to an external physical effect (e.g. gravity,
electric force).

b(x,t) : body force per unit mass , pb(z,t) : body force per unit volume

/W pbdV : total body force on W



A stress force or surface force exerts a force per unit area on W due to the
fluid outside W (e.g. surface tension, friction, pressure).

ideal fluid model

The stress force has the form pn, where p = p(x,t) is the fluid pressure, i.e. an
ideal fluid has zero tangential stress.

total stress force on W = — /a w P dA . express as a volume integral

Let e be any constant vector.
/E)andA e = /E)an cedA = /E)Wpe ‘ndA = /WV - (pe)dV = /WVp cedV

:/vadv-e = AwpndA:/WVpdV

= —Vp : pressure force per unit volume due to surface stress
Du :
F=ma = pﬁ = —Vp—+pb : momentum equation

integral form

d
. 1 1 - — ?
pu : momentum density per unit volume | o /W pudV =1

(pu)t = pus + pru

pll))? =—-Vp+pb = plu+ (u-V)u)=-Vp+ pb
AV o(pu)=0 = pu+t(V-(pu)u=0
(pu) = =Vp+ pb— p(u-V)u— (V- (pu))u
note : p(u- V)u; + (V- (pu))u; = V - (puw;) , pf: hw
V- (puul))

(pu)y = =Vp+pb—V - (puu) , where V - (puu) = (V - (puug)
V- (puus)

| (pu)edv =~ [ Vpdv + [ pbaV — [ V- (puu)dV
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d
dt Jw

pu(u-n) : momentum flow rate or momentum flux per unit area crossing OW

/pudV— / pndA+/ pbdV — / pu(u-n)dA : integral form

rate of change of momentum in W

= stress force + body force + rate at which momentum crosses 0W

note
r — ¢(x,t) : lowmap , =« : Lagrangian parameter
T T

initial location
location at time ¢

¢t(x7t) - u(¢(m,t),t) ) ¢($,0) -

jtf(cb(x,t),t) = (i + V- 0)(o(x,1),t) = —-(o(z,1),1)

Dt

transport theorem

jt/wpfd‘/: de , where W, = ¢(Wy,t) (later : f=1, u, 7‘u‘ )
pt
/thf dv = /thf(y,t) v, , y=o¢(xt)

- W,Of((b(x,t),t)J(gj,t) awv, , J= \qﬁx\ : Jacobian determinant
d
Lot dv = [ (pr(or1),0 (. 1) V.

= Wo(pf(qb(x,t),t)Jt(x,t) + Dgf) (P(x,t),t)J(x, 1)) dV;

(lemma : Jy(x,t) = (V- u)(o(z,t),t)J(x,t) pf : soon )

jt/wt pldv = /WO (pf(V “u) + Dl()ptf)>((b(x,t),t)J(a:,t) dv;,

= [ (o )+ Py ya,

D(pf)  Df Dp,
Dt " oi T il T

Df
P Dt

F(-pV-wf (pf:hw) ok



pf : lemma

¢(a§.7 t) = (S(x7 y7 Z’ t)’ 77(3:7 y’ Z7 t)7 C(:U’ y7 Z7 t) )
Cbt(xat) - u(¢(x7t)7t)

= ¢ pleen. J=v( ... )
Gl V= w(eoo . )
J = ‘be‘ =Nz My "N N }ng% (t+ f)L (t)
G G G
E(t+h) &... & Eo+ M€t &+ h&y &+ héu
Jt+h)=n;... Ny .o Moo R\ Mg+ h0ee My + Iy 0+ ANz
ga: gy gz <x+tht gy""hCyt Cz+h<zt

det(ay,a9,a3) , a; = ith row , det is a multilinear function of the rows
det(a1 + hbi,as + hbo, as + hb3)
= det(ay, az, az) + h(det(by, as, az) + det(ay, bo, az) + det(ay, as, b3)) + O(h?)

fmt fyt gzt fx fy gz g:v gy gz
Jt+h)=JO) +h| |1 ny 0|+ |0t My et |+ |0 Ny | | +O(R?)
Ca: Cy Cz Cx Cy Cz Cxt Cyt Czt
Nz My Mz | = Nz Ty P
G G G Ca Cy C.
e fy $ Ne My 7z Ca Cy C:
= Uy | Mo My MNz| T Uy Ne Ny Nz T Uy N Ny Nz = Uy
G G G G G G G G G
similarly = [nue e na | =vJ e oMy M| =w.J : hw
Cx gy CZ C-l‘f, Cyt Czt

= Ji=W,+vtw,) J=(V-u)J ok



application of transport theorem

d
dt/thf dV = / P e

L. f=1= — / pdV =0 : conservation of mass
= / PdV:/ pdV

= plo(z,t),1)J (2, t) = p(,0)

The density following a fluid particle is inversely proportional to local changes
in the fluid volume.

D
recall : D’::—(V-u)p , Jr=(V-u)J
Du
2. f=u = /WpudV P g WV =, (VP ph)dV

d .
= dt /Wt pudV = — /awt pndA + /Wt pbdV : conservation of momentum

rate of change of momentum in W; = stress force 4+ body force

d D(5|ul?) Du
3. f:%|u|2 dt/ 2/)|U|2 dV = / #dv / o —dV (hw)
d
= t / 2p|u|2dV / (=Vp+ pb)dV : conservation of kinetic energy

rate of change of kinetic energy in W}

= rate at which work is done due to surface stress and body force

note

So far we derived the equations p; + V - (pu) = 0, pus + p(u - V)u = —Vp + pb.
These are 4 equations, but there are 5 variables (p, u, p), so something is missing.
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thermodynamics

€ : internal energy density per unit mass due to molecular vibration

w : enthalpy w:€_|_£

p
T : temperature

s : entropy

equation of state : A= f(B,C) , eg p=f(p,T)

d
1st law of thermodynamics : dw = T'ds + ap
p

2nd ...l (P : ds >0

We will assume the flow is isentropic, i.e. ds = 0.

\Y
br , Vw = P , special case : p= f(p) (more later)
p p

conservation of energy (isentropic, ideal flow)

1st LOT = w; =

e = 3plul* + pe : total energy density per unit volume (kinetic + internal)

er = (gplul); + (pe),

(50lul®), = p(Glul®), + pi - lul® = pu-w + pp - 5uf?

w- (=p(u-V)u—Vp+pb) = (V- (pu)) - 5|ul®
note : u-(u-V)u=u-V(E[u?) (hw)

(zplul®); = —pu- V(5lul?) = (V- (pu)) - 5lul> —u- Vp+pu-b

= -V (pu-3ul*) — pu-Vw+pu-b
(pe)t = pre + pey

p p P p
E=wW—— = et:wt—t+2pt=p2pt

p
_ p p,
(pe)r = pee + PP = pirl€+ p) = —(V - (pu))w
er = (3p|ul®), + (pe)e = =V - (pu(z|ul* + w)) + pu - b
pu(5lul® + w) = u(zplul® + pw) = u(e — pe + pe + p) = u(e + p)
ee+V-((e+pu)=pu-b



isentropic Euler equations

pe+ V- (pu) =0
pu; + p(u - V)u = —Vp + pb

et +V-((e+pu)=pu-b : 7 equations, 7 variables : p, u, p, e, €
e = 2plul® + pe
e = €(p,p)

boundary condition : in ideal flow on a domain D we require u - n|y, =0

integral form of conservation of energy

d

dt

[ edv=[ edV = (=V-((e+p)u)+pu-b)dV

= —/8W6u~ndA—/6Wpu-ndA+/Wpu-de
rate of change of total energy in W

= rate at which total energy crosses W

+ rate at which work is done due to surface stress and body force

incompressible low

thm

The following conditions are equivalent.

1. / dVv = / dV for allt, Wy : conservation of volume , incompressible flow
W Wo

2. J=1

3. V.u=0
Dp : :

4. Dr = 0 (pr+u-Vp=0 : advection equation)

5. p(¢(z,t),t) = p(z,0)

pf

1=2 /Wtdv — /WJ AV = /WOdV

Dp
4 — =—pV.:
3= . pV - u

4=5:0k , b=4=3=2=1: ok



incompressible Euler equations  (variable density, stratified flow)

pr+(u-V)p=0
pus + p(u-V)u=—=Vp+pb ¢ : 5equations, 5 variables : p, u, p

V-u=0
note

d

dt/W%p]uPdV = ... (hw)

incompressible Euler equations (constant density, homogeneous flow, b = 0)

pout + po(u-V)u = —Vp

V.u=0 } 4 equations, 4 variables : u, p

Bernoulli’s theorem

In steady homogeneous ideal flow with zero body force, the quantity %po\u\z +p
is constant along streamlines.

streamline : x(s) |, Zﬁ(s):u(x(s),t)

d
particle path : z(t) | df(t):u(x(t),t)

Streamlines and particle paths are different in general, but they coincide for
steady flow (u(z,t) = u(x)).
pf
steady low = po(u-V)u=—Vp
(u-V)u=V(5u®) —ux(Vxu) : hw
V(&oolul? +p) = poV (RJul?) + Vp = pol (- VYu+u x (V xw)) + Vp
= pou X (V x u)
a

ds(%POMZ + p)(z(s)) = V(3p0lul? +p)]w<s)- 2'(s) = (pou x (Vxu)) -u=0

ok



4. Thurs 9/11 10

1.2 vorticity

def

w=YV Xu : vorticity

w1 o J k Wy — U,
w3 u v w Uy — Uy

note
consider steady flow : u(x) = (u(z,y, 2), v(z,v, 2), w(z,y, 2))

u(z) = u(zo) + Vu(zg) - (z — x0) + ...

Wy Wy W,

Vu=3(Vu+Vul)+3(Vu—-Vul)=D+S |, D : deformation matrix

D=1(Vu+Vu') = D' =D : symmetric
= D has 3 real e-values (;, strain rate) and orthogonal e-vectors (strain axes)
trace D =y +v+713 =V u

S=3(Vu—-Vu') = ST=-5 : anti-symmetric

0 Uy — Uy Uy — Wy 0 —Wws3 W9
28 =Vu—-Vul' = | v, — Uy 0 v, —wy | = wg 0 —w
Wy — Uy Wy — Vs 0 —Woy w1 0
0 —Ws3 09)) €1 Wo€3 — W3e9 1 j k
25e = wy3 0 —w e | = | wser —wies | = |wp wy  ws
) w1 0 €3 Wi1€o — Wt €1 €9 €3
= Se= %w x e , for hw you will find the e-values of S

summary
u(z) = u(zo) + D(wo) - (¥ — m9) + 3w(x0) X (. —20) + - ...

We will examine the streamlines associated with each term for the case of in-
compressible flow (v +v2 + 73 = 0).
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2D flow = wu(z) = (u(z,y),v(z,y),0) = 13=0, 1 +7% =0

1. u(x) = u(zy) = (Z()) . translation
0
dx . () /
g -
streamlines : =
W _, .
ds 0

2. u(x) = D(xo)(x — z9) = <a b) <x N x()) :deformation , strain flow

b —a)\y—yo
dx
15 a(x — x9) + b(y — yo)
. S
streamlines :
Y b~ a0) — aly — )
ds 0 Y—Y
-1 ~, Y 0
QDQ =D = 0 —) ~v>0 , @ : orthogonal
. dz dz 1. A
T=Q—m) = £:Q%:QD(5U—$0):QDQ T =Dz
dz 5 Yy . Y
% = 77 \\\S,/////
dj - N
Pl Yo —+
/// %\ . .
: x

= an arbitrary patch turns into a line

v9 > 0 = an arbitrary volume turns into a sheet

D
3D = m>0, 3<0’{72<O:> ............... e tube
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3. u(z) = tw(xg) X (x — ) : rotation

7k 0
2Dflow = w=Vxu =190, 0, 0,| = 0
uovw w(z,y)
t 7k —wy
rT—20=2 = wX(@x—x) =wxT=|0 0 w|=| wr
iy z 0
dx -
as -
streamlines : ~ = - —I—iw%: 0 : simple harmonic motion
dy B ds
% = 5&]33'
Y
Yo L B w >0 = counterclockwise rotation
| x
Lo
note

In 3D flow, w(xo) is an arbitrary vector and u(z) = jw(xo) X (z—x) corresponds
to rotation about the axis w(zo) with angular frequency |w(z)|.

w(z,)

summary
u(x) = u(xg) + D(xg) - (x —x9) + %w(xo) X (x —xy) +

= translation + deformation + rotation + ---
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def
C={x(s),0<s<1,z(1)=2(0)} : closed curve in flow domain (2D or 3D)

1
Ie = /Cu - ds = /0 u(z(s)) - 2'(s)ds : circulation of u around C

Let C' = 0S5, where S is a surface.

I’C:/asu-ds?/s(vxu)'ndA:/Sw-ndA . vorticity flux through S

Stokes theorem
thm (Kelvin)
Le,=T¢, , where Cy=¢(Cy,t)  (homogeneous, ideal, zero body force)
pf
Let Cy be parametrized by z(s). Then C} is parametrized by ¢(z(s),t).
jt/ct u-ds = CZ/Olu(qb(a:(s),t),t) : C;igb(x(s),t) ds
1 d d d d

= [ l0((9).1),0) - 5 5 (), 1) + S ul0((s), 1), 1)+ Blals), ) ds
= [ u(@(a(s),1).1) jsu(qf)(x(s), ).t ds + [ g;‘ ds
i P(x(1),t)

=0 ok

- —Vp —p
11,2 VP g (L2 22
= /s, ds(2|u| ) ds +/Ct p” ds <2\u\ - >

,0() q[)(l‘(O),t)
note

Kelvin’s theorem says that the circulation around a material curve is invariant
in time, so if the length of C} increases (or decreases) in time, then the average
tangential fluid velocity around C; decreases (or increases). Similarly, if we define
Sy = ¢(Sp, 1) to be a material surface, then a similar relation holds between the
area of S; and the average vorticity flux through S;.
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thm
Dw
2. w(p(x,t),t) = ¢p(x,t)w(x,0)
pf
Du —Vp
1. E:ut—l—(u-V)u:ut—FV(auP)—uxw: p

take curl @ w —V x (uxw)=0 , since VxVf=0
VXxuxw) =uV-w) —wV-u) + (w-V)u — (u-V)w : hw2
wi—(w-Vu+(u-V)w=0 , sinceV-u=0, V-w=V-(Vxu)=0 ok

2. set a(x,t) = w(o(x,t),t), bz, t) = o.(x,t)w(z,0)

%;W(I,t),t) = (w- V)u(g(z,1),1) = (a(z,1) - V)u(¢(z,1), 1)

be(x,t) = dur(z,t) w(x,0) = Op(u(p(x,t),t)) w(x,0)

= Vu(p(x,1),t) ¢u (2, 1) w(z,0) = Vu(e(x, 1), 1) b(x, 1) = (b(x,1) - V)u(e(z,1),t)
= a(x,t) and b(x,t) satisfy the same ODE in time ¢

ay(x,t) =

a(z,0) = w(¢(,0),0) = w(x,0)
b(z,0) = ¢u(2,0) w(z,0) = w(x,0)
note
%::(w-V)u:(Vu)w:(D—l—S)w:Dw , since Sw = fw X w =0

= If w is aligned with a positive strain axis, then |w| increases in time.

S~
—

} = ae,t) = b(z,t) ok

W . vortex stretching

open question : Can w — oo in finite time?
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note
1. w(z,0) =0 = w(¢(x,t),t)=0

2. A vortex line is an integral curve of the vorticity field, i.e. a curve z(s) st
r'(s) = w(x(s),t). If z(s) is a vortex line at time ¢ = 0, then y(s) = ¢(x(s),t) is
a vortex line at time ¢ > 0, i.e. “vortex lines move with the fluid”.

pf of 2

we have 2'(s) = w(z(s),0) , need to show that y'(s) = w(y(s),t)

Y'(s) = u(2(s), )2’ (s) = du(2(s), w(z(s),0) = w(o(x(s), 1), 1) = wly(s), 1) ok
def

The set of vortex lines passing through a surface is called a vortex tube. The
result above shows that “vortex tubes move with the fluid”.

~~- surface

thm (Helmholtz)

Let € and (5 be closed curves surrounding a vortex tube oriented in the same
direction around the tube. Then I'c, = I'c,.

pf
tube volume : W

tube surface : OW =S5,USUS , C; =051, Cy =085,
O:/WV-de:/aww'ndA:/&w-ndA —i—/&cwndA —l—/Sw-ndA

:/S(qu)-nquL/S(qu)-ndA:/C u-ds—/cu-ds ok
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note

1. The circulation around a vortex tube is well-defined (Helmholtz) and is called
the strength of the tube. The tube strength is constant in time (Kelvin).

2. A closed vortex tube in the shape of a torus is called a vortex ring.

2D flow
U = (u(m,y,t), U(x,y,t), O) ) W= (Oa 07 Cd(ﬂf,y,t)) 9 W= Uy — U'y

(w- V)u = (w10, + w20y + w30.)u =0 : no vortex stretching in 2D flow
Dw .
D = 0 = w(p(x,t),t) =w(x,0) : vorticity is advected

claim

V.-u =0 = there exists ¥(z,y,t) st u=1,, v=—1Y, : stream function

pf

(z,y,t) = /(fj)(—vd:c + udy) 15 (z,y)
= =0, Py =u (a,b) 5

must show that 1) is well-defined

o (vdz +udy) = [ (Pde+Qdy) = [[(Q. = P)dA = [ (u,+v,)dA=0
T ok

Green’s thm
properties

1. AY = Yy + Yy, = —v, + 4y, = —w : Poisson equation
, . dx dy
2. C is a streamline of the flow (d = u(z,y,t) = v(x,y, t)>
S

" ds
& (C'is a level curve of the stream function (¢(x,y,t) = constant on C)

=) Ltas) (s = 2 0, Y = vur =0 ok

ds ds
dr dy dz dy dz dy
<) (Ye,0y) L (@;@) = (—v,u) L (@a@) = (u,v) || (@a@) ok
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(9,6

1. ¥(x,y) =~vyxy = level curves: xy = ¢ : hyperbolas

_/
=

u=7xr,v=-—7Y

U 1 0\ [z :
<v>_7<0 —1><y> . deformation

w=1v, —uy, =0

W

2. Y(x,y) = —(Z(x2 +9?%) = level curves : 224+ y®> =c : circles

@E) () =50 o) () ¢ otaton

w
3. (x,y) = yey — S (¢" +¢7) w2

vorticity-stream form (2D, ideal, homogeneous, zero body force)

wr + uwy +vwy =0 , w(z,y,0) : given , (z,y) €D
U:¢y ) v:_wx
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1.3 viscous flow

Consider a parallel shear flow with two layers of fluid moving at different speeds.

u(z,y,t) = up(y) Vou =u+v, =0
U([E,y,t) =0 = ut+uux+vuy = _px/po ok
p(z,y,t) = po vt uve + vvy = —py/po

In ideal flow, each fluid layer slips past the adjacent layer and maintains its
speed; there is no transfer of x-momentum in the y-direction. However in a real
flow, the fast layer slows down and the slow layer speeds up, due to the effect
of viscosity (fluid friction); z-momentum is transferred in the y-direction from
the fast layer to the slow layer. In this case the fluid stress force has the form
—pn + on, where o is the viscous stress tensor.

conservation of momentum

: d
integral form : pr /W pudV = — /aw (pn + pu(u -n) —on)dA

o12 = egoe, : wx-component of stress force acting on a surface with n = e,

momentum equation : =—-Vp+ V-0 (div acts on each row of o)

u
"Dt
assumption
o = u(Vu+ Vul) : for incompressible flow

1. o depends linearly on Vu : Newtonian fluid

2. 0 is symmetric

3. 012 = p(uy + vy)

4. V-Vu=Au , V-Vul =V(V-u) : hw2
= V.0 =pAu
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incompressible Navier-Stokes equations

V-u=0

D V

“v__ VP +vAu , v= Lad : kinematic viscosity
Dt Po Po

ulyp =0 : mno-slip BC on solid boundaries

ex : unbounded parallel shear flow

u(z, y,t):uo(y,t) Vou=u,+v, =0

([U Y, ) = Ut T UUy + VUy = _px/pO + V(uxx + uyy)

(x Y, ) = Po U+ uv, + VUy = _py/p() + V(Uxx + Uyy)
ok if uy(y, t) satisfies u; = vu,, : diffusion equation , more later

kinetic energy , pp =1

ideal flow

d
dt/W%|u|2d _—/ |u|2—|—pu ndA , where W C D : hwl

d
u-nly, =0 = pm /D%‘U‘Q dV =0 : energy conservation

viscous How

GluP),=u-w=u-(—(u-V)u—Vp+rAu)
=—u-V(3u?) —u-Vp+rvu-Au , usingu-(u-V)u=u-V(iul?) : hwl
= -V - (GluP +pu)+vu-Au , using V-u=0

u-Au=V-((Vu)lu) —|Vu|?> , where |Vu|? = |Vul? + |Vv|? + |Vw|? : hw2

d
dt/wyupdv = [ Glul?),av

= — [ VGl +p)w)dV + v [ (V- (V) u) = [Vul?) dV

== o (3lul*+p)u-ndA + V/aW((Vu)Tu) ‘ndA — V/W |Vul?dV

d
ulygp =0 = dt/ SulFdv = —V/D\Vu\2d\/ . energy dissipation
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ex : incompressible viscous flow in a channel

L.u=u(y), v=0, p=p(x) : steady pressure-driven parallel shear flow
uy +v, =0 : ok
U + Uy + VUy = —Pa/po + V(Uzy + Uyy)

U + uvp + vy = —py/po + V(Vex +vy,) ¢ Ok

Uyy = Pa = p, = constant (assume p, < 0)
Vpo
uw0)=u(l)=0 = u(y) = 2—px y(1 —y) : plane Poiseuille flow
VpPo

E—— ()

Da
2vpg

vorticity : w=wv, —u, = (1—2y)

2.u=u(y), v=0, p, =0, walls move in the z-direction

Uyy =0, u(0) =Uy, u(l) =U; = u(y) =Up+(U1—Up)y : plane Couette flow

vorticity : w =wv, —u, = Uy — U



Navier-Stokes equations in cylindrical coordinates

r : radial , 6 : azimuthal , 2z : axial
z e,
e
Er
()
x

U = UpCpr + UgCy + U E,

oo thyred
V-u=?+i%l;9+ r+aa7iz_0

gt gtﬂu V) = gzﬁ’"g +lj~ege+ g
A= VV—;;(%)*;g;ng;
I;L:_Vp—l—VAU

ll?;/;r_lf _g];jLu(Aur—:; i%)
l;)u: urrug _igg 4 y(Aug + 22%2 - 7;3)
%liz _g]:+z/AuZ

. hw2 , 45/2

T

or  r 00

VU ox oy — <1auz _ M)er . <8ur B 0u2>€9 N (18(7“1&9) 1 0u,

21
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ex : incompressible viscous flow in a circular pipe : 45/1

0<r<R,0<0<2m, —c0<z<00
u=u(r)e, , p=p(z) : steady pressure-driven axisymmetric axial flow
= V-u=0, u-n=0 on pipe wall

r-component of momentum equation : ok

f-component ...................... . ok
1
z-component ...................... 0= g]; +v rgr( gﬁ)
10 , ou 10p D
7“87“<r(9r> = 0. = constant = i
&7 u(0) : ﬁmte = a=0
u(r) = V4+alog7“+b : { u(R) = ..
u(r) = §Z< — R%) : axisymmetric Poiseuille flow
v

vorticity : w = —u'(r)eyg : hw2
mass flow rate through the pipe

2 rR pz 9 o TPz 4
JoudA = [ / ~R)rdrd) = - = %R

hw?2
1. R <r < Ry, u=u(r)e,, p=p(z) : axisymmetric annular Poiseuille flow

2. Ri<r<Ry,u=uwu(reg, p=0p(r), u(Ry) = U, u(Rs) = Us : Couette flow
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vorticity equation

23

Du Vp
2R _ VP A
Dt P + vAu
Dw : : o
D = (w-V)u+vAw : convection , stretching , diffusion

L? air ‘ water ‘ olive oil .
V=T (/s 0045 | 00114 | 108 15°C, 1 atin
non-dimensionalization

L U

r=x2"L , u=u"U , t:t*ﬁ : w:w*z
Dw* U U U 1 1 U

A (T v VIS I AWt - el
DL LWV Ut A g
D 1 UL
Y (w-V)u + —=—Au , Re=— : Reynold’s number , flow similarity
Dt Re v

inviscid flow

Dw

— = (w-V)u

o = W-V)
w-nlyp =0

I'c, invariant in time

t

total kinetic energy conserved
w(p(x,t),t) = ¢u(x, t)w(x,0)

vortex lines preserve their topology

viscous How

11))(:: = (w-V)u+rvAu
ulpp =0

fails

dissipates

fails

vortex lines may reconnect due to
viscous cancellation of vorticity
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thm (Helmholtz decomposition)

Any vector field G on a domain D has a unique decomposition G = F + V[,
where V- F =0, F-n|,;, =0, and F L Vf in L*(D).

heuristic

C—FivVi = { V.-G=V.-F+V-Vf = Af=V.G

G-n=F-n+Vf-n = 0,f=G-nondD

pf
given G, let f satisfy Af =V -G, 0,f =G -non dD : Neumann problem

solvability condition : /DV'G dV = /a DG-ndA . ok
set F=G—-Vf
then G=F+Vf , V- F=V-G-V-Vf=V-G-Af=0

Fenlygp=(G—=Vf)-nlyp=0
JF-Viav=[ (V- (fF)=[(V-F))dV = [ [F-ndA=0
G:F1+Vf1:F2+Vf2 = Fl—F2+V(f1—f2):0

= [(F =Bl +(F = F)-V(fi—£)dV =0 = [ |F—BdV =0
= =, Vfi=V[f ok

picture gradient fields

Vf

divergence-free fields, parallel to boundary

F

F=PG , P: projection , P :linear , PF=F, PVf=0
application : incompressible Navier-Stokes

V-ou=0

u+ (u-Viu=—-Vp+rvAu

u+ Vp=—(u-V)u+vAu

P(u; + Vp) = P(—(u-V)u+ vAu)

up = P(—(u-V)u+ vAu) : projection method (Chorin, Temam)
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2.1 potential flow (2D or 3D)
def

potential flow : ©w=V¢ , ¢ : potential function

irrotational flow : w=V xu=0

note
1. If u is a potential flow, then u is irrotational.

2. If w is irrotational on a simply connected domain, then w is a potential flow.

(note : we’ll discuss the case of a non-simply connected domain soon)

3. If u is irrotational on a simply connected domain and C'is any closed curve
in the domain, then I'c = 0.

4. If w is irrotational on a domain and C is homologous to Csy, then I'c, = I'c,.

pf
LLu=Veo = Vxu=VxVp=0 ok

2. define ¢(x) = / “w-ds : line integral along any curve connecting xy and z
o

¢(x):/xudx+vdy—|—wdz = Vo=u

need to show ¢ is well-defined , suppose C;, (5 are two such curves

/CQ_Clu'dS:/aSu-dSZ/S(VXu)-ndAzO ok
Vo-ds=0
3.r0:/u.d$: /0 ’
¢ /S(qu)~ndA:O ok
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ex : point vortex

—1 —1
W(z,y) = —log (z* + y*) = — logr
A7 27

streamlines : r =constant

2N
N

= 4 T
o wy B 27—‘—(332 + y2) 0 Ve 271'(1'2 + y2)
1 1
(u,v):—(—sine7 cos@)zieg : \u\ _ { 0 asr — o0
2rr 2mr ooasr—0

1
W="1vy; — Uy =—Atp =——(r),), =0 = u is irrotational for (z,y) # (0,0)
r

= w is a potential flow on any simply connected domain not containing (0, 0)

1 0
u=¢y, v=0, = ¢(x,y) = gtan_l (i) =5 multi-valued

If C is any closed curve not surrounding (0,0), then I'c = /Cu -ds = 0.

Alternatively, let C' = {(z,y) : 2* + y* = R?}, oriented counterclockwise.

/%:1 RO =1
0 27TR€9 0 a

= I'e= /Cu-ds =
/<RwdA:1 = w(z,y) =0(x,y) : delta function

def

Consider the inner product <f, g> z/le f(z)g(z)dz. The delta function §(x)
is the distribution satisfying the relation <o, f> :/IRQ d(z) f(x)dx = f(0) for all
test functions f in C°(IR?). (Heuristically, §(z) = 0 for x # 0, but §(0) = cc.)

thm : The vorticity of a point vortex is a delta function.

of 1
w=—-AvY @b:;logr , recall : —Ay =0 for r #0
T

We must show that —Aw) = ¢ in the sense of distributions (in other words, —1 is
a fundamental solution of the Laplace equation on IR?). The weak form of the
equation —Aw) = § is the statement that <—Ay, f> = <=, Af> = <9, f>
for all test functions f.
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<. Af> = [T =t (1 (r8)+:2(9§>f(r,0)rdrd0

= [ —logra( 0,)f(r,0) drdd

_/2W<10g7’ r@fre‘ / r@frﬁ)dr)d&
/fT’Q‘ Z—%/O—f(())dezf(o):<5,f> ok

note
e = 5—; logvr?+ € = —Ay. =6, : approximate d-function (vortex-blob, hw)

2D incompressible irrotational flow
Veu=0 = u+v,=0 = u,=-—v,
Vxu=0 = v,—u,=0 = u,= v,
= F =wu—1 : complex velocity , analytic function of z = x + iy
ous0 = ustyv=te) et (04

Vxu=0 = u=¢,, v= ¢, Yy —igy = (@ +i9)iy
= W =¢+1ip : complex potential , FF=W,=W,;,, =W,

ex

} . Cauchy-Riemann eqs for u, —v

1 1 1
W = ﬁlogz =5 (log |z] +iargz) = %(9 —ilogr)
0 —1
= ¢ = real W = o Y = imag W = —1ogfr : point vortex
T
W 1 d ( 1 1 ) ¥ 1 log(z +€) —log(z — ¢€) texdinl
= = —|(=—logz| = lim vortex-dipole
21z dz \2m1 & e—0 271 2€ b
1 x—ay —y — 1T ,
2w 22 +y? 2w (a2 y?) b+
2
= Y= =c = — =0 = — = —
4 27 (2% 4 y?) ‘ vy 2me (x * 4me Ty 16722
1 1
= the streamlines are circles centered at (x,y) = (— : O) with radius
47e 47 |c|

l —1
1 ¢:27
1 U:—¢x:2m€2<0

question : what is the vorticity of a vortex-dipole?
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ex : potential flow past a cylinder
RQ

W =U <z + ) : uniform stream + vortex-dipole , U > 0
z

F:U(l—}jj)%U as |z| = o0

R2
2= = W:U(x—l—) = 1Y =1imagW =0 : streamline
x

R*z
z| =R = W=U(z—|—|z‘;>:U(z+z) = ¢ =imagW = 0 : streamline

/\

b,d : stagnation points

\/

note : |F| attains it’s max and min on the boundary of the flow domain
recall Bernoulli’s thm : %po\u\Q + p = constant on streamlines

slip velocity on cylinder surface

z=Re? = F=U(—-e2) =U(1— cos20 +isin 20)

lu|? = |F|? = U%((1 — cos 26)? + sin? 20) = 2U%(1 — cos 20) = 4U?sin? 0
= 0< |u| <2U

lul=0 = 6=0,7 : z=0b,d : |ulismin , pis max

u| =2U = 0==+7 : z=a,c : |u|ismax , pismin

F|z|:R = /|z|:Ru'dS =0

thm (strong form of Bernoulli’s theorem)

In steady homogeneous ideal potential flow, the quantity %poluP + p is constant
on the entire flow domain.

(u-Viu=——,u=V¢op = (u-V)u:V(%\uP)—ux (V x u) :V(%|u|2)
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thm

Consider steady homogeneous ideal potential flow on the exterior of a compact
body B and let F denote the force exerted by the fluid on B.

M”/’/\

— T

1. (Blasius) F= —%ipo/aB F?2dz |, where F = u —iv

2. (Kutta-Joukowski) If F' — Uy as |z| = oo, then F= —po['|U|n, where T
is the circulation around 0B and n is a unit vector normal to U,,.

pf
1. F = —/%pnds = z'/adez ., p = po—%po|u\2
= i fp (0= gpolul?)dz = —ipo [, (u* +0%) d
F2dz = (u—iv)2dz = (u® — v? + 2iww)(dx — idy)
= (u? — v¥)dz + 2uv dy + i( 2uv dz — (u* — v?)dy )

note : u-nlyp =0 = (w,v)-(dy,—dz) =0 = udy=vdz

F2dz = (u? — v?)dz + 2v%dz + i(2u?dy — (u® — v?)dy)
= (u? + v} (dz +idy) = (u® +v*)dz ok

2. F(z) : analytic outside B , bounded as |z| — o0

ap Gz :
= F(z)=ao+— + -, +--- : Laurent expansion
z oz

2
ex : recall potential flow past a cylinder |, F(z) = U(l — R)

2a0aq n 2apa9 + a% L

F2: 2
ay + . 2
ag = U —1iV |, where Uy, = (U,V)
1 1 . .
a =5 Fdz = 27m_/aB(u—w)(da:Jrzdy)
1 . 1 r
= 2m/@3udm+vdy+z(udy—vdx) =5 aBu-al:s =5
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F = —%ipo [, F2dz =—Lipy - 2mi-2agar = —2mpo(U + V)

= —ipgl' (U +1iV) = —po['|Ux|n ok
def
drag : component of F in direction of Uy, , Fp =0

— 271

lift : component of F normal to Uy, , Fr = —pol |Us|
= if ' =0, then /=0 : d’Alembert’s paradox

ex : potential flow past a cylinder with circulation

R? r
W:U<z+)+_1ogz=gb+w . T,U>0
z 211
R%\ T¥
o(r,0) = Ucos@(rJrT) +%

u = V¢ = uye, +ugey , stagnation points : wu, = ugp = 0
2

u7.:8r¢:Uc030<1—f2> =0 = €::|:72T or r=R

1 1 , R? r . r
Uy = ;(%gb = r(_U81n0<T+r) +27r> = Ugl,_p = —2Us1n9+ﬁ

r
case 1 : —— < 2U U
2m R ‘ ol r-R

r r
=20+ —— = 20+ —<0
u(g(a) 7R >0 , U@(C) o R

lug(a)| > |ug(c)] = pla) <plc) <p(b) =p(d) , F=—pl'Ue,
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ugl,_p > 0 = there are no stagnation points on dB , but there is a stagnation
point in the interior of the flow (hw)

conformal mapping

Dy — Dy , z +— ( :analytic , ('(z) #0

claim

1. If W5(() is the complex potential of a flow on Do, then Wi (2) = Ws(({(2)) is
the complex potential of a flow on Dj.

2. If 2y is a stagnation point (or point vortex) of the flow on Dy, then (y = ((zp)
is a stagnation point (or point vortex) of the flow on Ds.

3. If C is a simple closed curve in Dy and Cy = ((C}) is the corresponding curve
in Dy, then I'c, = I'¢,.

pf

1. Wi(z) is analytic , just need to check bc

imag W1 (z) = imag W5(((2)) = streamlines correspond under the mapping ok

5 dWy  dW, d( ok
Cdz d¢ dz T T
3. Tg, = / u-ds = / (udr +vdy) = real/ (u —v)(dx + idy)

= real/ dWI dz = real/ %dg = = I'¢

2

ok
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ex 1 : potential flow around a sharp edge

C(2) = Vz = re?

Dy = exterior of semi-infinite plate = {z =re? : r>0, -7 <0 < 7}
Dy = right half-plane = {¢ : real( > 0}

z-plane (-plane
W5(¢) = i¢ : uniform stream , u—iv =47 = u=0, v=—1
Wi(z) = Ws({(z)) = iy/z : branch cut on plate

streamlines
Py = imag Ws(¢) = imag(i¢) = real( = ¢ : line
1 = imag Wi(z) = imag(i/re"/?) = /r cos = ¢

= rcos’? = = r(} + Lcost) = ¢
= ViZ4+yr+ =27 = Vil+y2 =27z
2
= 2?2+ y? = 4ct —4ctr + 2 = x-cQ—fQ . parabola
c
velocity on plate
u—w =~ :2\/2 2\/_(COS—ZSII12)
1 1
u = 2\/_811(17 v:—Mcosg = Vur+1v? = 00 as r—0
1
r<0,y=0" = =7 = u=—r , v=0
7y 2\/;7
1
r<0,y=0 = O=-1 = u=-—= v=20

For x <0, u is discontinuous and v is continuous across y =0, i.e. the velocity
has a tangential discontinuity across the plate, i.e. there is a bound vortex sheet
on the plate coinciding with the branch cut in the complex potential.
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circulation on plate

C
O=m
I'= /Cu -ds = /C Vo-ds=¢ ’9:—77 = —2+/r : jump in potential across plate

¢ = real Wi (z) = real(i/re"/?) = —\/rsin

w=uv,—u, =0y H(—z)o(x) , Hx)= {(1) : i i 8 . Heaviside function
= / wdA = / o(x)dx

_dar
o — —— = jump in velocity across plate : vortex sheet strength

T odr \/F
ex 2 : potential flow around a sharp edge 4+ point vortex
zyp : point vortex in z-plane , (p = ((2) = /20 : point vortex in ¢-plane

z-plane (-plane

G Co

W) = iC + 5 Toa(C — o) — 5 —Toa(¢ ~ 1) , 1= G ¢ image vortex

Wi(s) = Wa(C(=) = iv/3 + 5 - log(v/7 — @) — 5 - Toa(v/z — )
= iV g log(s — ) — 5 Toa(VE+ ) — 5 log(vE — G)

271
T
point vortex bound vortex sheet
i = il % % =0 = dWl’ = oo unless dWQ’ =0
dz  d¢ dz ' dzl
AWy 7|6l

—=... = T = I . Kutta condition

d¢ ~ real ()




a) I“1<I“<0

10

10

2z — 2y : circular streamlines , z — oo : parabolic streamlines

a) 1 stagnation point in flow, |u| — oo as z — 0

b) 2

c) 1 stagnation point on lower side of plate, |u| finite as z — 0
2

d)

stagnation points on lower side of plate, |u| — oo as z — 0

stagnation points, one on each side of plate, |u| — 0o as z — 0

34
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ex 3 : potential flow past a finite plate
Dy = exterior of plate = {z : 2z #iy , —a<y<a}
Dy = exterior of circle = {( : |{| > a}

z - plane C — plane

_//\//\

- —

((z) = z4+ V224 a? : conformal map from D; onto Do
check

choose V22 +a? = \/(z —ia)(z +ia) = \/|22 + a2|eitr+02)/2

where 0 = arg(z —ia) , 0 = arg(z +ia), —§5<0;, 6 < 3777
= ((z) has a branch cut on the plate

z2—00 = (—x
z=iy+0", |y <a = 6, =-—

=5 = (=i

s
2

z=iy+07, [y <a = 81:37”, Op=75 = (=1iy—va*—y ok
U a? . 5
Wy(() = 2(g+g) = Wi(z) = Wa(C(2) = ... = UV2+

(C—z=V22+a2 = (-2 +22=224+a> = (((—-22)=a%...)

As before, there are square-root singularities in velocity at the edges of the plate
and a bound vortex sheet on the plate. The ideal flow is attached, but in reality
the flow separates at the edges of the plate.

hw : add a pair of point vortices to model a wake
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point vortex model

Consider ideal flow on IR? generated by a set of point vortices located at z; with
circulation I';, for j =1,..., N.

1 N
W(z) = 27?@']; I';log(z — zj)
aw 1 X Ty
dz e 271 ;:1 Z— zj

Consider a fluid model in which z; = z;(¢) and each point vortex is convected
in the velocity field induced by the other vortices.

point vortex equations

TZJ 1 N Pk
p— ) 0 : .
dt 27 ,; zi—z z;(0) given
kit

note

The model is consistent with Kelvin’s theorem (in ideal flow, the circulation
around a material curve is invariant in time).



ex NZQ,F1:F2:F

dz 1 r dzn 1 r dz _ N 0
= s = - = — Z 29 =
dt 271 21 — 29 dt 271 29 — 21 dt ! 2
dz 1 T , . I
;tl “ominy o AT T ATl
r=0 = r(t)=nmrg
, o =i 1
re 0 — jre%0 = 4Z 7 = . I 't
™ re 0 = = 0(t)=0
A7rr? (1) =0 + 4rrd
1 . .
. The vortices rotate about the midpoint of the
\%\ line connecting them, with angular velocity I'/7d?,
, where d is the distance between them.
2
elZNZQ,Flz—FQZF
dz 1 =T dzn 1 r dz :
— , — - = = — f d 28
dt 2m 21 — 29 dt 2 29 — 21 dt AT °
di,Zl 1 —F F -(1_ ) Ft ( _E)
— — = Uy~ = t — — ptla—yg
dt ~ 2midee  2md " alt) =20+ 575e

27d

The vortices move on parallel straight lines or-
thogonal to the line connecting them, with ve-

locity I'/2md, where d is the distance between
them.

note

1. contrast this with point charges, point masses
2. N=3, 4,

37



vortex method
flow map : x(a, 3,t) , y(a, B,t)
«, B : Lagrangian coordinates

%(Q,g,t) = u(z(e, B,1), y(a, B, 1), 1)

y
ot

(@, B,1) = v(z(, B,1),y(a, 5,1),1)
How to determine u,v?
AY = —w
g9(z,y) = —;ﬁlogm = Ag=-0 = ¢ =ygxuw
Ua,y.t) = (gxw)(@,y.t) = fpeg(e — T,y — §)w(@.9,1) dz dj
check
APy, 1) = [z Agle =T,y = §)w(#,§,1) dT dj
= Jpe 0@ = Fy - w(E g.0)dEdy = —w(z,y,t) ok
change variables : = = z(«,5,t) , ¥ = y(a, 5,t)

Ulr,y.1) = [re9(x = 3,y — Pwla(a, B,0),y(a, 5,1),1) (@, 5, 1) dads

recall

1. incompressible flow = J =1

2. ideal 2D flow = Cd(f(&,ﬁ,t),y(&,ﬁ,t),t) - W(&,B,O) - WO(aaﬁ)
= ¢1’ y? /R f,y—g)wo(a,ﬁ)dadﬁ ’ U:%/ ) U:_Zpl’

Lagrangian form of 2D incompressible Fuler

unknowns : z(«, 5,t) , yla, 5, t)
ox

Er /I[{z gy(v — &,y — §) wo(d, B) da df

a ~ ~

ag = gz —9(@ = &,y — §) wo(@, B) da df

G0 y) = s —@y) =
2m (22 + y?) 21 (22 + )

38
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discretization
(,8) = (aj, 85) , 5=1,....,N , w(ay, Bj,1) = x;(t) , ylay,B,t) = y;(t)
dr; X —(yj — yn)
RRE ((z; — )j2+( —n
’}z;; T\ Tk Yj yk) )
dy; N T — T
— =2 _ . 2 _ oy Lk
dt i 2 (g — o) + (y; — 9r)?)
[y = wolag, Be)h? , h : meshsize
note

1. These are the point vortex equations in Cartesian coordinates.

Leck _ 1 —i(x —iy) —Y . x .
check : u—iv = = — i o
2miz  2m(a? +y?) 2m(a?+y2) 2m(a? +y?)

N
2. This is the exact evolution equation if wy(c, 8) = Y 6(a — vy, 5 — B;)T';.

j=1

3. The following quantities are invariant in time.

N N
X=>Tjz; , Y=>Ty , ZF(EU +y5)

j=1 j=1
H——*ZZF Tk log /(x5 — 1) + (5 — yi)?

2 J=1k>j

pf

X,Y, R : hw
define p; = x; , ¢; = —I'jy; , consider H = H(p1,...,PN,q1,---,4qN)

claim : pr 0qj T 379] Hamiltonian system

dH OH dp; OH dg, OH , OH OH O0H

— 0
dt Z <8p] dt * dq; dt> i=1 <8pj< 8qj) 0q; 6p]>

check : N =3
1
H = —E(Flfg log((z1 — 562)2 + (y1 — y2)2) + T T3log((xy — 563)2 + (y1 — y3)2)

+ Tol'zlog((w2 — 23)° + (Y2 — ¥3)%) )
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o _oH _ . dy _ da

Opr  Ox; ' dt dt

oH _ oH r r dx; L _dpl K
8q1 - 0y1 —Fl ! dt —Fl N dt

note : If the I'; all have the same sign, then the point vortices cannot collide.

boundary condition

w-nlyp =0
method 1 : add a suitable potential flow

Let u be the velocity induced by the point vortex method and assume u-n|,,, # 0.

solve Ap =0 gfbaD:—u-naD

solvability : ok from V-u =0 check ...

replace u by u + Vo

method 2 : images

If D is simple, we can modify g(x,y) by adding image vortices.
ex

D ={(z,y):y >0} : upper half-plane

Z) (zj,9;) » T
Q (), —y;), =T

T,
g9(x, 10g\/ (y — yj)? +2”0ng—%) + (y +y;)?

= point vortex + potential flow on D

method 3 : analytical expression

1
periodic BCinz = W(z) = e log sin 7z
i



16. Tues 11/4 41

2.2 boundary layers

ex 1 : impulsively started viscous flow along an infinite plate

D = upper half-plane = {(z,y) : y >0} , 0D = z-axis
t=0=u=1,v=0 , t>0 = u=u(y,t), v=0 : parallel shear flow
y |

),

u(y,9)

uy, +v, =0 : ok

U + Uy + VUy = —Py + V(U + Uyy)

U+ uvy + 00y = —py + V(e +0yy) = py,=0 = p=p(x,t)
U — Vugy = —pz = f1(t) = p(z,t) = fi(t)z + fo(t)

set f1(t) = 0 to avoid infinite pressure at x = fo00

u = v, : diffusion equation

t=0 = u(y,0) =1

y=0 = u(0,t) =0

method 1 : Fourier transform (Math 556)

method 2 : dimensional analysis

=L, [t]=T, V== = n= Y. non-dimensional

T Vit

look for a similarity solution of the form wu(y,t) = f(n)
oy~ e i " 1 r
! N g =y = gl =0

= 6772/4f//+€n2/4'%77f/:(6772/4f/)/:0 = = A = = Ae "/t

fg)=A['eTda+ B, a=28 = f(n) =24 /077/2652d5 +B
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y=0 = f(0)=0 = B=0

00 4o 1
t:O:>f(oo):1:2A/Oeﬂdﬂ:1$A—ﬁ
f(n) = 2/77/2 "B = erf( > , erf(z / ~%'ds : error function
Vi R
u(y,t) = erf(\/?m) ., check ...

note

t>0, lim u(y,t) = erf(co) = 1 = far from the plate the flow is undisturbed
y >0, tli}m u(y,t) = erf(0) = 0 = eventually the flow comes to rest

define y =0 by u(d,t) =0.99 : boundary layer thickness

f<5> =099 = §=f7'(0.99) - Vit = O(Vt)

VUt
y 1 2 —2/4 1 1 2
= Uy — = — f/ — Y / vt — Y /4Vt
v b o <\/4mﬁ> v Avt ﬁe \Avt vt ¢

Ut = Vlyy = Wt = VWyy

For ¢t = 0, the vorticity is a bound vortex sheet on the plate, and for ¢ > 0,
the sheet diffuses into the flow domain. Hence the solid boundary is a source of
vorticity. The vorticity is concentrated in a boundary layer of width O(v/vt).

ex: v=10"1, t=1,10,10% 103 10*

y=10 y=10

y=0

y=0

-2 w(y,t) 0
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ex 2 : steady viscous flow into a stagnation point on a wall
reference : “Theoretical Hydrodynamics” , Milne-Thomson (chap. 23)

potential flow

dW . :
= gZQ = E :up—ZUPZ’yZ:’Y(fL‘+Z?J) ) ’Y>0

up(x,y) = v, vy(x,y) = —yy : strain flow

W(z)

Y

X

on the wall : w,(x,0) =~z , v,(x,0) =0 : slip flow , bound vortex sheet

viscous flow : u, v

guess : v(z,y) = —f(y) , note: vy(x,y) = —f(y) , frly) =y

ue + 0y =0 = up = —vy = f'(y) = ulz,y) =xf(y)

Uty + vy = —py + V(Upe +uyy) = ()= f-af = —p.+v-xf”
Uy + V) = —py + V(U + Vyy) = ffr=-p,+v-—f"
py=—ff—vf'" = p=—3f —vf +g()

/
]Z: _J ix) =—(f"Y?+ ff'+vf” = constant = —* | by analogy with f,

no-slip bc = f(0) = f'(0) =0 ; yhjglo(“av) = (up,vp) = f'(00) =7

vf"+ [ = () ==, f(0)=f(0)=0, f(o0) =7

non-dimensionalization
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note
AL/ .
Foy) = vy = <7> = ()" Fy(n)
= F,(n) = n : satisfies ODE and 2 bc, but not the 3rd bec : F)(0) # 0

p

n

F(n) ~n—0.65

: > < F' < .
can be shown : F(n)>0,0< F'(n) <1 and n>24 = {0-99<F1(77)<1

1/2 _ i /
1.y>2.4<”> R Lit? KO T
v up v

= boundary layer thickness = O(\/v/7 )
AL/
2. 0(y) = v ) = ~F)+ 9 =~ P+ (2] = )= F)
N/
y>24 ()1 2 = v(y) —vy(y) ~ 0.65(v7)*
g

1/2
= o(y) ~ vpy) +0.65(17)* = =7y +0.65(7)""* = — (?J —0.65 (:> )

v\1/2 AL/2
= 0(y) ~ v (y — 0.65 () ) , similarly u(y) ~ u, <y 0.65 <7> )
v
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Outside the boundary layer, the viscous flow is well-approximated by the po-
tential flow shifted upward by a distance O(y/v/~ ), the displacement thickness.

Prandtl’s boundary layver hypothesis

Experiments show that slightly viscous low-speed flow past a slender body stays
attached to the body.

m

R
N

S

Prandtl asserted that in this case, (1) the effect of viscosity is important only
in a thin boundary layer near the body, (2) outside the boundary layer there
is essentially ideal potential flow, and (3) inside the boundary layer there is
essentially viscous parallel shear flow in which the fluid velocity increases rapidly
from zero on the body to the potential flow value at the edge of the boundary
layer.

model problem

e +u' =0, 0<z<1, u0)=0, u(l)=1, 0<e<<1
_1_6—90/6

exact solution : wu(x) = 1o/
—_ e_
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note
1. 2> 0(e) = u(x)~1 : u(x) has a boundary layer of width O(e)

{0 if =0 lim sup |u(z,e) —7(z)| =1

2. limu(r,e) = u(r) = 1 if 0<x<1l 7~ e30p<p<1

e—0

= non-uniform convergence : singular perturbation problem

method of matched asymptotic expansions (Math 557)

u(x,€) ~ ug(w) + eur(x) + 2us(z) + -+ : regular perturbation series

euw +u =0

e(ug +euf +-- )+ (uy+euy+---)=0

ug+ e(ug +uj) +---=0

= uy = 0 = wup(xr) = constant = 0 or 17

Try ug(z) = 1. Then uo(x) satisfies the be at © = 1, but the bc at z = 0 fails.

define s = qbf) . stretched coordinate , wu(z) = v(s)
€

do_dv ds
dr  ds dx ~ oe) — ¢(e)?

E,U// UI
e +u' =0 = + -0

¢(e)? o)
dle)=€¢ = "+ =0, v(0)=0 = v(s)=c(l—e")

)
v(s) : inner solution , valid near x =0

up(z) : outer solution , valid away from z =0

matching condition

outer limit of inner solution = inner limit of outer solution

lim v(s) = :lvil%uo(a:) = c=1

uniform asymptotic approximation

u(r) ~ v(s)+up(z) —c=c(l—e®*)+1—-1=1—e7/*

1. sup |u(x) — (v(s) + ug(x) — ¢)| = e ¥ = 0 as € — 0 : uniform convergence
0<zx<1

2. The inner bc is satisfied exactly and the outer bc is satisfied asymptotically.
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ex 3 : viscous flow past a wall

v
| Ta
T
Uy + vy =0
Ut + Uy + VUy = —Py + V(Ugg + Uyy)
Ut + uvy + 0vy = —py + V(Vz + Vyy)

note : NS equations + no-slip b¢ = singular perturbation problem
outer solution : potential flow
inner solution : valid in the boundary layer in the limit v — 0
stretched coordinates : y=dy*, v=0v", v, t, u, p : unscaled

o’ !
Uy + vy*g =0

. 1

U + Uty + 0v Ry + y(um + uyy52>

1

1 1
007 + u by + v'0v) s = —pye s + w0, + 00 )

We expect that convection and diffusion are equally important in the boundary
layer, so we take § ~ /1.

Prandtl boundary laver equations

Uy +v, =0
U + Uy + VUy = —Ps + Vidyy

0=—p,
1. Diffusion acts only in the y-direction.
2. no-slip be : wu(z,0,t) = v(z,0,t) =0
3. matching

yll%lo u(z,y,t) = 51_{1(1) uo(z,y,t) : slip velocity of potential flow on 0D

Dy =0 = p(xayat) - Z}l_)ﬂél()p(%’,y,t) - zllii%p()(xayat) - p0($7t)

While the pressure in the NS eqs is one of the unknown functions, the pressure
in the Prandtl eqgs is a known function given by the potential flow on 0D.



ex 4 : steady leading-edge flow past a semi-infinite plate
Yy

E—

|
|
|
|
|
|
|
|
|
|
|
|
|

D=A(z,y) : x>0, y>0}

boundary conditions

y=0 = u(z,0)=0, v(z,0)=0

y=00 = u(r,00)=U, v(x,c0) : unspecified
r=0 = u0,y) =U, v(0,y) : unspecified
pressure : p; =p, =0

steady boundaryv layver equations

Uy +v, =0

Uly + VUy = Vg,

. . UANG 1/2

similarity solution : n =1y (Vx) , U(x,y) = (wUx)'" f(n)
U 1/2

uw =1, = (wUz)"*f'(n) (m) = Uf'(n) : Blasius profile

f’"+%ff”=0 , f(O)=f(0)=0 , fl(oo)=1 check : hw

note
x:fixed , y = o0

Lop=oo = {y:ﬁxed, x— 0
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2. n=cnst = u(z,y) = cnst for x = cy? : parabolas
Y

u = cnst

note

1. comparison of boundary layer thickness for various flows

1/2
a) steady leading-edge flow past a semi-infinite plate : & ~ <V(}E>

1/2
b) steady flow into a stagnation point on a wall : § ~ <V>
.

¢) impulsively started flow along an infinite plate : & ~ (vt)"/?

2. drag on a portion of the plate

L L ., 7 \\/2 ,. (UL ~1/2 12
D—/()uuy($,0)daz = /0 pr U f7(0) (Vx) dx ~ pU L() ~ Re

14

However, experiments show that for sufficiently large Re, the flow is unstable
and undergoes a transition to turbulence.

D
pUL - _
S~ turbulent
laminar <. s
R - Re = UL
10° 106 107 108 v

For a given value of Re, the drag induced by a turbulent boundary layer is
greater than the drag induced by a laminar boundary layer; this is attributed
to turbulent diffusion.
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separation
Consider steady viscous flow past a curved wall.

/\
T

local analysis near separation point

Let x,y be curvilinear coordinates in a neighborhood of the wall.

wall vorticity : w(z,0) = (vy —uy)(2,0) = —uy(z,0) = wy(z)
1
w(z,y) = u(z,0)+ uy(x,0)y + 5 Uy (2,0)y* + -+ = —wo(z)y + A(2)y* + - -
Y 1 2 Alz) 3
lay) = [Jule,s)ds = —Swola)y’ + =790+
recall : 6-component of momentum equation in polar coordinates
Ouyg _ 1op Pug 10uy 10wy 2 0u, g
m**”VWH—‘NM+”<m2+rm*vawz+ﬂae‘ﬂ

substitute : (u,,ug) — (v, —u) ((’9 L0 > — <8 0 >
: ry Wl ) ) a0 an a0 a.
or’' rof Jdy’  Ox

—tyy(,0) + K(x) - —uy(z,0))
—2A(z) + k() - wo(x))

I

=

8

\'5%

=
< + +

S s

A(a) = 3 (e)ente) + 220)

The streamline v = 0 has 2 branches.

1. y=0 : the wall is a streamline

2. wy(x) — ;(lﬁj(l‘) wo(x) + px(i, 0)>y =0

This defines a curve y = y(x), the separating streamline, that intersects the wall
at a point (z,y) = (20,0) st wy(xg) = 0.




ol

note
3 wo(x) ) 3vwj(zo)
1 ) = = €T —_— v 7
y(z) k(z)wo(z) + pu(x,0)/v y (20) pz(0,0)
2. u(z,y) =y = —wo(z)y + -+, v(z,y) = =, = swj(z)y? + - -
case 1 : > (0 : separation
U

=0

The vorticity in the boundary layer leaves the wall near the separation point
and enters the interior of the flow domain as a free shear layer.

note
1. The u profile has an inflectgion point at x = xy.
2. pressure gradient on the wall : p,(z,0) = v(uyy(x,0) + k(x)uy(z,0))

xr << xo : far upstream of separation point

1 1
= uy, >0, uy, <0 but |uy|~5, \uyylwﬁ, Kk~ 1
= p, <0 : pdecreases in flow direction , favorable pressure gradient
x — xo : approaching separation point from upstream = u, =0, u, >0

= p, >0 : pincreases in flow direction , adverse pressure gradient

recall

front : favorable pressure gradient

\_/ back : adverse pressure gradient
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2

3. Y(z,y) ~ _%wo(g;)y2+... ~ _% wh (o) (z — x0)y® + - - -
wo(Zo)y

N[

¢y ~ —w(’)(xo)(a:—xo)y , U= =y~

LAY ! : boundary layer scaling fails , Goldstein singularity

T — Xp N

case 2 : wy(zo) <0, pu(x0,0) >0 = y'(z9) <0, v(z,y) <0 : reattachment

2

gl &

hvdrodynamic stability

warm-up
1. Ut — Ux

look for solutions of the form u(z,t) = Ae (@<t

k : wavenumber , wavelength : \ = c : wave speed

7r
I
—ikcAetkr=ct) — i Aeihle—ct) = o= _]
u(z,t) = Ae*@H) o traveling wave

2. U = Uyy

—ikcAetT=) = (jk)2 A=) = ¢ = —ik
u(x,t) = Ae ¥teh . stationary wave , amplitude decays in time

in general , ¢ =c(k) = ¢ +ic

w(z,t) = Aehle—ct) = Agheit gik(z—cyt)

¢, . wave speed , kc; : growth rate , kc; > 0 : amplification

kc; <0 : decay

kc; =0 : marginally stable
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parallel shear flow :

U(y)

shéar layer jét , wake

{wt+uwx+va20

vorticity : w(:E?y?t) - (Uﬂﬁ - uy)(xa yat) - _U/(y) = Uy + Vy = 0

Consider a time-dependent perturbation of the steady base flow.

u(z,y,t) = Uly) + u(z,y,t)
v(z,y,t) = o(z,y,t)
w(r,y,t) = -U'(y) + &(z,y,1)

wr +uwy +owy, =0 = w+ (U+a)o, +0(-U"+w,) =0

linear stability

W+ Uk, —U"5=0 , Uy +7, =0

Bla,y. 1) = oly) e

U =1, = ¢lett@=) | §=_4, = —ik el

B = —Ap = —((ik)2) + ¢") =) = _ (¢ — |2p) eikla—ct)
—ike: —(¢" = k2¢) + U - ik —(¢" = k*¢) —U"- —ik ¢ = 0
Rayleigh equation

(U= c)(¢" —k2¢) —U"dp=0 + be

given : U(y), k , find : ¢(y), ¢ : eigenvalue problem

jump relation

Assume U, ¢ are continuous, but U’, ¢/ have a jump discontinuity at y = yp.
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(U= o)¢ = U'9) = (U = )%
[ =0 = Uy = (U= )¢/ — o)t = [ (U — o dy

e—=0 = (Uly) - o)[¢] = [Uo(yo) where [f]= f(ys)— (o)

ex : layer of constant vorticity

—wod if  y>d
U(y){—woy if —d<y<d
wod if  y<—d
0 if y>d
U’(y):{wo if —d<y<d
0 if y<—d

U'(y) = wo(0(y — d) — 0(y + d))
= ¢" — k?¢ =0 on each interval (assuming U(y) — ¢ # 0)

be : lim ¢(y) =0 , ¢(y) is continuous at y = +d , jump relation at y = +d

Y00
y >d = o(y) = (ae®* + b)e Fv
—d<y<d = ¢y) = aec +be ™
y<—d = ¢(y) = (a+ be*)eM
y=d = [U]=w
y=d = )=
y>d = ¢(y) = —k(ae®™ + )™
—d<y<d = ¢y)=kae — kbe "
y<—d = ¢y)=k(a+ be*)et
y=d = [¢] = —2kaekd
y=—d = [¢] = —2kbe"!
(U(yo) — c)[¢'] = [U']d(yo)
=d = (—wyd —c)- —2kae™ = wy(aer® + be=)

Yo = —d = (wod — c) - —2kbek? = —wy(ae ™ + berd)



(2k(wo d + ¢) — wp)er? _woekd> (a) (O)
woe ™ (wy — 2k(wod —¢))e* ) \ b 0
det =0
= (2k(wod + ¢) — wp)(wo — 2k(wod — ¢))e? e + w2e 2 = ()
(2K (wod + )wp — AR (W2d% — ) — W2 + 2k(wod — c)wp) = —wle—

=
= (4kdw} — AK*dPwi — Wi + 4K*?) = —wde 1k
=

—wi(1 — 2kd)? + 4k*c* = —w%e“lkd

4

2
k*c? = uilo((l — 2kd)? — e~ %) . dispersion relation

kc/oa0

c : imaginary
; - — — - c : rea

" kd
04 0.65

check : kd -0 = Kk*c><0, kd =00 = k2 >0

recall : (x,y,t) = d(y)e*T= = p(y)ekeiteiklz=ct)

{ long waves are unstable : Kelvin-Helmholtz instability
short waves are marginally stable

note

27
1. max growth rate occurs for kd =04 = )\ = -~ 8 X layer thickness
2. questions : 3D effects , viscosity , nonlinearity (picture)

3. long wave limit : kd -0, wod - U = vortex layer — vortex sheet



vortex sheet : model for a thin shear layer

recall : point vortex

zop : position , I' : circulation

r
induced velocity : (u—iv)(z) = m
vortex sheet = superposition of point vortices on a curve
| . _ 1 dl(s) 1 dl’
induced velocity @ (u—dw)(z) = o / 2 —2(s)  2mi / z—2(T)

s : arclength
z(s) : parametrization
I'(s) : total circulation between z(0) and z(s)

[(s) = o(s) : vortex sheet strength = dI' = o(s)ds

€X

2(I) =T : flat vortex sheet of constant strength (o =% =1

°Z <

A0 —

[ ]

ds

2 -
A r —

)

o6



57

1 ~ dI' —1 00
— log(z—T
omi /—oo pos (il mel LG )‘_oo

— " lim <log ’/ZF‘ +i(arg(z —I') —arg(z + F)))

21 I'—o0
1 m—0 if y>0 —% if y>0
:% pu—

—r—0 if y<0 if y<0

DO =

general case

(u—iv)(2)

velocity induced by a vortex sheet

1 n dl
/a z—z(I)

~ 2mi
1 flw)dw ,
F(z) = 5 /C ok Cauchy integral

C' : curve in complex w-plane
z2(I)=w , dI' = f(w)dw

dl''  dI' ds _if i w :
= —=-——=08¢€ where e = — : unit tangent vector to curve
dw  ds dw ds

f(w)
2¢ C = F(z)is analytic (with mild assumptions on f(w))
= away from the sheet, the induced velocity is incompressible and irrotational

w)

dw i )
. improper integral
—w

zeC = F(Z):Qjm/cfi

reference : Carrier, Krook & Pearson, p. 412



Let z¢ C, wy e C.

Fi(wy) = Aim F(z) z on top of C
d
T f(w) dw
=wo 2y /O 2 —w
1 f(w)dw f(w) dw . : ,
— zll%}o 5 ( /C_CE — + /5 w ) assuming f(w) is analytic
1
= / / true for all € > 0
2mCCw0— 2mao—
1 f(w) o
L. 11_1}(1) 5 /O e /C - F,(wo) principal value
flwy N1
2. ll_rg% ol /C - Res(wo_w,w—wo) ——if(wo)
Plemelj formulas
Fy (wo) = Fy(wo) — 3.f (wo) Fy(wo) = 5(F(wo) + F-(wp))
=

F_ (”LU())

= F}(wo) + %f(wo)

S (wo) F.(wo)

— Fi (wo)
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application

(u—v)(z) =

2

1 o dI
/a z—z(I)

= itl] oy = F_(2(T)) = Fi(=(D)) = J((T) = o/(T) )
[w+ ]|,y = o(I) £i0(T)
conclusions

The velocity induced by a vortex sheet is discontinuous; the normal component
is continuous, but the tangential component has a jump. The magnitude of the
jump is the vortex sheet strength. The vorticity is a delta function with support
on the sheet.

recall
2(I) =T
| e ar |7z Hy>0
W_wXﬂ:2m[mz—P: L
5 if y <0

1pv/Oo dl zliml(/ro_€+/oo> i 202%(—%+%)=0

) —oo['g— 1" 20213\ /-0 Tote /Ty — T
ok
dlI'  dI’ 1 1
o(l) ds dx 2 ( 2) o

ex : compute the induced velocity of a circular vortex sheet
a) constant strength

b) strength defined by potential flow past a cylinder
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vortex sheet motion

I' : circulation parameter , Lagrangian variable
2([',t) : flow map of curve

Birkhofl-Rott equation

0z 1 b dl’
)= — _
(915( ) 270 pv/a 2([,t) — 2(T,t)
B , o 1 —i(z—iy)
z=x+wy , Z=x— , - 2+ g

equilibrium
z(I'yt) =T : flat vortex sheet of constant strength , —oco<I' < oo

linear stability

z(I,t) =T +p(T, 1)

y(It) = q(I',¢)

(=22 + -9 =T+p—C+p)P+(q—7° ~ (O =T)+(p—p))?
~ (0 =T)*+2(T =T)(p - p)



1 1 1 p—p
G-+ = - rp(1e2(z2)) T 1) (=2 5))

y—y |
(r—2)2+@y—9?2 (L-TI)

T —7 (T—T)+(p—p) p—p 1 p—p
(w—22+(@y—g?  (T-TI) O_QGMJJ>NF—f_(F_D2

8}9 —1 © q—q -
il 474 gp
ot~ 2n Vs (T — T2

8q —1 00 p—ﬁ -
== . )y
ot~ 2n V) (T — T2

look for solutions of the form p = Pe*™* ' = ¢ = Qe k>0

. 1 ~ Qewt(eikl“ . ez‘kf) N
P wt+ikll . _ — _ T
wPe 27Tpv/_OO T —1) d
_ —1 0 Pewt(eikF . ezkf) _
wt+ikl _ _ — _ T
wQe 5 PV /_OO 1) d
wP=—-1(k)Q
w@ =—I(k)P
1 oo 1—e*TT ] 1T k
I(k) = — - = — I'=—
(k) = gopv [ (T —T) =3

61
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-=-- C=C1+C2+C3

1 — eikF

1
dl' =0
27ri/0 |

1 ~ 1 — ekl 1 1 — etk
— 2m_pv/_oo = dF—QReS(F2 ,F:o):o
1. 1—ek 1 k
= I(/{):Z'§1L1LI(1) T —z-i-—zk—§ ok

WRPQ = I(R2PQ = w=-+I(k) = i;“

Short wavelength perturbations (kK — oo) have arbitrarily large growth rates
(w—00). : Kelvin-Helmholtz instability

ogrowing mode

N1

2(D,t) =T+ €(1 — i) ez’ sin kT

—

decaying mode

2(0,t) =T+ €(1+4) e 2! sinkl’

=

—

note : Material points travel on straight lines inclined at 45° to the x-axis.
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note

Consider a sequence of growing modes with € =

=

(T, t) =T+ (1 - i)es! sin kI
Then klim |2(L", 0)| = 0, but for any ¢ > 0, klim |21(T, t)| = 0o (if I # nmr).
— 00 —00

=  The IVP for vortex sheet motion is ill-posed in the sense of Hadamard.

discretization

I W

_/ _/ _/
z(I't) , —oo<I' <o

2 . .

AF:W ., Iy=4AT , j=0,%£1,£2... , 2z(Iy,t)~ z(t)
0z 1 i~ dl
—_— F,t —_— =~
875( ) omi D /—OO 2(Iyt) — 2(1,t)
dz; 1 & ATl
dztj(t) = i k;w Zj( B — () point vortex approximation

k]
equilibrium

dz; 1 AT 1 1 1 1
check : & = — > = — ' = ==
dt  2mi o Uy =Ty 2migz5—k  2mi yxk

0 ok

note

1. The Birkhoff-Rott equation is ill-posed. The point vortex approximation is
consistent, but unstable.

2. If 2(T',0) is analytic, then z(I', ) is analytic for a finite time.

3. The analytic solution breaks down at a finite critical time t = . (Moore,
1979). The singularity is a blow-up in the curvature; the sheet remains contin-
uously differentiable.

4. For t < t., the PVA converges as N — oo, but for t > t., the PVA does not
converge.
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regularization
33«”_—1/00 (y — g)dl
ot 21 oo (x —2)24 (y —7)2 + 62

ot 2wt (2 —2)2+ (y — )% + 02

8y_ 1/00 (x—fi:)df

0 : smoothing parameter , point vortex — vortex blob (Chorin, 1973)
note
1. For ¢ > 0, the regularized equation is well-posed.

2. For any t > 0 and 0 > 0, the vortex blob method converges as N — oo
(denote the limit by z(I',¢;6)).

3. For any t > 0, z(I',t;§) converges as 6 — 0. For t > t., the limit is a spiral
with an infinite number of turns.
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chapter 3 : gas flow in one dimension

take fluid compressibility into account

3.1 characteristics

recall : isentropic Euler equations
pr+ V- (pu) =0

pus + p(u-V)u = =Vp+ pb
ee+V-((e+pu)=pu-b

e = 3plul® + pe

e =€(p,p)

assumptions : b=0 , p=p(p) , 1D
p=plr,t), u=u(zxt)

pr+ (pu)z =0

pus + puty = —p'(p)pa

note : p'(p) = c*(p) , c(p) : local sound speed

linear stability

equilibrium : p=pg, u=20

p=po+plx,t), u=1u(z,t)

Pt + potiy =0 = Py + potize = 0

polis = —C3pa , o= c(po) = polite = —C3faa

= pu = CPye : Wave equation , p(z,t) = F(z — cot) + G(z + cot)

The fluid density (and velocity) undergo small amplitude variations which prop-
agate in space at speed £c¢j. This justifies calling ¢(p) the local sound speed.

Before considering the coupled nonlinear system for p and u, we will consider
some examples of linear and nonlinear scalar wave equations.
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ex 1
ur + cuy, =0, u(z,0) = up(x)

d
characteristics : df(oz,t) =c, z(a,0) =a = z(a,t)=a+ct

t
¢ Cy
T
a &y

1. The charateristics are straight lines with slope _71 in (x,t)-space.
2. The solution u(z,t) = ug(z + ct) is constant on characteristics.
ex 2
ur +uu, =0, u(z,0) =up(z) : inviscid Burger’s equation

dz

characteristics : ﬁ(a,t) =u(z(a,t),t) , z(a,0) =«

claim

1. The solution u(x,t) is constant on characteristics.

1

2. The charateristics are straight lines with slope e in (x,t)-space.

pf
dx

d
1. %u(x(oz,t),t) = uz(x(a,t),t) - E(@’t) + ug(x(a,t),t) =0 ok

2. u(xz(a,t),t) = u(z(e,0),0) = u(e, 0) = up(a)
dz

= E(a,t)uo(a) = z(a,t) = a+ up(a)t ok

! Cl CZ

T

a a

1 2

3. Since characteristics can intersect, we need to consider solutions u(z,t) which
are discontinuous.
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1, x2<0
ex: up(z) =450, 0<zr<1
1, 1<x

The initial data implies the presence of a shock at x = 0 and a rarefaction

fan at * = 1. The shock speed is s = J(uz 4+ ug) = 3 and the solution in
the rarefaction fan is u(x,t) = xT_l The shock and rarefaction fan propagate

independently for 0 < ¢ < 2, but for t > 2 they interact and the shock speed
changes to s = $(ur + ug) = 5(1 + =1).

6

1
path of shock in (z,¢)-plane : 0= oty = T T3
pd—1) ey (x—1) /2 d 172
172 _ 412 _ L1200 1)) =
~ dt 2t T

= t 2@ -1) =t 40 = z=1+1t+at*?
(z,)=(1,2) = 1=14+2+a2"? = a=—V2 = z=1+t—V2

1+t—\/2_t—1) 9

. —

t

-1
shock strength : uL—uR:1—<xt )zl—(

The solution approaches the constant state v = 1 in the limit ¢ — oo.
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1D isentropic FEuler equations

pt + (Pu)x =0
PUt + pUlU; = — Dy

assume : p = p(p) , pr = p'(p)pe = *(p)ps , c(p) = /'(p) : local sound speed

linear stability

equilibrium : p=pg, u=0

p=po+pz,t), u="1t(zx,t)

Pt + potty =0 = Py + potizy = 0

poli = —Copr , o = c(po) = polir = —CPux

= pu = CPee : Wave equation , p(z,t) = F(z — cot) + G(x + cot)

The fluid density (and velocity) undergo small amplitude variations which prop-
agate at speed tcy. This justifies calling ¢(p) the local sound speed.

analysis of nonlinear system

D) (et D) (0 (0) - -t

A= (CQZl Z) is not symmetric, but it still has real e-values

u2_>1\ uf/\|:(u—>\)2—c2:0 = A=uxtc

det(A — \I) = 2p-




