1. Tues 1/6

basics

u(x,t) : velocity , == (x,y,2), u=u(u,v,w)
p(x,t) : pressure

p(z,t) : density

\Y
Navier-Stokes equation : wu; + (u-V)u = 2P L A
p

incompressible flow : V.-u=0 , p=cnst

initial conditions , boundary conditions

vorticity : w =V Xu

w =20 : irrotational low = w=V¢ , ¢ : potential function
2D flow

V-u=0 = there exists ¢ : stream function st u =, , v = -1,

W=0; —Uy , AYp=—w , w+ (v V)w=rvAw

1. pipe flow experiment

Reynolds (1883)
a : pipe radius (length) , U : maximum fluid velocity (length/time)

laminar low —  transition —  turbulence

1
nondimensionalization = wu;+ (u-V)u = —Vp + T Au
R = Ya : Reynolds number

v

R, : critical value



2. bifurcations

ex : turning point , saddle-node bifurcation

du 5

Pl R u(0)=u9 , a=R-— R, : control parameter
+vVa , a>0
equilibrium : a—u?*=0 = U= 0 , a=20
none , a<0

casel : a>0 = U=,/aisstable , U = —,/a is unstable

u’= du/dt

/N

case 2 : a=0 = U =0 is unstable

u/

case 3 : a <0




bifurcation diagram :

turning point

u

linear stability analysis

U/

au
dt
v
dt

= u—U : perturbation
du 2 / 2 N2 / 2
20U — (u)?

linearized equation

du’

— = 204 =

dt

U=\a =
U=—Va =

U=0

u'(t) = v (0)e®t |, s = —2U : growth rate
s<0 = limu/(t)=0 : stable
t—o00
s>0 = tlim u'(t) = +oo : unstable
— 00
= s=0 : marginal stability , need to look at nonlinear terms

to determine stability



explicit solution

du Uo
1 : =0 = 2 = t) =
case a T u u(t) i1
up=0 = wu(t)=0 forallt
u >0 = tlimu(t)zo
—1
u <0 = wu(t) - —o0 as t—t.=— : blow-up
Ug
u
t
|
|
|
|
|
d tanh \/at
case2 : a>0 , — =g-u® = u(t) = Va Uy +atanhy/a
dt va + ugtanh/at
up = £v/a = wu(t) = £y/a forallt
uy > —va = tlimu(t):ﬁ , ug<—ya = Dblow-up

u

case 3 : a<0 , wu(t) =+v—a up — v—atany—at N blow-up
vV—a + ug tany/—at for all ug



ex : transcritical bifurcation

d
—u:au—bu2 , b>0
dt

equilibrium : au—bu?=0 = u(la—bu)=0 = U:())%

casel : a>0 = U =0 is unstable |, U:% is stable

u/

ol

case 2 : a=0 = U =0 is unstable

u/

case 3 : a<0 = U =0 isstable |, U:%isunstable

u/

ol

/




bifurcation diagram : transcritical bifurcation

u

note

For a < 0 the zero solution is stable and the nonzero solution is unstable, and for
a >0 the zero solution is unstable and the nonzero solution is stable; there is an
exchange of stability at the bifurcation point a = 0.

linear stability

v = u—-U
du’ . du . 2 / / 2
— = E—au—bu = a(u' +U)—bu +U)
du, / / / st
=@M = W) = WO s = a2
table ifa<0
U=0 _ {S
- unstable if a > 0
a unstable if a < 0
U:— — = — :
b y @ {stable ifa>0

explicit solution : hw




2. Thurs 1/8

pitchfork bifurcation

d
d—? = au — bu® : Landau equation
: if
equilibrium : u(a —bu?)=0 = U=
if
u/
casel : b>0,a>0 /—\
u/
case 2 : b>0,a<0
u/
case 3 : b<0,a>0
u/
case4 : b<0,a<0




bifurcation diagram

b >0 : supercritical pitchfork bifurcation

u

b <0 : subcritical pitchfork bifurcation

u




linear stability

v = u-U

/
% = % = au—bu® = a(u' +U)—bl' +U)?
du/

— = (a—-3U = () =« (0)e

o . s = a—3bU?

stable ifa <0

v=0 = S:a‘{unstableifa>o

(as in transcritical bifurcation)

_ 4/ _ o . Junstableifa >0
U==va/b = 5= 2a'{stab1e ifa <0

explicit solution

aug if a#0
d “bud)e 29t 4 byl
_C;;:au—bu‘g = u(t) = (a u0)62 + U

40 it a=0

2budt + 1
casel : b>0,a>0

lim wu(t) = sign(ug)+/a/b

t—o0

The system is bistable, i.e. there are two stable equilibrium points. A perturba-
tion of U = 0 grows due to linear instability, but eventually equilibrates due to
nonlinearity.

case 2 : b>0,a<0

lim u(t) =0 for all ug

t—o00

Nonlinearity reinforces the linear stability of U = 0.

case 3 : b<0,a>0

a it t=0

b2 if ¢ — oo = blow-up

(@ — bud)e 2% + bug = {

Nonlinearity reinforces the linear instability of U = 0.
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cased : b<0,a<0
(a — bud)e 2 + buf = ( pos or neg ) + neg
luo| > +/a/b = w2>alb = buii<a = 0<a—-bu} = Dblow-up
luo| > +/a/b = tlinolou(t):O

lug| = \/a/b is a threshold for instability.

U = 0 is subject to a finite amplitude instability.

ex : Hopf bifurcation

d
=yt (-2’ =y
d
d—i: x+(a—x2—y2)y
equilibrium : —y+(a—az2—y2)x:0 —y2—|—(a—az2—y2)xy:0
=

x+(a—x2—y2)y20 x2+(a—x2—y2)xy:0
= 224+12=0 = X=Y=0
linear stability
=,y =y
dx’ ' 4 an!
a4 d ( a —1 x’

= N 1] = /

W _ dt \ y L a)\y
pr '+ ay

det<a_8 _1>:(a—s)2—|—120 = s=a=xt1
a

stable ifa <0

/ / at 3 at X Y — : {
x(t),y(t)espan{e sint,e cost} = ( , ) (0,0) is unstable if a > 0
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explicit solution

x=rcos , y=rsind

d .
—T:ar—rB , equilibrium : R = 0,va %f a>0 , supercritical pb at a =0
dt 0 if a <0
r
- —
________________ a
df
— =1 = 06()=t+80
oy (1) + 0o

For a >0, the equilibrium R =+/a yields a time-dependent periodic solution of
the original system given by z(t) = \/acos(t + 6y) , y(t) = /asin(t + 6p).

In general, (z(t),y(t)) defines an orbit in the xy-plane.
a<0 = (0,0)is a stable focus, i.e. all orbits approach (0,0) as t — oo

a>0 = (0,0)is a unstable focus and 22 + y? = a is a stable limit cycle,
i.e. all orbits with (zg,yo) # (0,0) approach the lc as t — oo

note

1. du/dt = a —u? : turning point , s=4+/a
2. du/dt = au — bu?® : transcritical , s= +a

3. du/dt = au — bu® : pitchfork , s={a,—2a}

_ 2 a2
4.{‘“”/6”— yr@—a"—y)T poe s adi

dy/dt = x+(a—2*—y?)y

In all cases the bifurcation occurs at a =0, i.e. when the real part of s changes
sign, where s is an eigenvalue of the linearized problem. Cases 1-3 are called
zero-crossing bifurcations. In case 4, the bifurcation occurs when a pair of com-
plex conjugate eigenvalues crosses the imaginary axis.
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3. Kelvin-Helmholtz instability

incompressible , inviscid , 2D flow

basic flow : two parallel streams moving at different speeds

Uiée,, 2<0
wier={me 150
2Cx U2
_Jp1, 2<0 P
po(z)_{p27z>0 S~ —— \\\\ — -~ z=0
) po—p19z, 2<0
p0<z)_{po—ngz,z>0 U1

The flat interface is in hydrostatic equilibrium, i.e. Vp + pge, = 0.

perturbed interface : z = ((x,t)

potential functions : ¢1(x,z,t) on z < ((x,t) , ¢a(x,2,t) on z > ((x,t)
u=V¢ , V-u=0 = Ap=0

Ap1 =0 on z<((x,t) , Vo1 —=Ur€, as z — —x

Apa =0 on z>((x,t) , Vo —Use, as z — +o0

boundary conditions on interface

1. kinematic bc : interface moves with the fluid velocity

0¢i _ D _ ¢ 0¢i O¢
9z Dt ot or oz °

n z=_(z,t) , i=1,2

2. dynamic bc : pressure is continuous across interface

1 0 1 0
p1(01 — §}V¢1 g % —gz) :pg(cz— §’V¢2 g % —gz> on z=((z,t)

basic flow = p; (01 — %U12> = p2 <02 — %U%)



linear stability
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o=Uix+¢| on < = AP;=0o0on 2<0 , ¢}, >0 as z— —©

po=Usx+¢5 on > = A¢,b=0o0on 2>0, ¢)—0 as z— o0

d¢; _ ¢ o¢’ _ -
62 = 8t+U% on Z—O 5 2—1,2

- / 2 / 0¢;
Vi = U@+ V¢, = |Vei|" = U2 + |V +20; A

a9y 09} A Opy Oy ) _
m(_wfh__at_gc)_“%_Ué&n ot 9) on z=0

look for normal mode solutions

O (x,2,t) = ¢1(2)es Tk . wavenumber , assume k > 0

note : sis an eigenvalue , ¢)(x,z,t) is an eigenfunction

s =8, + iSi = est—i-ikz:v — esrteik;(x—ct)

s, : growthrate |, c¢=s;/k : phase speed
A, = - 51( ) - (zk)z st+ike ¢1 pstrike _
d2?
T »p1=0 , ¢1—0 as z— —oc0 = ¢1(2) = Ase

—kz

similarly  ¢2(2) = Ase
C/(LU,t) — B€St+ik3£€
kinematic bc = kA; = sB+ UyikB = (s + ikU;)B

minus sign missing -> kAs = sB + UsikB = (s +ikUs)B

dynamic bc = p1(UrikA1 + sA1 + gB) = p1(UsikAs 4+ sAs + gB)


Krasny, Robert
minus sign missing ->
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P1 ((ZkUl + S)Al + gB) = pz((’lkUQ + S)Ag + gB)

p1((ikUy + )% 4+ kg) = pa( — (ikUs + s)> + kg) : dispersion relation

2 1/2
U, — U —
s — —ik p1U1 + p2Us 4 (kz P1P2( 1 2) & P1 pz)

p1 + p2 (o1 022 Vit
T T
inertia bouyancy

ex : surface gravity waves

/2,

Ui=U=0, po=0 = s==1 (kg)l marginally stable traveling waves

1/2
speed = + <£> = short waves move slowly , long waves move rapidly

k

ex : internal gravity waves

o \1/2
Ui=U;=0, pi1 #pa : stratified fluid = s==+¢ (k:g i p2>
pP1 + P2

p1 > p2 (light fluid over heavy fluid) : marginally stable traveling waves

p1 < p2 : Rayleigh-Taylor instability , s=s, ~Vk

ex : Kelvin-Helmholtz instability

Uy # Uy : shear flow

Ui +U; j:k‘Ul_Uﬂ

1 : = = = —ik
case p1 = P2 s i 5 5

Uy + Uy

5 , S~k : more unstable than R-T

phase speed =

case 2 : p1 # p2 = condition for instability : kpips (Ul —Us)? > g(p%—p%)
p1 > p2 : stable stratification , short/long waves are unstable/stable
p1 < p2 : unstable stratification , all wavelengths are unstable

physical mechanism : pressure , vorticity
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other issues

viscous effects

finite thickness

surface tension

solid walls

nonlinear effects

temporal vs. spatial stability
three-dimensionality

4. capillary instability of a jet

5. miscellaneous

5.1 temporal /spatial instability

’LL/ — est—l—zk:a?

k : real = periodic in space

s : real = growth or decay in time

k=1ik, k : real = growth or decay in space
s=1iw, w : real = periodic in time

note

The solution of the linearized initial value problem is obtained by superposition
of normal modes corresponding to different wavenumbers.

bounded domain =  u'(z,2,t) = chak(z)eskt—i—ikx
k

unbounded domain = u/(z,2,t) :/c(k)@k(z)es(k)t“kxdk’
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5.2 weakly nonlinear analysis

ex : nonlinear eigenvalue problem

(g [WE ey =0 o=y =0
y(z) : steady-state shape of a beam

A : forcing amplitude

note : y(z) =0 is a solution for all A > 0

linearized problem

Y ' +xy=0 , y(0)=y(1)=0

y(z) = Asinnmz , A=n?r%2 |, n=1,2,3,...

n=1

bifurcation diagram

A

note
1. The amplitude is undetermined in the linear analysis.

2. There are no nonzero solutions for \ # n?x2.
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nonlinear problem

1 1
M:)\——/ y'(z
7 ), ¢

v ' +py =0, y0) =y(1) =0 = ylx)= Asinnrr , p = n?r?
A2p22
M—A——/Aznzﬁ cos’nrrdr = A — ZW = n’n?
A2
= A= n <1+Z>

A

note
1. The amplitude is determined by nonlinear effects.

2. There are a finite number of nonzero solutions for any A > 2. At the values
A=n27?, the number of nonzero solutions increases from 2n — 2 to 2n; these are
supercritical pitchfork bifurcations.

perturbation theory

y=ep + €y + -, A=+ A+ Edg A+ -
7 1 1/ 2 2 11
y'+ (A5 [ (@) dr )y = eyl + vy + -

0

1 1
+ (Ao +ed + EXg e — 5/62(y1)2d:c) (eyl + Yo + )
0
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eyl +doy1 =0, 1(0)=0(1)=0 = yi(z)=sinnrz , A =n’n>

€ Yy + Xoy2+My1 =0
yy +nPrlyy = —Asinnrr, y2(0) = y2(1) =0

claim : The solution ys exists if and only if A; = 0. pf: hw

1 1 2
63 : yé/ -+ )\Oyg -+ )\1y2 -+ ()\2 — 5/ (yi) da:)yl =0
0

2,2 2,2
yy +n?miys :—</\2— i )sinnﬂ'x , y3(0)=y3(1) =0 = Ay= nI
2
= y(r) = esinnwz + --- )\:n27r2<1—|—z—|—--->

note
1. Perturbation theory yields the exact solution, in this example.
2. The claim is a special case of a general result.

claim

Let L be a linear operator on a Hilbert space (st rangeL is closed). Then the equa-
tion Lu =wv has a solution & <v,w> = 0for all wst L*w =0, i.e. v is orthogonal
to all solutions of the homogeneous adjoint equation (solvability condition). (In
a finite dimensional space this says that Az = b has a solution < bTw = 0 for
all w st ATw = 0.)

ex

1
L?(0,1) is a Hilbert space with inner product <u,v> = /u(m) v(z) dx

:%+AO , D(L)={ueL*0,1) : v €L*0,1), u(0) =wu(l) =0}

L
L*=1L1 (L is self—adjoint)
ys +Aoy2 = —Ayr , y200) =y2(1) = Lya=-M\y1 , Ly1 =0

solvability condition : <—-M\y;,y1>=0 = X1 =0
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pf

=) suppose Lu=7v has a solution and consider w st L*w =0
then <v,w>=<Lu,w>=<u,L*w>=<0v,0>=0 ok
<) suppose <v,w> = 0 for all w st L*w =0

Let P be the orthogonal projector onto rangel (which exists because rangelL is
assumed to be closed).

\ rangeL

Pv €rangel, , v — Pv L rangelL

z=v—Pv , ||[L*2|* = <L*z,L*2>=<z,LL*2>=0 (z L rangel)
= L'2=0 = <v,z>=0 (byassumption)

= 0=<wv,2>= <2+ Pv,z2>= <z,z2>+<Pv,z2>=|2]?

(Pv € rangel , z | rangeL)

= 2=0 = wv=PverangelL ok
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general nonlinear eigenvalue problem

Lu=Af(u) , u(0)=u(l)=0

L : 2nd order , self-adjoint , linear differential operator
Loj=pid; » 3=1,2,...

p; @ eigenvalue , simple , 0 < p; <pg <---

¢; : eigenfunction

ex: Lu=—u" | w0)=u(l)=0 , p; =357, ¢j(x)=sinjrz
A : physical parameter

fu) = aju+asu?® +azud+--- , a; >0

note : wu(z) =0 is a solution for all A

perturbation theory

u = 6u1+62u2+63u?,+---
Lu = eLuy + €Lus + €3 Lus + - - -
A= X+ed +Feda+e3Ag+ -
flu) = aq (eu1 + 2uy + Suz + - - ) + a2(62u% + 32uug + - - ) + aze3ud + - -
Af(u) = elparug
+ €2 ()\0 (a1u2 + agu%) + Alalul)
+ €3 (Ao (arus + 2asuius + agu?) + A1 (arus + asu?) + Aoaquy) + ---
Lu = Af(u)
€ : Luy = Marur =  Xpar = pj forsome j , u; = @;

62 . LUQ = )\0 (a1U2 + CLQUJ%) + >\1Q1U1
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solvability : <)\0a2u%—|—/\1a1u1,¢j>20 , uniqueness : <ug,¢;> =10
Aoas < P2, pi >
— )\1 _ ow2 (’bj qb]
a/1<¢j7¢j>
. as < 2 P>
= u:€¢j+... , A:ﬂ(l_e ¢j7¢] +...>
ai a1<¢j7¢j>
case 1 : a2<¢§,¢j>7é 0 = transcritical bifurcation at A = ~4 — )\6
aj
u

/ \ /.,
/% %\ /%

case 2 : a2<¢?,¢j>:0 = A =0

assume ao =0 , we take us =0
3 . — 3 2
€ : Lus = Ao (CL1U3 + 2asuiug + agul) + A\ (CL1UQ + CL2U1) + Aoaiuq

Aoaz < o3, ¢ >

<)\0a3u§’ + Asaiuq ,¢j >=0 = A= —

afl<¢j7¢j>
: as < 3, >
ai a1<¢j7¢j>

az < fb? ,0;>#0 = pitchfork bifurcation at A = )\6

u
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time-dependent problem

2—1:+Lu:)\f(u) , u(z,0)=g(x) , u(0,t)=wu(l,t)=0

linear stability (of the zero solution)

— 4+ Lu = Aaqyu , f(u) = aqu+agu®+--- , assumea; >0
U(I,t) = ch(t)¢j(x) ) L¢j :/~Lj¢j ) ]:1727

> Gtes(@) + 3¢ (L) = Aar Y c;(t)e;()

= <ga¢j>
t=0 = u(z,0) =g(x) = ci(0)p;(x) = ¢;(0
(2:0) = 9(a) = 200650 0= S
w(z,t) = ch(o)e—(ug—Aal)t¢ (x)
j=1
linear stability < pu; —Aa; >0forall j <« )\<)\C:ﬂ
aj
u
—————————— A

23
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supercritical case : A — A\, = €2

—(p1 — Aa)t = a(AN =X )t = a1€’t , €t =71 : slowtime , ¢t : fast time
u(gj’t) = ( a17'¢1 _|_ ZCJ _(Mj_)\al)tqu(x) 4+ ...
71=2

= slowly growing + rapidly decaying : eventually becomes invalid

nonlinear stability (Keller , Matkowsky)

85’15 +Lu = Af(u) , u(x,0)=€eg(x) , u(0,t)=u(l,t)=0
assume f(u) = aju + azu® : steady-state pitchfork bifurcation at A = ’Z—j
method of multiple scales
u(z,t) = euy(z,t,7) + Sus(z,t,7) + - -
g—? = e(% + %62> +63% + = 6% +63<% + %) + o
flu) = ai(eus + Suz + ) + az(eur + )3
= ea1uy + 63(a1u3 + CL3U?) R

M) = (A + ) (earur + € (arus + azui + ---))

= elcajur + 63()\ (a1U3 + a3U1> + alul) + ...
€ : % + Luy = Acajuy @ equation of linear stability

=  ui(z,t,7) = ch(T)e_(“j_’\cal)t(éj(:lz) , ¢;(0)= —<<gf’¢<5;>>
i Py

J=1

= w) + D es(m)e TR @)



0 ou
€3 # + 8—153 + Lus = A, (a1U3 + CL3’LL1) + ajuy
0 0
= % + Lusz — Acajuz = — % + aju; + A aguzl))
~ —cjp1 + ajcipr + Aeazcidp? = rhs
Oay <rhs, ¢1 >
t, (t, = A - 7
(x,t,7) Zaj T)p;(x o + prag — Aeajoq <Ol b1>
<rhs, ¢ >
= ai(t,7) = —t + a1(0,7 secular growth
1( ) <¢1 7¢1> 1( )
<¢1 7¢1>
<rths,p1>=0 = —c, + arc +)\a03 0
¢1 1 1C1 3 <. 01>
< >
= ] = a1 — bci’ , b= —M\.as M Landau equation
<¢17¢1
supercritical case : b>0 & a3 <0 , lim ci1(7) =+coo , Co = a—bl
T—00
summary
ou
5 + Lu = Mau+azu®) , u(z,0)=eg(z) , u(0,t)=u(l,t)=0
assume a; >0 , as<0 , L ...
2
0 a1€et
)\ — >\C+€2 , ’U,(CC,t) = € Coocl( )6 /2 ¢1($) +
(2, — c1(0)2 + c1(0)2e2a1€%)
<g,¢P1> <@1,01>
cl(o)zg—q517 2 _ __ @ ¢;¢1 =M
<¢1,01> Acaz <@y, P1> ay
u

P

25
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6. Rayleigh-Bénard convection (lecture notes of John Neu)

z=d, T=To—[T]

z=0, =T,

temperature : T
density : p = po(l —a(T —Tp)) , 0<a<<1

Boussinesq approximation : valid for small density variations

Du Du
pfqz = —Vp—pgTé’ervaﬁ — ’OOFQ; = —Vp—pge. + porAu

bouyancy force

Boussinesq equations 1

v
G+ (@ V)i = —~L - L g +vAa

Po Po
V-i=0
Ty + (u-V)T = kAT : convection , conduction
p = po(l —a(T —Tp))
parameters
po : constant background density
To : constant temperature on z =0
[T] : temperature difference across layer , [T] >0
a : coefficient of volume expansion

v : viscosity , Kk : thermal diffusivity

d : layer thickness , ¢ : acceleration due to gravity



hydrostatic equilibrium

i=0 , T,=0 , T,=0

Vp P {px:O

—— - gé,. =0 =
o pol p. = —pg = —pog(l — (T — Tp))

T
T,., =0 = T:Th:TO—%z

a|T]
= Pz = —pog({l+——=

_ _ . a[T] ,
= D= Dpn = Po—poglz+ 24 z

note
If [T is sufficiently large, the hydrostatic equilibrium becomes unstable.

define perturbations : 0§ =T —-T, , m = p—pp

T
L (T =T =1—a(T—Th+Th—To) = 1 —af + O‘El I,
Po
T
Vp = V(r+pp) = Vw—p0g<1—|— &EZ] z)é’z
—@—ﬁgéz = —ﬁ—kg(l—l— a[T] z)éz— (1—a9+ aT] z)g@z
pPo o Po d d
:—E%—ag@e}
Po
1T = (7 z _ vy - I
(- V)T = (u-V)0 + (u- V)T, = (€-V)o w

27
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Boussineq egs 11

V-u=0

\Y
@+ (@ V)i = — ~— + aghé, + vAi

Po

T

Oy + (u-V)0 = %w + kAO
note
Vi = uz+w, = 0 = thereexistsy : stream function st uv=1v,, w= -1,

eliminate pressure by taking curl of momentum equation

Ty
U + Uty +wu, = — — + vAu
Po
Tz
wy + uw, + ww, = — — + agl + vAw
Po

(uz - wx)t + Uy~ + U, Uy + WU, + WUy — UWgy — UgWg — WWy, — W Wy

_ T +vAu, + Moz _ agl, — vAw,
Po Po

u, —w, = Ay = Ay + VA, — YA, = —agl, + VA2¢
Boussinesq eqgs 111
(825 - VA)A@D + agl, = —V. A, + VA,

1y
d x

(at - KA)Q + = .0, + ¢xez

boundary conditions

=0 on z=0,d = w=0 : zeronormal velocity
Yv,=0 ...7 ... = wu=0 : no-slip

YV, =0 .07 .. = u, =0 : zero stress , free surface



nondimensionalization

Boussinesq egs IV

(8, — PrA) Ay + PrRO, = — . A, + 1, A,

(at - A)H + e = =0, + 1.0,

agd® [T]

Pr = v, Prandtl number , R = : Rayleigh number
K

VK

bc : v =9, =0=0 on z=0,1
equilibrium
¥ = 60 = 0 : no fluid motion , pure thermal conduction

linear stability

(8; — PrA)AY + PrR, = 0

, 0 = beftcoskxsinmz

((3+Pr(k2 +k72))(k2+7r2) S szﬂia) <Z> _ (8)

look for v = ae*'sinkzsinmz

= (s+Prk?+m)(k*+7*)(s+k>+7%) — PrRk*> =0

(Pr+1) k2 (Pr—1)2

— N (2 4+ (p 2 2\2
= s (k= +77) (rRk2+7T2+ 1 (k= +77)

2

1/2

29
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R R =R (K

note

1. the growth rates are real : s_ < sy

k2 2\3
2.s=0 = Ryk) = (JI;—;) marginal stability curve
2774 T
3. Rc = in Ro(k) = =R kc ) k'c = =
min R (k) 1 o(ke) 7

4. s <0 foral R, k ; sy >0 < R> Ry(k)
5. for R > R, , there is a band of unstable wavenumbers

6. s = s(k) is an increasing function of R = the hydrostatic equilibrium is
stabilized by fluid viscosity and thermal diffusivity, and is destabilized by the
adverse temperature gradient

7. Y ~ sinkxsinmz = wu ~ sinkrcosmz , w ~ —coskxsinmz

! ! : z=1
| | |
v @ A\ © v : convection cells , rolls
| | S
=0 o 2n
k k
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weakly nonlinear analysis

R—R. =ce® , 1 =€t : slow time
U(t) = () + ho(r) + -+

O(t) = €by(1) + €202(7) + - -

(0-€2 = PrA) Ay + Pr(Rc+ ce?) 0, = — . Aty + A,

(87—62 — A)Q + 'Qbag — _wzeac + wﬁcez

PTA277/) — PrR.0, = szwx - ¢1}A¢z + €2 (Aw'r + PT’C@x)

AO — 77[):1: = wzeaj - wxez + 6297—

€ : PTA277/)1 — PTRCQLT =0

A91 - wlx =0

€2 . PTA2¢2 — PrR.O>, = V1, AU1. — V1. A0,

A92 - ¢2$ - wlzelm - wlwelz

€’ : PrA%yY)s — PrROs, = 2. A1, — Yoo A1, + P12Atg, — V1A,
+ A1 + Prcbi,
Ab3 — 13, = 2,01 — Y2:01, + Y1202 — Y1202, + 017
note

The left hand side is the steady linear stability operator evaluated at R = R..
To solve these equations we set k = k..

€ : Y1(7) = a(r)sinkzsinmz

ka(T)

01(t) = b(r)coskxsinmz , b(r) = — K2+ 72
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¢12Aw1x - ¢1mA¢1z =0
¢1z‘91x - ¢1x912
= a(7) b(t)kr(sinkz cos 7z - —sinkzsinmz — coskxsinmz - cos kx cosmz)

mk? ,
— m a,(T)2 sin 27z

€2 PrA?yYy; — PrR.0s, = 0

AGy — () sin2
— oy = —————a(7)“sin 27z
2 2 2(k? 4+ 2?) ! "
k2 2 .
take Yo =0 , 60 = — Ry a(T)"sin 27z
recall : T =T, +0 =1 — z + e + €205 + --- (nondimensional , Ty = 1)
k 2)2
= T=1-2z— ﬁa(ﬂcoskxsinﬂz — 87T(/§2—|—7T2) a(r)?sin 27z + ---
g 2m/k 22 .
(T) = %/O T(x,z,t)de =1 — z — S(k2 1 79) a(7)*sin 27z
(™)
1
Y4

1. Convection changes the horizontally averaged temperature profile; it drops
more rapidly near the edges of the layer (z = 0,1) and becomes more uniform
near the middle of the layer (z = 1/2).

2. The amplitude a(7) is still undetermined.
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€3 PrA%yps — PrR.0s, = Vo, A1 — Yo, A1, + 1, A, — 1, A1,
+A¢1T + PTC@lm

Abs — 35 = Y9,012 — V2201 + V1025 — Y1202, + 014

Prck?

PTA2¢3 — PrR.03, = (_ <k2 +7T2) a/(T) + k2 + 72

a(T)) sin kz sin 7z

k

3
A93 - w3g: = ((k— CL3(7') cos2mwz — m

A(k2 + 72) a/(T)) cos krsinmz

. _ _ ¢3 . PTAQ _PTRc({?x
note : Lu = f u—<93) , L—<_ax A

D(L) = {u:(ul,u2)T . ulzulzZZU2:O on z:(),]_}

1 p27/k
<u,v> :/ / (u1v1 —|—UQ’U2) dx dz
0o Jo

. PrAZ2 Oy o
L* = (Pchax A) . DY) = D(L)

sin kx sin 7z ¢ check ...

L'u=0 & u= Pr(k2—|—7r2)2 ‘
cos kxsinz

k /

solvability condition for ¢3,603 : <f,u>=20

2m/k Prck?
2 PR
/ / << (K* +7%)d' (1) + ma(ﬂ) sin“kx sin“mz

k3 a3(7) ka' (1) \ Pr(k?+ m2)?
A Iy
<4(k:2 ta2) ST T e e ) k

cos’kx sin 7TZ> dedz = 0

1 1
1 1
/ cos2mz sin’wzdz = / cos 27z - —(1 — COoS 27Tz) dz = — —
0 0 2 4



1+ P k2 L2
( J];r T) a'(r) = (kQCJr—WQ)Qa(T) - ?CIB(T) : Landau equation

= there exist stable steady rolls of amplitude A, where A% = 8¢

€?(k? + m2)?

R—R.=ce® = R=R,+ " A% : defines A = A(R,k,¢)

F =k %/()W/sz(x ,0)dz : total heat flux through cell bottom
T=Ty—2z — %a(ﬂ cos kwsinmz — 87r(l§zkj - a(t)?sin2rz + ---
F = m%(% + 87T(;zkiﬂz) A2-27T-% + )
= fs% klc <1 + 2 RI_%CRC + ) = /icg:]];]f Nu : Nusselt number
Nu
—/

34

1. The onset of convection for R > R, increases the heat flux through the top

and bottom of the cell.

2. Experiments and theory show that Nu ~ R* for R >> 1 where 0 < a < 1.
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double-diffusive convection (article of John Neu)

p=po(l — (T —Tp) + as(S—95)) , 0<a,<<1
S : solute concentration (e.g. salt) , S = {

increasing T' = decreasing p : destabilizing

decreasing z = : . . . e
increasing S = increasing p : stabilizing

Boussinesq egs

v
i+ (@- Vi = —~L _Pyg vvAd , V@ =0
Po Po

T + (i- V)T = kAT
08 + (- V)S = KsAS

hydrostatic equilibrium

R T S
u=20 |, T:To—%z , S:SO_%Z T

perturbations , nondimensional : w, p, T, S — ¥, 0, 0

(8t — PTA)Aw + PrRO, — PrSo, = —,AY, + Y, A,
(8t - A)@ + Y = =10, + V.0,
(81‘, - TA)O- + e = =04 + Y0,

3T S 3 S
pr=? g gl o agd[S] ok
Kt V Kt V Kt Kt

bc : v =9,, =0=0=0 on z=0,1

linear stability (about ¢y =60 =0 =0)

Y = aysinkxsinmz , 0 = agcoskxsinmz , o0 = ay,coskxsinmz
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2, .2\3
marginal stability curve : R = Rg(k) + 5 , Ro(k) = % (hw)
T

= the solute increases the critical value of the thermal Rayleigh number,
i.e. a larger temperature gradient is required to produce convection

qualitative analysis (Chandrasekhar , Stuart)

goal : determine ay ,ag,a, (finite-amplitude steady convection cells)
claim

Let 0 = 6 — <9>, o =0— <a>, where < : > denotes the horizontal average over a
cell, 0 <z < 7/k. Then steady solutions satisfy the following integral relations.

/01<¢A2¢>dz + R/Ol<¢m§>dz - 5/01@9@ ds = 0

/01<§A§>dz —/01<¢x§>dz :/01<¢$g>2d2 B </01<%§>d2>2

T /0 1<5Aa> dz — /0 1<¢x5> dz = %( /0 1<¢w5>2 dz — ( /0 1<sza> dz>2>

pf 2

step 1 (9 — A)0 + 1y = —10; + 0.

steady : A — thy = V.0, — .0, = (V20) — (Veb),
take () + AB) — (i) = ((16),) — ((vx0).)

(6),. = ~(0a0), = () = [(wab)ds + ez +

z=0 = <9>}z:O =c =0

z=1 = <9>}Z:1 = —/01<wm0>dz +c1 =0
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0 =~ (wt) + [ (no)a:
1=T4) = (0 =~ (ud) + [0

step2 : A0 — ¢, = (1/)2,9)% — (wgﬁ)z

AT+ ()., — 6 = (08), — (60), + (6(6)), — (6a(0)).

\ . e
~”

¥2(0), + ¥22(0) — e (0), — Yuz(0)

multiply by 8 : 6A0 + §<9>ZZ — O, = §(¢z§ )x - 5(%05 )Z - 5ww<0>z

\ . e
~~

(9>d2

|

0.0, + 00a0 — 00,0, — 00220 = v (36) — vo(3
- (547, (13

BAG + 8(6),. — 0, = (vo58 ), — (vabB ), — 00a(0).

).

|
[\
N——
N

take () ¢ (BAB) — (Buy) = — (1 18°), — (Bu)(6),

1 1 1
integrate over 2 : / (9AG) d= — / () dz = — / (B0 ){0).dz ok
0 0 0

heuristic : In the slightly supercritical regime, the convection amplitude is small
and a nonlinear solution v, 8, o can be approximated by the linear eigenfunctions.
Substituting these into the integral relations yields a system of algebraic equations
for ay, ap, a,.

(k* +7%)? a3, + Rkapay — Skasay = 0

1

(k> +72)aj + kagay = — 3 kzaga?p
k2 2 2 k . 1 k2 2 2
T(k*+7°)a; + kasay = — —— k" a; aj,

8T



pf 2
Y = aysinkxsinmz , 0 = agcoskxrsinmz , 0 = a,coskxsinmz
_ L [T/k _
6 =5-(6) <9>:%/ O(e,2t)dr =0 = =0 , o=5
0
1 1 L, 1 2
[(880)az — [(wadyiz = [ (0.0 az - (/<¢x9>dz)
0 0 0 0
1, 1

(OA0) = aj - —(k +7r2)§ sinrz, (Y.0) = ayag k? sin?rmz

1
/sin47rz dz = i
0 8

1 1 1 1
2 g2, oyt L 1
ag - —(k —i—7r)2 5 awang 5

1 3 1

4 8 16

look for a nonzero solution , eliminate ag,a, , set k2ai = 872(1432 + 7r2)0L2

1
(K* +7%)ap + kay = —§k2agai
—kaw . —k:a¢

= = =
ag (k2+ﬁ2)+%k2ai (k2 4+ 72)(1 + 72a2)

—kc%
7(k% + 72)(1 + a?)

similarly , a, =

Rkay - —kay Skay - —kay

38

= aiaz K== — aiag k% — ok

E2 4 72)2 g2 B _
( ‘|‘7T) a/l/) + (k2+7T2)(1+T2CL2) T(k2+7r2)(1—|—a2) 0
1 2.2
= R = Ro(k)(1+7%a%) —|—§1__::% : defines a = a(R,S,k,T)
S 2 2 1 Rg
:Ro(k’)-l-;—l—’ya +°",’Y:R0(k)7'-|-5 7‘—? ’T:/-g—t

note : v >0 = supercritical , v <0 = subcritical
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bifurcation diagram of steady states

a y>0

quantitative analysis

We will use the results of the qualitative analysis to suggest the form of a pertur-
bation expansion for a nonsteady solution 1, #, o under the following assumptions.

weak solute gradient : S = €

slightly subcritical regime : v <0 , |y <<1
consequences
€ €
Dy~tlder—— = 12— = 7 ~ /3
T T

2) TA0 ~ Y0, — Ypo, = Y ~T = wwel/?’

3ag ~ay = O~¢p = 0~ l?
a, ~2 = s~1
T

S
5R~R,+=+-+ = R—R,~ /3
T

6) recall the linear dispersion relation for pure thermal convection

(s+ Pr(k®> + 7)) (k> +7®)(s+ k> +7%) — PrRk*> =0 , s : growth rate
(B2 +72) 5 (kK> +7%)? (1+ Pr) B
k2 Pr s° + k2 Pr s + Rc R=0

= s~R—-R. = s~ /3
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scaling
S=¢ , R=R.+ce/3 | t=¢?23T 1/3

, T = €/°7

= e3Py + 3%y + erpy + -
6 = €30y + /%0, + by + ---
o = (o1} + €30, + By + ---

solution

(0r€e*/?® — PrA) Ay + Pr(R.+c€*/?) 6, — Preo, = — . A, + ¥, A0,
(0r€*® = D)0 + ¢y = —1p.0. + Vub.

(00 —P10A) 0 + ¢y = — 1204 + 10

PrA%)p — PrR.O, = A, — A, + /3 (A¢r + Pre,) + e Pro,

A — % = %935 - %Qz + 62/39T

61/37-OAO- - w:c = wzo-x - ’@bxo-z + 62/30T

/3 . A2y — Roboy = 0 Yo = a(T)sinkxsinmz
+ bc = ?
Aby — Yo, =0 Oy = — - a(T) coskxsinmz
14+ Pr o 5 ck? 1 5, 5 oy 3
PT (k‘ —|—7T)Oé/ = m&—gk(l{? —|—7T)a +<0-07¢x>

4l€ 1 7T/l€
¢ = sinkxsinmz , <og,P,> = —/ / 00 O drdz
T Jo Jo

70
T0A0y) — Yozr = V02000 — Y0x00, = EAUO — 0,000 + P00z = O
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problem

Given a differential operator L and a function f, compute <u,f > where u is
the solution of Lu = f.

variational formulation (J. B. Keller)

Given L, f as above, define g(x,y) = < f,y> + <=z, f > — < Lz, y> for arbitrary
functions z,y. Let u,v be the solutions of Lu= f, L*v= f. Then g(u + x,v + y)
has a critical point at x = y = 0 and the critical value is g(u,v) = <u, f >, the
required inner product.

pf
gut+z,vt+y)=<fivt+y>+<u+tz,f>—-<Llu+z),v+y>

=<fivo>+<fiy>+<u,f>4+ <z, f>
— <Lu,v>—<Lu,y>— <Lx,v>— <Lx,y>
= <u, f>—<Lx,y> ok

application
70
u = oy , Lu:EAu—¢Zux+¢muz , = @

g(uav) = <¢$7v> + <u7¢x> - <%Au_¢zux +¢muzav>

Lo = DA + 0,(6.0) = 0:(60) = DA + dvs — v

recall : ¢ = sinkxsinmz = ¢(z,2) = ¢(z,1 — 2)

d(x,z) = ¢(x,1 — 2) v(z,1—2) =u(z,z)
1. z - 1—2 = =
v=f — Lu=f v(z,z) =u(x,1—2)
= g<uav) - g(u(x,z),u(a;, 1- Z)) - g(u>
2. Lu=¢, , bc:u=0onz=0,1 , u,=0onz=0,n/k

= u = cypcoskxrsinmz + copsin2wz + czcoskxsindwz + - --
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A k? + 5m?
LG, = 8k +1)V—— (14342 +2( ———— | 4*
3.7, V8k (k* + 72) (EEYBE +3A% +2(

k a(T)
BE N

<O-O7¢.’E> - gc

Landau equation

2 2
M = rA - A3 — ML<1+3A2+2<M>A4>

(1+2A2)2 k? + 972
N 1+ Pr c 1
= r = ——F: =
Prré(k?+m2) R.te a R.7$
@w>1 = subcritical bifurcation
A
/
N
R T r
//
\

note

1. Small-amplitude subcritical convection cells are unstable; they decay to zero
as t — oo.

2. Large-amplitude subcritical convection cells are stable; fluid convection causes
the solute profile to become nearly uniform and the stabilizing effect of the solute
gradient is neutralized, thereby enabling the convection cells to persist.
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next goal : 3D equations , linearized , pattern formation

recall : Boussinesq eqs II (for perturbations about hydrostatic equilibrium)

V-iu=0

v
G+ (@ V)i = — ~~ + aghé, + vAd
Po

O+ (u-V)o = %’UJ—}-HAH

note : V= (05,04,0,) , 4= (u,v,w)
nondimensionalize , linearize

V-iu=0

Uy = — V7 + PrROeée, + PrAu

0, = w + A6

take curl of momentum equation , set & =V x4
= W = PrRVOxe, + PrAg

take curl again

Vxd=Vx(Vxu) =V(V-1d) - Au =—-Au
Vx(VOxe,) =Vx(Vx(be,)) =V(V-(0e,)) — Abe,) = Vo, — (Af)e,
V x (AD) = A(V x &) = A(-Ad) = —A%1d

= —Ai; = PrR(V0, — (Af)e,) — PrNd
take z-component , 92 + 05 = A

= Aw, = PrRA0 + PrAw
coupled PDEs in (x,vy, z,t)
0, = w + Af
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boundary conditions

rigid , no-slip : w=w, =0=0
vertical : z2=0,1 {
free , zero stress : w=w,, =0=0

horizontal : (x,y) € 02 , more later

normal modes

_4d
dz

0, =w+ A0 = sfT = fW + (A1 + D) fT = fW + TALf + fDT

w = €Stf(x>y)W(z) , 0= €Stf(xay)T(Z) , D

(D= )T+W _ Af _

= 7 ;

= (D?—a?—-s8)T = -W , Aif + a®f =0 : Helmholtz equation

note : a has units of L= , horizontal wavenumber

Aw; = PrRA0 + PrANw

=  s(A1+D?)fW = PrRALfT + Pr(A; + D?)?fW

=  sf(D?—-a®>)W = —PrRa*fT + Prf(D?—a?)>?W
summary

Aif +a’>f =0 : PDEin (z,y)

(D? —a? —8)T = -W

<D2 - a2> <D2 e _>W _ 2pr coupled ODEs in z
rigidbc : W =DW =T =0 , freebc : W =D*W =T =0

this defines two eigenvalue problems : a =a(f2) , s = s(a, R, Pr)
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def : s = o0c+4+iw , asystem is called marginally stable if 0 =0

note

1. In a marginally stable system we may have w = 0 (e.g. turning point, tran-
scritical /pitchfork bifurcation) or w # 0 (e.g. Hopf bifurcation). If w = 0 at a
point of marginal stability, then we say that the principle of exchange of stability
is satisfied.

2. If R > 0, then w = 0 (and hence the PES is satisfied). pf: hw

3. Assume R > 0 and a is given. Since the PES is satisfied, we may set s = 0 to
determine the curve of marginal stability.

(D2—a®)T = -W |, (D*-a?)??*W = a*RT = (D?*-a*)*W = —a?RW

assume free bcon z=0,1 : W=D*W=T=0 = D*W=0

eigenfunctions : W(z) = sinjnz , j=1,2,...
2, 2.2
eigenvalues : (—j%n? —a?)® = —a?R = R = H#
a
2, 2
j=1 = Ryla) = a +27T , W(z) = sinmz as before
a

4. To complete the description of the normal modes we must determine f(x,y),
where A f 4+ a?f = 0.

def

A cell is a region of space with vertical boundary st no fluid crosses the boundary,
i.e. - (u,v) =0 on the cell boundary (of course in general 7 - (u,v)#0, w# 0 on
the cell boundary).

claim
Alu = Wgr — W3y , Alv = —Wyz — W3z , w3t — P?“Aw;),
where w3 = v, — u, is the z-component of vorticity pf: hw
note

If w3 =0 on the cell boundary, then w3 — 0 as ¢ — oo throughout the cell, so we
may ignore the w3 terms above.
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ex : cylindrical rolls (as before)

f(x,y) = cosax

w = et cosaxr W(z)

=  Aju = —w,, = aesinax DW(z) , Aw = —w,, =0
= u=——csinaxDW(z) , v=0
a
2mn
cell boundary : v =0 & == —
a
: z=1
|
%
O
| Z:O
X=0 I 2n
a a
ex : rectangular cells
f(z,y) = cosajxcosazy , a3+ a3 = a?
w = e’ cosayx cosazy W(z)
a1 st .
= u = —— e sinayzcosazy DW(z)
a
a‘2 st .
v = —— e’ cosarrsinazy DW(z)
a

projection of streamlines onto horizontal plane :

picture : a1 = —a , a2 = —a

dy _ a3y _

(x,y) ~ (0,0) = =

Yy = cT

1/3

as tan asy

a1 tanaix
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ex : hexagonal cells

flx,y) = cos%(\/gaz—l-y) + cos%(\@x—y) + cosay

2 2
Alf:—BTacos%(\/gx—Fy) — 3Tacos%(\/gfzz—y)
2 2

—%cos%(\/gm—ky) — azcos%(\/gx—y) — a®cosay = —a’f ok

properties

L. f(_wa_y) - f(a:,y)

2. f(:r: - % , Y+ 47:771) = f(x,y) : doubly-periodic
3. f(x,y) is invariant under rotation by 7 /3 radians

pf :

x =rcosf , y = rsinf

1 1

5(\/5:1: + y) = 5(\/5?“(308(9 + Tsin9)
= r<sin%cos€ + cos%sin@) = rsin (g + (9)
f(r,0) = cos (arsin (g+9)) + cos (arsin (g —9)) + cos (arsin@)

f<7“, 0 +g) = cos (arsin <2?7T -+ 9)) + cos (arsin (— 9)) + cos <arsin (0 —i—%))

! |
—(%”Jre) o

!

o w
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note

w = eStf(x?y) W(Z)

1
Au = —wy, = —eStf, DW = u = —QeStmeW
a

u = ieSt(— ﬁa)(sinﬁ(ﬁx—f—y) + sin%(\/gx—y)) DW

a? 2 2

2 3
= 2 = u= |- i (sin (W—kgy) + sin (7‘(‘— gy))DVV =0
2a 2 2
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7. centrifugal instability

cylindrical coordinates

(x,y,2z) — (r,0,z) , x = rcosf

e = cosfle, + sinde,

€p = —sinfe, + cosbe,

€, cosf sind
= e

€p —sinf cos6

€ cosf@ —sinf
= —

€y sin 6 cos

€, = cosfe, — sinf ey

=

€y, = sinf e, + cosféy

49
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gradient
Vf = a—fé'w + gé’y = fz€x + [y €y (note: fz is temporary notation)

ox oy
Je = frre + fobu Jz Ty Os Ir

= =

fy = frry + foby fy Ty Oy Jo
x =rcosl = 1 =rycost + r-—sinfd, , 0= r,cos0 + r-—sindo,
y =rsingd = 0 = rysind + r-cosf0, , 1 =rysind + r-cosfb,

1 0 ry 0 cos sin 6

0 1 Ty Oy —rsinf rcosd

ry 0 rcos —sinf

Ty Oy rsin 0 cos 0

Jz rcosf —sin6 fr fr = cosOf. — r~lsinffy

fy rsin 6 cosf fo fy = sinff,. + r~1tcosffy
Vf=fe€s + fy€ = (Cosefr — r_lsinefg)(COSQa — Sin0€9)

+ (sin@fr - T_ICOSQfg)(Sinegr + cos@é'g)

L & (.0 &0
_frer+f07 — <6T8T + r 89>f



divergence

U = U, € + U €y (note . u, is the r-component of ﬁ)

V.7 = (* 0 | % 8—)-(uré'r +u959>

“or T o0
- aur - 85} 8u9 - 859
- o (8rer+urﬁr+8ree+u98r
é:g 8ur 5 85} aUQ 5 859
T (896T+UT89+8969+U‘989
e, = cosfé, + sinfe, , ép = —sinfe, + cosbe,
oe, Oéy
—0 =% _ 9
or " Or
8_")“ . — — — a_» — . — —
;0 = —sinfe, + cosbe, = € , % = —cosbe, — sinfe, = —¢,
L v - ou, Uy 1 Oug

o T "7 o8

convection term

. B . . L0 €y O B 0 ug O
“'V_<“7”67“+“969>'(e7"§+7%)_“”ar r 90
N 0 ug 0 S L
(u.V)u = (ura + 7%><urer —|—U9€9>
— aur"_|_ %4_%“ + %
- or Or T or or o o or
L o (O, 08 DU, 0%
r\ 90" o0 T a0 T T oe

ou, wg Ou, uz\ _ ou U U ug Oug \ _,
= (w5 + 22 = 2)E + (w5 + —2 + =&
r or r r 00




Laplacian
B (L0 @D L0 &0

3673+~i_5_93_+1 %3_+~32
ar or "oz 200  r\or a0 " oroe

é’g-(@é}a L 02 N 1(86’98 L 02 ))
r

T\ 0 ar T oroe 26 90 0 9g2
= A—i+la_+ii
or2 r Or r2 062

P10 10y
r Or r2 062 tr Er

B 0%u, l%g i 62ur€ +23ur oe, L o%e,

o oor2 " or r2\ 0092 " 00 00 " 062
. 2 0u, . Up

= (Aur)er 259 €y — r_QeT

P10 1oy
r Or r2 062 o co

0ug 1 Oug 1 [ 0%ug _ Oug O¢€y 0%¢éy
R e = 9+r_2<ae2 299 p T U ae2>
. 2 Oug _, ug _,
= (Buw)és = 550 &~ 2 G

52
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7.1 swirl flow

U= U + Ug€y + U, €,

inviscid flow

Du 1v D 8+Uv 8+u8+u98+ 0
—_ = — _ = — . —_ — r _ uz J—
Dt P D T A ot ar | r 99 92
Du, 2 10 2

Y Yo _ _ 9P , Yo . centrifugal acceleration

Dt r p Or r
Du9+urue__1 1 dp

Dt r  por 00
Du. _ 10

Dt p 0z

ou, Uy 1 Oug ou,,

or +r +;%+8z

=0

We will investigate the stability of axisymmetric swirl low wrt various types of
perturbations (e.g. inviscid, viscous, 2D, 3D, axisymmetric).

axisymmetric inviscid flow

0 0 = D 0 n 0 n 0
- — - = uT‘ R uz -
00 Dt ot or 0z
Du, w5 _ 1 0p
Dt r p Or
Duy Uy U
=0
Dt + r
Du. _10p
Dt p 0z
ou, Uy ou,

or r 0z



54

claim
D
(17;1:9) =0 , rug : angular momentum about z-axis
pt
D(rug)  O(rue) O(rug) O(rug)
Dt ot T Tar %o

Oug Oug UpUg Oug Duyg U, Ug
= a, r z = = r-v = k
r< ot tu or + r T 0z " i r0=90 o

basic flow

u =uy, =0, up =V(r) , p= P(r) : axisymmetric swirl flow
V2

——=———— = P = /—dr , 0<r<R or Ri<r<R,
r

heuristic stability argument (Rayleigh)

DH
H=7rV == — =0, / Vdr = 2nrV = 2nH : circulation around C.
DT oh
V2 H2 H2
F = — = —— : centrifugal force , E = V? = — : kinetic energy
r r3 r2
oF
F ~ I = I ~ potential energy
r
consider 2 rings of fluid : » =ry, r9 , 2z = 21, 20 Wwherer; <nry
H? H? H? H?
E;, = —21 —22 , interchange ring locations : Ey = —22 + —21
r r r r
1 2 1 2
1 1
E, — Ef = (H2—H2> -
f 1 2 7“% 7’%

then the basic flow minimizes the energy <« FE; <E; & H; < H,

Rayleigh’s criterion : If the circulation 277V (r) is an increasing function of r,
then the basic flow is stable wrt axisymmetric perturbations.




15. Tues 3/2

inviscid linear stability :

3D perturbations

Uy = u;« y Uz = u; , U9 = V(T) + ule y P = P(T) + p/
8ur+u%+%%_u_§+uaur__l@
ot " or r 00 r 0z  p or
Oug Ouy ug Oug U, Ug Jug 1 1 0p
8t+urﬁr+r80 r +“Zaz_ p r 00
3u2+u %4_@811%_ %—_{_l@
ot " or r 06 0z  p Oz
ou,. 'V oul. vV, 1 op
ot r 00 r p Or
OJuy, , V' Ouy ,V 11 0p av
D — — = - — = DV = —
8t+ur( V)+7“6’9+ur7“ p r 90 v dr
o Vol _ 1oy
ot r 00 p 0z
define Q(r) = Vq(f) angular velocity
ou! ou! 1 op
T4+ Q" - 2Qup = — — —
ot * 00 “e p Or
Ouy ouy, 1 10y Vv
QO—2 + (DV)u, = —— — =— D.V =D —
o + 20 + (DV)u, P V V+ "
/ / /
ou’, +Q@uz _ 1oy
ot 00 p 0z
Ou,  up 1 0up  Oul 0

95
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normal modes

/
/ / / p . st+i(nb + kz
(uraueauzvj)_(uavvwap)e ( )

A 4
~"

functions of r

n : azimuthal wavenumber |, k& : axial wavenumber
define v = s + in{2

yu — 2Q0v = —Dp

Yot (DV)u = =

Yyw = —ikp

D*u+ﬂv—|—ikw20

r
claim
2 2.2
9 r(Dyu) 9 k“r“® , D,V B
~ D<7n2 mn k2r2> — (7 + T j,2 2 ~+ inyrD 122 22 u =20

1
where & = — D((TV)2) : Rayleigh discriminant

r

note

1. This is a 2nd order ODE for u(r). With appropriate bc, it defines an eigenvalue
problem for the eigenvalue s and corresponding eigenfunction u(r).

2. Rayleigh’s criterion says that if ® > 0, then the basic flow is stable wrt
axisymmetric perturbations. We will verify this below. It is known that & > 0
does not guarantee stability for non-axisymmetric perturbations.

1 2V
3. = T—BQTVD(TV) = 7“—2(

rDV + V) = 2Q(D,V)
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pf
yw ryw 1y —1 mnu —y 1nuv
P= 20~ % "k zk( “+7~> k2( - 7“)
—in =7 inv iny(Dyu)  n2yv
D.V)u = - Do+ = _
7+ Ju r k2 ( * r ) k2r k27?2

2 : : 2.2
7(14— n )v _ iny(Dyu) DV = v = inr(Dyu) kE*r?(D.V)u

k2p2

yu — 2Qv = —D( 12

k2r

n2 —f—k27“2 ,Y(n2 —f—k27“2)

Foa ) = wo(o (e )

1 .
= 13 (fyD(D u + ?) + in (D) (D*u + %))

Du+m:D*u—|—
r

N n? + k2r2

inr(D,u)

in (inr(Dyu) k2r2(D,V)u
n? +k2r2  y(n?+ k2r2)

T

B ink?r(D.V)u  k*r?(D.u) B ink?r(D,V)u
v(n? +k2r2)  n2 4 k2r2 v(n? + k2r?)

’yu—2Q< —

n? + k2r?2

k2r2(D,V)u
v(n? + k2r2)

_ 7D< 2(Dou)  inr(D.V)u ) i (DQ)< (D) inr(DV)u )

n?+ k22 ~y(n2 + k2r2)

2Qinr(Dyu)

n?+ k22 ~y(n2+ k2r2)

k2r2duy

Yu —

n? + k2r2 + y(n? + k2r?)

_ 7D< r?(D.u) ) B iny(lD<T(D*V)u> N —in(fQ) - r(D*V)u>

n2 + k2r2 ~ n2 + k2r2

n? + k2r2 ¥
inr?(DQ)(D,u) 2r(DQ) (D, V)u
n2 + k2r2 ~(n2 + k2r2)

r?(D,u) ,
- 7D<n2 + k2r2) oo

(D <&)m N (D*V)D(ru)) | inr?(DQ)(D.u)

n?2 + k2r?2 n? + k2r2 n? + k2r?2



58

D(ru) = rDu + u = r(D,u)

D r?(Dau) \ D D,V o k2r2du
TE\ 2 + k292 n? + k2r2 i y(n? + k2r?)

_ 2Qinr(Dyu) in(D.V)(rD.u) inr?(DQ)(D,u)

n2 + k2r2 n2 + k2r2 n2 + k2r2
inr(Du)
= L2 (—2Q + D.V — r(DQ))
:—QZ-I-DV—I-Z—TD(Z)
r r T
D
:—2K+DV+Z—T<—Z2+—V>=O ok
r r r r

inviscid linear stability : axisymmetric perturbations

recall : v = s + in)
2 2,.2
5 r(Dyu) : k*r<® , D.V B
vy D<7n2 mn k2r2> — (7 + 2+ 22 + inyrD T R22 u =20

k2
s (DD*—kZ)u——Cbu:O

n=0 = ~v= -
k}2
Lu = Au L:(I)_l(DD*_kz) ) >\:_2
S
Ro
D(L) = {Uaul ELz[Rsz] ) U(Rl)IU(Rz) 20} , <u,v> :/ uwvrddr
Ry

1. If ® > 0, this is a regular Sturm-Liouville problem, i.e. L is self-adjoint (hw)
and there is a countable sequence of eigenvalues A\; <0 st A\; — —o0 as j — oo.
Hence s; is imaginary and the flow is marginally stable, so Rayleigh’s stability
criterion for axisymmetric perturbations is verified.

2. If ® <0 or ® changes sign, then A; > 0 for some j. Hence s; may be positive
or negative, and the flow is unstable.
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special case : V(r) = rQ2, Q@ = constant (Kelvin)

Since ® = 2Q(D.V) = 4Q? > 0, we know by Raleigh’s criterion that the flow is
stable wrt axisymmetric perturbations, so we will consider 3D perturbations. We
already derived the equation for u, but the equation for p is simpler in this case.

yu — 2Qv = —Dp

m
o + (DiV)u = - b

Yw = —ikp
Dou + 2w 4 ikw = 0
T

VorQ , DV =DV4L—0+0=20
r

v =20 U —Dp
- m
2infdp
u 1 Y 2Q) —Dp 1 —~Dp — -
T2 1402 inp | — A2 £ 402 :
v Sl —2Q - v+ 20Dp — inyp
2inf) ' ' —ik
D*<—7DP - = p) + ﬂ(291?19 = —mp) + (v + 492)7;k< ! p) — 0
r r r v
2inQ)D 2 k2
—vD.Dp — 2inQD*<§> + mr P, ”rzp + (2 + 492)_17 — 0

D D
D*<£>:D(£)+£:_p_£+£:_p

r r r2 r r2 r2 r

n? 40)?
D.Dp — —5p = k2<1+7>p

2inS)

bc: u=0onr=Ry, R = ~vDp+ p=0onr=R, R
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solution

D
D.D = D? + — : radial Laplacian
r

o°f 10f o f
Af = —— —_ 4 — _
/ or? 3 r or + 892 A
look for f(r,0) = p(r)eme
0 1 1, n?
D<p +?Dp - ﬁ(m) p=D.Dp — —p= —Ap : above

r2D?p + rDp + ()\1"2 — n2)p =0

= VAr , p(r) = g(z) = Dp:;l—iﬁ

() s OG) )=

= 2 @ + x@ + (2* — n®) = 0 : Bessel equation In(x) , J_n(x)
de d:U * ’ n ) —n

note

The eigenvalues are purely imaginary and hence the perturbed flow undergoes
marginally stable oscillations.  (hw)
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inviscid linear stability : 2D perturbations

recall : v = s + inf)

2 2.9
5 r*(Dyu) 9 k“r<® , D,V B
vy D(—n2 mn k2r2> — (7 + T 2,2 2 + inyrD 22 Iy u =0

2 D* D*
k=0 = sz(M) — (72+in77°D< V))u =0

2 2
D(ru) = r(D,u)
D(r*(D,u)) = D(r-r(Dyu)) = D(r-D(ru)) = rD,D(ru)
¢ =ru = ~*rD,D¢ — 72n2§ — iny(DD,V)p = 0

B n2>¢ _in(DD.V)

T

» =0

ou u 1 Ou
1. z-component of vorticity in polar coordinates : w, = b i .

or or r 00

Hence for the basic flow we have w, = DV + K = D.,V.
r

Ry 2
2 G(R1) = ¢(Ry) = 0 = real(s) n/ DDV 1 ()

R, |5+ inQ?
thm (Rayleigh)

A necessary condition for inviscid instability of an axisymmetric swirl low wrt
2D perturbations is that DD,V should change sign in the interval R; < r < Ro,
i.e. the basic vorticity D,V should have a local max or local min in the interval
Ri <r < Rs.

note

This is an analogue of a well-known result for planar shear flow. (more later)
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viscous flow

62

82
072

Du, ug 1 dp . 2 Oug

_ e _ _ - YF Ay, — & - 2270
Dt r p8r+y< “ r2  r2 00
Duyg UpUg 1 1 9p Ug 2 Ou,

= _ - -9 Aug — 28 4 =

Dt * r pr 0+V YT r2 00
Du, 1 Op

- _ -4 AZ
Dt p@z+y “
D 8_'_ 8+u@0+ 0 A 02+18+102+
== o Ut U, A= o b - e
Dt ot or r 00 0z or? r Or rZ 002
ou, Uy 1 Oug ou,

2 1 dP 2
_V_—__— = P:p/v—dr as before
r p dr r
DV |74
Aug——2:0 = D2V—|————2:O
r r r
Vir)=r" = oaa—-1)+a—-1= = o =+l
B B
Vir)=4r+ — = Q) =4+
(1) T+r (r) +7“2

Couette flow : viscous flow between 2 cylinders , R; <r < Ry

B
AR = = A+ ;=0 = AR? + B = O R?
1
B 2 2
Q(R2) =0 = A4+ = =Q = AR2 + B = (R,

R3



63

R 1\ /A 01 R? A 1 1 =1\ /uR?
- ” “R-R
R 1/)\B Qo R2 B 172 \ —R2 R?/)\QyRZ

_ QyR3 — 4 RY

.  RIR3( — )
RR-R/

B =
R R

axisymmetric inviscid perturbations : Rayleigh’s criterion

D((TQQ)Q)

case 1 : 71, Q9 have the same sign

1

B 2r2Q)
r3 -

— D(Ar® + B) = 4AQ = 4
r

b =

WLOG assume 27 > 0,Q25 > 0. Then Q(r) > 0 for all » st Ry < r < Rs.
This follows from Q{(r) = —2B/r3; if B # 0, then Q(r) has it’s max and min at
the endpoints, while if B = 0, then Q; = Qo = Q(r). Then the flow is stable
& 0 >0 WLRE> O R

Q1
Q1RE= Q2R3

unstable unstable

stable

Q2

1. For given 1, Ry, Ry, the flow is stable < Q5 > QlR%/R%.
2. For given 1,5, R, the flow is stable < R% > Q]_R%/QQ.
3. Kelvin’s example : Q7 =y = stable

case 2 : 1, Q9 have opposite sign

Then there is an rg st Q(rg) = 0, R; < 19 < Re. WLOG assume Q5 > 0 > .
Then the flow is stable <& & >0 < Q(r) >0 & rg < r < Ry. Hence the flow
is unstable for R; < r < rq, i.e. in a layer adjacent to the inner cylinder.
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2D inviscid perturbations : Rayleigh’s thm

B B B
V=Ar+—- = DV =A- 5 +A+ 5 =24 = DDV =0
r T r

= Rayleigh’s thm doesn’t apply

(s + in) (D*D — n—2>¢ =0

r2

case 1 : s+ inQ(r) # 0 for Ry <1 < Ry

2 D 2
D.o-2) =D+ 22 Ty

72 T 72
p=1r* = ala-1)+a-n*>=0 = a=4n , ¢=cr" +cor ™"
¢(R1):¢(R2):0 = = 1 =c¢c =0

=  There are no eigenvalues for Couette flow, i.e. there is no discrete spectrum.

case 2 : s + infd(rg) = 0 for some rg st Ry <rg < Ry

There is a continuous spectrum of stable singular eigenfunctions associated with
the critical layer at r = ro. (more later)

note

oo

L. zf(x) =0 = f(z)=46(x) pf :/ zd(x)p(x)dr = z¢(x)| =0 ok

2. ¢/ =Xp = p=ehr | A=k

a) periodic bcon 0 <z <27 = k =0, £1, +2, ... : discrete spectrum

(o.]
Fourier series , f(z)= Z fr €®

k=—o0

b) free-space bc on —o0 <z < o0 = —00 <k < oo : continuous spectrum

Fourier transform | f(a:):/ ]?(k:) e* e dk
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Taylor’s experiment (1921) : €©7 >0 , Q9 =0 : unstable by inviscid theory
small €2; : Couette flow

larger €2; : periodic array of counter-rotating axisymmetric vortex rings

z

Taylor vortices

questions : Since inviscid theory predicts that this particular Couette flow is
unstable, why is it seen in the experiment? What determines the wavelength and
amplitude of the Taylor vortices? Taylor (1923) performed a theoretical stability
analysis to answer these questions.

linearized equations : viscous axisymmetric perturbations

oul. oul. , 1o Uy 2 Ouyg

o e ‘2““9—75”@“7"‘72‘72%

Juy, Ouy 1 1 0p up 2 Ou
0% L pvw = -~ & Ay — L 4 2%

ot * 00 + DV ), p r 00 +V< 4T * r2 00

8u’z+98u’z__i8_p’

ot o0 — p Oz

6u;+u_;+18u’9 a_u’zzo

or r r 00 0z

®? 19 19 &

A= i e T T
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note
O ,_0(0® (1o N _o& 168 19 &
or —  Or\ or? r Or 022 )  Or3 r Or? r2 Or Oroz2
(#1010
\ Or2 r Or r2 0z2)or " For
1
0 , 1o
(& — VA*>UT — 2Quy = — o
2 2./ 3,/ 2 /
8__VA*8UT_2Q8U9:_£ 0°p :8 1o
ot 022 022 p O0rdz? oroz p 0z

0? 0 , 0 [0 ou,
_8r8z(§_VA)uz_§(a_yA> 0z

o (0 Ou,  u.\ 0 0 (Ooul.
—‘§<a‘”ﬁ><ar +7> ——(a—”ﬁ*)a(ar *7)

0 0%, 1 ou. w,.  Oul 02,

or? r Or r? 0722

2.,/ \
0%uy

0z2

(8— — VA*>A*u;1 = 2()
/ /

> : coupled PDEs for u;. , wuy

normal modes

(U;n, u’e) = (u<7~)’ U(?")) esttikz

D
note : D?u + U % :D(Du—l— —> = DD.u
r r
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s — v(DD, — k?)) (DD, — k*)u = 2Q-—k*v

(s — 1/(DD>k — k2))v = —(D.V)u

(V(DD* — kz) — s) (DD* — k:2)u = 2k%2Qu
coupled ODEs for v , v
(v(DD, — k?) — s)v = (D.V)u

boundary conditions

u=v=0onr7r=~R, Ry

8/ / 8/

Yr 8 L% g & Du=0 on r =Ry, R
or r 0z

note

(DV)u

—S

l.v=0 = —S(DD* — k2)u = 2k*Qu = 2k*Q)-

k2
= (DD* — kz)u — —®u =0 : as before

52
B B B ) .
2. V=Ar+— = DV =A- — + A+ — = 2A < 0 in Taylor’s experiment
r r r

thin gap approximation

d=Ry — Ry << Ry , r=R +& , 0<£<Z1

e QoR3 — U R? (R +d)? — MR} Qa(RI+2Rid) — O R?
- R:-R? d(2Ry + d) 2R1d(1 +d/2Ry)

(QQ — Ql)R% + 2Q5R1d
~ 1 _
R d (1—d/2Ry)

(Qg — Ql)R% + 2Q9R1d — %(QQ — Ql)Rld
2R.d

Qs — )R 1
= ( 2 2d1) 1—'-522—&(92—91)




B

2T (Bt d?  RA1+ &R R_%< ) R—1>

TEZ ~ <(Ql — )Ry + 2(91 _Q2)R%>i2<1 - @>

_ RIR3( —Q9) _ RI(Ri+d)*( — Q)
RZ - R? 2R d

(Ql — Qg)Rl(R% + 2R1d — %Rld) _ (Ql — QQ)R:{’

~Y =

2d 2d

(1—d/2Ry)

3
+ 1(91 — Q9 R}

2d R R
Q1 — Q)R 3
— ( 1 2d2) 1 + 1(91—92) — (Ql—Qg)f
B (Q—Q1)R: 1
(T):A-FT—QN 2d +QQ_Z(QQ_Q]_)
Q1 — Q)R 3
L 2d2) LS - 0) - (- )

0y —Q
(r) ~ (1l +af) , a= 2 !
0
d d d& D ~ d 1
dr  d€ dr d ’ g ’ +r

D? D?
1/(— — k:2) — 5) <? — k2>u = 2K (1 + ad)w

b 1
d Ry+¢&d
al)v

68
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kd = a : nondimensional axial wavenumber

— =0 ... growth rate

v v

(152 —a® - J)(IND2 — a?) a”u a’ (1 4+ af)v

14

_2Ad% 244 o
pumn . a u

N2 2
(D a O')U » »

drop tildes
(D? —a? — 0)(D?* — a*)u = (1 + a)v

(D2 —a? — a)v = —Ta?u

—4Ad*Q) Qs R2 — O R?
T = Tl : Taylor number , A = 2R§ — R% 1
recall : thermal convection
(D2 e i) (D2 _ a2)W — &RT

Pr

(D2 —a®— s)T = -W

d )
D = pr a : horizontal wavenumber , T : temperature

z

note

1. Rayleigh’s criterion for the stability of axisymmetric inviscid perturbations
says that Qo R3 > Q1 R?, which is equivalent to T" < 0. Next we will show that
viscosity stabilizes the flow for 0 < T < T..

2. To determine the curve of marginal stability, we will assume that the PES is
satisfied and set o = 0.
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(D? — a2)2u =14 ad)v

(D? — a®)v = —Tyad*u > = Ty = To(a)

bc:u=Du=v=0at {=0,1 )

note

One approach is to replace the function 1 + a& by its average value 1 + «/2.
Instead we will consider a more general method due to Chandrasekhar.

[e.)
v = E Cm SInMTE
m=1

= (DQ—a2)2u:(1+a§)Zcmsinm7r£ , u=Du=0at £=0,1

[e.)
zgcnu

n=1
2 2)2 .
= (D —a)un:(l—l—ozf)smnﬂf , U, = Du, =0 at £ =0, 1
1

= Z Apn sin m7T§ ) Apn = 2 / Un (5) sin mﬂ'f df
m=1

0

(D2 — a2)v = —Tpd’u

o0 o o
= g m?r? + a? cmsinmﬂﬁ' = —Tya? E Cn, E Apn Sinmmé
m=1 n=1 m=1

= (m27r2—i—a) :ToazzAmncn , m=1,2, ...

n=1

This is an infinite-dimensional homogeneous system of linear equations for the
coefficients {c¢,,}. In this system, Tj plays the role of an eigenvalue and we can

obtain an approximation To(m) by truncation.



ex : m=n=1 v=ocsint€ , u= cu(f

=== Y

(D2 — a2)2u1 = (14 af)sinté , uy = Du; =0 at £ =0, 1

1
w(€ = . Ay :2/ul<£>sin7r£d£:~-
0
2 2
1 1 ™ 4+ a
(7'('2 + CL2)01 = ()()G2A1101 = TO() = 7Q2A11
2 2 2\3
= T = . (" + )

2+a a2(1 - 167r2a(cosh2(a/2))/((7r2 + a?)?(sinha + a)))

T T=T,3
To ~ a2 as a—0
unstable .
Tp ~ a® as a — o0
2
T LN T, = . a. = 3.12
c | stable 2+a
|
a a
C
, 2 —4d*Qy  QuR2 — QO R? Ry
fe = mindo ~ b -0 == TR e 0 "T R,
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further experiments

Couette flow

(Coles)

: axisymmetric , uniform in z

l
Taylor vortices : periodic in z
!
wavy vortices : periodicin z , 6
l
chaos/turbulence : aperiodic
torque . Taylor vortex
/7
! wavy vortex
/7
/7
. __ Couette
| | T
T T

weakly nonlinear analysis of Taylor-Couette flow (Stuart)

u!, = u(r)esttiF — y(r)A(r)ete

dA

“Z = A — qA|AP

dr

T'>1T7. = ~v>0:

, T : slow time

Landau equation

supercritical pitchfork bifurcation
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modulation theory (lecture notes of John Neu)

The marginal stability curve for thermal convection (and Taylor-Couette flow)
has the following form.

R S

unstable k k
C

R L _ N

c | stable
|
” k
C

note

1. For R > R, there is a band of unstable wavenumbers about k£ = k..

VR |k|
(k2 —|—7r2)1/2

Pr=1 , R>R. = s=—(k®+7%) +

2. Previously we considered the growth or decay of individual normal modes
using linear stability theory. In the slightly supercritical regime, we found weakly
nonlinear solutions of the form A(7)e?*<® where 7 = €%t is a slow time variable
and the amplitude satisfies a Landau equation A, = sA — yA3. A supercritical
pitchfork bifurcation occurs at R = R, and for R > R, there are stable nonzero
solutions of the Landau equation corresponding to convection cells (and Taylor
vortices).

3. The normal modes of linear stability theory and the solutions given by the
Landau theory are spatially periodic functions of a single wavenumber. However
as the value of R increases, more modes with different wavenumbers become
unstable and the theory must be extended to account for interactions that occur
among these modes.
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model problem : Swift-Hohenberg equation

_ 1 1 4 2 3
Up = —aU — 5Uzggy — §Uggzx — z€ U, a>0
The linearized problem about u = 0 has normal modes of the form u = et
_ 102 _ 1(:0\4 _ 172 _ 174
where s = —a — 5(ik)* — ;(ik)* = —a + k% — 7k*

s(0)=-a , sk)y=k—-k =0 = k=0,=£1 , s(£1) =71 —a

s"(k) =1-3k* = s"(0) >0 : min , s”(+1) <0 : max

RN ’

For 0 <a < % , there is a band of unstable wavenumbers about k = 1.

perturbation theory

set %—a:fiez , k>0 , T = €’t : slow time variable
s=0 = it 1124 4=

1 1 1 1/2
k,z_ﬁi(z i°a)

=1+(1—-4a)"? = 1+ (4?2 = 1+ 2%

= k=1+4+0() , X = ex : long space variable

Look for u(x,t) = A(X,T)cos(x + (X, T)) + €u/(x,T) + ---, i.e. a slowly
modulated spatial oscillation with carrier wavenumber k=1, amplitude A, and
phase shift ¢. To find A and ), substitute into the SH eqn and retain terms up
to order €2.



75
wy = Ape?cos(x + (X, T)) + A- —sin(z + (X, T)) - Yre + ---
0, A = Axe , 02A = Axxé |
Oy cos(z + 1) = — (1 + ehx) sin(x + 1)
02 cos(x + 1) = — Pxxsin(z + 1) — (1 + epx)? cos(x + 1)

02 cos(x + 1) = —2Pxx (1 + ehx)cos(z + 1) — 2(1 + evx)e*1xx cos(x + 1))
+ (1 + ey )3 sin(z + 1)

= —3e%Pxx cos(z + ) + (14 ex)? sin(z + 1)

Ok cos(x + 1) = 3e2hxy sin(z + ) + 3(1 + epx )22 xx sin(z + )
+ (14 erpx)* cos(z + 1)

= 62 xx sin(z + 1) + (1 + depx + 6622 cos(z + )

02(Acos(z+ 1)) = 02A - cos(x + 1) + 20, A - Oy cos(x +v) + A- 02 cos(x + 1)
= e2Axx cos(x + 1) + 2eAx - — (1 + ehx ) sin(z + 1)
+ A(= e*hxx sin(z +¢) — (14 ehx)? cos(z + )

= (2Axx — A(1 + evhx)?) cos(x + ) — (2eAx (1 + ethx) + €2 A xx ) sin(x + 1)

Ot (Acos(z+1)) = 602A-02 cos(z+v) + 40, A-93 cos(z+1)) + A- 9% cos(z+1))
= 6e21hxx - —cos(z + 1) + 4eAx (14 3epx) sin(z + 1)
+ A(6€2Yxx sin(z +¥) + (1 +4epx + 6e2p%) cos(z + )
= (—6*xx + A(l + detpx + 623 ) cos(z + ¥)

+ (4614)((1 + 36¢X) + 6€2A¢Xx) sin(x + 77/))
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1 4

=
(2 Ar + aA + §(Axx — A(1 + epx)?) + 1 (—6€%xx + A(1 + deppx + 6€%9%))
- cos(x + )
+ (—AYr — 5(2eAx (1 + epx) + E AYxx) + 3(4eAx (1 + 3ehx ) + 66> Ahxx)
- sin(x + 1)
+ ac®u’ + 3ul, + 12U, + 3EA3 cosP (@) + - =0
=
(@A — A+ JA+ e(—AYx + AYx)
(Ar + 5 (Axx — APX) + 7 (—6Axx + 649%))) - cos(z + )
+ (e(—Ax + Ax) + (- Ay — Axbx — 3 Avxx +3Ax¥x + 2 Avxx)) sin(z + )
+ e (au + ul, + Fuly., + 3A3cOSP(z+ ) + - =0
2

— KRE€E

_ 1
a =3

(—kA+ Ap — Axx + AY%) cos(z + ) + (—Avr + 2AxYx + Ahxy ) sin(z + )
+ U + Gul, + U, + A% cos’(z ) =

note

1. cos®0 = (3089 + 00839

2. cos(x + ) ,sin(x + 1) are solutions of the homogeneous equation for u’; the
solvability condition requires the coeflicients of cos(z + ), sin(z + ) to vanish.

AT:AX)(—A"L/J%(—F/{A—A:S

Ay = 2AxYx + AYxx



7
set Z = Ae™ (= u(z,t) = Acos(z +¢) = real(Ae’ @) = real(Ze'®) )
Zp = Ape™ + Aippe™” = (Ap + iAyr)e®™ | Zx = (Ax + iApx)e™
Zxx = (Axx + i(Ax¥x + Avxx)e™” + (Ax + iAyx)ipxe™
= (Axx + 2iAxx + iApxx — A% )el?
= (Ar — KA + A% + iAY7)e™Y = Zr — kZ + |Z|*Z

Zr = kZ — |Z|*Z + Zxx : Ginzburg-Landau equation

note

1. The GL equation arises similarly for a variety of problems; x is positive for
thermal convection and Taylor-Couette flow, but for other problems it can be
negative or complex.

2. linearize about Z =0 , Z =e5THKX o 6§ = x — K?

_ . s k—1
return to original variables : S = — | K =
€

N

k—1Y
= %:/i—< > = sgr =hre2 — (k-1 =1 —-a - (k-1)
€ €

ssp=—a+ 2k =t = —a+ L1+k-1)? - 11 +k-1)*

1
=—a+ sQ1+2k-)+(k-1)2) — L@ +4k -1 +6(k—1)2+--)

—a — (k_1)2+...

=

ssu = ser + O((k—1)?) = GL is a quadratic approximation near k =1
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special solutions

Z(X,T) = A(T)etEX

ApeiEX = g AKX _ A3GiKX _ 2 A iKX

Ar = (k— K?)A — A3 : Landau equation

equilibrium solutions : A2 = k — K? for |K| <&

Hence u(z,t) = Agcos((1 + eK)x) is a steady solution of the GL equation and
a steady approximate solution of SH; it defines a pattern, e.g. convection cells,

Taylor vortices.

linear stability

We know that A(T) = Ay is a stable equilibrium of the Landau equation; next we
determine the linear stability of Z(X,T) = Aoe™X as an equilibrium of GL.

Z(X,T) = Age'mEX + 2(X,T)
Zr = (k — |Z°)Z + Zxx
2 = (m— | AgetEX +z|2)(AOeiKX +z) — K?Apet5X + 2xx
Kk — [AgeEX + 22 = k — (AoeiKX —|—z) (Aoe_iKX —|—E)
=k — A2 — Ay(eiKX7 4 emiKX3) 4 |52
A= (K2 —Ao(eiKXE+e_iKXz))(AoeiKX —I—z) — K2ApeX + zxx
= K2A0elKX 1 K25 — A2(e2KX7 4 5) — K2AgelKX 4 2y
= (K? - A§)z — AZe® X7 + 2xx
zp = 2K? —K)z — (k— K?)e*5X7 + zxx , look for z = e M ((X)
A = (2K? — k)¢ — (k — K2)e?KXT 4 (xx

A+ K —2K)( + (k= K%)e? KX — (xx =0
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look for ¢ = ae'BEFTDX 4 geE=0X  where o, 3 are real

e2IKXE = KX (qe=iUK+0)X 4 Be—iK-0)X) = qei(K-0X | geilK+a)X

=

4

Y

(A + K —2KYa+ (k— K2)B+ (K + ¢)%a)e!ETaX
(A +K—2K%)B+ (k— K?)a+ (K — ¢q)?8)e!E-9X =0
ANk —K?4+¢*>+2Kq K — K? « 0

Kk — K? AN+k—K?+q¢°>—-2Kq I&; 0

A= —(k—K?) — ¢® £ \/4K?2¢% + (k — K?)2
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piecewise linear profiles

| |

| |

— —

| |

| |

—s

| |

| |
-

| |

| |
<~

| |

| |

| |

| |
vortex sheet shear layer

Assume that U(z) and/or U’(z) are piecewise linear and discontinuous at z = zg.
Rayleigh’s equation : (U —¢)(D? —k?)¢p — U"¢p = 0

Assume also that U(zg) — ¢ # 0. Then for z # 2o we have (D? — k?)¢ = 0 and at
z = zp, ¢ must satisfy a jump condition.

D((U =)D — U'¢) — k2(U — c)p = 0
zo+e
:-d/_(p«U—@D¢—Uw)—HW7—@@dz:0

. (aw—@D¢—cmmZ“f—k?/%+ﬁ%—@¢dz=o

zZo—€ 0—E€

z0+6

= lim (U - ¢)D¢ — U'9)

e—0

— [((U=¢)Dp—U'¢] = 0

zZo—€
recall : p = U'¢p — (U —c)D¢
so the jump condition says that the pressure is continuous across the interface

<Uf52:(U13?i§U%::D<U%?>




Zote zo+e
[ [T
20—€ (U_C)2 zo—E€ U-c

zo+e
o T M e B
recall : 0’ = Aetk(z—ct) Lo = ¢(Z)eik(a}—ct)
the interface moves with the fluid velocity <
& A —ike + UA-—ik = —ik¢ < U¢_C

(,ZS Zo+€
U—-c|, _
zZo—€
on'’ on'
o TV T

:_A@[
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plane Couette flow

U =2 , 0<z<1
(U—-¢c)(D?>-k*p —U"¢ =0 = (z—c)(D?*—k>)¢p =0

naive approach

(D* - k%) =0
¢(z) = asinhkz + bsinh k(1 — 2)
#»(0) =0 = bsinhk=0 = b=0
= there are no normal modes

(1) =0 = asinhk=0 = a=0

Case (1960) clarified the problem by solving the linearized IVP using the Laplace
transform in time.

2D Euler equations : (u,w,p) = (U +u',w',p)

ur + uuy + wu, = —p, =  up + Uul, + U'w' = —pl,

wy + uw, + ww, = —p, = w; + Uw, = —p,

Uy +w, =0 = u, +w, =0

stream function : ¢’ |, W =4, |, W = —Y,

Vi + Uy, — Uy = =1,

—tte — Uthpy = —1%

iz + Utbgze + Ulthy, — Ul — Upp = — (0 + U0y)thas



(O + Udy) (e + ¥2.) — U'tpy =0
Y'(x,2,0) : given

Y'(x,0,t) = ¢’'(z,1,t) = 0 , bcinx

: IVP
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viscous theory

Navier-Stokes

1
U + uuy + wu, = —p, + = Au

R

wy + uw, + ww, = —p, + EA’UJ
Uy + w, =0

1. . 1 /!
equilibrium : (u,w) = (U(z),0) < EU = p, = constant
Couette flow : U(z) =2z , —-1<z<1 , movingwalls , p, =0

o ) . 2
Poiseuilleflow : U(z) = 1—2°, —1<2z<1 , stationarywalls , p, = — =

linear stability : (u,w,p) = (U+u,w',P+7p)

1
uy + Uul, + U'w' = —p, + EAU/

1
wy + Uwl, = —p, + }—zAw’

/ [
u, +w, =0

bec : v =w =0 , onz =2, 2

eliminate pressure
1

uy, + Uul, + U, + Uw, + U'vw' = —pl, + R

/
A,

1

7 Aw!,

, 1

vorticity @ w = w), —u, = w; + Uw, — U"w' = EAW’
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integral relation  (Yih, p. 484; see also energy version by Neu)

1
Wwp + WU, — U = o I AW’
1
Eat(w’)2 + U0, (W)? — U = =W/ AW

given f(z,z,t) , define (f) = / fx,z,t)dx (or ... if periodic in :z:)

3 O{(W)?) = V(W) + T(WAW) ,  assuming o — 0 for @ — o0
%% / f2<(w’)2>dz = / lzzU”<w’w’>dz + % / lzz<w’Aw’>dz

(a) (ww) = {(w, —u)w') = —(u,w') , assuming w’ — 0 for z — £oo
ww' = ('), — vl = (W), —u' -

(Ww') = —(u'w'), , assuming u’ — 0 for z — Foo

z2

) —/ZU"<' P TR (TN

zZ1 21

Revnolds stress
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case 1 : U” = constant , e.g. Couette flow, Poiseuille flow

[ vty e = v

21

%%/2122(@/) _ ——/ VP + (@)

term 1 : stabilizing , viscous dissipation

z2

=0 since w' =0 on 2z = 21, 29

term 2 : possibly destabilizing , walls may act as a source of vorticity

case 2 @ 2z = —0, 29 = 00 , e.g. free shear flow

1 d

- “ ~ 2 __Oo//// _i/oo 12
5 7 _OO<(cu) Ydz = /_OOU <uw>zdz 7 _OO<|Vw| )dz

assuming w’ — 0 for x — +oo

term 1 : possibly destabilizing , energy may be transferred from the base flow
to the perturbation

term 2 : stabilizing , as before
conclusion : the effect of viscosity may be stabilizing or destabilizing
stream function : 1’

W= W=y, W =AY

1
w, + Uwl, — U'w' = EAw'

1
A@DQ—I—UA?A;—U”@D;:EAzW , be W =Y, =0o0n z =2, 29
normal modes : ¥/(z,z,t) = ¢(z)e*E=ct)

~ike(D? ~ k)6 + Uik(D? — K)6 — U"ikg = —=(D* — k)%



Orr-Sommerfeld equation

1

2 2\2 ;1 _ 2 _ 1.2 _ U
ap(D° k)% = (U= )(D* =)o — U"¢
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transient growth  (Henningson, Schmidt, Trefethen, ...)

The implicit assumption of normal mode analysis is that an equilibrium flow is
stable < all of the eigenvalues are stable, i.e. all ¢; < 0. However, this criterion
may fail when the linearized solution exhibits transient growth.

(83,4

ft)=et—e = tlim f(t) =0 , but for small t we have f(t) ~ t + O(t?)

We say that f(t) is asymptotically stable, but it displays transient growth. Such
behavior can occur in the solution of a hydrodynamic linear stability problem.

def : Consider a matrix A (or a differential operator) acting on a Hilbert space,
e.g. R",C" (or Ly(R)). A is called normal if A*A = AA*, i.e. if A commutes
with its adjoint A*.

note
1. If A is self-adjoint, then A is normal.

2. Aisnormal < A is unitarily diagonalizable, i.e. A = UDU*, where D is diag-
onal and U is unitary, i.e. UU* = I. In this case the eigenspaces corresponding to
distinct eigenvalues of A are orthogonal and they span the entire Hilbert space.

ex
-1 0 self-adjoint , normal
0 —1
-1 -1 .. .
( 1 _1) : not self-adjoint , normal , A= -1+
-1 1 .. : :
( 0 _1> not self-adjoint , not normal , not diagonalizable
-1 5 .. : :
0 2] ° not self-adjoint , not normal , diagonalizable

Now consider a linear system of ODEs, du/dt = Au, with solution u(t) = e*u(0).
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In the examples above, the eigenvalues of A have negative real part. Does it follow
that the solution u(t) decays in time? If so, in which case does u(t) decay fastest?



0.4

fity=e"'-e™*

90

S
—
|
O =

I
w
I
O =

S
B
I
O =

D
[\
I
S~ N N 7N N
|
— =

— O

I
—_ = _
~ ~ ~

DO Ot

For normal matrices whose eigenvalues have negative real part (like A1, As), tran-
sient growth cannot occur. For non-normal matrices whose eigenvalues have neg-
ative real part (like Az, A4), certain solutions can exhibit transient growth - the

key factor is that eigenvectors of a non-normal matrix are not orthogonal.



