1. Thurs 1/6

discrete Fourier transform

given v(t) for 0 <t <1
1
define v, :/ v(t)e ™ ™dt | n =0, £1, £2, ... : Fourier coefficients
0

set At=1/N,t;=35/N,j=0:N—-1,v; =0(t))

N-1 N-1

‘ 1 - 1
then v, ~ vie TIGAL = — vie 2Ting /N _ )
' Zh NZM VN "
Jj=0 j=0
N-1
™ 1 —2ming /N : , .
define v,, = Z vje N n=0:N —1 : discrete Fourier coefficients
VN ‘3

matrix form of DFT

Fnj:\/%w”j,j—O:N—l,n:O N -1
v = (vo,v1,...,on_1) € TN, ¥ = (To,01,...,0n-1) € TV
(1 1 1 1
PR T S A Y IS
N ;
\1 WoN-1 2(N-1) (V-1

1 1 1 1 1 1 1

1 w o w? Wl 111 — —1 1

N=d w=—t, =51 2t =21 21 1 21
w3 Wb W 1 1 —1 —2



claim
1. F is symmetric, i.e. FT = F, but F is not hermitian, i.e. F* # F.

2. F is unitary, i.e. F*F =1 and F~! = F*.

pf
1. ok
N—-1 | V-l | V-l
2. (F*F)oy = Y FyFy = Nzwknwk] =5 WU = !
k=0 k=0 k=0
1 wU—mN _1 :
0if n
Iy o En#T 7 ok
1 it n=7 Liftn=j
N
No1 rv —1
ifr+#£1
recall : rh = r—1 7
k=0 N ifr=1
note

N-1
1 o
1. 0=Fv = v=F% : inverse DFT |, v; = — E :@\ne%rmj/N
VN
n=0

2. The columns of F* are an orthonormal basis for € (discrete Fourier basis).
example : v(t) = sin 2wkt

assume 1 < k < N/2

o2mikj/N _ o—2nikj/N 27k /N _ o2mi(N—k)j/N
vj = sin2wkt; = 5 = 5
VN/2i if n=k
= 0, =< —V/N /2i if n=N—Fk , check by direct calculation ...

0 otherwise
\

for example : N =64, k = 16
vj =sin2m-16-j/64 =sinjn/2 = |vig| = |vus| =4 , all other v, =0

question : what happens when k = N/27?



%» Matlab code for demonstrating DFT

N = 64;

dt = 1/N;

t = 0:dt:1;
k=16;

frame = 1;
for icase = 1:2
v = sin(2*pixk*t);
if icase==2; v = v + 0.5*%randn(1,N+1); frame = 3; end
subplot(2,2,frame); plot(t,v); axis([0 1 -2 2]); title(’v’);
vhat = fft(v,N)/sqrt(N); n = 0:N-1;
subplot(2,2,frame+1); plot(n,abs(vhat));
axis ([0 N-1 O max(abs(vhat))]); title(’abs of DFT of v’);
end

\% abs of DFT of v
2 " " 4 " "
1 3r
of 2
-1 1
-2 - - : : 0 : - :
0 0.2 0.4 0.6 0.8 1 0 20 40 60
v abs of DFT of v
2 . . . .
4 L
1t
3 L
0 p)
-1t 171
-2 . . - - 0 -
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note

Computing ¥ = Fv by direct matrix-vector multiplication requires O(N?) oper-
ations, but F'is a structured matrix with only N distinct entries and there is a
fast algorithm (FFT) that requires only O(N log N) operations.

consider N =8, 0= Fgu , w = e 2M/N — =mi/4

Uy, = \/Lg(vo + 01w" + VoW + V3w 4 Vg™ + VW + VW + Uyw7”)

— \/Lg(Uo+U2(w2)n—|—’l}4(w2)2n—|—U6(w2)3n-|—wn(Ul—|—U3(w2)n—|—1}5(w2)2n—|—U7(w2)3n))

= 1 DFT of length N =~ 2 DFTs of length N/2

lemma (Danielson-Lanczos)

1
Fy = Foy = ﬁ Boni (Far @ Far) Poyy

Boyr = (IM QM) , Q= diag(e_m"/M) , n=0:M—1 : butterfly

Ing —Qy
o0 e—?m'n/?M — " : where w = €—2m'/N
Fyr @ Fyr = 0 Fy

example : M =4, 2M =8

(1000000 0) (v0) (v
0010O0O0O0O U1 (%)
00001000 vy vy

Py 00000010 v3 V6
PS_(pg)‘ 01000000 " |u|TH |y
00010000 vs v3
00000100 V6 vs

\0 000000 1) \vr/ \vr/

(Pyv)m = Vam

in general if v € C*¥ | then
P]%U)m = U2m+1

}for m=0:M-—-1

note : Pv — v : shuffle = v — Pv : unshuffle



why butterfly?

consider N =2, w = ¢ 2m/N = ]

_lwo_ll 2o\  (xo+x1\ (Yo
m(i) () 2(0)-(20)-C

(1 0 0 0. w 0 0 0\
001 0 0:r0 o 0 0
00 1 0r0 0 w 0
O 0 O 1'"0 0 0 w? , ,
N =8 , Bg = - == —: ——————————————— , w:e_Qm/S :e_m/4
1 0 0 0'—w’ 0 0 0
0 1 0 0!0 —w" 0 0
0 0 1 0.0 0 —w? 0
\0O 0 0 1'0 0 0w
note : (—w’, —w!, —w? —w?) = (W, W, Wb W)

8—pOiIlt DFT : FgU = %Bg (F4 D F4) PSU =0

/2
1
Py Fy @ Fy By NG
Vo (o @O
U1 Vg ————= 61
4-point DF'T
V2 Vf —— 62
(O8] Vg ———= @\3
Uy V] ———= Ty Yy ——= Uy
Vs V3 — = X5 L Ys — - Us
4-point DFT
Ve Vs ———— I WA WA N —
vy vy I s yr U7
7




(FQMU o Z —2ming /2M

(M M-1
Z —2min(27)/2M 4+ Z Vot 27rin(2j+1)/2M>

=0 7=0

<A§: 27rmj/M —mn/M Z —27TZTL_]/M)

=0

Fach term involves an M-point DFT.

1
— Boyi(Fyr @ Fp) Poyy

V2
- ) (3 5) ()
V2 \Iy —u )\ 0 Fy)\Pg
- (e i) ()
V2 \Fy = Fy ) \ Py,
1 (FMP]@+QMFMP]‘\’4>

V2 \Fu Py — QurFa Py

casel : n=0: M -1
1
V2

case 2 : n=M :2M — 1

(Farv),, = —= ((FxPipv)n + (2 Far PRpo)n)

for an M-point DFT , we need to replace n by n — M

e—2m'nj/M — e—QWi(n—M)j/M ’ e—m'n/M — _e—ﬂ'i(n—M)/M

1
(FuPyv)n-nr — (QuFrPyv)n-n) ok

(Foarv), = 7
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thm (FFT)
Let N =29, q> 1.

1
VN

AY = By : 1 term,

Then Fy = A(J)V AJIV x 'Aév_ 1PN , where PV is a certain permutation matrix,

AN = B/ @ Bnyjp @ 2 terms,
Aé\f = BN/4 e, BN/4 P BN/4 b BN/4 4 terms,

Aévil = BN/qul b---D BN/gqfl = B2 D---D Bg : 2q—1 = N/2 terms,
and superscript N is the matrix dimension, not an N-fold product.

pf : induction on ¢

1 1

Ifq:l,thenN:2,A(2):Bg:<1 1

), and let P? = I,.
1 /1 1 1
Then F, = — = — A2P? as required.
T2 <1 —1) vz
Assume true for M = 297!, must show true for N = 2¢ = 2.

2 preliminary facts
1. Ag = Byjor © -+ - @ Byjor 2% terms
= BM/Qk—l DD BM/Qk—l . 2281 terms

- A%—l D A%—l
2. (A® B)(C& D) = AC & BD (g‘ g)(g g) _ (AOC B%)
Fy = %BN(FM ® Fir) Py

= %Aﬁ(\/lMA{)”A{” AN PY @ \/LMA{)WA{W : -.AQ{ZPM>PN

1
= WAéV (Ag" & A (A @ AY) - (AL, @ ALL) (PY @ PY) Py

1

mAéVAivAéV---AéVlPN,where PN = (PM @ PMYPy ok



1
operation count for computing Fyv = ——

Vi

applying PV : 0 flops (more soon)

A]kv has 2 nonzero entries in each row : 2N flops

1
multiplication by —— : N flops

VN
total : 2N - g+ N flops , ¢ =logy, N = O(Nlog, N) flops

interpretation of PV

Let N =24 Then any n st 0 <n < N — 1 can be written as
n=>by+b -2+by-4+---+b,1-27" where b; € {0,1}.
n = (by—1 by—2 -+ b1 by)2

n' = (bg—g -+ b1byby—1)2 : N-point periodic shift

n’ = (boby -+ by—2by—1)2 : N-point bit reversal

example : ¢ =3, N =8

/ 2

~
=~
~

n n n n|n |n
000 | 000 | 000 010 |0
001 | 010 | 100 112 |4
010 | 100 | 010 2 14 |2
011 | 110 | 110 316 |6
100 | 001 |001 4 11 |1
101 (011 |101 513 |9
110 | 101 011 615 |3
111 j111 111 TTOT

claim : (Pyv), = vp , (PN0), = v,

pf: N=21=2M , 0<n<N-1

define m = (by—2 --- b1 by)2 , s0 0 <m < M—1
then n=0,1-2" +m , n'=2m+0b, 4

(P{v)m if by =0 {vgm if by =0

1. (Pyv), = =
(Fro) {(P]?ﬂ))m if by g = 1

Vo1 if by =1

— A AY AT PV

— U2m+bq,1

_— ’Un/
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2. induction on ¢
q=1=N=2,P’=1,0<n<1,n=(b)=n"
now let M = N/2 and assume P does M-point bit reversal
must show PV = (PM @ PM)Py does N-point bit reversal

= (bo by --- bq—2 bq—1)2 = 2m" + bq—l

P¢ PM pe
N M M M . M
Pr=rter )<P&)‘(PMP&)

(PNU> - (PMPM’U)m 1f bq 1 = 0 (P&U)m// 1f bq—l = 0
n (PMPgv)y, if byy = (PSv)r if by =1

Vom! if bq_l =0
= , = Uzm4b,, = Upr OK
Vom!'4-1 if bq_l =1

note

1. FFT is based on divide-and-conquer, recursion, sparse factorization

2. O(Nlog N) flops, but this neglects memory access/communication

3. inverse FFT : Fy! = F, = Fy = \/—_AN AN AN PN

4. variants

DST : v, = \/ Zvjsm ,nzl:N—l

5. multi-dimensional versions

6. FFTW : code adapts to the machine it’s running on, auto-tuning
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application : trigonometric interpolation
Let v(z) be given for 0 < x < 1 and assume v(0) = v(1).

o 1

v(x) = LT / v(x)e ™ dx : Fourier series
0

set v; =v(z;), r;=Jj/N, j=0:N—1: uniform mesh

| Nl | Nl
~ 2minx; ~ —2minx * x5
Vj = —= Upe v, = _ZUJ iopf:v=F'Fv=F%
N n=0
.
set I1(z) = —— Y 0,e*™ . trigonometric polynomial
N n=0

: I
then [1(x) =~ v(x) , two sources of error : finite IV, i Un 7 Up

Note that I1(x;) =v; for j =0: N — 1, i.e. I;(x) interpolates v(z) at x = x;.

However, [;(x) is a poor approximation to v(x) in between the mesh points;
consider instead a balanced set of wavenumbers.

N/2-1 .
L ' fn=0:N/2-1
set 12(33) e Z /ﬁnmodNezmnx, nmod N — n l n /
\/an—zv/g n+ N if n=—-N/2:—
1. eg. Tmod16 =7, —7Tmod 16 =9

2. a similar formula is used if N is odd
N/2-1

1 .
2mine ;
— \/— E Un mod N € /
n=

=—N/2

IQ(I]'

N—

. N/2-1 -1
_ ~  2ming/N ~ 2ming /N
= — Up € + UntN €
VN Z Z +N
N/2-1
_ 1 @\n ean]/N + Z 27Tz (n—N)j/N
VN

1 -~ ming
:\/—NZ n eI = v
=0

Hence I5(z) also interpolates v(z) at = x;, but it gives a better approximation
in between the mesh points.
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triconometric interpolation

N-1
1 .
Li(z) = Wi Z 0,e*™™ ;. unbalanced
n=0
RS
L(x) = \/—N Z Dnmod v €57 - balanced
n=—N/2
N=4 N=8
1.2 . . . . 1.2 .

0 0.2 0.4 0.6 0.8 1 ) 0.2 0.4 0.6 0.8 1

1. The balanced interpolant converges uniformly to the given function as N — oo,

ie. A}l_r)r;o Iax lv(x) — Ix(x)| = 0.

2. The unbalanced interpolant does not converge uniformly to the given function.
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application : BVP
given f(z) for 0 <x <1land o >0
find ¢(x) st —¢" +0%p = f, ¢(0) = ¢(1) , ¢'(0) = ¢/(1) : PBC

We will consider 3 solution methods: finite-differences, pseudospectral, Green’s
function.

finite-difference scheme

set h=1/N, x;=jh=j/N for j=0:N—-1, ¢; =o(z;), f; = f(z;)

L — 20 i
¢j = DiD_¢; + O(h?) , where D, D_¢; = i fib?j o

u; : numerical solution , u; ~ ¢;

—uji1 + (2 + o?h)u; — ujg

—DJFD,UJ‘ + O'QUJ' = fj = 12 = fj
— 2 2p2 —U_
0= u1+(+22 Jug u1:f07u_1:?
— 2 2h2 1 — UnN_
j=N-1= UN+(+Uh2)uN1 UN2:fN—1,UN:?

PBC = ¢(x+1) = ¢(x) , soweset u_qy =un_1, uy =

2+ 02k —1 -1 u Ji
( —1 24022 -1 \ (u?\ (f(l)\
1 . . .
= _
-1 2 + a’h? .—1 'LL]\/.'_Q f]\]._Q
\ -1 1210w \uv)  \fv/

Au = f , A . symmetric, positive definite, almost tridiagonal, ...

solution methods : Cholesky, SOR, conjugate gradient, multigrid, FFT, ...
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claim : The e-vectors of A are the columns of FY.

pf : Let ¢ be the nth column of Fy for some n =0:N — 1.

o —2m'/N: —2mih

1 —2n o —(N—l)n)T’ w=e e

Ag= M & (Aq)j =Ag; for j=0:N—1, assume N >3
—gjr1+ (24 0°h?)g; — g
72
1 —w Ut 4 (2 4 o2h))w 7" — = U-bn 1
= 5 = A\—=w"

VN h JN

—w "+ (2 + O'2h2) Y 2 _ (€2m'nh + 6—2m’nh)

(Aq); = , set g1 =qNn-1, qN =qo

n

_ 2
= )\ = 72 = 0"+ %
2(1 — cos 2mnh) 4sin*mnh
_ 2 _ 2
= 0" + 72 = 0" + T %

. . , 4 sin’mnh
note : AFy = FyD , D =diag(Xg, ..., Av_1) , Ap = 0> + —
= A = FyDFy : spectral factorization
Au=f = u=A1f=F.D'Fxf : O(NlogN) flops
Next we show that this is a general fact.
def : given (cy,...,cy-1)7, define C = (C) = C(n—j)modn © Circulant matrix

example : N =6

(Co Cs C4 C3 C2 01\
C1 Ch C5 €4 C3 C
C2 C1 Cp C5 C4 C3
C3 C2 C1 Cp C5 C4
C4 C3 C2 C1 Cp Cj
\05 Cy C3 C2 C Co)

13

1. A circulant matrix has constant diagonals, and each column is a periodic

shift of the previous column.

2. The finite-difference matrix is circulant.

2+ 0%h? 1 1
CO:T;CIZ_ﬁacZZO;---7CN—2:chN—1:_ﬁ
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def
cxv = Cv : convolution
N-1 N-1
(cxv), = (Cv), = Z Chjvj = Z Cln—j)mod N'U;
§=0 §=0
= CpmodNU0 T C(n—1)modNV1 T *** + C(n—(N-1))modNUN-1

example: N =6,n=3 = (cxv)3 = c3v9 + Cov1 + 103 + U3 + C5v4 + 45
claim

1. (exv)"=+N<cv : component-wise product
N-1

2. (c,v) = (c,v) , where (c,v) :Z ¢;U; : inner product
=0

3. C = F4;DFy , where D = diag(VN¢,)

pf N
1 .
L (c*xv)p = (Fn(c*v))y = —= Y w(cxv); , w=e 2N N =1
VN
= = w™ C(j—k)mod N Uk
VN =0 k=0
| N1 oN-
= — wn(]_k)C(j_k)modN W, set 0= —k
\/N k=0 j5=0
| Mol N-Iok | N1 oNel
- = Z wngcﬁmodN . wnkvk - wnfcé . wnkvk
VN k=0 (=—Fk VN k=0 (=0
| N -1
= — wep - Z W, = VN B,
VN (=0 k=0

2. (¢,v) = (Fnc, Fyv) = (¢, FxFxv) = (c,v) , check ...
3. Let p and ¢ be the mth and nth columns of Fy.
Fyem=p, Fyen=q = en=Fyp=Dp, e, =Fng=7
(Cp,q) ={cxp,q)=((cxp)"q) = (VNCP,7) = (VNCen,q)
= (VNG en,q) = (Dew,q) = (DFyp, Fyq) = (FyDFyp,q) ok

note : The general expression for D agrees with the result derived for the e-values
of the finite-difference matrix A. (hw2)
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pseudospectral method

givenu; , j=0: N —1
N/2—-1

1
recall : Ir(z) = \/—_ Z Unmody €27 , Ir(z;) =u;, x; =jh, 1/N
n=—N/2
| N/2-1
set v = Ii(z;) = —= Z Unmod 2min ™"
i o\Lj nmo
\/N n=—N/2
. N/2-1 1
= — Z 0, 2min ™I 4 Z Up4 N 27N e2mind/N
\/N n=0 n=—N/2

Z Uy 2mi(n — N)e2min=N)i/N
n=N/2

N-1 : :
T N L TR b
VN 2mi(n—N) if n=N/2: N-1

= u' = FyDFyu , D = diag(d,)

—¢"+*p=f — —FyD*Fyu+oc’u=f

= F(—=D*+0?)Fyu=f = u=Fi(=D?+c*I)"'Fyf : O(NlogN) flops
1. PBC are satisfied because I5(x) is periodic.

2. The pseudospectral scheme resembles the finite-difference/FFT scheme, but
the diagonal matrix representing —¢” is different.

4 sin® mnh

4r?n? ifn=0:N/2-1
2 _
dnfd_T7 dn,ps_{

47?(n — N)?ifn=N/2: N -1

m2N? .

4N?|




Green’s function

—¢"+ oo =f, ¢(0) =9(1), ¢'(0) = ¢(1)

cosho(lz —y| — 1)

g(z,y) = ,0<z,y<1

20 sinh %a
claim

L. —gur(w,y) +0°g(2,y) =0 for z #y

2. g(x,a7) = g(x,2") , golw,27) — gu(w,2") = -1

note : properties 1 and 2 < —g..(7,y) + o?g(x,y) = 6(z — y)

3. 9(0,y) = g(1,y) , 92(0,9) = g.(1,9)

1. $(z) = / o(e.9) f(y) dy

f
- (cosho(z —y—3)

it 0<y<z<1

20 sinh %0
g(z,y) = )
cosho(y —z —3) .
T if 0<z<y<l1
L 20 sinh 50
( o sinh —qy— 1L
o sin 0(.95 1y 5) fo<y<z<l
20 sinh 50
gx(x7y) = . 1
—osinho(y —r—3) |
— if 0<e<y<1
L 20 sinh 50
1. ok
cosh(—10)
2. ) i S A +
olra7) = Gt = glra”)
ga:(ZU x_) _ga:(ZU $+) = OSinha(_%) - _O-Sinho-(_%) = —1 ——=-1
’ ’ 20 sinh 3o 20 sinh {0 2
cosho(y — %) cosho(: —y)
3. g(oay) = 3 1 22 = 3 : 1 =g(1,$)
20 sinh 50 20 sinh 50
—osinho(y — 1) osinho(: —y)
9:(0,y) = 2= - =0g.(l,y) ok

20 sinh %a 20 sinh %0
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1. define ¢(z) = / o(e.9)f () dy

0
need to show that ¢(x) satisfies differential equation and PBC

5(0) = / (0,9)f(y) dy = / g(1,9)f () dy = $(1)

/ £, 9) () dy +/g< () dy
[

¢'(z) = i 9:(,y) f(y) dy + /:gf(%y)f(y) dy + (9@3/79?)/9(9%56/*))1”0(93)
50 = [ 0000 0= [ 00050 d =00

¢" () = /Owgm(:v y)f(y)dy +/:gm(x,y)f(y) dy + Wﬂ;
9w = [Posw iy + [ ooty 1

= o / o(e.9)f(w) dy — f(z) = 0°6(x) — f(z) ok

discretization

1

¢(z) =/g(ﬂf,y)f(y) dy , g(v,y) =

0 20 sinh %0

cosho(lz —y| — 1)

:Zg(xj,xk)fkh, zj=jh,h=1/N,j=0:N—1: Riemann sum

u=Gf, Gy =g(xjzx)h : O(N?) ops
note

g(z,y) #0, g(x,y) = g9(y, ) , g(x,y) = g(|lx —yl,0)

= (G : dense , symmetric , constant on diagonals

17
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claim : G is a circulant matrix

example : N =4

9(xo,z0) g(w0,71) g(w0,72) g(W0,73)

_ g(z1,w0) g(w1,21) g(x1,22) g(71,73)

G = h
g(.CUQ,.TQ) g(x27xl) g($27x2) g(l'g,l'g)
9(3?3,%) g($375l?1) 9(5133,962) 9($3,l‘3)
g(.ﬁl’o,O) g(l’l,O) g($2,0) g(xg,())

_ 9(331,0) g(I0,0) g(CUl,O) g(l‘z,O) h
9(22,0) g(21,0) g(x0,0) g(z1,0)
g(xg,O) g(x270) g(.fCl,O) 9(1170,0)

Chy C1 Co Cj Ch C1 C (1

_ C1 Cy C1 _ C1 Cy C1 %
Cy C1 Cy C1 Cy C1 Cy C1
C3 C C1 ( C1 C C1 (O

c3 = g(x3,0)h = g(0,23)h = g(1,23)h = g(1 — x3,0)h = g(x1,0)h = ¢4

pf: 0<z,y<1l=—-1<z—y<l1

— 4,0 if 0<z—y<l1
theng(:ﬂ,y){g(x y,0) i <z—y<

glr—y+1,0) if —1<z—y<0
the case 0 < x —y < 1is clear , check the case —1 <z —y <0
cosho(lz —y+1|—3) cosho(z—y+1—3)

glx—y+1,0) = 20 sinh %0 - 20 sinh %0
cosho(z —y + 3) cosho(y —z — 3) cosho(lz —y| - 3)
= osmbhle . 2osmhle | 2osmhle YY)
set ¢; =¢g(z;,0)h, j=0:N—-1,0<z;<1—-h
g(z; —xp+1,00h if —14+h<z;—x,<—h

Ci—k ifj—]{IZOIN—l
= { ’ = C(j—k)modN ok

Cj—k+N if j—k:—N—l-ll—l

= G = FyDFy, D = diag(vV/N¢,)
=u=Gf=FyDFyf : O(NlogN) ops
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particle systems

example : charged particles in 3D
position : z;(t), j=1: N
charge : ¢; , mass : m;

configuration : x(t) = (z1(t),...,xx(t))T : molecule , beam ,

1 1
Coulomb potential : ¢(x) = 4—H — ﬂ
Teg| T T

electric field : F(z) = —Vo¢(x) = W
x

dynamics : mix;’—Zqu”x — |3 ,i=1:N

J#Z

1. Direct summation requires O(N?) flops/timestep, but we will investigate
faster methods.

2. These methods can also be applied to energy minimization.

1 s
V(zy,...,xy) = = Z Z ﬂ . electrostatic potential energy

problem : find z* such that V(z*) = min V' (z)

X

deterministic/Monte Carlo methods
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kinetic model

Consider a set of interacting particles that carry charge or mass.

(z,v) € R** | d =1,2,3 : phase space coordinates

f(x,v,t) : number density of particles in phase space

Ny(t) = / f(z,v,t) dx dv : number of particles in volume V' in phase space
v

(%

In the absence of collisions and sources, particles can enter or leave the volume
V only by crossing the boundary oV.

U = (v,a) : velocity of the phase fluid

v : velocity in x-direction

a=a(x,v,t) : acceleration = velocity in v-direction

fU(x,v,t) : particle flux in phase space

% = %/Vf(x,v,t)dxdv = /Vft(x,v,t) dr dv = — anU(x,v,t) -dS

= —/V-fU(:L‘,v,t)dxdv
1%
V =(V,,V,) : gradient operator in phase space
= /(ft+v - fU)(z,v,t)dxdv =0
1%

= fi+V-fU=0= fi+V,-(fo)+V, - (fa)=0

We consider conservative forces, i.e. a = —V¢(x,t), hence a = a(x,t).

= fi+v-Vof+a-V,f=0: Vlasov equation
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Under these assumptions, the phase flow is incompressible.

pf : V.U = (V,,V,) (v,a) = Vo+V,a =0 ok
example : electrons (one-species plasma)
q : charge , m : mass
F
ft+U'vxf+_'vvf:O
m
F =qFE(z,t) : electrostatic force
E(x,t) = =V, ¢(x,t) : electric field | ¢(x,t) : electric potential
—V2¢ = p : Poisson equation

p = p(x,t) = gn(z,t) +p : charge density in physical space

n(x,t) = [ f(x,v,t)dv : number density of electrons in physical space
Rd

p : uniform background positive charge density (e.g. immobile ions)

Vlasov-Poisson system in 1d : 0 <z <1, PBC, —c0 <v <

fotvfet =0, f00.0) = f(Lut), lm fxv,6) =0
F=qE(r.t), Br,t) = ~.(r1

b=, 0(0,1) = 6(1L,1) , 6,(0,1) = 6 (1,1

p = = qn(z,t) +p

n(x,t) /fa:vt

note

1 1
/p(az,t) dx = / — ez, t) dr = ¢,(0,t) — ¢p(1,¢t) = 0 : charge neutrality
0 0

1. This condition is necessary and sufficient for existence of a solution ¢(z,t);
the background charge density p ensures it is satisfied.

2. If ¢(x,t) is a solution, then so is ¢(x,t) + ¢ for any constant ¢, so the potential
is not unique, but the field is unique.
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numerical methods for Vlasov-Poisson in 1d

Vlasov-Poisson method 1 : finite-difference scheme

r; = 1Az , v; = jAv : mesh in phase space , t" = nAt

()
| | |
| | |
| | |
L S O Y A
I+ | 0 :
: . :
Vi ptt I R T
| | |
T R R
j—l | | |
| | |
| | |
| | |
X
Li—1 Li Lit+1

Cij - {(SU,U) : xi—1/2 <z < ZUZ'_H/Q , Uj—1/2 <o < Uj_|_1/2} . cell
iTJL' - f(xivvjvtn)
;i Az Av = number of particles in cell Cj; at time ¢"

Lax-Friedrichs

F
fi +ofe + —=f, =0
m

n+1 1/ rn n n n
g = iUy Ty i + )
At

I
+ oDy fl + ~EDf = 0

fz?,%j—i—l o fiT,lj—l
2Av

n n
iy~ fity

2Ax
F"=qE] , E' = —Djo;

x rn
Dyti; =

veno_
7D0ij_

—DYD? ¢} = pi! + PBC : comment soon

J
pr=ay [idv+p
j—

1. CFL condition : At < min{ Ar Av }

max |v;| ~ max |F"|/m

2. artificial diffusion/collisions



9. Thurs 2/3 23

discrete Poisson equation in 1d with PBC

—Qit1 + 2¢i — ¢ia

=pi,1=0:N—-1, Av=1/N, ¢_1=0n_1, On = Pp

Ax?
2 J [ | do 00
1 -1 2 -1 ¢1 P1
e e : _ :
—1 2 —1 ON—2 PN—2
1 e e —1 2 dN_1 PN_1
N-1
1. adding all eqs = Z p; = 0 : discrete charge neutrality
i=0

2. if {¢;}1¥,! is a solution, then so is {¢; + c}¥ ;' for any constant c
This is analogous to the continuous case.

method la : spectral
Ap=p, A= F\DFy, D =diag(\o, ..., An_1)

4sin®(mn/N
e-values : A\, = o (7r721/ ) ,n=0:N—-1
Ax
1 .
e-vectors : q, = Fye, = (1’w—”7w—2n, ’w—(N—l)n)T W= o 2mi/N

then A¢ = p has a solution < p is orthogonal to null(A*)
| N
Z p; = 0 : discrete charge neutrality
i=0

< P:q) = —F=
Uy 2
Moreover, if ¢ is a solution, then so is ¢ + cqq for any constant c.

claim: Let ¢ = F5, D 'Fyp, where D~ = diag(0, \;',..., Ay ) and p satisfies
discrete charge neutrality, Then A¢ = p.

pf: Ag = F{DFyFiD 'Fyp = Fi diag(0,1,...,1)Fyp

= Fidiag(1,1,...,1)Fyp = p
(Fnplo = (Fnp,eo) = (p, Feo) = (p,q0) =0 ok
note : O(N log N) flops



method 1b : elimination

set ¢g = 0, write down eqs for i = 1: N — 1, then eq for : = 0

201 — @2 = PlAfIJ2
—¢1+ 202 — ¢3 = poAz?

— o + 2¢3 — P4 = p3Ax?

—ON_3+ 20N-2 — ON_1 = pN_2Az?
—dN_2 + 20n_1 = py_1Az?
—01 — dn-1 = pnAZ? | set py = po

multiply 1st eq by 1, 2nd eq by 2, ..., Nth eq by NV, then add
N
= —N¢ = ZipiA$2

i=1
check : fori=2: N —1, coeff of ¢; is —(i —1)+2i—(i+1) =0
solve for ¢1, then ¢9, then ¢3, ..., then ¢n_1
to show Nth eq is satisfied : add all eqs, ok by discrete charge neutrality

note : O(N) flops

24

Vlasov-Poisson method 2 : particle-in-cell (PIC)

idea : convect particles in phase space, solve Poisson equation on a mesh
particles : z;(t) , vi(t), i=1:N, , chargeq , massm =1

Newton’s equation : z} =v; , v = F(x;)

n+1 n n+1/2 n—1/2
leap-frog method : —i 71 — "F L L = F
p-H08 Al i Al i

" =nAt, "2 = (n + LAt

mesh : z; =jAzx, Ar=1/N,,, 7=0: N,

~DiD*¢! = p} + PBC , E} = —D§¢ , FI' = qE}
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one time step

noon U2 output : x

A

12 .
il gntl/ , 1=1:N,

input : x PR VR

. assign charge from particles to mesh : a7 — p¥

. solve Poisson equation for potential on mesh : p¥ — @7

. interpolate forces from mesh to particles : F Jﬂ — F

1
2
3. compute forces on mesh : o7 — F}
4
5

. convect particles in phase space : F' — x?“, v, 172
nearest mesh point scheme : NMP
cellj CXjo1/2 <z < Tjt1/2
. qn; L L
charge assignment : pj = N +p , nj : number of particles in cell j at time ¢"
x

force interpolation : if particle z7" is in cell j , set F/" = F

NMP has low accuracy, but there is an alternative viewpoint that can be used
to derive more accurate schemes.

lif—%Ax§x<%A3:

_ : weight function
0 otherwise

define : W(z) = {

W
l l T
1 1
qnn P Ny —1
P =t = W ), B = Y Wl a)Ff
i=1 Jj=0
note : assume —1Az <17 < 1— 1Az by PBC
code 1 : O(N,,N,) flops code 2 : O(N,, + N,) flops
for j=0: N, —1 for j=0: N, —1
n? =0 n? =0
for t=1:N, end
nt =nl + Wz} — z;) for i=1:N,
end j = integer part((z! + 1Az)/Ax)
end ny=n;+1

end
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cloud-in-cell scheme : CIC
W(z) = {1 — |z|/Az if —Ax <z <Az

0 otherwise

—Azx 0 Az )
Np—1
force interpolation : F" = Z W(x; — ) F}
j=0
assume r; < x;' < Tjq1
T

n . n , n
] — Ar ! xjp )+ Ax

= F'=W(x; — o)) F]'+ W(xj1 — 2] ) Fl'yy = aF}' + el

]

lz; — 2| Ax— (2l —x;) wxjq—al

:W . — TL :]_— J L4 — ? J — J (3
lxj 1 — 2| Az — (x4 —2f) 2! —x;
e =Wz —af) =1 - —F—= e v

0<c¢,c0<1l,c+ec=1

= F" is a distance-weighted average of the force at the 2 nearest mesh points

charge assignment : p} = —=— Z W(xi —xz;)+p

—— —o— o —

xj'_l .I','j .ij'_H
= pj is a distance-weighted average of the particle charge in the 2 nearest cells

The CIC weight function is continuous and this leads to higher order accuracy.
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Vlasov-Poisson method 3 : integral based particle method

recall : fy +vf, + Ff, =0, F=qF , FE=—¢, , —¢. = p , PBC

p = plx,t) = q/ f(z,v,t)dv + p , charge neutrality

o x(a,ﬁ,t)) . .
define : — . flow map of particle distribution
(ﬁ) (v(a,ﬁ,t) SR ot b

15 v
/ /

B I
/]
/]

(87 i

(cr, B) : Lagrangian coordinates , particle labels

Newton’s equation : x:(a, 8,t) = v(a, 5,t), v, B,t) = F(z(a, §,1))
initial conditions : z(«, 5,0) = a, v(«a, 5,0) =5

PBC : z(a+1,6,t) =z(a,5,t) + 1, v(a+1,5,t) = v(a, 5,1)

claim

L f(x(a, B,1),v(e, B,1), 1) = f(a, 8,0)
B zo (e, 1) arg(oz,ﬁ,t)) B _
2. J(a, B,t) = det (ya(&’ﬁ,t) ysla. B.1) = J(a,B,t) = J(a, 5,0) =1

pf
1. %f(x(oz,ﬁ,t),v(oc,ﬁ,t),t) - fxxt+fvvt+ft — fxv+va+ft — O %

Hence f(z,v,t) is constant on the characteristics of the Vlasov equation.

To(t +h) za(t + h))
Ua(t + h) Uﬁ(t + h)

To + htor + O(R?) x5+ hxg + O(R?)
Vo + hvgr + O(h*) vg + hvg + O(h?)

= (Tavs — Vaxp) + MTavp + Tarvs — (Vo + Varzs)) + O(h?)
= J(t) + h(zoFrrs + vavg — (vavs + Frzazs)) + O(h?) = J(t) + O(h?)

) =t J(t+ h]i —J@)

2. J(t+h) :det(

=0 ok
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integral expression for ¢(x,t)

g(z,y) = —5|x —y| : free-space Green’s function in 1d
Y
—2(x—y)ifz >y L
T(r—y)ifx <y

L. _gxm(xay) =0 for x 7é Yy, g(l';xi) = g(m,:c*) ’ gm(xaxi) - gx(x,er) = -1
This is equivalent to saying —g..(x,y) = d(x —y), i.e. g(x,y) is the potential of

a point charge at x = y.
1

2 S =yt bn s bpln,t) = / o(ey)ly, Ody | dn(e.t) = az + b
3. PBC

Since ¢(x,t) is determined up to an additive constant, we choose b = 0.
1 1
o2 (1,t) — ¢,(0,1) :/ Gpo(, t)dx :/ —p(z,t)dx = 0 by charge neutrality
0 0

#(0,t) = d(1,t) = ¢p(0,1) +dn(0,t) = ¢p(1,t) +n(1,t) = ¢,(0,t) = ¢p(1,t)+a

a = ¢p(0,1) — ¢p(1,1) :/0 (9(0,9) — g(1, ) p(y, t)dy Z/O(% —y)p(y, t)dy

A 7
-~

—5y—(—5(1-y) =5 —y

1
=a= —/ yp(y, t)dt by charge neutrality
0

1
= ¢(x,t) :/0 (9(z,y) — zy)p(y,t)dy , check : hw3

This generalizes to 2d and 3d using the free-space Green’s function for ¢,, and
a boundary integral representation for ¢j,.

force evaluation : F(z(«, 3,t))

E(aj7t) - _Cbx(xat) :/0 (_gz(xvy) + y)p(yat)dy 3 gx(ﬂf,y> - —%sign(z - y)

/1( 9x(, y)+y(/ fy,vt)dv+p)dy

1
// —9.(z,y) +y) f(y,v,t)dvdy + ﬁ/o (—9s +y)dy

x : hw3



E(z,t) = /oo /1q(—gx(x,y) +y) f(y, v, t)dydv +ﬁx/_z /Olf(y,v,t)dydv
/ / —u(%,y) +y) +72) f(y, v, t)dvdy

=/ /k(x,y)f(y,v,t)dvdy, k(z,y) = a(=g:(x,y) +y) + px
—o0 J0
change variables by flow map : (y,v) — (z(«a, B,1), v(a, B, 1))

E(z,t) / / r, 2(c, B,1)) f (e, B, 1), v(ex, B, 1), 1) (o, B, t)dad

/ / v, 20, B,1)) folcr, B)dadp

summary : integro-differential equation for the flow map

xt(&uﬁvt): ( 57 )
v, B,1) = F(a(a, 1)) = g / / (0, B,1), (& B, ) fo(, f)dad

discretization : (a, ) — (a4, 5;) , i=1:N

z(ay, Bit) , v(ay, Bi,t) — x;(t), v;(t) : particles in phase space

N
T, =wv;, v,=F(z;) = qz k(xi, x;) folay, Bi) Ao Af
j=1
This is a finite-dimensional system of ODEs, but there are 3 issues.

1. The particle distribution becomes disordered.

2. Evaluating the RHS by direct summation requires O(N?) flops/timestep.

3. The electric field kernel k(zx,y) is singular for z = y.

example : q:—l,ﬁzl,x:%

k(z,y) = q(—gu(z,y) +y) + px = gsign(y — 3) + (3 — )

k1(x,y) = (1/2)*sign(y-(1/2)) k2(x,y) = (1/2)-y k(x,y) = k1(x,y) + k2(x,y)
0.5 0.5 0.5
0 0 0
0.5 0.5 -0.5

29
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fluid dynamics in 2d

u = (u,v) : velocity field , v =wu(x,y,t), v=ov(z,y,t)

We consider incompressible flow, i.e. u, + v, = 0.

1. An incompressible flow is area-preserving.

2. If (u,v) is incompressible, then there exists a stream function, ¢(z,y), such
that u =, , v = —,.

note : If ¢ exists, then u, + v, = (V¥y)s + (=), = 0.

def : A streamline is a level curve of the stream function, i.e. ¥ (x,y) = c.
claim : The velocity field is parallel to the streamlines.

pf

(z(s),y(s)) : streamline = (x(s),y(s)) =c = Y, -2’ + ¢, -y =0

= —v-2+u-y=0=(u,v) (y,—2') =0= (u,v) - (2,y)F =0 ok
def: w=v, —u, : vorticity , units = T-!

interpretation

Consider the line integral of the velocity around a closed curve C' bounding a
domain D.

C =0D

/ u - ds : circulation
c

/[['ds :/ udr +vdy :/(vm—uy)dxdy :/wdxdy
C oD D D

= vorticity = circulation density = local rotation rate

note : w=wv, —uy, = (=), — (¢,)y = —V%* = w : Poisson equation
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example : point vortex
U(z,y) = —5-Inr , r = /22 +y> = streamlines are circles

Y
u(:r:y)z_—y U(ggy):#j u2+1ﬂzi
’ 2m(x? +y?) 7 271 (2? + y?) 27r
1 1 1 1 11
w:—v2¢:—(¢rr+—¢r+—2¢ee)=—<——2+—'—>: , ifr#0
r r 2m e ooror

However, consider the circulation around a circle of radius R.

C :x=Rcos,y=Rsinf,0<6 <27

2 s in@ 0
/Cﬁ-ds =/Cuda:+vdy :/o (%-—Rsin9+z;§2 -Rcos@)d@

1 21
= — [ df# =1 : independent of R , but recall : /[[' ds :/ wdxdzy
21 Jo C D

claim : The vorticity associated with a point vortex is a delta function, i.e. if
Y = —% In7, then w = —V? = § in the sense of distributions.

notation : <f,g> = f(x,y) g(x,y)dxdy
R2

def : The delta function é(x,y) is the distribution satisfying

<0, f> :/ §(z,y) f(x,y)dedy = f(0,0) for all test functions f € C5°(R?).
R2

The weak form of the equation —V?1) = § says that <—V?, f> = <4, f> for
all test functions f, where <—V?2, f> = <1, —V2f> by definition, hence we
must show that <v¢, —V2f> = £(0,0).
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27
pf 1 <=V, f> = <y, v%>._/‘ @b ( (rfr), + ﬁarmde

2 2

/lnr Tfr drd@ —|——// Inr - —fggd?“d@

27T =50 1 0 1 2w
= W"/ /— rfrdr>d9 —I——/ (lnr~—/f99d9)dr

27T 0 T 0
o
= frdfr’dQ—i——/ Inr-— f
S or

1 2

:_gof

1 2w

T:oode 1
r=0 2

—f(0,0)d6 = f(0,0) =<4, f> ok

1. A function satisfying —V?2¢ = § is called a Green’s function for the Laplace
operator; the RHS represents a point vortex/charge/mass and ¢ is the corre-
sponding stream function/potential.

2. We've shown that g(z,y) = —5 In(z? + y?)V/? is a Green’s function for the
Laplace operator in 2d; in 3d a Green’s function is g(z, y, 2) = ﬁ($2+y2+22)_1/2.
(hw3)

3. If g is a Green’s function and h is harmonic, i.e. V2h =0, then g + h is also
a Green’s function. In any given BVP, the BC specify the Green’s function.

4. For a general incompressible velocity field, the Poisson equation for the stream
function, —V?1) = w, can be solved by convolution.

v = (grlen) = [ gla =Ty~ 7)0@E.7) Ay
check : —V%*) = —-V*(g*w) = (-V?g)*w = d*xw = w ok

5. This yields an integral expression for the velocity.

¢=9*w = (uvv):(¢y7_¢$):(gy*wo_g:v*w)

1 —(y —9) o\ e
u(w,y) = / w72+ ( w(x,y )dzdy

2 2+ (y—y)?
1 (x —7T) e e
dzd
o) = 5= [ e e D

In electromagnetic theory this is called the Biot-Savart law, where w is a current
density and (u,v) is the induced magnetic field.
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question : In general w = w(x,y,t); how does it evolve?

2d incompressible Euler equations

U+ (U-V)u=—-Vp , V-u=0 : velocity /pressure

Up + Uy + VUy = —Pr = Uy + Ullyy + UyUy + VUyy + Vylly = —Dyy

U+ UV + 00y = =Py = Ugt + Uz + UgUp + VU + VVy = — Py

(uy = va)t + uluy — Vo) +v(uy —ve) + uy(u}%) - "Ux(w) =0

Wi +uw, +vw, =0, VX =w, u= Yy , v = —1), : vorticity /stream function

recall 1d Vlasov-Poisson
fi+vfe +Ff, =0, _bexZPZQ/ f(x7vnt)dv+ﬁ7 F = —q¢,

Similar considerations hold for these two systems, e.g. flow map, conservation,
numerical methods (the analog of PIC is VIC = vortex-in-cell).

integral based particle method
(zi(t),ui(t)),i=1: N

discretize the Biot-Savart law |, w(x,y,t)dzrdy ~ w(x;, y;, t)AzAy =T

dl‘i 1 —(yl- — yj) .
S ['; , 0 : smoothing parameter
At~ 2 2 (o — Pt (g — )P 4 08 o

N
dyi _ 1 3 (i — ) -
T (=) 4 (i —yy)? + 0%

1. If 6 = 0 and we take j # ¢, then these are the point vortex equations.

2. We can think of the case d > 0 as arising from a regularized Green’s function,
gs(x,y) = —% In(z? + 2 + (52)1/2; then each particle carries a smooth vorticity
distribution called a vortex-blob.

3. The vortex-blob method has no mesh-related artifacts such as artificial dif-
fusion, but it does have artificial smoothing.

4. The vortex-blob method requires O(N?) flops/timestep if direct summation
is used, but the cost can be reduced to O(N log N) using a treecode.
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periodic vortex sheet roll-up/Kelvin-Helmholtz instability (N = 400, = 0.25)

.r-" sesetereny,, )
.'...’ .............. -«...
i}

LU
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tip vortices/airfoil wake

vortex sheet model of an airplane wake (Prandtl)

Fia. 154.—Burface of discontinuity behind a wing.



elliptically loaded wing (N = 200,d = 0.05)
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fuselage/flap loading
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charged particle systems

z; € R3 : location , ¢; : charge , i=1:N

. electric potential , —V2¢( 4 —
Z\x—xz| electric potentia Z 7q;0(x — x;)

1
= — Z Gidi , ¢ = Z : potential energy
2 1 ‘xz - xj|

J#l

F, = qF; = —q¢Vo(r;) = q g qj — |3 . force on particle z;
j
J#l

Note that V. F; can be computed by mesh-based methods, but we will consider
mesh-free methods.

direct summation : O(N?)

compute V. F; by loops over 7, j
cutoff method : O(N)

q.
i J 7 J
)
J;ﬁz

Z; EBR(.Ii

This works for short-range interactions (e.g. Lennard-Jones), but not for elec-
trostatics since the Coulomb potential decays slowly in space and the cutoff
introduces artifacts.

Barnes-Hut treecode : O(N log N)

tree : hierarchical division of the particles into clusters C'

Z |33@ — x]| ; ]; =~ x]| : the choice of clusters depends on z;
J?fl

BH computes nearby particle-particle interactions directly and uses a monopole
approximation to compute well-separated particle-cluster interactions.

b = Z q; Qc

Zfwi—w " =l

: monopole approximation

Qc = Z q; : total charge in C', . : cluster center

1’j€C
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cutoff method

.
b .
- .
[ ] ™ L ]
- - .
. .
. s ® N
” L
Y
P .
r " . *
[ ] L ] ; L ] i - -
A
]
-I - . .
—+— I
. ! . I *
o . le
\ . ; .
. -
b )
L L ] N . /.
- Y e
- -
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tree structure

level O level 1 level 2

particle-cluster interaction
° [ ] , Ve ’
° d .
[ ] Ve

° P T

s d °
T -C/)/
xl R ° xC *
[ ] [ ]
[ ] [ ]

[ ] [ ]

r . cluster radius , R : particle-cluster distance

r
x; and C' are well-separated < o < @ : multipole acceptance criterion (MAC)
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program potential _energy
% input : x;,q,i1=1:N

% 0 : MAC parameter
% Ny : maximum number of particles in a leaf of the tree
% output : V

construct tree
for i = 1: N, compute_interaction( x; , root ), end

function compute_interaction(z;,C'")
ifr/R<46
compute and store Q¢ , x. (unless done before)
compute interaction by monopole approximation
else
if C'is a leaf, compute interaction by direct summation
else, for each child C'’ of C, compute_interaction(z; ,C")
end

example : Ny =1

operation count : assume uniform particle density , N = 8”

level 0 : 1 cluster with N particles
level 1 : 8 clusters with N/8 particles
level 2 : 8% clusters with N/8? particles

level L : 8% = N clusters with N/8% = 1 particle

There are L = loggN levels in the tree, and each particle does an amount of
work at each level that is independent of N, hence BH requires O(N logN) flops.

. — T

C z;eC z;€C

2. The monopole approximation is the 1st term in a multipole expansion of the
particle-cluster interaction; the accuracy is improved using higher-order terms.




example : N =5, Ny =1, particles = [0.4186 0.8462 0.5252 0.2026 0.6721]

>> tree = m671b_build_tree
tree =

1x9 struct array with fields:

interval
members
children

>> tree(1)

ans =
interval: [0 1]
members: [1 2 3 4 5]
children: |2 3]

>> tree(2)

ans =
interval: [0 0.5000]
members: [1 4]
children: [4 5]

>> tree(3)

ans =
interval: [0.5000 1]

members: [2 3 5]
children: [6 7]

>> tree(4)

ans =
interval: [0 0.2500]
members: 4
children: [ |

>> tree(5)

ans =
interval: [0.2500 0.5000]

members: 1
children: | |

>> tree(6)

ans =
interval: [0.5000 0.7500]

members: [3 5]
children: [8 9]

>> tree(7)

ans =
interval: [0.7500 1]
members: 2

children: | |

>> tree(8)

ans =
interval: [0.5000 0.6250]

members: 3
children: | |

>> tree(9)

ans =
interval: [0.6250 0.7500]

members: 5

children: [ ]

41
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02
03
04
05
06
o7
08
09
10
11
12
13
14
15
16
17
18
19
20
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22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49

42

function tree_out = m671b_build _tree % Barnes-Hut
global tree particles node_count NO
% N = 100; NO = 1; rand N = rand(N,1); particles = rand N(:,1);
N =5; NO = 1; particles = [0.4186 0.8462 0.5252 0.2026 0.6721];
tree = struct( ’interval’ , [] , ’members’ , [] , ’children’ , [] );
tree(1l) .interval = [0,1];
tree(1) .members = 1:N;
node_count = 1;
root = 1; build_tree(root); tree_out = tree;
ToToTo o To o ToTo o oo ToTo o o o To o To o To To o o o Jo To o o o To To o o o To To o o o To oo o o Jo o o o o To o o o To To o o o Jo Fo o o o To T o o o To o o o o To o o o o o
function build_tree(cluster_index)
global tree particles node_count NO
child = struct( ’interval’ , [] , ’members’ , [] , ’children’ , [] );
n = length(tree(cluster_index) .members) ;
if (n > NO)
b
% step 1 : define intervals for child clusters
b
a = tree(cluster_index) .interval(l); b = tree(cluster_index).interval(2);
midpoint = (at+b)/2;
child(1) .interval = [a midpoint]; child(2).interval = [midpoint b];
b
% step 2 : insert particles from parent into child clusters
b
count(1) = 0; count(2) = 0;
for j = 1:n
particle_index = tree(cluster_index) .members(j);
index = 1; if particles(particle_index) > midpoint; index = 2; end
child(index) .members = [child(index) .members particle_index];
count (index) = count(index) + 1;
end
b
% step 3 : add non-empty children to tree
b
for j = 1:2
if (count(j) >= 1)
node_count = node_count + 1;
tree(cluster_index) .children = [tree(cluster_index).children node_count];
tree = [tree child(j)];
end
end
b
% step 4 : recursive call to build next level of children
b
for i = 1:length(tree(cluster_index).children)
cluster_index new = tree(cluster_index).children(i);
build_tree(cluster_index_new);
end
end



goal : multipole expansion (Folland, Wallace)

Let z1,...,2zx € R3 be a set of point charges.

N 4 00 n Mgn -
o) = I = Y SR

n=0 m=—n

N
Y,"(0, ¢) : spherical harmonics , M" = Zqi rY, "™ (0;, ¢;) : moments
i=1

x=(r,0,0), v; = (r;,0;,¢;) : spherical coordinates

T

x=rsinfcos¢ , y=rsinfsing , z =rcosf

r=\a2+y2+22,r>0
0 : co-latitude , 0 <6 <7
¢ : longitude , 0 < ¢ <27

consider V2 = ()
1

r2sin%f

= 0(r0,0) > VO = - (170,), +

r r TQSine(Sineq)@)e—i—

separation of variables
multiply by r? set ®(r,0,¢) = R(r)S(0, ¢), divide by RS
1

1
R 2 1 —_— f—
R(T RT)T * Ssin0(81n950>9 * SsinQQSW !
= l(7“2113) = A ! (sinQSg) +#S = —A
R " " Ssind 0" SsinZg” "

Py =

0

43
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multiply by sin®@, set S(0,¢) = f(0)g(e)

1 1
?sine(sinﬁfg)e + Asin?6 + —Ggp = 0
9

1 1
= }sinﬁ(sinﬁfg)e + Asin®0 = m? | ~gyp = —m*
9
Goo +m?g =0+ PBC = g(¢) = \/%eimgf’, m =0, +1, £2, ... : Fourier series
0 2
Joo + C?S Jo+ | A— ,mQ f =0 : e-value problem
sin ¢ sin“6

claim : The equation for f has regular singular points at § = 0,7 (more later);
there are no explicit BCs; instead, the e-function f is required to have a finite
limit at 6 = 0, 7; for each integer m, there is an infinite sequence of e-values \;
the corresponding e-spaces are 1-dimensional and mutually orthogonal.

special case : m = 0, we will verify these claims in this case

Then ®(r, 0, ¢) is independent of ¢ and hence is axisymmetric about z-axis.

cos b

foo + fo+Af=0

sin 6
set s=cosf, -1 <s<1, f(0)=F(s)

fo=Fysg = Fy- —sinf) = —sin0F

fo9 = —sin@F,, - —sinf — cos OF, = sin?§F,, — cos OF,

cos 0

= sinQF,, — cosOF, + -—sinfF, + \FF' =0

sin
= (1 —s?)F,s —2sF, + AF =0 : Legendre equation

= (1 =8})F,),+ \F =0 : Sturm-Liouville form

The Legendre equation has regular singular points at s = £1. (more later)
1 d

def: Po(z) = 2! dxn

(z* —1)" : Rodrigues formula




P, (x) P,(x)
1 1
0.5 0.5
OF ————— < — —— — 1 OF - N\ —— - - - -4 — -
-0.5 -0.5
-1 =
-1 -0.5 0.5 1 -1 -0.5 0 0.5 1

0.5 1 -1 -0.5 0 0.5 1

45



r=1+¢eP (cos 0) r=1+cP,(cos 0)

-1 -05 0 05 1 -1 0 1

r=1 +eP5(cos 0) r=1 +eP6(cos 0)

r=1+ ePa(COS 0)
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properties of Legendre polynomials

L. (1 =2HP/(x)) +n(n+1)P,(z) =0 : Legendre equation , A = n(n + 1)

1
2. / P,(z)P,(z)dx =0 if n # m : orthogonality
-1
pf

1.n=0,1: ok , consider n > 2

2

sety=(2>—-1)" = ¢ =n(z*-1)"1. 22 = (22— 1)y = 2nay

differentiate both sides n 4 1 times

recall : (fg)" = fg" +nfWg=V + in(n — 1) fBg=2 ...

(2% — 1)y 2 +£ﬂ/-|— 1)2zy" ) + Ln + 1)n2y™ = 2n(33}%+1) + (n+ 1)y™)
= (22 — 1)y 4 229+ —n(n 4+ 1)y =0

= (1 — 22y — 229D 4 n(n 4+ 1)y™ =0

my _ 4"

o n(x —1)" =2"n!P,(x)

note : y
= (1-2*)P/(z) — 20P)(z) + n(n+1)Py(x) =0 ok
(1= 2?)P!(x)) +n(n+1)P,(x) =0

= / (1 = 2*)P)(2)) Pn(z) + n(n+ 1) Py(z) Py(z)] dz = 0

1
note : (1 — 2%)P/(x)P,,(z) = 0
1

= — / (1 — 2?)P!(x)P! (x )dx+n(n+1)/P(x)Pm(x)dx:0

-1

switch m and n
1

L /1(1 P! ()P () + m(m + 1)/ Py () Py (2)dx = 0

-1

1
subtract = ((n(n + 1) — m(m + 1)) / Py(2)Py(2)dz =0 ok
~1
Hence the Legendre equation has e-values A =n(n+ 1) for n =0,1,2,..., and
the corresponding e-functions P,(z) form an orthogonal basis for L*(—1,1).
pf : completeness ...

note : this is analogous to the spectral factorization of a real symmetric matrix
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background : series solutions of differential equations
def: A function y(x) is analytic at z if it has a convergent power series expansion

in a neighborhood of z, i.e. y(x) = 3 by(z —x¢)* for |2 — 0| < R, where R > 0;
k=0
in this case b, = y*(xo)/k!; otherwise y(x) is singular at .

Consider 4" + a1(x)y’ + as(z)y = 0 : 2nd order, linear, variable coefficient ODE.
question : are the solutions y(x) analytic or singular at a given x(?
thm: classification of x

1. ordinary point : a;(x) and as(x) are analytic at xg

= given y(xy), ¥ (x0), we can solve for y”"(x¢),y" (z¢), . . .

= there are two linearly independent analytic solutions at xg

example : y' +y =0 = a1(z) =0, az(x) = 1 : all points x( are ordinary
y(r) = cysinx + cocosx

2. singular point : a1(x) or ag(z) is singular at x

2a. regular singular point : (z — zg)a;(z) and (z — x¢)%az(z) are analytic at o,

ai(x az(x
ey’ + az) y + L)Q y = 0, where a;(x), as(z) are analytic at xo;
T — X (x — xo)
in this case we cannot directly solve for y”(xg), v (z), . . .; nonetheless, there is
(0.0]
at least one solution of the form y(x) = > bi(z — 29)*** for some s € IR, and
k=0
y(x) is analytic at g < s € {0,1,2,...}
1 1
example : 2%y” + -y =0 =y’ + —y = 0 : regular singular point at zg = 0

4 42
y(r) = c12'? + cpx'?Inx | check ...
example : (1 — 2?)y” — 2xy’ = 0 : Legendre equation , n =0

2x
" y' = 0 : regular singular points at zg = +1

Yy 2

C1-u
1+
y(x) :cl—|—02ln1

, check ...

2b. irregular singular point : xg is singular point, but not regular singular point

= an analytic solution at xy may or may not exist
example : xty” + 223y +y =0

2 2 / 1 ] 1 1
Yy +—y + —y=0: irregular singular point at zy = 0
T x
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! 1 . :
y(x) = ¢y sin — + cpcos — , check ... , no solution is analytic at xy =0
x x

example : (1—2%)y”—2xy +n(n+1)y =0 : Legendre equation , n=0,1,2,...

xo = 0 is an ordinary point , we will verify the theorem

y=> bpz*, y = bkt o = bpk(k — 1)2F2

k=0 k=0 k=0
Soobpk(k— 1)k 2 — S bpk(k — Dab =23 brka® +n(n+1) 3 bpa® =0
k=0 k=0 k=0 k=0
= S bpk(k —1)a* 2 = Y bp(k(k— 1)+ 2k —n(n+1))zF =0

k=0 k=0

set fr=k(k—1) ,s0k(k—1)+2k=Fk(k+1)= frn1

= > b fr" = 3 be(fers — fur)a" =0
k=0 k=0

= S bpfra" 2 = > bpo(fro1 — for1)2" 2 =0
k=0 =2
note : by for =2 + b1 fix~t = 0 because fo = f1 =0

= i Ok fr = br—a(fre1 — fr1))2" 2 =0

k=2
= bpfr = bi—2(fr—1 — fny1) for £ > 2
case 1 : bg#£0,b; =0
= b3 =0b; =b; =--- =0 = we may assume £k is even
case la: niseven = fr 1= fofork=n+2 = b, =0fork>n+2
= y(x) is an even polynomial of degree n , P,(z)
case 1b : nis odd = fi_1 # fuy1 for k> 2
= y(x) is an even non-terminating power series : @, (x) , convergence ...

case 2: bg=0,b; #0
n :even = Q,(x)

= by=by =05 =---=0 = wemay assume kisodd, ...
n:odd = P,(z)

general solution : y(z) = 1 P, (x) + coQn(x)

recall : A previous example showed that Q(z) = In ﬁ—ﬁ, which is analytic at

xr = 0, but singular at x = £1; in fact, Q,(x) is singular at x = £1 for all n > 0.
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more properties of Legendre polynomials

- 1
1. P,(x)t" = . generating function , holds for |z| < 1,|t| < 1
D P = e ¢ menerating o < L.Jt

note : 1 -2zt +t2=t> -2t +22 - 2> +1=(t—-2)?+1-22>0

note : x =1 = ZPn(l)t”: = :Zt”:>Pn(1):1
— V1=2t+t2  1-t =

1
2
2. || P, :/ P,(z)*dx =
-1 2n+1
3. (n+1)Pi1(x) — (2n+1)xP,(x)+nP,—1(x) = 0 : recurrence relation , n > 1
1 (n)
pf : 1. recall : / /(z) dz = f(z0) : Cauchy integral formula
— i Jo (2 — z)" ! n!
2 _ 1)y z-plane
setf(z):(z Qn) ,2=x, C={2z:]z—z|=1} /\
1 (22— 1) 1 a 1 v 1
dz = —1)" = Pn
271 /C 27(z — x)ntl © 7 Qupldgn (z ) () C
00 1 /N (22— 1)n geometric series,
an(l“)t” = / Z <§) (S:——:c)")“ dz : { converges uniformly
n=0 ¢ n=0 for small ¢t and z € C
1 1 21\
= / (1 — £z > dz
271 Joz —x 2(z —x
! / 2 d luate b idue th
= z : evaluate by residue theorem
omi Jo 202 —a) — t(22 — 1) HAe by e

—2 4+ /4 —4(—t)(t — 22) _ 11 —2at+¢2

24224t —-20=0 = 2=
254+ 2z + x z " o7 ;

112zt + 22
- t

21 : lin% z1 =x = 7z is inside C', 2z is outside C
t—

> 2 2 1
P,(x)t" = Res z=2z1) = =
nz:% ) (—t(z’ —21)(2 — 22) 1) —t(z1 —22) V1 — 2t + 2

This proves the result for small ¢, but the series is the Taylor series of a function
which is analytic at ¢ = 0 and whose only singularities are at ¢t = z & iv/1 — 22,
which satisfy |t| = 1, so the series converges for [t| < 1. ok
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2. square and integrate

/1 e —/1 ip(x)t” 2dx —i/lp (z)%dx - t*"
_11—2$t+t2 N -1\ ;=0 " B _1n

1

In(1 — 2xt + t?)
—2t

== n
2

1 > 0 (_1)ntn+1
—— =) ()" = In(1+1) =
1+t l;( )" = (1 +4) ; n+ 1
1 s 2 gntl
—— =) "= —In(1-1t)=
1t nz_% n(l=1) §n+1
1 1+t — 2
= —1 = = 42 k
t Tt ;2n+1 o
- () (0
3. set f(t) = (1 —2xt+1>)~Y2 | then P,(z) = / '( )
n

fiit)=—3(1—2at+13)732 (=22 +2t) = (1— 2wt () = (z — ) f(¢)
differentiate n times wrt ¢
(1 — 2t + ) fD () + (=22 + 2¢) fO () + In(n — 1)2fV (1)
= (z =) f"(t) + n(=1) f"I(t)
set t =0 : fOF(0) = 2na f0(0) +n(n — 1) fD(0) = " (0) —nf"1(0)
) - (2n+ Daf0) | w20 0(0)

divide b e _ 0 ok
ivide by (n+ 1)1 S0 ) a0 ok
check

1. generating function

recall : (14 2)F =1+ kx + Sk(k—1)a*+ -

set k= —1, o — =2zt + ¢*

(1—2xt+) V2 =1— (=20t + )+ L (-L)(-2)(—2xt + 2>+ - --

match coeffs of t" : Py(z) =1, Pi(z) =z, Pa(z) = —1 + % At = 2a? —

1
2
2. recurrence relation

n=1= 2P(z) —3zPi(z) + Py(z) =0 = P(z) = 32" — 5

hw4 : derive P3(z), Py(z)
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1
recall : E(T2RT)T = A =n(n+ 1), radial equation

R +2rR, —n(n+1)R =0
2 n(n+1)
2
R(r)=1" = s(s—1)r*4+2sr* —n(n+1)r* =0
= s’+s—nn+1)=(s—n)(s+(n+1)=0=s=n,—(n+1)
b

Tn+1

: regular singular point at r =0

= R(r) =ar" +

general axisymmetric solution of V2@ =

= by,
O(r,0,0) = Z(anr + ﬁ> P,(cos @) : axisymmetric wrt z-axis
n=0

A singularity is allowed at r = 0, but not at 6 = 0, 7.
example 1 : potential due to a point charge at the origin

1 1
O(r,0,0) = — | —V2<—> = 47H(r) : hw3
r r
example 2 : potential at P due to a point charge at () on the z-axis
z
Y
//’,/”//;;//: CQ:::<070720)
R P P=(z..2)
0 _r !
\ i = (rsinf cos ¢, sin 0 sin ¢, r cos 0)
— | (0
¢
x
1 1 1
O(r,0,¢) =

P — Q’ Va2 +y?+ (2 — 20)? a V12 —2(rcosf)zy + 22

Since ® is axisymmetric, it can be expressed in the general form above.

1 1
2l <r=o&(r,6,¢) =— = . (cos 0)
] (r.6,9) r\/1—2cos0(z/r) + (20/7)? Z "H

note : if zg — 0, then example 2 — example 1

1 1 o
20l >r = O(r,0,0) = — = P,(cosf
= (r:6.9) 20 /1 —2cos0(r/z) + (r/z)? nz%zg‘“ ( )
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alternative viewpoint

1

O(x,y,2;20) = : Taylor expand wrt 2z about zg = 0
Va2 +y? + (z — 20)?
= Z .y n®| 2z , note : ZO@‘ZOZO = —GZCI)‘ZO:O = —0.(r ™)
- - multipole expansion
= 2 rh) =Y M (20)0(2,y,2;0) : ’
— — converges for |zg| <
M, (z0) = z{ : multipole moments
-1 P 0
®,(z,y,20) = ( ') o'(r ) = @ : multipole potentials
n! rt

note : This is another way to define the Legendre polynomials.

question : why multipole?

do(z,y,2,0) =r ' = /2 _V*P; = —V*(r!) = 476 : monopole

D (z,y,2,0) = —0.(r ) = = = —~

—V20, = —V*(—0.(r' ) = —0.(-V*(r'')) = —470.6 : dipole
<5(x, y,z;€) —o(x,y, 2; —e))

note : —0.0(x,y, z;0) = 0.,(x,y, z;0) = lim

e—0 26
Lo —1y 1 z 1 r3—z-3r%. z/r
@ (2., %0) = 5 00 )25@(—;):5'—( k.
322 —1r? _ Py(cos0)
N 27”5 - r3
1 1
Vi = -V <§8Z2(r_1)> = 583(_V2(7“_1)) = 21025 : quadrupole

®,(x,y,2;0) : multipole potential of order 2" along the z-axis at zp = 0

Hence a monopole charge at (0,0, zp) and a series of multipole charges at (0,0, 0)
with moments M, (zy) induce the same potential ®(x,y, 2; z9) for r > |z|.
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recall : separation of variables for —V2®(r,0,6) =0, ..., S(6,¢) = f(0)g(¢)
1 .
— ezmci)’m:O,:I:l,j:Q,.”
9(¢) N
cos ¢ m?2
Joo + sin9f9 + <)\— sin20)f =0, set s=cosf, f(0) = F(s)

2
1 — 52

note : regular singular points at s = +1

(1= sHE,), + ()\ — )F = 0 : associated Legendre equation

special case : m =0 = ((1 — s?)F,), + AF =0 : Legendre equation
A=n(n+1), F(s)=P,(s),n=0,1,2,...

now consider m = 1,2, ...

claim: If w(s) satisfies LE, then F(s) = (1 — s%)™/2w(™)(s) satisfies ALE.
pf: given ((1 — s*)ws)s + Aw = 0 , differentiate m times

= (1 — 8)w)" ) + \wl™ =0

= (1= )™ + (m+ 1)(=2s)w™ + Lim + 1)m(=2)w™ + Aw™ =0
set F(s) = (1 — s2)™/2wm)(s)

= F,=(1— Sz)m/2w(m+1) + %(1 _ 32)(m/2)—1(_25)w(m)

= (1= 8)F, = (1 — s2)m/2+ym+h) _ms(1 — s2)m/ 2™

(1= $)F), = (1= SR (1 4 1)(1 - 2y 2s)l )

—ms(1 — %)™ 2wt — msZ(1 — s?)m/2 -1 (—28)wm) — m(1 — s2)™/ 2™

= (1= )2 ((1 = s)w™? — 2(m + 1)swmH) + (25 — m)w(m)
= (1= )2 ((m + Dmw™ — Mw™ + (Tjiz —m)w™)

2

= (m2(1 + 1f252) - )‘)F - (171152 - >‘)F ok

Now let A =n(n+1),w(s) = P,(s).

dm
def: P"(s) = (1— 32)m/2d—mPn(s) . associated Legendre function , m=0:n
S




associlated Legendre functions

1 d" 2 n
P,(x) = Q"n!dx”(x -1)",n=0,1,2,... o
m 2\m/2 d" -1 : ‘ :
Pl(x) = (1—a7) dx—mPn(x),m:0:n -1 -0.5 0 0.5 1
pi

n PY 5 ‘ S ‘
0 1

1 €T 0

2 (33: —1)

3 ( 2’ —33:) 4 0.5 0 0.5 1
4 £(352* — 3022 + 3) ,

5 %(63:1: — 7023 + 15z) 20 Ps

n Pl

1 (1 a2)/? :

2 3r(1 — 22)1/2

3 2522 — 1)(1 — 2%)1/? 20 ‘ ‘ ‘
4 %(7123 _ 3$)<1 _ x2)1/2 -1 -0.5 0 0.5 1
5| 2(212" — 142? + 1)(1 — 2?)"/? P

n P2 '

2 3(1 — 2?)

3 152(1 — 2?)

4 2(72% = 1)(1 — 2?)

5 12 (32% — x)(1 — 2?)

n pP3

3 15(1 — 2%)3/2

4 105z (1 — 2%)3/2

5 198922 — 1)(1 — 2%)%/?

n Pl

4 105(1 — x?)?

5 945z(1 — x?)? 0S5

n P> 1000 2

5 945(1 )2/

500 |
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claim : Foreachm = 0,1,2,..., {P™(s)}>%,, is an orthogonal basis for L*(—1,1).

n=1 n=1 n=2 n=3

m=—0| B} P" F0 PY
m =1 P} Py P}
m = 2 P} P
m =3 Py

ote : {P(5) i = {P7s(o) 1
note : L2(—1,1) is a Hilbert space with < f, g> :/ f(s)g(s)w(s)ds
~1

pf : the case m = 0 is already done, so assume m = 1,2, ...
2

—— )y =0, y(=1) = y(1) = 0

Orthogonality follows as usual for e-functions of a self-adjoint e-value problem.

To show completeness, let gi(s) = (1—s*)~™/2P™ , (s) for k = 0,1,2,..., 0 gi(s)

is a polynomial of degree k& and {g(s)};2, is an orthogonal basis for L% (—1,1)

with weight (1 — s?)™; this follows as in the case for m = 0.

Now suppose f(s) € L?(—1,1) is orthogonal to { P, (s)}32, in L*(—1,1); then

g(s) = (1 — s)™™/2f(s) € L?(—1,1) is orthogonal to {qx(s)}, in L%(—1,1);

s0 g(s) =01in L?(—1,1), and hence f(s) =0 in L*(—1,1). ok

P (s) satisfies ((1 — s2)y)" + (n(n +1) —

(n+m)! 2
(n—m)!2n+1"
pE < set ym(s) = P(s) = (1— ™20 P(s) | yo(s) = Pus)

I dsm n

we will derive a relation between y,, and ,,_1

claim : ||P™||* = n=0,1,2..., m=0:n (m=0 ok)

case 1 : m=1 = gy = (1— 522y,
1

Ailm‘ﬁW%“

1

0

|mwz[p—§MWw:g7ﬁﬁm

1

— [ 0o+ gids = nlu+ Dl ok
~1

d dm—l
case 2 : m=2,3,... = y;n_l = %<(1 — 82)(m1)/2d8m_1pn>
dm m— 1 dm—l
(11— 2 (mfl)/Q_Pn 1 — g2)(m=3)/2(_9 P,
(1= )R py o T (1 ) I (29) T
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= (1= ")y, — (m = 1)s(L = s*) 'y

%ym—l + (1 )

1 2 2
m —1)%s
[ymlI* = / <%y3n—l + (1= ") (Y1) + 2(m — 1)5?Jm—1y;n—1>d5

1/2, 1

Ym = ym 1

1
integrate 2nd and 3rd terms by parts

/_11(1 — 5 (Y1) ’ds :u/szgino—lym—l
= /1< (n+1)— M)yﬁn_lds

/ SYm—1Yp_1ds —M / $Ym—1) Ym_1ds

1
- _/1(8ym 1Ym— 1+ym 1)d8 = / SYm— 1ym ld /1y72n—1d3
1
m — 1)%s? m — 1)2

= (n(n+1) = (m —=1)* = (m = D)l|ym-1l]* = (n(n + 1) — (m = )m) ||y 1|

ymll?> = (n+m)(n —m + 1)||ym_1]|* , agrees with m = 1 result

1 1
- / ((1 - 52)9&—1)/ym—1d5
_]_ —

1

replace m by m —1,...,1
lyml? = (n+m)(n+m—1)--(n+1)-(n—m+1)(n—m+2)-nlyl
=m+m)n+m—-1)-(n+1)-nn—1)-(n—m+1)||yo||?
(n+m)'
note
. s=cosl :>/ f(s)g(s)ds —/f (cos B)g(cos 6) sin §df
2. The unit sphere is a product space, S = [0, 7] x [—m, 7.

2 1(n—
define Y, (0, ¢) = \/ n4: EZ - JZB Pi"l(cos 0)e™? : spherical harmonics

Then {Y;"(0,¢):n =0,1,2,...,m = —n:n} is an orthonormal basis for Ly(S)
wrt the surface measure dS(x) = sin0dfd¢ for z = (1,0,¢) € S.



o8

spherical harmonics
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general solution of V2® = 0 (allowing a singularity at r = 0)

(r,0,6) = Z Z(amnr +Tn+1)Y (0, 9)

n=0 m=-n

example : interior Dirichlet problem for the unit ball in R3

Find ®(r,0,¢) such that V2® =0 forr <1 and ® = f for r = 1.

Z Zamnym (0,0) , amn = (f, Y™ / / f(0 0, $) sin 0dOde

n=0 m=—n
(r,0,0) = Z Zamnr”Ym ok

1 1—|zf?
alternative : ®(x) = 4—/ | ’xlg)f(y)dS(y) , where 2,y € R®, |2 < 1, |y| =1
TJsg | —Y

pf : Choose the coordinate system so that z = (r, 0, *) is on the positive z-axis;
the qﬁ—coordinate is not well-defined, but this does not affect the result.

(r,0, %) Z Zamnr"Ym ) , recall : PY(1) = 1,P7Lm|(1) =0 for m # 0

n=0 m=—n

. - 2n+1(n — |m|)! : = 2n + 1
_ o n P|m|1 imEk ., n

I S o S

aom = ([,Y") = / " 10,00/ L B (cos 0) sin Bdodo

—rJ0 4
1 [« ,
B() = 1= [ Y20+ DPcost) F(1)S() . y = (1.6.6) € 5
47 Sn:O
- n d - n
2(271 + 1) P, (cosO)r" = (27“% + 1) Z P,(cosO)r
n=0 n=0
! : 2 _ 2
(27°$+ 1>(1 ~Srcosf R note : 1 — 2rcosf + r* = |x — y|
o —3(—2cosf + 2r) N 1
(1 —2rcosf+1r2)32 (1 —2rcosf + r2)l/2
_ 2rcosf —2r*4+1—2rcosf +r? 1—r? 1=z

— = k
(1 — 2rcos @ + r2)3/2 (1 —2rcos@+7r2)32 |z —yf =
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thm : The solid harmonic r"Y"(6, ¢) is a homogeneous harmonic polynomial of
degree n in the Cartesian coordinates (z,y, z).

recall : x =rsinfcos¢, y =rsinfsing, z = rcosb

am

Ynm(07¢) ~ P7Lm|(COS(9)€im¢ , Pén( ) (1 — 3 )m/Qd_P ( )
s
n=1

~ 1rP)(cosf) =rcosf = z
~ 1P} (cosf)e’® = rsinf(cos ¢ +isin @) = x + iy
TYl_l ~ 1P} (cosf)e ™ = rsinf(cos ¢ — isin¢) = x — iy
n=2
r2YY ~ r?2PY(cos0) ~ r?(3cos?h — 1) = 322 — r? = 222 — 2% — ¢/
r2Y,l ~ 2P (cos 0)e® ~ r?sinf cosf(cos ¢ + isin @) = vz + iyz
r?Y? ~ r2P}(cos 0)e?® ~ r?sin?f(cos ¢ + isin ¢)? = 2% — y? + 2ixy
p_f : assume m > 0
recall : (n+1)P1(x) — 2n+ 1)z P, (z) + nPy1(x) =0, Py(z) =1, Pi(z) =
Hence if n is even/odd, then P,(z) is even/odd.

—PF,(s) = Zajs”_m_zj , where j is such that 0 < 25 <n—m
J
P (cosf) = sin™@ - Z a;(cos )"
. j . .
" P™(cos 0)e™? = r" sin™ - Z a;(cos @)~ gime
J
= (rsinfe'®)™ . Z a;r% (1 cos §)" "
J
= (x+iy)m-2a](:{: + g2+ 2272 similarly for m < 0 ok
j
1. Hence Y"(0, ¢) is the restriction of a homogeneous harmonic polynomial in
(x,y, z) to the unit sphere.

00 n =mni+ ng + N3
2.9(r,0,¢) = Z Zamnr“Ym @) = Zanln2n3x”1y”22"3 0<n;<n
n=0 m=—n n=0

Taylor series in x,vy, 2
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P, 0 . : :
(cos 6) = (=1) 9"(r~') : multipole potential of order 2" along z-axis

recall :
rntl n!

plm|
. . n (COS 8) +imeo __ ( 1) n—m /. .—1 . .
in general : € = = m ool "™(r—), 0y =0, x40, , pf ...

addition formula for spherical harmonics (Wallace .. .)

=D ) e Y(0.0) , con = / fO, Ym0, ¢NdY | dQY = sin§'d0 de’
S

n=0 m=—n

/f @, Z Y0, ¢) Y0, ¢)dSY

n=0 m=—n

:ZZY’” Q)Y (0, ¢) =6(Q - Q)

n=0 m=-—n
z

x - Y
Consider the line through 2 as a new z-axis; then Q — (0,x*),Q — («, §).
Then « is the angle from Q to Q'; so if ¢ = ¢/, then o = #' — 0, but in general
o = a(97 q/)7 9/7 ¢/)'
claim

1. cosa = cosfcos® + sinfsinb’ cos(¢p — ¢')

2. P,(cosa) = Z Y"(0,0)Y (0, ¢") : addition formula

2n+1
pf: 1. Q= (sinfcos ¢, sm@sm ¢,cos0), Q = (sind cos @', sin 0’ sin ¢', cos 0')
cosa = €2+ = sinf cos ¢sin b’ cos ¢’ + sin f sin ¢ sin ' sin ¢’ + cos O cos &’

= sin@sin 0'(cos O cos 0’ + sin ¢ sin ¢’) + cosf cos ' ok



2§:§:Yme¢ymy §:§:Ymo*ym e)

n=0 m=—n n=0 m=—-n

mi0 5 — 2n 41 (n—|mD)! o e iy ) Lm =0
:>Yn(07)\/ gy (n+|m\)P (L)e™, P™(1) = 0. m 40

2 1 2 1
n4;r Y (o, 8) = 4/ n4;L P,(cos )

Z ZY’” )Y (0 qﬁ)—ZQn;T_an(coscy) ... ok

n=0 m=—n n=0

p(ZE‘,) d:C,, {ﬂ? = ((7,079?5)¢,)
= 7/'7 ,

1 1 Sir P (cosa) r< = min(r,r’)
_ — ——PF,(cosa),
|z — 2| \/7’2 — 2rr’ cos a + (17)? _ ret r> = max(r,r’)

case 1 : p(x) =

(
R OO (r/)n
O (x) :// p(z") =P, (cos @) (r')?dr'dQY | for r > R
50 n=0 et
R

-/ pa) SO UL AT Sy ) VI ) (e d

c—rtion 41
O(x) = Z Z zz:ll Y," (0, ¢) : multipole expansion , valid for |z| > R

= Z Z bt Y. (0, @) : local expansion , valid for |z| < R

n=0 m=-—n

~ 9 +1// — Y, Y™(0,¢)dx : local coefficients
n rn

mn
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application of multipole expansion : improve accuracy of BH treecode

V= Z D% divect sum = O(N?)

zg 1 |xl_x-7|

Z%@u@—z T X o e
oo Ry 8
J#Z

C’xeC’

(
three options
q; : . 1. direct sum

P, 0= ——— : particle-cluster interaction < _ _ _
’ = |z — x| 2. multipole approximation
.
! \3. consider children
ST
. e x; . target particle
x;.""""""“":""@% x; : source particle
N C
2a. ® 0 ~ | Q , Qc = Z g; : monopole approximation
z;eC

2b. ;0 ~ Z Z nﬁlYm i, ;) : multipole approximation
n=0 m=—n T
Ty — Te = (Ti79i7¢i> 3 ilfj—l'c: (T]79]7¢]>

T — /p<x>rny_ﬁ<9,¢>dx

2n +1
5y f X ot TG,

4 _
= T Z q;ry Y, ™(0;, ¢;) : multipole moments of cluster C'

1. p = 0 = monopole approximation

2. A pth order particle-cluster approximation requires O(p?) moments; the cost
of computing each moment is O(N,), but they can be stored and reused for
different target particles x;; then the operation count for a pth order multipole
approximation is O(p?), and this yields a pth order treecode with operation
count O(N log N).
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error bound for multipole approximation

.

n=0

A= gl

l‘jEC

n Mm
p_f: Z 7””+1

m=—n 1

2: n+1

m=—n Z

Z7 ¢Z)

(0 01) = Z 2n+1 Z% VI0).6)) ey et (6,6

- Zqﬂ n+12n_|_1 Zym Z7¢Z Ym J’¢J qu n+1 COSQZ])
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1
A a\'" qd;
< — , Where @, ¢ = g — =
ri—a\r; \z; — x|

: absolute cluster charge , a = max|r;| : cluster radius
j

z;eC " z;eC "
1 =
recall : m = Z Tn—ilpn(cos ;) for r; < r;
A
1 p rh n n
J
P _ZrnHP(COSO‘U < Z n+1 | P (cos aij)| < Z T,n+1
L J n=0 1 n=p+1 T n=p+1
+1 +1 +1
ri \ri) 1—rj/ri ri) Ti—7Tj ri) Ti—a
1 [ n
claim : P,(s) = 2—/ (s+1iVv/1—s?sinf)"d (then |P,(s)| <1 for |s| < 1)
T Jo
1 d 1 ! 2 1)
pf: P.(s) (s —1)" = " / & ) dz
c

assume —1

- onp! dsn

<s<1

2! 210 Jo (2 — s)ntt

et C i z2=s5+V1—-52e" 0<h<2r

z—s=+1-52e" dz=+1-s2ie’dh

Z—1=s+(1-5%

e2? 4 25¢/1 — s2¢ — 1

=1 - 82€i0(28+ V1—s2e? —/1— 526_“9)
=v1- S2€i92(8 +iv1 — 32sin9)

Py(s) = ~

2n 2 J,

1 271'(1_82

n/2 infon : — 2 n
)"/2em2" (s 4 iv/1 — 5% sin ) 1 s2icds

(1 — 52)n+D)/2eilnr1)0 ok
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fast multipole method : Greengard-Rokhlin (1987, ...)

idea : evaluate local approximation due to combined multipole approximations

_ 1)
note : Y, (0, ¢) = (n = |m|)! P‘m|(cos 0)e™? | AT = (=Y
(n+ [m])! V(= [m[)!(n + |m])!
three tools
Consider point charges x1, ...,y inside a sphere of radius a centered at () and

also inside a sphere of radius p + a centered at O, and let P be a point outside
the 2nd sphere.

coordinates at O

P—O:(T,H,qb)
z; — O = (14,04, ¢)
r Q_O:(paaaﬁ)

assume r > p +a
coordinates at ()

P — Q = (rlv 6/7 ¢,)
zi — Q = (3,0}, ;)

1. shift the center of a multipole expansion (M2M)
N

d(P) = Z P % p : induced potential at P

= Z Z @ (i — Y0, ¢") : multipole expansion at Q
r n

N
Q, = Z g (r)" Y™ (0., ¢;) : multipole moments at Q
i=1

Z Z I Jfl Yk : multipole expansion at O
=0 k=1

= Z qi rﬁﬁ(ei, ¢;) : multipole moments at O
|k’\ |m|—|k—m)| Am Ak m

l n
SIDICEE O

n=0 m=—n
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2. convert a multipole expansion to a local expansion (M2L)

coordinates at O

P—0=(r0,0¢)
r; — O = (14,0, 9i)
Q—O:(p,Oé,B)

assume p > 2a,r < a
coordinates at ()
P—Q=(0,9)

T — Q= (Tév 9;7 gb;)

— Z Z n+1 Y7(¢',¢) : multipole expansion at Q

n= m=—
o0
Z . local expansion at O
1=0 k=—1
N |
Olk = Z i s} Yi*(0;,¢;) : local coefficients at O

x " lk=ml=lkl—lml gm gk q

Olk - Z Z QZ% ( )nAm k pl+n+1YX|-nT:k(Oé’B)

n=0 m=—n l+n

If the sum is truncated at order p, the operation count for each M2L is O(p?).

3. shift the center of a local approximation (L2L)

No assumptions for 7, p, a are needed in this case.

Z Z QN (r""Y ™M@, ¢") : local approximation at Q

n=0 m=—n

p
— Z O ZYIC . local approximation at O
=0 k=-I
D n Z|m| |m—Fk|—|k| Am kAk , By
m n— m—
Z Z Q )nJrlAm P Yn—l (Oé, B)
: m=—n n

example : az®+bx +c = (v — x0)? + V(v — x9) + ¢
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def : Two boxes at the same level are neighbors if they share a boundary point;
otherwise they are well-separated. The interaction list of a box b contains the
children of the neighbors of b’s parent that are well-separated from b.

n n n i )
I A O A A A A A
ililnlinln|i
n b n i
ili|n|b|n|i
1 1 nini|n )
n n n i

note : F(interaction list) = 3%-4—32=271in 2D , 3%-8 — 3% =189 in 3D
FMM algorithm

1. upward pass
a. Form multipole moments of each box on finest level of tree.

b. Form multipole moments of each parent by shifting multipole moments of
children to center of parent using M2M and adding them together.

2. downward pass

a. Starting at coarsest level of tree, convert multipole moments of each box b
into local coefficients at the center of each box b; in b’s interaction list using
MZ2L; combine local coefficients in b; from different boxes b.

b. Starting at coarsest level of tree, shift local coefficients of each parent to
center of each child using L2L and add to local coefficients of child.

c. At finest level of tree, evaluate local expansion at each particle and add result
to direct interactions with neighbor particles.

operation count

The bulk of the work is due to M2L. Assume there are s particles per box at the
finest level and hence N/s boxes at that level. Then the cost of M2L is bounded
1

N 1
. 4 « — J— —_— e e . f—
by 189 - p* - — (1 +ot ) O(N).



note

Various techniques have been developed to extend or improve the FMM.

1. Poisson integral formula (Anderson 1992)
2. plane-wave expansions (GR 1997)

1 1 1 . —A(z—iz cos a—iy sin «) :
— = = — e ' Y dad) , valid for z > 0
ra? oy + 22 0

AN Vi I G

n m —\j(z—ix cosap—iysinayg), ,,
E g e Y."(0,0) — E g e Wik
n=0 m=-n j=1 k=1

3. kernel-independent FMM (Ying, Biros, Zorin, 2004)
There have also been improvements to the BH treecode.
Draghicescu? (1995) , Lindsay, Duan, K (2000, ...)

; 1
Q0 = Z _ 4 particle-cluster interaction , set g(x,y) =
xEC"xi_gjjl |ZL‘—y‘
= qiglriz) =Y gl ve+ (25— 20))
z;eC z;€C
= Z qj Z HD’;g(:ci, z.)(z; — )" : Cartesian Taylor expansion
z; €C ||k||=0
multi-index notation
k= (ki,ko,ks), ki >0, ||k|| = k1 + ko + ks, k! = kq! kol k3!
y = (y1,92.93) . Dy = Dyl D2 Dy
() — xe)* = (w1 — 2e1)" (22 — Te2)* ()3 — w0 3)™
Cartesian multipole expansion
1
ZC_ZMCCL]C xl,xc , Mc—ij c k'(xzaxc) - k‘ Dkg('xl)mc)
||k||=0 z;€C
compare to spherical form , z; — z. = (r;,0;, ¢;) , ©; — . = (r},0;, ;)

zC Z Z n+1 %7¢Z ) Z q;r nynm J7¢j)

n=0 m=-n T z;€C

68
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note

In Cartesian form we obtain a pth order particle-cluster approximation by re-
taining terms with ||k|| <p. The Cartesian sum runs over 3 indices (ky, ko, k3)
and has O(p?®) terms, while the spherical sum runs over 2 indices (m,n) and has
O(p?) terms.

recurrence relation for Cartesian Taylor coefficients

_ 1 .

ar = k'Dyg(may) ) g($7y> - |a:—y\
3 3

1Bl - |2 = ylPax — (21| = 1) (2 — 1) ap—e, + ([Ell = 1) ar—se, = 0
i=1 i=1

stencil

2 o
<, 1.

This is a 3D analog of the 1D recurrence relation for the Legendre polynomials;
recall : (n 4+ 1)P,11(z) — (2n + 1)z P,(z) + nP,—1(z) = 0. There are similar
recurrence relations for the following kernels.

gz, y) =z —yl", (| —y| +52)V/2 7 erf(a|x — y|) | o—rle—yl
[z —y| |l — vy
pf
’ ‘ZE’ _y| ) ,

other techniques

| M,
Rp+1

SE? |M’p:Z|QJHx]_'xC‘p7 R:|xz_xc

l‘jEC

1. error criterion :

2. adaptive order
3. compare CPU time for pth order approximation and direct sum

4. adaptive clusters
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standard clusters

level 1 level 2 level 3
...' '.... .. hd '..'. .. - 'I'..
:. ®e o‘...‘o. :. ®eeq0 "’0.. _:'_ ..L..+..l...
..o... ._.'. .'0..- ._.‘. .". ) J..o'.
adaptive clusters
=

Lo

azimuthal waves on a vortex ring (Feng-Kaganovskiy-K 2009)

vortex sheet model , Lagrangian particle/panel method

N; ~ 10", Ny ~ 1.4 x 10°

sheet surface/vorticity isosurfaces at t = 0,4, 8

senalegh S
NI 77723 S
S

74

Vo
17T
LT

iggdes

1]
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recall : polynomial interpolation in 1D

thm : Given f(x) and n+1 distinct points {so, ..., s,} in [a, b], there is a unique
polynomial p(x) of degree < n that interpolates f at the given points, i.e. such
that p(si) = f(s) for k=0 :n.

question : How should the points be chosen? Consider two options on [—1, 1].
1. uniform points : sy =—1+kh, h=2/n, k=0:n

2. Chebyshev points : sy = —cosly , O, =kh , h=7n/n, k=0:n
X

uniform points , n=16

-1.5 -1 -0.5 0 0.5 1 1.5
Chebyshev points , n=16

-1 I I I I I
-1.5 -1 -0.5 0 0.5 1 1.5

The Chebyshev points are clustered near the endpoints of the interval.
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B 1
14252

solid line : f(z) , given function

example : f(x)

dashed line : p(x) , interpolating polynomial

uniform points, n=4 Chebyshev points , n=4

-1 0 1 ' -1 0 1

uniform points , n=8 Chebyshev points , n=8

-1 0 1 ' -1 0 1

uniform points , n=16 Chebyshev points , n=16

15 x

n
1l [ 1
[ 1)
0.5} 1)

|1

[
\
\
\
\
\
\
\
\
-1.5 Ll : 1 -15
]

0 e \] 0
I
05 I | 0.5
N
-y | ~1
|
1 0 -1 0 1

1. Interpolation at the uniform points gives a good approximation near the center
of the interval, but it gives a bad approximation near the endpoints.

2. Interpolation at the Chebyshev points gives a good approximation on the
entire interval.
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The interpolating polynomial p(x) can be exressed in different forms.
standard form : p(x) = ag + a1z + - - - + apx”
Newton form : p(x) = ag + a1(x — s¢) + as(x — so)(z — s1) + - -

+an(z —s0) -+ (x — sp-1)

Lagrange form : p(x ZLk )i, Li(s;) = 0

[T (2 — s5)
conventional Lagrange form : Lj(z) = =2 , k=0:n
j=0 (Sk - 5])
Jj#k
W,
b ic L f L X — S B 1
arycentric Lagrange form : Ly(x) = o T —
S J ij,j;ék(sk Sj)
j=0T —Sj

example : n =2, {so, s1, s2}, {fo, f1, fo}
p(x) = Lo(x) fo + Li(x) fi + La(z) f2

(x — s1)(x — s9) (x — s0)(x — s9) (x — s0)(x — s1)

Lo(x) N (so — 31)(30 — 52) 7 Ll(x) N (31 - 80)(81 - 32) ’ L2(x) N (32 - 50)(32 - 31)
= pla) = (ot Pt ) (= o) ) )

1 1 1
Wy = w1 = Wo =

(81 - 80)(51 - 82) ’ (52 - 80)(82 - 81)

)(:c — 50)(z — s1)(T — $2)

(50— s1)(s0 — 52) ’
Wy w1 w9

special case : 1 = ( +
T — S0 T — 51 T — S9

Wi
X S fO + fl X S f2 X S
— 20 — 92 — 9k
= p(zc) = Wo w1 (% = Lk(x) - ﬁ ok
_ _ — P —
s S0 X S1 X S9 = T — Sj

1. The barycentric Lagrange form of p(x) is scale invariant, i.e. the same weights
wy, can be used for any interval [a, b]. pf ...

2. If the interpolation points are the Chebyshev points, then the barycentric
weights are wy, = (—1)"0;, where 6 =6, = 5,0y =1fork=1:n—1. pf ...
Berrut-Trefethen (SIREV 2004) : “Barycentric interpolation is a variant of La-
grange polynomial interpolation that is fast and stable. It deserves to be known
as the standard method of polynomial interpolation.”
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extension to 3D
C = [al,bl] X [ag,bg] X [Cbg,bg]
Sk = (Sky, Sk, Sk;) © Chebyshev points adapted to C

~ YD g k) L (1) iy (42) Ly (33)

k1=0 ka=0 k3=0

- separated kernel approximation

- polynomial of degree n in y1, yo, y3

- interpolates g(z,y) at y = sy

- accurate for x ¢ C', y € C

- kernel-independent

BLTC : barycentric Lagrange treecode (Wang-K-Tlupova 2020)

N . .
Chear : particle-particle (PP)
T = g\ Zi, L,
¢ ; i) Z Z 9(wey)a; = {C’ tar : particle-cluster (PC)

C y;eC
PP : PC . . —
° : T/ ° .Sk; ° /p/ °
.yj [ ) ® r * T
.%; ffffffff é fffffffff L . :1037: 7777777 Rﬁi?i”ii* 777777 L] . .
PP : Y glwi,y)q;
ijO
PC: Z Z Zg TS s Gk = > Ly (Y1) Ly (yj2) L, (43) )
=0 ky=0 k3= y;€C

1. PP and PC both have a direct sum form; the particles and charges (y;, ¢;) in
PP are replaced by proxy particles and charges (s, g;) in PC.

2. use PC & z;,C are well-separated < r/R < 0 : MAC
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BLTC is well suited for GPU acceleration (Vaughn-Wilson-K 2020)
example : N =10%, g(z,y) = |z —y| ', n=1:2:13,0=0.5,0.7,0.9

104
@ 103'; = 6—o 6 CPU cores + OpenMP
o ]
£ 1021 2.67 GHz Intel Xeon X5650
|_ ]
c
S 10l e e
o : th-Q:_‘AQ'ﬂ‘ :‘_‘_“(:):---O 1 GPU + OpenACC

100 | ‘5555 | NVIDIA Titan V

10~ 10710 10~° 1072
Error, E

BLDTT = O(N) (Wilson-Vaughn-K 2021)

- FMM upward /downward pass adapted to BLI

- interaction lists computed by dual tree traversal (Appel 1985)

- PP, PC, CP, CC

example : g(z,y) = |z —y|™' , n =28, 0 = 0.7 = 7-8 digit accuracy

1 P100 GPU strong scaling , N=64M

103 103 |
+BLTC
2 -o-BLDTT
10°¢ .
O~ o
qa') w0 P =¥ Direct Sum |3 2 102
= S -©-BLTC g
= —«BLDTT =
100 .57 - -O(N)
----- O(NlogN)
] ---O(N?) 1
o ‘ ‘ 10 ‘ ‘ ‘ ‘
10° 10° 107 108 1 2 4 8 16 32
N Number of GPUs

Codes are available at https://github.com/Treecodes/BaryTree.
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periodic BC

Consider a set of charged particles in a cube, periodically repeated in R3.

1 N qi qj
522 dr|x; — x; + nlj

noij=1

L : cube side length

n = (ny,ng,ng), n; =0,£1,...

prime = omit i = j for n = (0,0,0)

1. V is the electrostatic potential energy due to interactions between charges in
the central cell (x;) and charges in the periodically repeated system (x; — nL).
2. In computing V', a cutoff or the minimum image convention can be used for

short-range interactions (e.g. Lennard-Jones), but this is not recommended for
long-range interactions (e.g. Coulomb).

backeground on infinite series

1. > a, = lim Zal
n=1

7’L*>OO

If the limit of partial sums exists, then the series converges; otherwise, it diverges.
o0 o0

example : an converges , . % diverges
n=1 =

o0
2. A series ) a, is absolutely convergent if > |a,| converges.
n=1 n=1

(0. ¢]
If Y a, converges, but »_ |a,| diverges, then the series is conditionally convergent.
n=1 n=1

o0 n
example : Y — g absolutely convergent , Z 1) is conditionally convergent
n=1 n=1

3. If a series is absolutely convergent, then reordering the terms does not change

the sum, but if a series is conditionally convergent, then reordering the terms
can change the sum.

example:l—%—ké—%—k%—%A—%—%—l—---:ln2 - AHS
1 1 1 1 1 1 1 _ 1
s T Ts st o wmtuoi T = 3n2
0+5+0-++04+5+0—-%+ =352
1+%—%+%—|—%—%+%+%— :%1n2:reorderedAHS
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N

We assume the central cell is charge neutral, i.e. > ¢; = 0; this implies that the
i=1

series for V' is conditionally convergent; hence the sum depends on the order of

summation, but regardless of the order chosen, the series converges slowly.

Ewald summation (Tosi 1964)

1

Z —— : lattice sum , diverges for all z , but ok as a distribution

At|z + nL|

1

: —V? =§(z) = —V? &( L)

reca Tl ) 2 el 47T|:c oz~ 20
1 .
set p(z Z d(x +nL) — 73 then / Hp(a:)dx =0 : charge neutrality
ce

Let ¥(x) be the potential induced by p(x), i.e. —V? = p, with PBC. Then 1 (z)
is well-defined up to an additive constant; we will derive an efficient method for
computing ¥ (x) and then use it to compute V.

pla) = [Z (e +nL) = fla+nL) [+ |3 flo+nL) - Li] = pi(2)+p2(2)

RN

3
f(l’):me

: smooth | rapidly decaying , [ f(x)dez =1, pf ...
R3

a~1: Gaussian width , lim f(z) = d(z) = f(z) : approximate delta-function

a—00
Let ) = 11 + b9, where —V?); = p;, —V?hy = py, with PBC.

Then 1, 19 are well-defined up to additive constants by charge neutrality.
p : periodic sum of point charges 4+ constant background

= ¢ : no explicit expression other than v + 1o

p1 : periodic sum of screened point charges

= 11 : periodic sum of singular screened potentials, decay rapidly in r

po : periodic sum of smooth point charges + constant background

= 1)y : periodic sum of smooth potentials, decay slowly in r, decay rapidly in k
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claim

erfc(a|z +nLl) 1
1. - .
Vi) Zn: Art|z 4+ nL| 402 L3

2 [ ¢ 2 7 ¢
erf(z) = — [ e " dt, erfe(z) =1—erf(x) =— [ e " dt
T Jo ﬁ x
1L x | erfe(x)
0 | 1.0000
110.1573
2 1 0.0047
72 |k|? Lo
2. Po(x) = Z - [_ aL? ok Z] - Fourier series b= (ks oo, )
T k40 Am?|k[*L . S| ki=0,%1,.
Hence 91(x), 12(x) are expressed as rapidly converging series.
2 2
—art
errf(oz\xD _ —l&n (°0,) erf(ar) _ y2/ f a — erf(ar)
4| x| r2 A7y 47r7“2 72
1 2,.2 2
:—4WT2T-%6_QT-—27“&3+>%E/¢7@%~04—/%€/2 e
3 2.2 f
L f(z) = M . potential of a Gaussian charge density
m3/2 47| x|
serfe(alz)) o1 —erf(alz|) 5
——=-V =d(x) — = ... => =V =
I = 8l = @) b=

A constant is subtracted from 11 (z) so that [, ¥1(z)dz = 0.

/ Zerfc 04|5c—i—nL\)dx:/ erfe( oz]x| // erfc (ar) r2drd)
cell 47T|:L'—|—7’LL| R3 471—‘37’

1 (0.9]
= erfc( )sds = — \/_/ ~t dt - sds J
s

t2

—t2 —t2
= dsdt = - —dt
&2\/—/ /8 S 042\/_ Z

—tﬂ 0 ot 1 117 1
az\/—< / )@ﬁ§240¢2 o




2. po(x) =3 palk) 2k x/L 5y 1
k

—2mik - x/L
po(T)e dx
L3 Jeell 2(2)

. 21712
—V? o = pa, ¢2 Z¢ 2mk ' :z:/L il ‘k‘ w (k) = Pz(]f)

L?
1
k=0 = p(0) = 7 p2(x)dx =0 : ok by charge neutrality
cell
We choose 15(0) = 0, so that / H@bg(x)dx = 0.
ce

now assume k # 0

~ 2 : o—2mik - x/L
p2( L3 cell{

L3 L3 R 3/2
[ 2( N g )2 k2
. —a“|x - —
/e[—Oﬂgj% — 2%@]{11’1/[/} d.flfl :/8 1 27, a2
R R
s 3 k|
p2(k) = i&—g e a’L? e_O‘QxQd:E _ 1 e 2L’ ok
P2\R) = 73 3/2 B T3 ==
summary of lattice sum
Z d(x+nlL) — s -
—m°| k| +omik. ®
ex mik - —
() Z erfc(alx + nL|) N Z P 7aere L
€Tr) =
— " dnfa + L] 4a2L3 - Am2[k2L
In evaluating V', there are two types of terms.
1. i j : use Y(z) with © = z; — z;
2.1 =7 : use ¢(x) Withx:xi— -—O but omitn—Oterm
in this case consider p(x) = = [p(x )]+ [pa(x) —

Li_ /JM\

3 :
f( e —2mik - x/L g, _ 1 / 0‘_6[—@2]33|2—2mk-33/L}dx

79

]dxl , also x9, x3

()]
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2| |2 T
— ik - =
{pv(x)zzerfc(odx—i—nl;\)_ 1 +Zexp[ a2 +am L] _ erf(alz|)
< drle+all 4e?LP L A2 |k|2L Ar|z|
. 2|]€|2
< | —
ZZ(O)_Zerfc(amu) I P er 12
_n#o 4r|nL)| 4023 o 472\ k|2 L 4 /T

~

1 (0) is the self-potential at a charge due to its periodic images.

N N
1 1 ~
) E g (v — xj) + 5 E qgw(O) =V"+ V¥ 4+ V?®: Ewald summation
i=1

i,j=1
7]

Z Z qiq; erfe(ale; - 7+ nLj) real-space term
o dpla; —x;+nl]

n 1,j=1
2|2 — 7.
1 exp [—WJLQ' + 2mik - S
Q
VE = 3 ”221 qi4; kgo T2IR2L : reciprocal-space term

=7 3/2 ZqZ . self-energy term
T

1. The terms involving —— drop out by charge neutrality.

4023
2. The expression for V' is an identity for all a > 0.

3. V",V are rapidly converging sums that can be evaluated using cutoffs,
\z; —x; +nL| <, |k| <k

V" converges rapidly : O(N

large a@ = )
V* converges slowly : O(N?)
)

V" converges slowly : O(N?

small o = {
Vk

converges rapidly : O(N)
4. By choosing a, 1., k. properly, the cost can be reduced to O(N?/?).

5. For large o, the cost of computing V* can be reduced to O(N log N) using
the FFT-based particle-mesh Ewald method (Darden-York-Pedersen 1993).

6. For small «, the cost of computing V" can be reduced to O(N log N) using a
treecode (Duan-K 2000) or to O(N) using BLDTT (Wilson-Vaughn-K 2021).



