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A857RAC7 
We pre5ent a treec0de a190r1thm f0r eff1c1ent1y c0mput1n9 
the rea1 5pace part 0f Ewa1d 5ummat10n 1n per10d1c d1p01ar 
5y5tem5. 7he  a190r1thm u5e5 mu1t1p01e expan510n 1n Carte- 
51an c00rd1nate5 t0 appr0x1mate the rea1 5pace 1nteract10n 
6etween a d1p01e and a d15tant c1u5ter 0f d1p01e5. 7he nec- 
e55ary 7ay10r c0eff1c1ent5 are c0mputed eff1c1ent1y u51n9 re- 
currence re1at10n5. 7w0 d1v1de-and-c0n4uer eva1uat10n pr0- 
cedure5 are de5cr16ed. 7e5t re5u1t5 are pre5ented f0r 5y5tem5 
0f rand0m1y 9enerated d1p01e5. 
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1. 1N7R0DUC710N 
A10n9 w1th the 1ncrea51n9 u5e 0f c0mputer 51mu1at10n5 f0r 

610m01ecu1ar 5y5tem5, deve10p1n9 and u51n9 m0re accurate 
and re11a61e 90vern1n9 f0rce f1e1d5 axe 6ec0m1n9 e55ent1a1 f0r 
advanced under5tand1n9 0f the c0mp1ex 5y5tem5. Part1cu- 
1ar1y, much eff0rt ha5 6een made 0n the deve10pment 0f f0rce 
f1e1d5 1nc1ud1n9 many 60dy effect5 5uch a5 p01ar12a6111ty. 0 n  
the 0ther hand, u51n9 p01ar12a61e f0rce f1e1d5 c0n51dera61y 
1ncrea5e5 the c0mputat10na1 c05t, wh1ch 15 pr0h161t1ve1y ex- 
pen51ve f0r 1ar9e 5ca1e and 10n9 t1me 51mu1at10n5 [13]. 1n 
th15 paper, we pre5ent a treec0de a190r1thm f0r eff1c1ent1y 
c0mput1n9 e1ectr05tat1c 1nteract10n5 1n per10d1c d1p01ar 5y5- 
tern5. 

1n m01ecu1ar dynam1c5 51mu1at10n5, per10d1c 60undary c0n- 
d1t10n5 are c0mm0n1y u5ed t0 reduce the 5urface effect5. 
C0n51der N p01nt d1p01e5 1n a cu61c 51mu1at10n 60x that 
15 rep11cated per10d1ca11y 1n a11 d1rect10n5. 7he  e1ectr05tat1c 
ener9y 0f 5uch a 5y5tem can 6e expre55ed a5 a 5um 0f d1p01e 
1nteract10n5, 

E ~ " 1 ~--~n 1=1 ~ ~ ~ V r 1 ) ( ~ - L j -  Vr~) ] r1 -  rj1+ Ln1• (1) 

Perm15510n t0 make d191ta1 0r hard c0p1e5 0f a11 0r part 0f th15 w0rk f0r 
per50na1 0r c1a55r00m u5e 15 9ranted w1th0ut fee pr0v1ded that c0p1e5 are 
n0t made 0r d15tr16uted f0r pr0f1t 0r c0mmerc1a1 advanta9e and that c0p1e5 
6ear th15 n0t1ce and the fu11 c1tat10n 0n the f1r5t pa9e. 70 c0py 0therw15e, t0 
repu6115h, t0 p05t 0n 5erver5 0r t0 red15tr16ute t0 115t5, re4u1re5 pr10r 5pec1f1c 
perm15510n and/0r a fee. 
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where D1 and ~j are p01nt d1p01e5 at p051t10n r1 and rj ,  Vr~ 
and V~j den0te d1fferent1at10n at r1 and rj ,  L 15 the 51de 
1en9th 0f the 51mu1at10n 60x, the 1ndex n = (n1, n2, na) run5 
thr0u9h the per10d1c 1ma9e5 0f the 60x, and the pr1me 1nd1- 
cate5 that  the 1 -= j term5 are 0m1tted when n = 0 [1]. A1- 
th0u9h the d1p01ar p0tent1a1 c0nver9e5 fa5ter than C0u10m6 
p0tent1a1, 1t5 10n9 ran9e 510w1y decaY1n9 nature 5t111 ren- 
der5 accurate1y eva1uat1n9 the p0tent1a1 ener9y and f0rce a 
cha11en91n9 and 1mp0rtant pr061em. 70 reduce the c0mpu- 
tat10na1 c05t, a5 f0r C0u10m6 5y5tem5, the Ewa1d 5ummat10n 
techn14ue ha5 0ften 6een u5ed. 1t 5p11t5 the d1rect 5umma- 
t10n 0f the 1nteract10n5 (E4. (1)) 1nt0 a 5um 0f a c0n5tant 
E(0)E(r) = d  ~::r~ap~rd~yCa~n;=e9::t5E1(e5: the rea1 5paCe 5Um 

where 

E = E (°) + E (r) + E (k), (2) 

E (°) - 37r1/22a3 ~-~1~j1 =, (3) 
j = 1  

t N N 

n 1=1 .,4=1 

erfc(a1r11r1 - r#- + r°" Ln1 + Ln1)• (4) 

E ( ~ ) -  27rL 1 ~ 0 ~ n ~ e x P ( - ~ )  1" 

N 

~ ( D j ~ V r ~ ) e x p ( ~ - ~ n ~ r j ) ]  2, (5) 
j = 1  

and a 15 a p051t1ve parameter ch05en f0r c0mputat10na1 eff1- 
c1ency [1, 5]. 7he  c0mp1ementary err0r funct10n 1n the rea1 
5pace 5um and the exp0nent1a1 funct10n 1n the rec1pr0ca1 
5pace 5um decay rap1d1y w1th the 1ndex n, theref0re cut- 
0ff5 rc, kc can 6e u5ed t0 c0mpute the Ewa1d 5um, 1.e. 0n1y 
term5 5at15fy1n9 1r1 - rj 4- Ln1 < rc f0r E (r) and 1n[ •< k¢ f0r 
E (k) are reta1ned f0r the c0mputat10n. 7he  ma9n1tude 0f the 
Ewa1d parameter a c0ntr015 the re1at1ve rate5 0f c0nver9ence 
0f the rea1 5pace 5um and the rec1pr0ca1 5pace 5um. When 
a 15 1ar9e, E (r) c0nver9e5 rap1d1y and can 6e eva1uated t0 
a 91ven accuracy 1n 0 ( N )  0perat10n5 u51n9 an appr0pr1ate 
cut0ff rc; h0wever 1n th15 ca5e E (~) c0nver9e5 510w1y and 
0 ( N  2) 0perat10n5 are re4u1red 51nce the cut0ff kc mu5t 6e 
1ar9e en0u9h t0 atta1n the de51red accuracy. 7he  51tuat10n 
15 rever5ed when a 15 5ma11, and theref0re 1n e1ther ca5e, 

• 2003 ACM 1-58113-624-2/03/03...$5.00. 1 7 2  



the c1a551ca1 Ewa1d meth0d re4u1re5 0 (N  2) 0perat10n5. 7he  
c05t can 6e reduced t0 0 ( N  3/2) 6y 0pt1m121n9 the parame- 
ter5 a ,  r~, k~ a5 a funct10n 0f N [19, 12]. 7he  h1dden c0n5tant 
1n fr0nt 0f N 3/2 can 6e further reduced u51n9 the 11nked-ce11 
meth0d t0 reduce the c0mputat10na1 c05t 0f 10cat1n9 the 
d1p01e5 wh1ch are w1th1n the cut0ff rad1u5 0f a 91ven d1p01e 
[19, 10]. A part1c1e-me5h Ewa1d 6a5ed meth0d (PME) 0f 0r- 
der 0(N109N) 15 a150 rep0rted f0r d1p01e 1nteract10n5 [17]. 
7he  c0mp1ex1ty reduct10n 1n PME 15 acc0mp115hed 6y ch005- 
1n9 a 1ar9e va1ue f0r a; the rea1 5pace 5um 15 c0mputed 1n 
0(N) and the c05t 0f eva1uat1n9 the rec1pr0ca1 5pace 5um 
15 reduced fr0m 0 (N  2) t0 0 (N  109 N) u51n9 a part1c1e-me5h 
1nterp01at10n pr0cedure and the fa5t F0ur1er tran5f0rm. F0r 
further deta115 0f the Ewa1d meth0d we refer the reader t0 
Ref5. [1, 5, 19, 12, 17, 4, 18]. 

7he  pre5ent w0rk c0ncern5 an a1ternat1ve c1a55 0f meth- 
0d5, treec0de a190r1thm5, tha t  re1y 0n mu1t1p01e expan510n5. 
1n a treec0de a190r1thm, part1c1e5 are d1v1ded 1nt0 ne5ted 
c1u5ter5 and the 1nteract10n 6etween a part1c1e and a d15tant 
c1u5ter 0f part1c1e5 15 appr0x1mated u51n9 a mu1t1p01e expan- 
510n. 7he  f1r5t treec0de a190r1thm5 u5ed a m0n0p01e appr0x- 
1mat10n f0r the part1c1e-c1u5ter 1nteract10n and a d1v1de-and- 
c0n4uer 5trate9y t0 ch005e the c1u5ter5 [2, 3]. 6reen9ard  and 
R0hk11n•5 fa5t mu1t1p01e meth0d (FMM) 15 a m0re e1a60rate 
pr0cedure that  u5e5 a h19her 0rder mu1t1p01e appr0x1mat10n 
and a techn14ue f0r eva1uat1n9 the appr0x1mat10n 6y c0n- 
vert1n9 1t t0 a 10ca1 5er1e5 [8, 9, 14]. 7he5e meth0d5 reduce 
the 0perat10n c0unt t0 0(N109 N) 0r 0(N). Exten510n 0f 
FMM t0 d1p01ar 5y5tem5 ha5 a150 6een made [11]. 

1n th15 paper, we pre5ent a 51mp1e treec0de a190r1thm f0r 
c0mput1n9 the rea1-5pace part  0f the Ewa1d 5ummat10n f0r 
d1p01ar 5y5tem5. 0 u r  appr0ach 1nv01ve5 (1) d1rect eva1uat10n 
0f the rec1pr0ca1 5pace 5um; (11) tree c0n5truct10n t0 5u6d1- 
v1de the d1p01e5 1nt0 c1u5ter5; (111) mu1t1p01e expan510n t0 ap- 
pr0x1mate the rea1 5pace 1nteract10n 6etween a d1p01e and 
a d15tant c1u5ter 0f d1p01e5; (1v) d1v1de-and-c0n4uer 5trat- 
e9y t0 eva1uate the rea1 5pace 1nteract10n5 recur51ve1y. 1n 
what f0110w5, f1r5t we de5cr16e the mu1t1p01e appr0x1mat10n 
f0r d1p01e-c1u5ter 1nteract10n5. We then pre5ent the c0n- 
5truct10n 0f the tree and tw0 d1v1de-m1d-c0n4uer 5trate91e5 
t0 app1y the mu1t1p01e appr0x1mat10n recur51ve1y. 1n 5ec- 
t10n 5, we 91ve the numer1ca1 re5u1t5 06ta1ned f0r 5y5tem5 
0f rand0m1y 9enerated d1p01e5. F1na11y, we 5ummar12e 0ur 
f1nd1n95 1n 5ect10n 6. 

2. MUL71P0LE APPR0X1MA710N 
1n th15 5ect10n, we de5cr16e the mu1t1p01e appr0x1mat10n 

f0r the d1p01e 1nteract10n 6etween a d1p01e a21d a c1u5ter 0f 
d1p01e5. Def1ne the p0tent1a1 funct10n ¢(x)  : ~erfc(1x1)/1x[. 
C0n51der the 7ay10r expan510n 0f ¢(x)  a60ut ~, 

11k11 =0 

where k• = k1~k2~k3~, []k11 = k1 + k2 + k3, ( x -  ~)k = (x1 - 
E1) k~ (x2 - E2) k2 (x3 -- E3) ka, D~ k = 01]k[1 /0x1k107 ,2k20 ,73  k3 . 

C0n51der a p01nt d1p01e tt 1 at r1 1n a c1u5ter A and a d15tant 
d1p01e/~j at  r¢. Let p~ = att~ and p j  = att~ 6e the 5ca1ed 
d1p01e5 and x1 = ar1 and xj  = a r j  6e the 5ca1ed p051t10n5, 
and xA = arA 6e the 5ca1ed center 0f the c1u5ter A a5 1n 
F19ure 1. 

1n E4. (6), 1et x = x~ - x~- and ~ = xA - x~, we have the 

F19ure 1: D1p01e j and  a c1u5ter 0 f  d1p01e5 A. xA 
15 t h e  5ca1ed c1u5ter center ;  pA 15 t h e  5ca1ed c1u5ter 
rad1u5; RjA 15 t h e  d15tance 6 e t w e e n  t h e  d1p01e and  
t h e  c1u5ter c e n te r .  

pth 0rder 7ay10r appr0x1mat10n f0r the rea1 5pace 1nteract10n 
6etween d1p01e j and c1u5ter A, 

E~,~ = ,eA~--~(p~. "V,,)(p,/" Vr~)erfc[~)~ ~.[rj1 ) (7) 

= v , , , ) ( p j .  (8) 

,~ 20~ 11k11=0~--~ p (pj.Vx,)~..D1¢(xA~xj1. 
)-~(p,. v.,)(x, -xA)" (9) 
1EA 

= 2811k11=0~--~ p ( p j .  V.,)akm~., (10) 

where ak = ~.,D~¢(xA - x j )  15 the 7ay10r c0eff1c1ent and 

m k = ~--~ (p1 • Vx, )(x1 - xA) k 15 the k th  mu1t1p01e m0ment 
1EA 

0f c1u5ter A. 7he  1a5t e4uat10n c0mpute5 the e1ectr05tat1c 
1nteract10n 6etween d1p01e j and the mu1t1p01e5 0f c1u5ter A. 
[16]. 7he  f0rce exerted 0n d1p01e j 15 the ne9at1ve 9rad1ent 
0f the p0tent1a1 ener9y at  r j ,  

FJ:  - v x ,  vx , )a , ,  (11) 

=~2821[k[1=0~-~(pj~Vx,)((k1(k2(k34.~1)ak+134-1)ak+~4-1)ak+.=)m~, (12) 

where e1,12,e3 are the 5tandard Carte518n 6a515 vect0r5. 
We n0te that  the 7ay10r c0eff1c1ent5 ak 1n E45. (10) and 
(12) are 1ndependent 0f the num6er 0f d1p01e5 1n c1u5ter A. 
7heref0re, 0nce the m0ment5 0f each c1u5ter m~ are 06- 
ta1ned, the rea1 5pace p0tent1a1 ener9y and the f0rce at r j ,  
E} r) and F~ ~), can 6e c0mputed c1u5ter 6y du5ter.  1n prac- 
t1ce, 1t 15 m0re eff1c1ent t0 emp10y the appr0x1mat10n 0n1y 
when the mu1t1p01e acceptance cr1ter10n 15 5at15f1ed (deta11ed 
1n 5ect10n 4). 

R e c u r r e n c e  Re18t10n5. Exp11c1t f0rmu185 f0r the 7ay10r 
c0eff1c11nt5 ak can 6e deve10ped, 6ut we f0und 1t 51mp1er and 
m0re eff1c1ent t0 u5e recurrence re18t10n5 1n5tead. C0n51der 
an0ther funct10n ¢ (x )  = •e -1•1• and def1ne 6k = ~. ,0k¢(x) .  
1t 15 ea5y t0 ver1fy tha t  6k 5at15f1e5 the f0110w1n9 very 51mp1e 
recurrence re1at10n5 

where 6k = 0 when any 0f the 1nd1ce5 15 ne9at1ve. 7he  
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F19ure  2 : 5 t e n c 1 1  0 f  t h e  R e c u r r e n c e  Re1at10n (14) 1n 
tw0 D1men510n5. 

der1vat10n 0f the recurrence re1at10n5 f0r the 7ay10r c0ef- 
f1c1ent5 elk 15 a150 5tra19htf0rward u51n9 Le16n12•5 ru1e f0r 
d1fferent1at1n9 the pr0duct 0f tw0 funct10n5: 

3 

11k111x12ak + (211k11 - 1) ~ x~ak-e,+ 

3 

(11k11 - 1) ~ ak-2,~, = 11k116k, (14) 
1=1 

where ak = 0 when any 0f the 1nd1ce5 15 ne9at1ve. F19ure 2 
5h0w5 the a550c1ated 5tenc11 1n tw0 d1men510n5. 70 reduce 
the term5 1nv01ved 1n the recurrence re1at10n5, e4uat10n (13), 
(14) and a 5119ht1y d1fferent a1ternat1ve f0rm 0f e4uat10n (14) 
are u5ed 1n pract1ce[6]. 

3. 7 R E E  C 0 N 5 7 R U C 7 1 0 N  
7he  tree u5ed here 15 a var1ant 0f the 8arne5-Hut tree. 

7he  tree c0n5truct10n pr0cedure d1v1de5 the part1c1e5 1nt0 
a c011ect10n 0f ne5ted c1u5ter5 (a150 referred t0 a5 ce115 0r 
n0de5). 7he  r00t n0de 15 the cu61c 60x c0nta1n1n9 a11 the 
d1p01e5 1n the center 51mu1at10n 60x. 7he  r00t 15 5u6d1v1ded 
1n each c00rd1nate d1rect10n 1nt0 a t0ta1 0f e19ht ch11dren. 
7he  ch11dren def1ne the next 1eve1 0f n0de5 1n the tree. 7he  
5u6d1v1510n c0nt1nue5 unt11 the num6er 0f d1p01e5 1n a n0de 
15 1e55 than 0r e4ua1 t0 a 5pec1f1ed va1ue N0. 7he5e n0de5 
f0rm the 1eave5 0f the tree. 800kkeeP1n9 5tep5 axe perf0rmed 
dur1n9 the tree c0n5truct10n. 7he  5ca1ed d1p01e p051t10n5, 
d1rect10n5 and 5tren9th are 5t0red 1n a 9106a1 array 1n 5uch 
a way tha t  the mem6er5 0f a c1u5ter appear  1n c0n5ecut1ve 
array 10cat10n5. 5evera1 attr16ute5 a550c1ated w1th a n0de 
axe a150 c0mputed 1nc1ud1n9 the mu1t1p01e m0ment5 up t0 a 
ch05en 0rder p, a5 we11 a5 the 5ca1ed center xA and rad1u5 
PA a5 1n F19ure 1. 

4. EVALUA710N P R 0 C E D U R E 5  
Hav1n9 c0n5tructed the tree, the p0tent1a1 ener9y and 

f0rce 0n a d1p01e axe c0mputed 6y traver51n9 the tree. We 
pre5ent here tw0 d1fferent d1v1de-and-c0n4uer 5trate91e5 t0 
acc0mp115h the ta5k. 7he  f1r5t 0ne 15 5h0wn 1n F19ure 3. 
1t cyc1e5 thr0u9h the d1p01e5 and c0mpute5 the 1nteract10n 
6etween a d1p01e j and a c1u5ter 0f d1p01e5 A recur51ve1y. 
1nteract10n 6etween a d1p01e and a 1eaf c1u5ter 0f d1p01e5 
15 c0mputed d1rect1y u51n9 the Ewa1d meth0d. 7he  mu1t1- 
p01e appr0x1mat10n 15 perf0rmed when the d1p01e 15 we11- 
5eparated fr0m a n0n1eaf c1u5ter, 1.e. the f0110w1n9 mu1t1p01e 
acceptance cr1ter10n (MAC) 15 5at15f1ed, 

pA1RjA < 5 (15) 

d1p01e•c1u5ter •pr0cedure 0 
f 0 r j : 1 t 0 N  

c0mpute•1n•n0de(j, r00t) 
/*c0mpute  ener9y • f0rce due t0 the  26 neare5t 1ma9e5 0f r00t*/  
f0r 1 =  1 t0  26 

c0mpute-0ut-n0de(j, 1ma9e~ ) 

c 0 m p u t e - 1 n - n 0 d e ( j ,  A) 
1f (j 15 1n A) 

1f (A 15 a 1eaf) 
c0mpute  EJA) and F ~  u51n9 d1rect Ewa1d; 

e15e /*exam1ne the 8 ch11dren 0f c1u5ter A*/  
f0r  1---- 1 t 0 8  

c0mpute•1n•n0de(j, A.ch11d[1]); 
e15e 

c0mpute-0ut-n0de(j, A); 

c0mpute•0ut-n0de(j ,  A) 
1f (A 15 a 1eaf) 

c0mpute  E~A ) and F ~  u51n9 d1rect Ewa1d; 
e15e 

1f (j and A are we11 5eparated) 
c0mpute  EJ~ ) and F ~  u51n9 a mu1t1p01e appr0x1mat10n; 

e15e 
f0r 1 = 1 t0  8 

c0mpute •0ut -n0de (j, A1ch11d[1]) ; 

F19ure 3: 0ut11ne 0f  the  d1p01e-c1u5ter eva1uat10n 
pr0cedure  and the  tw0 recur51ve funct10n5 1nv01ved. 

A 8 

F19ure 4 : 7 w 0  c1u5ter5 A, 8 0 f  d1p01e5, xA, x8  a r e  
t h e  c1u5ter cen te r5 ;  pA, p8 are t h e  c1u5ter rad11; RA8 
15 t h e  d15tance 6 e t w e e n  t h e  c1u5ter cen te r5 .  

where pA, RjA axe the c1u5ter rad1u5 and d1p01e-c1u5ter d15- 
tance def1ned 1n F19ure 1. 5 15 a u5er-5pec1f1ed parameter  
f0r c0ntr0111n9 the c0mputat10na1 accuracy. 1f the MAC 15 
n0t 5at15f1ed, the e19ht ch11dren 0f the 91ven c1u5ter axe ex- 
anf1ned; th15 pr0cedure 15 c0nt1nued unt11 a 1eaf c1u5ter 15 
enc0untered 0r the MAC 15 5at15f1ed. 

7he  5ec0nd 5trate9y 15 5h0wn 1n F19ure 5. 1t cyc1e5 thr0u9h 
a11 the c1u5ter5 0f d1p01e5. 1f tw0 c1u5ter5 are 1eave5, d1rect 
Ewa1d 5ummat10n 15 perf0rmed u51n9 the 5ymmetry pr0p- 
erty 0f pa1rw15e 1nteract10n5. 7he  mu1t1p01e acceptance cr1- 
ter10n 15 def1ned f0r tw0 c1u5ter5 A and 8 wh1ch are n0t 60th 
1eave5 [7], 

(pA -~- p 8 ) / R A 8  <~ 8 (16) 

where pA, p8 axe the c1u5ter rad11 and RA8 15 the d15tance 
6etween the center5 0f the tw0 c1u5ter5 def1ned 1n F19ure 
4. 1f the MAC 15 5at15f1ed, the a190r1thm cyc1e5 thr0u9h 
the d1p01e5 1n the tw0 c1u5ter5 and c0mpute5 the 1nterac- 
t10n 6etween a d1p01e 1n 0ne c1u5ter and an0ther c1u5ter 0f 
d1p01e5 u51n9 mu1t1p01e appr0x1mat10n. 1f the MAC 15 n0t 
5at15f1ed, the e19ht ch11dren 0f the c1u5ter 0f 1ar9er rad1u5 are 
exanf1ned; the pr0cedure 15 c0nt1nued unt11 60th du5ter5 are 
1eave5 0r the MAC 15 5at15f1ed. 

We refer t0 the f1r5t pr0cedure a5 the d1p01e-c1u5ter eva1- 
uat10n pr0cedure and the 5ec0nd a5 the c1u5ter-c1u5ter eva1- 
uat10n pr0cedure. 7he  ma1n d1fference 6etween then/15 0n 
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c1u5t er  •c1u5t er  •pr0cedure 0 
c0mpute-0ne-n0de(r00t) 
/~c0mpute ener9y ~4 f0rce due t0 the  $6 neare5t 1ma9e5 0f r00t*/ 
f0r  1 =  1 t 0  26 

c0mpute•tw0•n0de5(r00t, 1ma9e1) 

c0mpute•0ne . .n0de(A)  
1f (A 15 a 1eaf) 

V1, j 6 A  
c 0 m p u t e  E[~ ) ~ F[~ ) 6y d1rect Ewa1d u51n9 9a1rw15e 5ymmet ry ;  

e15e/*exam1ne the  8 ch11dren 0f c1u5ter A * /  
f0 r  1 = 1 t 0 8  

c0mpute•0ne•n0de( A.ch11d[1]); 
f0 r  j : 1 + 1 t 0 8  

c0mpute•tw0-n0de5( A.ch11d[1], A.ch11d~]); 

c0mpute•tw0•n0de5(A,  8 )  
1f (60 th  A and  8 are 1eave5) 

V 1 6 A ,  j 6 8  
C0mpute E ~  ) • F ~  ) 6y d1rect Ewa1d u51n9 pa1rw15e 5ymmet ry ;  

e15e 1f (A and  8 are  we11 5eparated) 
V1EA,  j E 8  
c0mpute E ~  ) • F ~ ) ;  E~A) • F ~  u51n9 mu1t1p01e appr0x1mat10n; 

e15e 1f ( (A 15 a 1eaf) 0 r  (815  n0 t  a 1eaf a n d  r 8  > rA)) 
f 0 r j = 1  t 0 8  

c0mpute•tw0-n0de5( A, 8.ch11d[j]); 
e15e 

f 0 r 1 = 1  t 0 8  
c0mpute•tw0-n0de5( A.ch11d[1], 8 ) ;  

F19ure 5: 0ut11ne 0 f  t h e  c1u5ter-c1u5ter eva1uat10n 
p r 0 c e d u r e  and  t h e  t w 0  recur51ve funct10n5 1nv01ved. 

h0w the MAC 15 checked. 1t 15 c1ear that  the f1r5t MAC (e4. 
(15)) 15 ea51er t0 6e 5at15f1ed and theref0re m0re appr0x1ma- 
t10n5 are made 1f the d1p01e-c1u5ter pr0cedure 15 u5ed. 7he  
5ec0nd MAC (e4. (16)) 15 checked f0r tw0 c1u5ter5 0f d1p01e5. 
When the d1rect Ewa1d meth0d 15 u5ed f0r 1eaf c1u5ter5, the 
5ymmetry pr0perty 0f pa1rw15e 1nteract10n5 can 6e c0n51d- 
ered. 7heref0re 0n1y ha1f 0f the c0mputat10n f0r 1eaf c1u5ter5 
need t0 6e carr1ed 0ut. 7he  1mpact 0f the5e d1fference5 0n 
the perf0rmance 0f the treec0de 15 d0cumented 1n F19ure 8 
and F19ure 9 1n 5ect10n.5. 

5. 1 M P L E M E N 7 A 7 1 0 N  A N D  N U M E R 1 C A L  
R E 5 U L 7 5  

7he Ewa1d 5ummat10n 6a5ed mu1t1p01e meth0d f0r d1p0- 
1ar 5y5tem5 and the c1a551ca1 Ewa1d 5ummat10n meth0d w1th 
a ne19h60r ce11 115t were 1mp1emented 1n the C pr09ramm1n9 
1an9ua9e and te5ted 0n an 1133 MH2 18M 7h1nkPad. 7he  
c1a551ca1 Ewa1d 5ummat10n meth0d 15 u5ed a5 the 6ench- 
mark f0r te5t1n9 the perf0rmance 0f the treec0de. 1n the 1m- 
p1ementat10n 0f the c1a551ca1 Ewa1d meth0d, the rea1 5pace 
part  wa5 eva1uated w1th a cut0ff rc and exp11c1t f0rmu1a5 
f0r the 15t and 2nd der1vat1ve5 0f erfc(~[rD/]r ] 06ta1ned u5- 
1n9 5m1th•5 recurrence f0rmu1a [17, 15]. 7he c0mp1emen- 
tary  err0r funct10n erfc(x) wa5 eva1uated u51n9 p0wer 5e- 
r1e5 f0r 5ma11 ar9ument5 and the a5ympt0t1c expan510n f0r 
1ar9e ar9ument5 [21]. 70 reduce the c05t 0f ne19h60r f1nd- 
1n9, 1.e. 10cat1n9 the d1p01e5 wh1ch are w1th1n the cut0ff 
rad1u5 0f a 91ven d1p01e, a 3-D H0ckney-Ea5tw00d 1att1ce 0f 
(M1 x M2 × M3) ce115 wa5 u5ed a5 a me5h t0 c0ver the cen- 
ter 51mu1at10n 60x and the 1ma9e5 0f 1t5 neare5t ne19h60r5. 
Each 0f the ce115 1n the centra1 51mu1at10n 60x wa5 11nked 
w1th a 115t 0f ce115 w1th1n 1t5 cut0ff rad1u5. 7he  c0ntr16u- 
t10n5 t0 the ener9y and f0rce 0n a d1p01e 1n a ce11 A are 0n1y 
fr0m d1p01e5 w1th1n ce11 A and 1n the ce115 that  are 11nked t0 
A. F19ure 6 dep1ct5 a me5h and a 115t 0f ce115 11nked t0 ce11 
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F19ure 6: 7 h e  51mu1at10n 6 0 x  and  1t5 ne19h60r 1m- 
a9e5 are  d1v1ded 1nt0 ce115. C0ntr16ut10n5 t0  t h e  en-  
e r 9 y  and  f0rce  0n  a d1p01e 1n ce11 A are  0n1y f r0m 
t h e  d1p01e5 1n A a n d  t h e  ce115 (5haded)  11nked t0  A. 

ma1n() 
1nput d1p01e p051t10n5, d1rect10n5 and  5tren9th 
1nput u5er-5pec1f1ed parameter5 

a : Ewa1d parameter 
re : rea1 5pace cut-0ff rad1u5 
5 : MAC p a r a m e t e r  
p : 0rder 0f appr0x1mat10n 
N0 : max1mum n u m 6 e r  0f part1c1e5 1n a 1eaf 

c0n5truct tree 
c0mpute rea1 5pace 5um u51n9 

d1p01e•c1u5ter•pr0cedure 0 0r c1u5ter•c1u5ter•pr0cedure(); 

F19ure  7: 1mp1ementat10n  0 f  t h e  t r e e c 0 d e  a190r1thm. 

A 1n tw0 d1men510n5 f0r the 5et 0f parameter  va1ue5 91ven 
1n e4uat10n (18). 7he  rec1pr0ca1 5pace 5um wa5 c0mputed 
w1th a cut0ff n¢ u51n9 the expre5510n 91ven 1n e4uat10n (5) 
w1th exp11c1t d1fferent1at10n 0f the exp0nent1a1 funct10n. 

0ne  5et 0f re5u1t5 wa5 c0mputed u51n9 the c1a551ca1 Ewa1d 
5ummat10n w1th parameter  va1ue5 

= 6 / L ,  rc = L ,  k~ = 12; (17) 

the5e re5u1t5 are c0rrect t0 d0u61e prec1510n accuracy and 
they 5erve a5 a 6enchmark f0r determ1n1n9 the err0r. We 
c0mpared the perf0rmance 0f the treec0de a190r1thm and 
the c1a551ca1 Ewa1d meth0d f0r parameter  va1ue5 

(~ = 5 / L ,  rc = L / 2 ,  kc ---- 4; (18) 

the5e axe c0mm0n1y u5ed va1ue5 [1, 5] that  pr0v1de m0derate 
accuracy at much 10wer c05t than the va1ue51n (17). We n0te 
that  w1th th15 5et 0f parameter5, (1) the num6er 0f 0perat10n5 
1n the rec1pr0ca1 5pace c0mputat10n 15 0f 0rder 0 ( N ) ;  (11) 
0n1y the center 51mu1at10n 60x and 1t5 neare5t ne19h60r5 are 
needed f0r the rea1 5pace c0mputat10n, 6ut the c0mp1ex1ty 
0f the c1a551ca1 Ewa1d c0mputat10n 15 0 ( N 2 ) .  

7he 1mp1ementat10n 0f the treec0de a190r1thm 15 0ut11ned 
1n F19ure 7. 7he  rea1 5pace cut0ff wa5 1mp1emented 6y re- 
4u1r1n9 tha t  the part1c1e-c1u5ter 1nteract10n5 5at15fy the cr1- 
ter10n 1xj --XA 1 ~ rc " ~ A ;  1.e. a c1u5ter A c0ntr16ute5 t0 the 
rea1 5pace 5um a5 10n9 a5 1t 0ver1ap5 the 5phere 0f rad1u5 r¢ 
centered at the part1c1e x j .  A5 a re5u1t, the treec0de c0m- 
putat10n 1nc1uded m0re d1p01e 1nteract10n5 than th05e enter- 
1n9 the c1a551ca1 Ewa1d c0mputat10n. 7he  ne19h60r f1nd1n9 
pr0cedure pr0v1ded 6y the h1erarch1ca1 tree da ta  5tructure 
15 5119ht1y m0re eff1c1ent 6ey0nd the 11nked-ce11 meth0d. 1t 
e11m1nate5 a c1u5ter 0f d1p01e5 w1th a 51n91e d15tance ca1cu- 
1at10n when 1xj - xA1 > rc  "~- rA [20]. 1n add1t10n, U51n9 the 
C1U5ter-C1U5ter eva1Uat10n pr0cedUre, tW0 C1U5ter5 0f d1p01e5 
Can 6e e11m1nated When [X A - -  X 8 1  > 7•c "~- rA + r 8 .  1t 15 1n- 
tere5t1n9 t0 reca11 that  the v01ume 0f a 5phere 0f rad1u5 r 15 
~1rr a = 0.5236 f0r r : 1/2. 7h15 5u99e5t5 that  1fthe d1p01e5 
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axe un1f0rm1y d15tr16uted 1n the 51mu1at10n 60x, 0n1y a60ut 
53% 0f the d1p01e5 are 10cated w1th1n the 1n5cr16ed 5phere 
and c0ntr16ute t0 the ener9y and f0rce 0n the d1p01e 10cated 
at the center 0f the 60x. We 6e11eve th15 15 why when the 
c1u5ter-c1u5ter eva1uat10n pr0cedure 15 u5ed, the treec0de a1- 
90r1thm, even w1th the 0verhead 0f c0n5truct1n9 the tree and 
c0mput1n9 the attr16ute5 f0r each n0de, 0utperf0rmed the 
c1a551ca1 Ewa1d meth0d f0r a11 va1ue5 0f N a5 5h0wn 1n F19- 
ure 9. 8ecau5e the pa1rw15e 5ymmetry pr0perty can n0t 6e 
ut1112ed 1n the treec0de w1th the part1c1e-c1u5ter eva1uat10n 
pr0cedure, the advanta9e 0f the ne19h60r f1nd1n9 appr0ach 
15 n0t apparent  1n the re5u1t5 5h0wn 1n F19ure 8. 

7he  parameter  va1ue5 f0r the treec0de a190r1thm were ch0- 
5en t0 6e repre5entat1ve rather  than 0pt1ma1. 7he  max1- 
mum num6er (N0) 0f d1p01e5 1n a 1eaf c1u5ter wa5 5et t0 
6e 20 and the 5eparat10n parameter  5 wa5 taken t0 6e 0.4 
f0r the treec0de u51n9 the d1p01e-c1u5ter eva1uat10n pr0ce- 
dure. 51nce the 1eaf 1nteract10n can 6e c0mputed m0re ef- 
f1c1ent1y u51n9 the pa1rw15e 5ymmetry pr0perty when the 
c1u5ter-c1u5ter eva1uat10n pr0cedure 15 u5ed, d1fferent va1ue5 
0f N0 = 40 and 5 -- 0.5 were ch05en f0r the treec0de u51n9 
the c1u5ter-c1u5ter eva1uat10n pr0cedure. 7he  c0mputat10n 
1n the rec1pr0ca1 5pace 15 d0ne 6y the 5ame c0de u5ed f0r the 
c1a551ca1 Ewa1d meth0d. 

7he  te5t da ta  are 5et5 0f rand0m1y 9enerated d1p01e5 w1th 
a f1xed den51ty. 7he  e1ectr05tat1c p0tent1a1 ener9y and f0rce5 
were c0mputed 6a5ed 0n the data.  7he  numer1ca1 re5u1t5 f0r 
three va1ue5 0f p are 5h0wn 1n F19ure 8 and F19ure 9. 7he  
r00t mean 54uare (rm5) err0r 1n the f0rce wa5 c0mputed u5- 

1n9 ~ / ~  ~-~]~=t [F, - F~12, where F~ 15 the c0rrect f0rce and 

F1 15 the appr0x1mate re5u1t 06ta1ned 6y e1ther the c1a551- 
ca1 Ewa1d 0r the treec0de meth0d. We n0te that  the rm5 
err0r 15 m0re mean1n9fu1 than re1at1ve err0r f0r ra21d0m1y 
9enerated data; f0r examp1e, rand0m1y 9enerated d1p01e p0- 
51t10n5 c0u1d pr0duce f0rce5 0f very 1ar9e ma9n1tude at 50me 
d1p01e5. 

7he  f0110w1n9 065ervat10n5 can 6e made fr0m the numer- 
1ca1 re5u1t5. (1) F0r 1ar9e va1ue5 0f N, the treec0de a190- 
r1thm 15 519n1f1cant1y fa5ter than the c1a551ca1 Ewa1d meth0d; 
f0r examp1e, w1th N : 200,000, the 5peed-up 15 a60ut 
4.9 and 4 f0r the tw0 d1fferent eva1uat10n pr0cedure5. 7he  
cr055-0ver p01nt 6etween the c1a551ca1 Ewa1d meth0d and 
the treec0de w1th the d1p01e-c1u5ter eva1uat10n pr0cedure 15 
a60ut N = 12,000 f0r p = 4, and 25,000 f0r p = 8. 7here 15 
n0 cr055-0ver p01nt when the c1u5ter-c1u5ter eva1uat10n pr0- 
cedure 15 u5ed; the treec0de 15 a1way5 fa5ter than the Ewa1d 
meth0d a1th0u9h m05t 0f the c0mputat10n f0r N < 10,000 
wa5 perf0rmed u51n9 d1rect Ewa1d 5ummat10n. A5 n0ted 
a60ve, th15 15 6ecau5e the ne19h60r f1nd1n9 pr0cedure f0r the 
treec0de 15 5119ht1y m0re eff1c1ent than  that  f0r the c1a551ca1 
Ewa1d meth0d. Apparent1y, the 0verhead 0f c0n5truct1n9 
the tree and c0mput1n9 the attr16ute5 a550c1ated w1th the 
tree n0de5 15 ne9119161e a5 c0mpared w1th the c05t 0f c0mput- 
1n9 the ener9y and f0rce5. (11) A5 c0mpared w1th the d1p01e- 
c1u5ter eva1uat10n pr0cedure, the c1u5ter-c1u5ter eva1uat10n 
pr0cedure perf0rm5 6et ter  f0r 5ma11 t0 m0derate1y 1ar9e 5y5- 
tem5. H0wever, a5 the 5y5tem 512e 1ncrea5e5, the d1fference 
d1m1n15he5 and when N = 200,000, the a190r1thm w1th the 
d1p01e-c1u5ter eva1uat10n pr0cedure 5urpa55e5 the 0ne w1th 
the c1u5ter-c1u5ter eva1uat10n pr0cedure. (111) 7he  065erved 
CPU t1me c0mp1ex1ty 0f the new meth0d 15 c0n515tent w1th 
0 (N109  N),  a5 expected f0r a part1c1e-c1u5ter treec0de [3]. 
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(1v) 7he  rm5 err0r 1n the f0rce f0r the treec0de a190r1thm 15 
0(5 p) a5 p 1ncrea5e5. We n0te tha t  the treec0de err0r 5h0u1d 
6e jud9ed 6y h0w we11 1t c0mpare5 w1th the c1a551ca1 Ewa1d 
err0r, n0t 6y h0w 5ma11 1t 15. 51nce the tree da ta  5tructure 
15 d15crete, the num6er 0f d1p01e5 1n c1u5ter5 at  each 1eve1 
var1e5 w1th N; f0r examp1e, w1th N0 = 20, the avera9e num- 
6er 0f d1p01e5 1n a 1eaf 15 3.05 : 100,000/85 f0r N = 100,000 
and 6.1 f0r N = 200,000. 7h15 var1at10n 1ead5 t0 the chan9e 
1n the d15tance RjA 6etween a d1p01e j and the center 0f a 
we11-5eparated c1u5ter A. A5 a re5u1t, the err0r 1n the f0rce 
06ta1ned u51n9 the treec0de a190r1thm f1uctuate5 w1th N a5 
5h0wn 1n F19ure 8 and 9. 7h15 5u99e5t5, 51m11ar t0 the err0r 
60und5 f0r the mu1t1p01e appr0x1mat10n 0f C0u10m6 p0ten- 
t1a1 [8] and L0nd0n d15per510n p0tent1a1 [7], the err0r 60und 

f0r the mu1t1p01e appr0x1mat10n 0f ¢(x)  :-  ~erfc(1x1)/1x1 
15 a150 a decrea51n9 funct10n 0f RjA. 

6. 5 U M M A R Y  AND C 0 N C L U 5 1 0 N 5  
Eff1c1ent eva1uat10n 0f e1ectr05tat1c 1nteract10n5 15 a 60tt1e- 

neck pr061em 1n m01ecu1ar dynam1c5 51mu1at10n5. 7reec0de 
a190r1thm5 typ1ca11y reduce the 0perat10n c0unt fr0m 0 ( N  2) 
t0 0(N109N), where N 15 the num6er 0f part1c1e5 1n the 
5y5tem, 6ut there 15 5t111 much 1ntere5t 1n 0pt1m121n9 per- 
f0rmance w1th1n th15 c1a55 0f a190r1thm5. Here we de5cr16ed 
a treec0de a190r1thm f0r c0mput1n9 the rea1 5pace par t  0f 
the Ewa1d 5ummat10n 1n d1p01ar 5y5tem5. 7he  treec0de 
u5e5 mu1t1p01e appr0x1mat10n 1n Carte51an c00rd1nate5 and 
emp10y5 recurrence re1at10n5 t0 eff1c1ent1y c0mpute the nec- 
e55ary 7ay10r c0eff1c1ent5. We have 1mp1emented tw0 d1f- 
ferent eva1uat10n pr0cedure5 f0r app1y1n9 the appr0x1ma- 
t10n recur51ve1y. 7e5t re5u1t5 were pre5ented f0r 5et5 0f ran- 
d0m1y 9enerated d1p01e5. 7he  CPU t1me wa5 c0n515tent w1th 
0 ( N  109 N) and the a190r1thm wa5 effect1ve 1n c0ntr0111n9 
the c0mputat10na1 err0r. 

7he  Ewa1d 5ummat10n techn14ue p05e5 tw0 d15t1nct c0m- 
putat10na1 pr061em5 - -  the eva1uat10n 0f the rea1 5pace 5um 
and the rec1pr0ca1 5pace 5um. 7he  pre5ent treec0de a190- 
r1thm eva1uate5 the rea1 5pace 5um 1n 0(N109 N) 0pera- 
t10n5, wh11e the PME meth0d eva1uate5 the rec1pr0ca1 5pace 
5um 1n 0 ( N  109 N)  0perat10n5. 7h15 ra15e5 the p05516111ty 0f 
c0m61n1n9 the tw0 meth0d5 t0 06ta1n a m0re eff1c1ent hy6r1d 
meth0d t0 reduce the c0n5tant 0f pr0p0rt10na11ty. 

7. A C K N 0 W L E D 6 M E N 7 5  
7h15 w0rk wa5 5upp0rted 6y a 5tart-up fund fr0m the 

Un1ver51ty 0f Akr0n and M1ch19an L1fe 5c1ence5 C0rr1d0r 
9rant #1515. 7he  auth0r5 thank We1-L1 Q1an f0r he1pfu1 
d15cu5510n5. 
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