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1. Introduction

This paper studies the behavior of simultaneous Diophantine approximations of

aj ap . X1 Xn
vectors o = (?,..., ?) of rational numbers by vectors § = (—,..., —) of
X X

rational numbers with a smaller denominator 1 < x < B. To exclude the case that §

. aj a . Ce
perfectly approximates o we suppose that o = (? , ?n) is primitive in the sense

that B is the minimal common denominator for the entries of @, i.e. that
g.cd (ay,..,a,, B) =1. (1.1)

In general it seems difficult to determine the set of good simultaneous Diophantine
approximations to an individual vector @, and such sets may be badly behaved, cf.
[2],[3]. However it is possible to say more about the general behavior of such sets of
approximations when averaged over appropriately chosen ensembles of vectors o, and
this is the object of this paper. In particular we show (Theorem 1.5) a quantitative
version of the assertion: Most primitive vectors @& that have at least one "unusually good"
simultaneous Diophantine approximation § do not have very many such "unusually
good" approximations. Here the vectors & are not required to be primitive but must have

a denominator x with 1 < x < B.

In order to state our results we introduce some definitions and notation. First, we

need a measure of goodness of approximation. We say that a vector § is a A-good



approximation to a vector o if

a;
|_

B

X A
—| < ; for 1<i<n. (1.3)
X
This is the usual sup norm measure of approximation since (1.3) may be rewritten as
A
ol < —
lixaj] < 5
where
{{B}} = MIN (MAX |B;-y;]) .
yeZ" 1<i<n

We let N(a, A) denote the number of A-good approximation vectors to @, i.e. the
number of solutions (x, x;,..., x,) to (1.3) with 1 < x < B. By clearing denominators

in (1.3) we see that N(a, A) may alternatively be interpreted as the number of solutions

(x, x1,..., x,) of the integer programming problem:
—A<ajx—-Bx;<A; 1<i<n, (1.4a)
1<x<B, (1.4b)
X, X{,..., X, Integers . (1.4¢)

Second, in order to formulate assertions about the behavior of "most" vectors o, we need
to specify the sets of such vectors we are studying. We note that if y € Z" is an integer

lattice point, then we have
N(a, A) = N(a+y, A) ,

by examining (1.4). Hence we may without loss of generality restrict our attention to
primitive vectors a lying in the half-open unit cube [0, 1)” in R", i.e. we suppose that

aj

(x coe
( B ’ ’ B )



0<a;<B; 1<i<n. (1.5)
We study the sets S, (B) consisting of all primitive vectors o with denominator B, which

liein [0, 1)", i.e.

a a
S, (B) = {a = (?1,..., ?”): 0<a; <B and gcd (aj,..,a,, B) =1} .

(1.6)

Our object is to analyze the behavior of the function N(a, A) viewed as a random
variable on the sets S, (B) which we treat as discrete probability spaces with the uniform
distribution. Our first result is an estimate for the mean value of N(o., A). Here d(B)

denotes the number of divisors of B.

Theorem 1.1. Forn = 2,

Y  N(a, A) = 2"y, (B)BA" + 0(n3"*'d(B)*BA" ") , (1.7)
ae S,(B)

where ¥, (B) is the multiplicative function defined by

V,(B) = TT (1-p™") , (1.8)

p|B

and the constant implied by the O-symbol is independent of n and B.
Note that y,, (B) is bounded away from zero, and in fact forn > 2
12y,(B)2[Lm]",
where { denotes Riemann’s zeta function.

It is easy to verify that the set S, (B) contains exactly y,(B)B" elements, and

combining this result with Theorem 1.1 immediately gives the following corollary.



Corollary 1.2. Forn = 2,

A}’l

Bl’l—l

Prob {a € S,(B) has N(a, A) > 1} < 2"

+ O(n3"+1d(B)2(%)”_l).

(1.9)

Dirichlet’s theorem for simultaneous Diophantine approximation implies that for

1
1 - —
A =B " N(a, A) = 1 for all @, so that in this case

1
1 - —
Prob {a € §,(B): N(a, B "y>21})=1. (1.10)

Corollary 1.2 implies that when the dimension # is held fixed
Prob {a € §,(B): N(a,A) 21} -0 as B — oo, (1.11)

1
1 - —
provided A = o(B " )as B — oo; this is a quantitative version for rationals in S, (B)
of the assertion that "most" vectors do not have simultaneous Diophantine

approximations significantly better than those guaranteed to exist by Dirichlet’s theorem.
Our main result is an upper bound for the second moment of N(a, A) on the set

S.(B).

Theorem 1.3. For each n 2 2 there are positive constants ¢, |, ¢, o and c, 3 such

that

2
Y N, A)? <c, 132(%)” + cp 2BA" + R, (B, A)  (1.12)
oc S, (B)

where the remainder term R, (B, A) is given by



cp. 3 (d(B)*BA" 1) for n >4,
R,(B, A) = {c3. 3 (d(B)*BA%) for n = 3, (1.13)
¢2.3 (d(B)*BA*) for n=2.

For prime B the bounds (1.12) and (1.13) simplify for alln > 2 to

2
Y N, A)? << BZ(A—)” + BA" . (1.14)
oae S,(B) n B

Here << is the Vinogradov notation, which says that the left side of (1.14) is less than the
n

right side of (1.14) times a positive constant depending on n. This bound for prime B is

the correct order of magnitude in that it can be shown that

2
Y Na, A)? >> B2 (A 4 pan, (1.15)
oae S,(B) n B

see the discussion at the end of Section 4. In (1.15) the term BA" comes from a small set

2
of a having many A-good approximations, while the term ¢, 3 BZ(%)” is associated

with the contribution of the "average" value of N(a, A) on the set of those & with

- L

2
N(a, A) > 1. The BZ(%)” term dominates (1.12) when A > B " while the BA"

1 - —
term dominates (1.12) when A < B ",

It is necessary to restrict ourselves to primitive vectors o with denominator B in the
ensemble S, (B) in Theorem 1.3, because the inequality (1.12) does not hold in general
for composite B if the left side of (1.12) is enlarged to sum over all a, primitive and
imprimitive, in [0, 1)” having denominator B. The inequality fails in this case because

there is a large contribution from perfect approximations with smaller denominators.



The proof of Theorem 1.3 involves an auxiliary problem of independent interest.
This concerns the distribution of the number of solutions of homogeneous linear
congruences in two variables with bounds on the variables. We consider the linear

congruence

Ax; =x, (mod B) , (1.15)

subject to the constraints
|X1| SA] s (116)
|)C2| < A2 . (117)

Let f(A, B, A{, A,) denote the number of solutions of (1.15), (1.16) and (1.17). Note
that f(A, B, Ay, Ay) > 1 because x; = xo = 0 is always a solution. We study the

sums

Qn(B’Al’AZ) = Z f(}\" BaAI’AZ)n
(A, B) =1

Let T(B, Ay, A,) denote the number of f(A, B, A;, A,) equal to 1 with 1 <A < B

with (A, B) = 1. We prove the following result, where ¢ (B) is Euler’s ¢-function.

Theorem 1.4. Forn > 2and Ay < A,, there are positive constants c,, and c,, such that

A A,

0,(B, Ay, Ay) — T(B, Ay, Ay) < ¢, 0(B)( )" + R, (B, Ay, AyX1.18)

where the remainder term R, (B, Ay, Ay) is



c, AT7TA, if n
RH(B’ Al7 AZ) =

v
)

(1.19)
¢y AjAy log Ay(Y d™ ) if n=2. (1.20)

d|B

The important feature of Theorem 1.4 for applications is the asymmetric form of the
remainder term A7~ 'A, for n > 3 in (1.19), where A; < A,. The inequality (1.18) is
best possible when B is prime and n > 3, in the sense that

A A,
B

0,(B, Ay, Ay))=T(B, Ay, Ay) >> B( )+ ATTTA,
n

in that case, cf. equation (3.4).

We combine Theorems 1.1. and 1.2 to get information about the distribution of

N(a, A) on those o for which N(at, A) > 1. We prove the following result.

Theorem 1.5. For each n > 4 there is a positive constant ¢, such that for all B > 2

and all A satisfying

- L

c,'d(BY)’ <A<B "

2

we have

C*>.‘<
Prob {a € S, (B) has N(a, A) > k| N(a,A) 2 1} < kn2 , (1.21)

for all k =2 1. The same result holds for n = 2 and 3 provided B is restricted to be

prime.

It is possible that (1.21) gives the correct size of the tail of this conditional probability

distribution as a function of k, apart from the size of the constant c;: *- 1 am unable to



prove this.

Theorem 1.5 has applications to the cryptanalysis of public key cryptosystems of
knapsack type. In particular it can be used to show that Shamir’s attack [5] on the Basic
Merkle-Hellman knapsack scheme succeeds in polynomial time for "almost all"
knapsacks which encrypt at a fixed information rate R, as the number of knapsack items

n — o, for any R with 0 < R < 1, see [2],[3]. (Shamir [5] showed this for

% < R < 1.) These cryptanalytic applications motivated my study of the questions in
this paper.

Finally we remark that the proofs of the theorems are substantially complicated by
the inclusion-exclusion arguments needed to treat the case of composite B. The proofs
simplify considerably in the special case that B is prime.

2. Bounding the mean value of N(a, A)

Proof of Theorem 1.1. We let

G,(B, A) = Y N(a, A) (2.1)
oe S,(B)

ie. G,(B, A) denotes the number of approximation pairs (x, &) where
ai an
o = (—,..., — ) such that
B B
. x.
| - — <= (2.2)
X

subject to



l1<x<B-1, (2.3)
0<a;<B-1 for 1<i<n, 2.4)
g.cd. (ay,...,a,,B) =1. (2.5

Our goal is to estimate G, (B, A).

We use inclusion-exclusion to reduce the problem to the case where the relative
primality condition (2.5) is omitted. For d|B let H, (B, A, d) denote the number of

solutions to (2.2)-(2.4) with

d|(ay,..., a,, B) . (2.6)
Then by Mobius inversion
Gn(B,A) = ¥ Wd)H,(B, A, d) . 2.7)
d|B

To estimate H, (B, A, d), we seta; = da; and x; = dy; for 1 < i < n, and rewrite

the conditions defining H,, (B, A, d) as

a’x =y (mod §> : (2.82)
* A
|y,~|£z for 1<i<n, (2.8b)
subject to
1<x<B-1, (2.8¢)

IA
N

OSa,-*S%—l for 1<i (2.8d)

Next we let H,(B, A, d, k) denote the number of solutions to (2.8) for which

(x, %) = k, and we have
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H,(B,A,d) = Y H,(B,A, d k). (2.9)
K E
d

To estimate H, (B, A, d, k), we setx = x k,y; = y; k and rewrite the conditions

defining H, (B, A, d, k) as

aix" =y (mod ]%) , (2.10a)
PAEE (2.10b)
subject to
ISx*S%—l, (2.10c)
OSa,*S%—l, (2.10d)
(x”, %) =1. (2.10e)

We can count solutions to (2.10) directly by observing that the number of choices of x

satisfying (2.10c) and (2.10e) is

o (:;d) if kd < B, (2.11a)
% ~ 1 if kd=B. (2.11b)

For each choice of x* there are 1 + 2[%] choices for each y? * in (2.10b), which

determines af (mod 7%) uniquely, and there are then k choices for a;k (mod %)

satisfying (2.10d). Hence
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B

A
K" (1 + 2[—D" if kd < B,
) K« [ D71 <

do (
H,(B, A, d, k) =

(d=1)k" (1 + 2[%])” . if kd = B.
We may rewrite this as
B B ., A,
H,(B, A, d, k) + [do (H) — S(H)]k (1 + 2[H]) , (2.12)

where we define ¢(1) = 1 and

1 if n=1
8(n) = ’ 213
" {Oifn>l. 219

Substituting this expression for H, (B, A, d, k) into (2.7) and (2.9) gives

_ B, _ B A
G,(B, A) = d% n(d) [kIZ‘é [do (=) — d(=)1"k( + 2[-= D" . (2.14)
d

To estimate this sum, we use the approximation
K"(1 + 2[— D" = k" + 2"(=)" + €,(A, k, d) , (2.15)
kd d
where €, (A, k, d) is a remainder term. This decomposes the sum (2.14) for G, (B, A)

into three sums, which we call T, T,, T3 respectively and estimate separately.

For the first sum

Ty = X a@ ¥ [do (L) = 8 (IR
d|B k|%

we interchange the order of summation to get
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Ty =Y k" { Y wd) do %) - u(%)}. (2.16)

k|B B
d| -
We now use the identity valid for all M > 1 that

Y u(d) do (—) = W(M) (2.17)

dlM
to conclude that all the inner sums in (2.16) are zero, and hence that
T, =0. (2.18)

To verify (2.17), use the identity

oM) = Yy M(d) — (2.19)
d|M

to get

Y u(d) do (—) > Y u(d)u(e) —
d\M M , M
d

- X a2 (% @ . (2.20)

e[ M aM
e

Now the inner sum in (2.20) is zero except when e = M, so the right side of (2.20) is just

w(B), proving (2.17).

For the second sum,

- B s B s An
Tz—ﬁu(d)ké[W(ﬁ) S(kd)]2 (—)",
d

we have



-13 -

T, = 2"A" ¥ w(d)d~"*' (Y ¢<,f;d>)
d|B ML
d

+ 2A" Y w(d) . (2.21)
d|B

For B > 1 the second sum in (2.21) is zero, and using the identity

M
M=% ¢ (7)
d|M
the sum (2.21) becomes
T, = 2"A"B Yy u(d)yd="* = 2"y ,(B)BA" , (2.22)
d|B
forB > 1.
To estimate the third sum
B B
Ty = Y ud) Y [do (ﬁ) - 5(H)]8n(A, d, k) (2.23)
d|B k|£
d

we need bounds for the remainder terms €, (A, d, k). We collect these bounds in the

following lemma.
Lemma 2.1. Ifk > A,
n A n
€,(A, d, k) = =2" (—)". (2.24)
n
If k < Athen

le, (A, d, k)| < nk(k + 2 %)"—1 + 3"AM (2.25)
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Proof. To prove the first part, if k > A then [%] = 0 so that

A
K'(1 + 2[—D" = k"
( =D
Hence
e, (A, k, d)" = —2”(%)” .
For the second part,

A A
Ak, d)| <KL+ 2[=D" = K"(1 + 2 —)"
|€, (A, k, d)| < [K™( [ ( kd)|

+ k" (1 +2kﬁd)" ke —on (B

"l (2.26)

Now

A A A . 1, A A
K1+ 2[—=]" = k"(1 + 2 2H)"| <k"n(1 +2 2y~ (2 -2
| k" ( [kd]) ( kd)| n( ka’) (kd [kd])

A
<nk" (1 +2 =)r—1 | 2.27
nk" ( kd) (2.27)

where we used

n n
X1 —X2 _
< nxlf !

when x| 2x, 2 1.

X1—X2
Next, using k < A, we have

A A n—1 n A -1
k(142 =) — k" =27 (2)"] = k(="
(1 +2 =) =T DR
n—1 nol ny\ni 1 n—1 nan—1
<A |Z (i)2 (H) | <3"A . (2.28)
i=1

Combining (2.27) and (2.28) gives (2.25). m
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To estimate 73 we split the sum into the sum S of the terms with k > A and the sum

S, of the terms with k < A. Now

— B _ B _nn é n
Sy = dIZB n(d) ké [do (7&) d (7&)]( 2 (a,) ) - (2.24)
k>dA

Using 0(M) < M we have

B B B
do (—) — 0 (—)| £ —, 2.25
|do ( i (22 )| . (2.25)
. . . B B . .
Applying this in (2.24) and using - < X since k > A gives

|S1] <2"A" B Y u(d)d™"| < {(2)2"BA""! (2.26)
d|B

forn > 2. Next Lemma 2.1 gives

B B A oo
|S2| < 6% Zé |d(¢ (H) -9 (k_d)|nk(k+2 g)
=4
d
k<A
B B
+ |do (=—=) — 8 (=—=)|3"A" 1| (2.29)
d%;k'ZE kd kd
d

k<A

Using (2.25) and the fact that k < A implies k +2 % < 3A we get

1S,] <Y ¥ (n+1) B3"A" !

d|B || B
k| —
12

which implies

|S5| < (n+1)3"Bd(B)> A" (2.28)
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where d(B) is the number of divisors of B. Combining (2.26) and (2.28) we obtain
|T5| < n3""'Bd(B)>A" ! | (2.29)

Theorem 1.1 follows from (2.18), (2.22) and (2.29). =

Proof of Corollary 1.2. The cardinality |S,, (B)|of the set S, (B) is

|S,(B)| = v, (B)B" . (2.30)
. ai ay .
To see this, note that for each ¢|B the number of elements (7,..., 7) for which
qlg.c.d (ay,.., a,)isexactly g~"B". Hence by inclusion-exclusion

1S,(B)| = ¥ n(g)qg "B"

q|B
= 1 (1-p™™)B" = vy, (B)B" .
r|B
Then
Y N(a, A)
Prob {& € S, (B) has N(a, A) > 1) < 255P
ro €S, as , > 1)< )
|S,.(B)|

and the corollary follows from Theorem 1.1 and (2.30). m

3. Small solutions of linear congruences

We consider the problem of counting the number f(A; B, Ay, A,) of solutions to

the linear congruence

Ax; =x, (mod B) (3.1)

subject to the constraints
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|xq]| £ A4 (3.2)
[x2| <A,
This number fluctuates as a function of A in an irregular way, related to the Diophantine

o . A . . .
approximation properties of the number B We are interested in the behavior of the

numbers f(A; B, Ay, A,) averaged over all A with 1 < A < B and (A, B) = 1, as

measured by the quantities

0,(B; Ay, Ay) = Y f(M B, Ay, Ay)" . (3.3)
1<A<B
(A, B)=1

Our goal is to estimate the sums Q, (B, A;, A,). How large do we expect them to

be? First, if B is prime then

B
Y fA B, Ay, Ay) ~4ALA,
=1

since each pair (x1, x,) satisfying (3.2) with x;x, # O determines a unique A in (3.1).

. : - 4AA,
In this case the average size of f(A; B, Ay, Ay) is

, SO we must get a

A1 A,

contribution to Q,(B, Ay, Ay) of at least of 4" ¢(B) ( )". Second, there is a

Ar
large contribution from certain A’s. For example for A; < Ay and 1 £ A < —— we
1

have
f(hs B, Ay, Ay) =1+ 2[A],

so this range of A contributes at least 2"A?"'A, to the sum. Third, all

f(A; B, Ay, Ay) > 1 since x; = xo = 0 is always a solution. Let T(B, A, Aj)
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denote the number of A with (A, B) = 1 for which f(A; B, A{, A,) = 1. This

discussion implies that, for prime B, we have

AL A,

7 )+ ATTIA, (3.4)

0,(B; Ay, Ay))-T(B; Ay, Ay) >> B(
n
Theorem 1.4 asserts that these three contributions dominate the sum.

Proof of Theorem 1.4. We shall treat B, A, A, as fixed, and abbreviate

f(A; B, Ay, Ay)tof(A). Since f(A) = f(B—A) we assume that 0 < A < B/2.

The size of f(A) is determined by the continued fraction expansion of % Write
A
B " [0; aq, ay,..., a,] ,

! Let { p—k: 0 < k < m} denote the convergents to

where a; = 2 since 0 < & < —.
B 2 qdrk

%,withqo = 1, g; = 2. Define k by

Gk-1 < gk SA; < qp41 - (3.5)

and set

Agj =s; (mod B); - <s; < (3.6)

B
X J

B
5 -
We recall the following facts from the basic theory of ordinary continued fractions [cf.
Lang [6], pp. 1-6].

(i)  The {s;} alternate in sign, with sy > 0 and

s; = Aqj—Bp;j . (3.7)
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() |so| > |s1] > |s2| > . > |sm] = 0.

We also have

B
si| 2 (3.8)
541 2q;41
To prove (3.8), we observe that
A pj
|sj| = |Agj=Bp;| = q;B| = - —|
J j j i®1 g 4;
q;jB  pj  Pj+1 B
> 2 |21 =
2 g qj+1 2q;41
We transform the problem slightly, using the hypothesis (A, B) = 1, to get
JA) = 1+2H(}) (3.9)

where H(A) is the number of solutions of

Ax; =x, (mod B)
1 le SAl (310)

To proceed further, we will use classical results of Halton [1], see also Slater ([8], eqns.
(30),(31),(34)), concerning the distribution of the least nonnegative residues
Ax; (mod B) for 1 < x; < A;. He showed that these points partition the interval
[0, B) into subintervals of at most three different lengths, and that the shortest of these
three lengths is |s;} Correspondingly, the solutions x, of (3.10) plus x, = 0 partition
the interval [— A,, A,] into subintervals of at most three different lengths, excluding
the two subintervals containing the endpoints. In this partition, we label each such

interval by the solution to (3.10) that is its left endpoint if s; < 0, and its right endpoint
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if s > 0. We will call intervals of length |s |short subintervals and all other intervals
long subintervals. Let S(A) = S(A; B, A;, A,) denote the number of short
subintervals, and let L(A) = L(A; B, A;, A,) denote the number of long subintervals.
See Figure 1 for an example of these definitions. The arrows on each subinterval indicate
the labelled endpoint. Since each solution to (3.10) is assigned a subinterval, plus x = 0,

we have

1+H(A) = S(M)+L(A) . (3.11)

We will use two different sets of bounds to estimate f(A) via (3.9). The first bound is

the direct estimate

A, |

H(A) <2
|Sk|

(3.12)

This holds because the interval [— A,, A, ] has length 2A, and all subintervals having a
labelled endpoint have length > |s; | with at most one exception. The second set of

bounds is given by the following lemma.

Lemma 3.1

2A,

(1) L(A) < —— +1 (3.13)
|Sl<—1|
Ay A,

(i1) S(A) < (2 +1). 3.14)
9k |Sk—1|

Proof of Lemma 3.1. To prove (i), we observe that the long subintervals associated to
I <x; £ A are in 1-1 correspondence with the complete set of subintervals present for

1 <x; £ ¢g;—1. (Each step of x after that creates a new short subinterval on [0, B] of
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Figure 1. Steps for A/B = 8/19.
B=19, A=8, Ay=7

Continued fraction of 6 = % =10, 2,2,1, 2]
Jooa pj 4qj S
0 0 0 1 8
1 2 1 2 -3
2 2 2 5 2
3 1 3 7 -1
4 2 8 19 0

Casel. A; = 6.

Length of short subinterval =2 S§(8; 11, 6, 7) =1
Length of long subinterval =3 L(8;11,6,7) =4

Case 2. Ay = 3.

I
—_

Length of short subinterval = 3 S(8; 11, 3,7) =
Length of long subintervals =5,8 L(8; 11, 3,7) =2
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length |s;}) Since at step g, —1 all the short subintervals at that time have length

> |5y _ |there are at most + 1 of them, using (3.12).

|sk-1l
To prove (ii), we look at what happens to the subintervals present at step g, —1. We

Ay
claim that each such subinterval can contain no more than — short subintervals at step
9k

A . This is because the first subinterval to get filled is the one which s; occupies, and it
gets filled by s4, 254, 35k,..., jSx. But the step corresponding to js; is jgi so

jqr < Ay, whence the bound. m

We continue the proof of Theorem 1.4. By Dirichlet’s theorem there exists

1 < g <A suchthat{{qg %}} < A7'. Hence

B
< — . 3.15
| skl A (3.15)

Now we are ready to estimate the contribution to Q, (B, A;, A,) of the various A,

according to the behavior of their continued fraction expansion. We start from

0,(B, Ay, Ay))-T(B, Ay, Ay) = Y f(M".
(h, B) = 1
=2

Case 1. %hasqk = 1.

This case occurs when g, = g9 = 1,andg; > A;. Then
so =Ago =A (mod B) . (3.16)

Since
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B
=] —|>A
q1 |_ k—| 1
we have A € [0, Ai). We use the bound (3.12) to obtain
1

Ay Ay
0

We have also the trivial bound

FM) € 1+2A, ,

which we use whenever A; < 2 Tz By symmetry we may suppose A; < A,. Now

B/A,
Y fmt=y
Case 1 A=1
f(0M)>2
B
MIN(——, A,)
A2 A ’ A2
S2[—1(14+2A)" + Y (I+4[——D"
A N A
N
A
A, n 1 n—1
<22 (142A)" + (1+4A;)
A] n—1
<c,AT7A, . (3.18)

Case 2. %hasqk > land |s;_1| £ A,.

Note that (3.8) yields
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2qi|sk-1|1 2 B,
which with the hypothesis gives
2A1A5 2 2q|sg-1| 2 B
so this case only occurs when 2A; A, > B. Now

Ay Ay S Ay

> >1.
9k |Sk—1| 9k

Hence using (3.11), and the claim,

fA) =1+2H(A) = 1+2(S(A)+L(N))

ArA Al A
<346 — 2 < —

Qk|5k+1| B Qk|sk—1| '

Using (3.19) gives

ALA
) <18 L2

Hence

A A,

Yy ft <oy (18 B )"
fC(z)l;s)e>22 (A, B) =1
< 18" ¢(B) ( B )"

Case 3. %hasqk > land |si_1| > A,.

Now we use the bounds (3.12):

(3.19)

(3.20)

(3.21)
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Ay
H(A) <2[—]1 .

skl
Next, since |s;_1| > A, the only values of x, satisfying (3.10) are multiples of |s |

A
and |s;_1| — j|sx| The number of such multiples is at most [—1] so that
dk

Ay
H(A) <2[—] .
qk

Combining these two inequalities gives

A Ay
H(A) £2 MIN (—, —) . (3.22)
qr |kl
Now we count the contribution over all pairs (g, |si|). A given pair (g, |sk|)

can occur with at most 2(g, B) values of A, using (3.6), and with no values of A unless

(9x>» B) = (|s|, B). We have

Ay A
Y fM"<Y d y [1+4MIN(—L, 21" (323)

Case 3 d|B qi<A, 9k |sk|

f)=2 |se] €A,

(qx,» B) = (|s¢|. B) = d

We break this sum into two pieces (I) and (II), according as

Ay A
)
9k | skl
A
am —L>_2
9k |skl

Ay
In case (I), we have |s;| < g < This restricts the range of summation of |s;|in
1

2
(3.23). Setq; = dqy, |si| = ds;. Then |s;| < q,’:i— so that
1
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A,

*

d « Ao A
ZSZdZ(QkA—I)[1+4 1"

(0  dB g =1 dqy
A,
T
< Z d Z Snd nqkArll_ Az
dB gq; =1

If n > 3 this implies

Y <(Y a7 Em-1)s5"ATTA,
7)) d|B

-1
Scn’lA’f Az .

where ¢, | = {(n—1)?5". If n = 2 we obtain

-1 Al 2
Y =(Y d log (—d )NSTALA,
05 d|B
d<A,

<52A1A5(log A(Y d™h
d|B

In case (II) we have

A,
> qp — .
|Sk| = 4 A

Setting ¢ = grd, s; = s;d, we have

d d A,
y<ydy { Y [1+4 —=1") .
i dB g=1 . A d|sg]

sk ZQkA—
2

We bound the inner sum by

(3.24)

(3.28)

(3.26)

(3.27)
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A,
d A2 0 #
y [1+4 —*]” < y 5”A’§d‘”(|sk|)_"
LA d|si| A,
|S/<|:CIkA—2 |Sk|:‘IkA—2
5" *
<2 d™"(q) "ATTIA,
n—1

Inserting this in (3.27) yields

5}’[

Y <y a"mhEm2 - ATTIA, (3.28)
(0 d|B n—1
Hence if n > 3, we obtain
<c, a0 ATTIA, (3.29)
()
Sn
withc, », = 28(n)C(n—-1) T If n = 2, we obtain
n_
Y < cp oA Ay (log B) (3.30)
n
51’!
where ¢, * = 2{(n) T

Combining these contributions yields Theorem 1.4. m
Remarks on the proof of Theorem 1.4.

(1)  The proof showed that we can take ¢, = 5" "' and ¢, = (18)". Ibelieve that the

sharpest possible value for ¢, is ¢, ~ 2" and that ¢, > 4".

(2)  The proof placed no restrictions on the size of A; and A,, aside from A; < A,. In

particular either of A; and A, may be > B.



_28 -

4. Bounding the second moment of N(a, A).

Proof of Theorem 1.3. Let

1

D,(B,A) = = Y [N(a, A)? — N(a, A)] (4.1)
2 acS,(B)
a
Now D, (B, A) is exactly the number of solutions (Fl, s ?n, X1, X ) to the system
of inequalities:
a; b
|5 - == = (4.22)
X1 Bx,
a by ;
|5 - 2l A (4.2b)
Y2 Bx,
IS)C]<)C2<B, (42C)
0<a;<B-1, (4.2d)
gcd(ay,..,a,, B) =1. 4.3)
We are going to show that for n > 4 that
. A? "
D,(B,A) < ¢, 132(?)" + cp 2 BA" (4.4a)
for n = 3 that
A2 _ 1
D3(B, A) < c3, 11732(?)3 +c3 2BAY(Y d %) (4.4b)
d|B
and for n = 2 that
. A? .
D> (B, A) < ¢ |B*(=-)* + ¢5 ,BA*d(B)* . (4.4¢)

B
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Assuming these inequalities are proved, Theorem 1.3 follows immediately by observing

that

Y N, A?=D,(B,A) + Y N(a,A)
oacS,(B) ae S, (B)

and using Theorem 1.1.
The conditions (4.2) are equivalent to the conditions

a;xq Ekl,i (mod B)

ajxp, =k, ; (mod B) (4.5a)
subject to
[ky i <A
ko, i < A (4.5b)
for 1 < i < h. The relative primality condition g.c.d. (aq,..., a,, B) = 1 implies that

at least one of the k| ; and one of the k,_; is nonzero.

Now view x; and x, as fixed, and let H(x;, x,; B, A) denote the number of

solutions (a, ki, k,) of

ax; = k; (mod B)

ax, =k, (mod B) , (4.6a)
subject to
k1| <A, |k| £A. (4.6b)

Letg.c.d. (x;, x5, B) = d. There are d solutions to (4.6) having k; = k, = 0. All of

the n variables a; satisfy (4.6a), and at least one does not have k; = k, = 0 by the
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relative primality condition (4.3), hence

D, (B, A) = y H(xy, x5; B, A" '[H(xy, x5, B, A)—d] (4.7)
1<x,<x,<B
d=gcd (x, x, B)

Our general approach is to count solutions to (4.6) by eliminating a from these
congruences. To see the idea, suppose
(x1,B) = (xp,B) =1, (4.8)
and set
A=x7'x, (mod B) . (4.9)
Then (4.6) implies that

Ak; =k, (mod B) ,

k1| <A, |ko| <A . (4.10)

Conversely, each solution to (4.10) with (x, x,) fixed gives rise to a unique solution of

(4.6), using the relations
a; =k, ;x7' (mod B) .
Note that x; # x5 is equivalenttoA # 1 (mod B). In this way, we have
H(xi, x2; B, A) = f(A; B, A, A) 4.11)

defined by (3.1) and (3.2). Furthermore a given A arises from exactly ¢(B) different

pairs (x, xo) with (x{, B) = (x,, B) = 1. Hence
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1 B
Si,1(n) = Yy H(x| x2; B, A)" = 3 oB) Y  f(A B, A, A"
1<x,<x,<B A=2
(x1x,, B) = 1 (A, B) =1
1
= ¢(B)(3 Q,(B; A, A) — f(1, B, A, A)") . (4.12)

We can in general estimate the whole sum D, (B, A) in terms of sums of this kind. Let

Sda,, a,(n) = y H(xy, xp; B, A)" . (4.13)
1<x,<x,<B
()C],B) =dl
(x2’B) =d2
Let
(dy,dy) =d
so that
1ds
[dy, dy] = ] (4.14)
We will show that
1 B % % B A A
S < — 0(————)d dr,d" - =, — 4.15
d,, d,(n) 3 O( [d1,d2]) 1d2 Qn([d1,d2] 7, dz) (4.15)

lfdl * dz, and

1 B B A
s S YOl U/ Y QR W
d,,d, (n) 3 ¢(d1) 1Qn(d1 d dl)
B B A A
_ d" 1, _— —, — n 4.16
¢(d1 ) d'if( a0 a0 ) (4.16)

Indeed, let x| and x5 be defined by
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X1 :xldl . (xl, Z) =1 s
Then (4.6a) implies that
ky = kid; ,
ky = krd, .
We now define d; and, d> by
d, = dd;
d, = dd;

where d = (d;, d,) sothat (d], d>) = 1. Then (4.6a) implies that

axi = ki (mod %)

axs =k, (modﬂ)
dy
and
* A * A
kil < — , |k| < —
R IR

Now (4.19a) implies that

* * B
=k d ———
i 1 (mo [dy, d>]

* * B
=k d ——
w2 2 (mo [dy, dz])

d ,———) =1.H
and (xqx, . dz]) ence

(4.17)

(4.12)

(4.19a)

(4.19b)

(4.20)
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AMky = k5 (mod [611,';61’2]) (4.21a)
subject to
|ki] < %, |k | < % (4.21b)
where
A= (x;) '(x5) (mod L) . (4.22)
[dy, d]
has (A, ﬁ) = 1. Thus from each solution to (4.6) we derive a solution to

(4.22). To reverse this, we must give an upper bound for how many solutions to (4.6)

give rise to the same solution of (4.22). Now the solutions to (4.21), because of the

bound (4.21b) determine kl* and kz* in (4.19a) uniquely. (Note that dA dA may be
1 2

B . ) . B
> ——— in (4.21).) Then the equations (4.19a) determine ¢ (mod ——— ) so
[dy, d>] 1 (dy1, dy)

there are at most d choices for a.

A A
Now (4.21) has by definition f(A; B, d—l, d—z) solutions. We obtain the bound
1 2
B A Ay
H(xy, xp; B, A) < df(A; ) - (4.23)

[dy, dy] dy  d»

The number of pairs (x, x,) with (x, B) = d,(x, B) = d,, giving rise to the same

A in (4.22) is at most

¢(m) did; . (4.24)
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Consequently (4.13) yields

- A A
Lo— 8 yaazaro,(—B 2L 22y 0 425

S (n) £ —
i, 4 2 [dy, d;] [di,dy] dy dy

which is (4.15). If d; = d, = d, then we may drop the A = 1 term coming from the

cases x| = Xx,, and we obtain (4.16).

dy

Now (4.7) gives
Dy(B, A< Y [S4.a,(n) = dSq, 4,(n=D]. (4.26)
d,\|B
0B
d=(d1sd2)
Hence (4.25) yields
1 B * B A B A
D,(B. A) < Lo —2 yaiazario—2 . A )_ (—B A
n d%B D) q) [d],dZ] 142 Qn [dl,dz] dl Qn 1 [dl,dz] d,
d,|B
d=(d,, d,)

Now we apply Theorem 1.4. We have forn > 3 and d; < d, that

B A A B A A

O [di, dy]" dy’ Z) C QT a4 Z)
. B Az, a1 A
< end ) g ar) +c,,(—> - (4.28)

Substituting this inequality in (4.27) yields

- A?
D,(B, A) < cn®(————)2d dyd"( )"
g e ) M
d, <d,
+ Y cpd(———— y d Ydidsd; D ditdr A" (4.29)
d,|B, d,|B [dy, ]

d,<d,
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We bound the two terms 7'{ (n) and T, (n) in this sum separately. We simplify the first

term using
B B
( ) < ) (4.30)
¢ [dy, dy] [dy, dy]
to obtain
Ty ) = ciB Y o(— B yan-1 (A
: " d,<d, [dl’ d2] Bdle
n' p2 AZ n -1 -n—1
<" B2(E )y aldy, dy L 4.31)
B 2
1=¢2
d,|B
d,|B

The inner sum in (4.31) is bounded, since

Z d_l[dl, dz]—n—l < Z d—(n+2) Z (dikd;)—(n+l)

d,<d, d|B dy, dy
d,|B
<Ln+1)*¢n+2) . (4.32)

Hence we obtain

AZ

T, (n) < czg(n+1)2C(n+2)B2(?)” ) (4.33)

Note that this bound holds also for n» = 2. For the second summation in (4.29), we have

forn =2 3
n B *\—(n—-2)
Ty (n) <c,A" ¥ O0(————)(d2) (4.34)
4 ldis d2]
d <d,
where d, = . We simplify this expression by summing over d = [dq, d;]

(dl7 d2)
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to obtain
B %k —(}1—2) B * *
T )@ = 0@ (d) (4.35)
a8 Ldi da] a4
d,|B
d,<d,
where
Q)= ¥ (e (4.36)
" d,, d, (dl, dZ) .
[dy, dy] = d
d,<d,
We are going to show that forn > 4
T, (n) < c, BA" (4.37)
and that forn = 3
Ty (3) < c3BA™ (Y 1. (4.38)
aB 9

To prove (4.37) it suffices to show that for n > 2 there is a bound C, such that
Qrd*) <C, (4.29)

forall d”. If this is proved, then (4.34), (4.35) and (4.39) give

T, (n) < Cc,A" Y (1)(2) = Cc,BA"
d*|B d

which is (4.37).
To show the functions Q,, (d}) are bounded above for all n > 2, it suffices to prove

the result for n = 2, since Qz(d*) > Qn(d*) for all n = 2 by (4.36). We rewrite

(436)usingd” = [d;, d,] = e%dids,d, = edy,d, = de to get
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* ® d2 _
Q,d) =Y Y (—)™" (4.40)
etld”  dy, d, €
(dl’dZ) =€.
[d,, d,] =d
d, £d,

Now since d; < d, we must have

d* = e*did> < e?(d5)? so that
d *
22 ds > \/d
e e
Applying this in (4.40) gives
. )12
* * d e
Q,(d") < ¥ dl—)|— (4.41)
e*ld” € d
which forn = 2 is
* % d* 6’2
Qyd) < Y di—)(=) (4.42)
e*|d” e d

To bound the right side of (4.42), we use the submultiplicativity of the divisor function,

i.e. that
d(mymy) < d(my)d(my) (4.43)

forallmy, m,. Wesetd = f2d”" whered" " is squarefree, and using (4.43) get

d* e? _dd) oy [ -2
d—) — £ — d((=)")(=)
62%,:;: ez d hzl‘} h h
<y dm’)ym™ (4.44)
m=1

using

d(m) < lforallm = 1. Then (4.42) and (4.44) give
m
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Qi) < Y dmym = [ 1+ 2 + 2 +.)=Cq.
m=1 P P P

which is the desired bound (4.39).

To prove (4.38) we proceed to establish the inequality

QidH <Cc(yal'?. (4.45)

dld”

Then (4.34), (4.35) and (4.45) imply for n = 3 that

Ty (3) < Cyc,BA} (Y d7'?),
d|B

which is (4.38).

To prove (4.38), we use (4.41) forn = 1, which gives

M- d*  e?
Qi) < ¥ d(5) ()12
e*|d” €

IA

¥ ( W2 =y g1

dld" dld”

Finally we treat the case n = 2. In this case we apply Theorem 1.4 for n = 2, and

(4.29) is replaced by
* g% .0 A2 2
D, (B, A) < cr0(———)2dydrd*( )
2 d%g 2 dl,dz] 1727 VBd d,
d,|B
d <2

B ES ES — — 1
+ Y cab(————)didrdy AT dPAT(Y, <), (4.46)
d\|B dy, da] fIB
d2|B
d,<d,

where d = (d, d,). The first of the sums on the right side of (4.46) is bounded by
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(4.33). The second term becomes, letting d* = [dy, d>],

1 B
Ty (2) S A*(Y 5) ¥ {0(—=) ( Y 1Y
AL d d,. d,
dy,d,] =d”
d,<d,
We use the crude bound
B B
Y (0= X DI Y 6(—)
d"'|B d,, d, d*|B d
ldy, dy] =d”
d,<d,
< Bd(B)?

to obtain in (4.48)
T, (2) < ¢, Bd(B)*A? .
Combining (4.46), (4.31) and (4.49) proves (4.4c). O

Now we show that when B is prime,

2
Y N(a, A)? >> B2 (2 ) 4 pan
oeS,(B) n B

We have

Y  N(a, A)? = D,(B, A)
o€ S, (B)

2851 1(n)=81, 1(n-1)

(4.47)

(4.49)

(4.50)

using (4.1), (4.7) and (4.12), since (x;, xp, B) = 1 always holds when B is prime.

When B is prime (4.12) gives
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Si ()-8, 1(n—1) = %(B—l)[Qn(B; A, A)—f(1; B, A, A)"]
+ O(BQ, _1(B; A, A)) . (4.52)

Now for prime B,

Q,(B; A, A)—f(1, B, A, A)" > f(2; B, A, A)"

> 27"A" (4.53)
by direct calculation, when B is odd. Also (3.4) implies that

A2
Q0,(B; A, A) >> B(?)” . (4.54)

Since f(1, B, A, A) < 2A, combining (4.53) and (4.54) gives
A2
0,(B; A, A—f(1, B, A, A" >> MAX(A", B(?)”
n

A2
>> A" + B(—)" . (4.55)
n B

Now (4.51), (4.52) and (4.55) imply (4.50) as required.

5. Bounding the tail of a conditional probability distribution
Proof of Theorem 1.5. We study the conditional probabilities

pi(B, A, n) = Prob {a € S,(B) has N(a, A) > k| N(a, A) > 1) .
We use the following elementary lemma.

Lemma 5.1. Let M be a real-valued random variable with finite mean and variance, and

suppose that there is a positive constant O. such that
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E[M’] < a|E[M]] . (5.1)

Then

Prob [|n] = k] < (%)2 . (5.2)

Proof. Now
alEMm]| > E[n’] 2 (EM))*
so that 0| E[n]| < a. Hence
k? Prob [|M] 2 k] <E[M?] <aEM] <o’ .m
We apply Lemma 5.1 to the discrete random variable N = N(a,A) restricted to the
subset
S'(B) = {ae S,(B): N(a, A) > 1}

of S,(B), with the uniform probability measure on S,(B). Let Prob” denote this

probability measure, and observe that
pr(B, A, n) = Prob {n > kJ} . (5.3)
Now we have

EM] =S| ¥ Na, A)
ac S, (B)

EM*] = [S,(M)|™' (¥ N, A)?).
oc S, (B)

so that



_4) -

Y N(a, A)?
E[n’] _ o€S.(B) (5.4)
|EInll ~ Y N(a, A) '
ae S, (B)

Now forn 22 and A 2 ¢, ,d(B)? for a sufficiently large positive ¢ n. 1, Theorem 1.1

gives

Y N(a, A) =2c, ,BA" (5.5)
acS,(B)
for some positive constant ¢, ,. Next for n 24 and c,, ,d(B)> <A<B

Theorem 1.3 gives

Y N(a, A)? < ¢, 3BA" . (5.6)
ae S, (B)

for some positive constant c, 3. Also for n =2 or 3 and B prime, for

- L
n

Ch, 1d(B)> <A<B Theorem 1.3 gives (5.6) also. Now applying (5.6) and (5.5)

in (5.4) gives

E[n’] _ 3
E[n] B Cn, 2

Cn, 3 and

The theorem follows from Lemma 5.1 on choosing o =
Cn, 2

cn = MAX (¢, 1, 0%). m
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Simultaneous Diophantine Approximation of Rationals by Rationals
J. C. Lagarias

Bell Laboratories
Murray Hill, NJ 07974

ABSTRACT

aj a . . . TR
Let a0 = (?,..., ?n) be a vector of rational numbers satisfying the primitivity

condition g.c.d. (ay,..., a,, B) = 1. This paper studies the number N(a, A) of
simultaneous Diophantine approximations to o with denominators x < B of a given
degree of approximation measured by A, i.e. N(a, A) is the number of vectors
X1 Xn . a; Xi A .
E=(—,..,—)with 1 <x<Bsuch that | — - —| < — for 1 <i<n It
X X B X Bx
gives estimates for the first and second moments of N(a, A) over the ensemble S,, (B)
consisting of all primitive vectors @ in the unit n-cube having denominator B. As a
consequence it shows for n > 4 that "most" vectors in S, (B) that have one "unusually
good" simultaneous Diophantine approximation have a bounded number of such
approximations. The paper also estimates the moments of the number of solutions to
homogenous linear congruences Ax; = x, (mod B) with bounds |x;| < Aj,
|x5| £ A, on the variables, taken over the set of A with (A, B) = 1. These results have
applications to the analysis of cryptanalytic attacks on knapsack-type public key
cryptosystems.



