Problem # 4.

a) Examples show that a system of 4 linear equations in 3 variables
can have no solutions, a unique solution, or infinitely many solutions.
Consider, for example, systems

ZE1:1 £U1:1 ZE1+ZE2—|—$3:1

To =1 To =1 d 21 + 229 + 2223 = 2

py=1 zs=1 % 3143wy +303=3
213‘1—|—£1?2—|—£U3:0 1131—|—£I32+£E3:3 4$1+4$2+4$3:4

b) A system of 3 linear equations in 4 variables cannot have a unique so-
lution, since once we reduce the system to the reduced row-echelon form,
there has to be at least one free variable. The following examples show
that such a system can have no solutions or infinitely many solutions:

1+ x99+ 3 +24=1 T, +xo+x3+14 =1
201 +2x9 + 223+ 224 =1 and 2x1 + 229 + 223 + 224 = 2
3r1 + 39+ 3x3+3x4 =1 3r1 + 322 + 3x3 + 3x4 = 3.

c) Let & be a solution of the system CZ = ¢ for some vector ¢ and
C = AB. Let BZ = ¢, so Ay = ¢. Since B is a 3 X 4 matrix, by Part b)
there exists infinitely many vectors 2z’ such that Bz = . Then, for every
such a vector Z, we have CZ = (AB)Z = A(BZ) = Ay = ¢. This proves
that the system CZ = ¢ cannot have a unique solution. The system
can have no or infinitely many solutions as the following examples show:

010 Lo 00 010 0
let A = , B=10 1 0 0], so(C =
0 0 1 00 1 0 0 0 1 0
0 0 O 0 0 0 O
Consider the systems:
£B1:1 $1:1
21?2:1 113‘2:1
ZE3:1 and £U3:1
0x1 4+ 0z9 + 0x3 +0x4 =1 0z1 + 0zg + Ox3 + Ox4 = 0.

Answer: a) Yes, Yes, Yes; b) Yes, No, Yes; ¢) Yes, No, Yes.



