2. Let ¥, Uy, and v3 be linearly independent vectors from R™. Are the
vectors ¥, Us, and ¥ + Us + U3 necessarily linearly independent?

Solution. To check whether the vectors are linearly independent, we

must answer the following question: if a linear combination of the vectors

is the zero vector, is it necessarily true that all the coefficients are zeros?
Suppose that

101 + xoUs + x3(V1 + U2 +03) =0

(a linear combination of the vectors is the zero vector). Is it necessarily
true that x1 = x9 = x3 = 07
We have

X101 + x2Us + x3(V1 + Uz + U3) = 2101 + X203 + 301 + 302 + 2303

=(z1 + 33)0h + (w2 + 3)T + w373 = 0.

Since ¥, U2, and ¥3 are linearly independent, we must have the coeffi-
cients of the linear combination equal to 0, that is, we must have

$1+333=O
o + 23 =0,
ZCSZO

from which it follows that we must have 1 = o = 3 = 0. Hence the
vectors U1, Us, and U7 + Uz + vU3 are linearly independent.

Answer. The vectors v, U, and U7 + U5 4+ U3 are linearly independent.



