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The 0 Steepest Descent Method and the Asymptotic Behavior
of Polynomials Orthogonal on the Unit Circle with Fixed
and Exponentially Varying Nonanalytic Weights

K. T.-R. McLaughlin and P. D. Miller

1 Introduction
1.1 Asymptotic analysis of Riemann-Hilbert problems

The steepest descent method for asymptotic analysis of matrix Riemann-Hilbert prob-
lems was introduced by Deift and Zhou in 1993 [14]. A matrix Riemann-Hilbert problem
is specified by giving a triple (X,v,N) consisting of an oriented contour X in the complex
z-plane, a matrix function v : £ — SL(N) which is usually taken to be continuous except
at self-intersection points of £ where a certain compatibility condition is required, and a
normalization condition N as z — oo. If £ is not bounded, certain asymptotic conditions
are required of v in order to have compatibility with the normalization condition. Con-
sider an analytic function M : C\ £ — SL(N) taking continuous boundary values M (z)
(resp., M_(z)) on X from the left (resp., right). The Riemann-Hilbert problem (Z,v,N)
is then to find such a matrix M(z) satisfying the normalization condition N as z — oo
and the jump condition M, (z) = M_(z)v(z) whenever z is a non-self-intersection point
of X (so the left and right boundary values are indeed well defined). The steepest de-
scent method of Deift and Zhou applies to certain Riemann-Hilbert problems where the
jump matrix v(z) depends on an auxiliary control parameter, and is a method for extract-

ing asymptotic properties of the solution M(z) (and indeed proving the existence and
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uniqueness of solutions along the way) when the control parameter tends to a singular
limit of interest.

The original method put forth in [14] bears a striking resemblance to the well-
known steepest descent method or saddle-point method for analyzing contour integrals
with exponential integrands. A distinguished point on X is identified (analogous to a
point of stationary phase) and an explicit change of variables of the form N(z) = M(z)t(z)
where t(z) is a piecewise analytic matrix is introduced in the vicinity of this point and
it is observed that (i) the matrix N(z) satisfies an equivalent Riemann-Hilbert problem
with a new contour XN and a new jump matrix vy, and (ii) the jump matrix vy converges
to the identity matrix in the singular limit of interest for all z bounded away from the
stationary-phase point. One therefore expects that a good approximation to N(z) can
be constructed by an explicit local analysis near the stationary-phase point. With the
explicit local approximant N(z) constructed, one uses it in a final change of variables
H(z) = N(z)N(z)' and observes (i) that H(z) satisfies a Riemann-Hilbert problem with
a possibly new contour Ly and a new explicit jump matrix vy and (ii) that the new jump
matrix vy is now uniformly close to the identity matrix in the limit of interest. This al-
lows one to construct H(z) by iteration of certain singular integral equations that are
equivalent to any given Riemann-Hilbert problem, and to show that H(z) is uniformly
close to the identity matrix in any region bounded away from Xj;. With additional work,
it may in some circumstances be shown that H(z) is close to the identity uniformly right
up to the contour Xy (this usually requires more detailed information about the jump
matrix). In this way, one obtains a formula M(z) = H(z)N(z)t(z)~ ' for the solution that
can be used to compute directly an asymptotic expansion of M(z) valid in the singular
limit of interest.

Since the introduction of the steepest descent method for Riemann-Hilbert prob-
lems, there have been several key developments. In [12, 15], a technique was established
in which one makes a change of variables involving a matrix constructed from a single
unknown scalar function g(z) analytic in C\ X. The transformation modifies the jump ma-
trix in a way involving the boundary values g (z) taken on X. One then chooses relations
between the boundary values of g(z) such that the transformed Riemann-Hilbert prob-
lem becomes asymptotically simple. The desired conditions amount to a scalar Riemann-
Hilbert problem for g(z), which is easily solved in many circumstances. A crucial feature
of this method is that the dominant contribution to the solution typically comes from
subintervals of the contour X of finite length rather than from isolated points. Here,
we therefore see an important difference between singular limits of matrix Riemann-
Hilbert problems and evaluation of saddle-point integrals. In the contributing intervals,

the transformed jump matrix has a factorization (see (1.1), (3.43), and (4.15)) whose
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factors admit analytic continuation to the left and right of each such interval. A further
change of variables based on this analytic factorization is carried out in lens-shaped
regions surrounding each contributing interval. Ultimately, a model problem is solved
(typically in terms of Riemann theta functions of genus related to the number of con-
tributing intervals) and along with local analysis near the endpoints of the intervals a
model for M(z) is built and compared with M(z) to obtain a Riemann-Hilbert problem
for the error H(z). When the method is successful, the jump matrix for H(z) is uniformly
close to the identity, and thus H(z) may be constructed via iteration of integral equa-
tions. Significantly, the conditions imposed on the boundary values of g(z) can often be
viewed as the Euler-Lagrange conditions for a certain variational problem (see [13] as
well as [11, 10] and Appendix A of this paper).

A further development emerged from problems in which it was recognized that
no appropriate function g(z) can be found relative to the given contour X. In [19] and later
in [3], it was shown how analyticity of the jump matrix could be exploited to effectively
deform arcs of the contour X to alternative locations in the complex plane such that the
jump matrix maintains the same functional form; specific locations of the arcs are deter-
mined such that there exists an appropriate function g(z) as above. These selected arcs
are the closest relatives in the noncommutative theory to the paths of steepest descent
from saddle points in the asymptotic theory of contour integrals. The contour selection
principle was also encoded into a variational problem in [19].

More recently [4, 19, 21|, new techniques have been added to the framework of
the steepest descent method that are adapted for determining the asymptotic contribu-
tion to the solution of a coalescence of a large number of poles in the unknown matrix
(this is strictly speaking not a Riemann-Hilbert problem in the sense described above
due to the polar singularities, however the problem is first converted into a standard
Riemann-Hilbert problem by explicit transformations). The key idea here is to exploit
certain analytic interpolants of given residues at the poles.

For the fundamentally nonlinear cases in which the dominant contribution
comes from subintervals of a contour, a central feature is that the analytical methods
rely on piecewise analyticity of the given jump matrix and of the boundary values of
the scalar function g(z). For some of the cases of long-time asymptotics of integrable
nonlinear partial differential equations [9, 14], as well as the recent long-time asymp-
totic analysis for perturbations of the defocusing nonlinear Schrédinger equation [16],
the dominant contribution comes from isolated points of the contour X, and while ana-
lyticity is not fundamental, the asymptotic calculations proceed by an approximation ar-
gument, in which an analytic part is deformed away, and a (small) residual contribution

is handled by technical and analytical prowess. The approximation argument is delicate
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and requires detailed analysis that depends sensitively on the geometry of the particular
contour X.

Far from being a mere pursuit of abstraction, a simple asymptotic technique that
applies to Riemann-Hilbert problems regardless of whether the jump matrix is analytic
or not would have immediate application in a number of important areas. For example,
a unified treatment of the asymptotic theory of orthogonal polynomials on the real line
with general nonanalytic weights would allow the resolution of universality conjectures
from random matrix theory in the most natural and general context (see [11, 10] for the
analytic case, and [20] for an application of the 0 steepest descent method described in
this paper to the nonanalytic but convex case). As another example, if it were possible
to treat systematically problems with a large number of poles that accumulate in a very
regular but nonanalytic fashion, then the important problem of semiclassical asymp-
totics for the focusing nonlinear Schrédinger equation with general nonanalytic initial
data could begin to be addressed.

In this paper, we present a new generalization of the steepest descent method
for Riemann-Hilbert problems that applies in absence of analyticity of the jump matrix,
and yet does not depend on an approximation argument for the jump matrix. While we
believe that the ideas we will develop in this paper are useful in very general contexts,
we have chosen to focus on a particular application of the steepest descent method in

order to demonstrate the technique.

1.2 The essence of the 0 steepest descent method

As mentioned above, after changing variables using an appropriate scalar function g(z),
the jump matrix is converted into a form that is well suited for further asymptotic anal-

ysis. A common “target” form for the jump matrix in certain arcs of X is the following

) — eik(x)/e 1 B 1 0 0 1 1 0 (1.1)
v(x) = 0 e—ik(x)/e |\ gmik(x)/e 1 0 eixt/e 1) .

where x is a real parameter along the arc of £ which for simplicity here we assume that

form:

it lies on the real axis (for a representation, see Figure 1.2), e > 0 is the control parame-
ter tending to zero in the singular limit of interest, and «(x) is a strictly increasing real
function of x that is related to the boundary values of g(z) on . Suppose N(z) is the un-
known satisfying N (x) = N_(x)v(x). With the assumption of analyticity of k(x), one
may transform the Riemann-Hilbert problem by introducing as a new unknown a matrix
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Figure 1.1 The complex plane in the
vicinity of a contour X (here coinci-
dent with the real axis) supporting a

factorized jump matrix.

O(z) defined in terms of N(z) by the following scheme: in some region lying on the minus

side of the arc (the region labeled A_ in Figure 1.2), set

. . 1 0
O(x +1y) = N(x +1y) (eiK(X+iU)/E ]> (1.2)
and in some region lying on the plus side of the arc (the region labeled A, in Figure 1.2),

set

O(x+1y) = N(x +1y) ( 1 O) . (1.3)

7ei|<(x+iy)/e 1

Elsewhere, set O(z) = N(z). One has thus introduced two new jump contours, one on
either side of the arc (these are the two dashed lines in Figure 1.2). However, the mono-
tonicity of the real analytic function k(x) implies via the Cauchy-Riemann equations that
the induced jump matrix relating the boundary values of O(z) on these two contours is
exponentially close to the identity matrix in the limit € | 0. On the original arc, the matrix

O(z) satisfies the constant jump relation

0,09 =0 (x) ( ° ‘) , (14)

which can be subsequently dealt with in terms of special functions. In this paper, we
show how this procedure can be carried out effectively when one does not have the option
of extending k(x) from the contour X because it is not assumed to be an analytic function.
We choose to extend k(x) in a way that does not assume any analyticity (see (1.5)). The
price that must be paid is that the analogue of the matrix O(z) above is no longer analytic
in the regions to the left and right of the arc; therefore this matrix cannot be the solution

of any Riemann-Hilbert problem. It can, however, be the solution of a matrix 0 problem



6 K. T.-R.McLaughlin and P. D. Miller

(or more generally, a mixed Riemann-Hilbert-0 problem). It is into this framework that
we extend the steepest descent method. This explains the terminology of the “0 steepest
descent method.”

As the fundamental contour I in this paper is the unit circle S', we can now be
very specific about what we mean by an extension of a nonanalytic function in this con-
text. Suppose that f(0) is a C™~'(S") function, m = 1,2,3,.... Then, we define an exten-
sion operator E,,, : C™~1(S) — C(R?\ {0}) as follows:

J(~ilog)”, (1.5)

mZ_1 £®) (g
p=0

where (1,0) are the standard polar coordinates for R?. Note that this indeed defines a
continuous extension to any annulusr, < r < r_,where0 < r, < 1 < r_ < oo since
E.f(1,8) = f(0). Also, since z = r¢'® and z = re~'?, the fundamental differential operators

of complex variable theory are represented in polar coordinates as

— 9 e%/0 19 9 e 9%/9 190
a':az:2<ar+rae> 0= %" 2 <ar_f69>’ 10

and therefore we see that if f(™~1)(9) is Lipschitz, then in particular it has a derivative

almost everywhere that is uniformly bounded, and we have

_ jei® f(m) .
BEmf(r,0) = = H(ilog(r)) ! (1.7)

p+1

. —i0 [ £(m) m—
OEmf(r,0) :—sz (%(—llog Z

p=0

—ilog(r))p>

(1.8)

both holding for all + > 0 and almost all @ € S' (these formulae hold at every point of
the plane if f is of class C™(S')). It follows that OF,,f(r,0) vanishes to order m — 1 as
1 — 1 uniformly in 0. In fact, if f(0) is analytic for all 8, then the infinite series E., f(r,0)
converges uniformly in some annulus containing the unit circle r = 1 and represents the
unique analytic extension of f(0).

Generally speaking, Riemann-Hilbert problems with rapidly oscillatory jump
matrices are equivalent to systems of singular integral equations with Cauchy kernel
and rapidly oscillatory densities. Such equations can in principle be analyzed asymp-
totically [27]. This approach requires delicate arguments of harmonic analysis. On the
other hand, the 0 steepest descent method we will develop in this paper avoids such

complicated reasoning. Indeed, by extending contour integration into integration over
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two-dimensional regions, the Cauchy kernel becomes less singular, and the analysis be-
comes correspondingly more straightforward.

In the analytic case described briefly above, the asymptotic analysis is in gen-
eral complicated by the fact that the procedure is valid in the neighborhood of certain
intervals of X, and it turns out that a different analysis must be carried out in the vicin-
ity of the endpoints of the intervals. The same would be expected to be true in the general
nonanalytic case. In order to have the clearest possible presentation, we have chosen to
describe in this paper the 9 steepest descent method in the context of a problem where
there are nontrivial cases without endpoint issues, namely the asymptotic behavior of
polynomials orthogonal with respect to weights on the unit circle. While the presence of
endpoints complicates the analysis, they do not present an insurmountable obstruction,

and the reader is referred to [20] for a description of the more general theory.

1.3 Polynomials orthogonal on the unit circle

Let ¢(0) be an integrable 27t-periodic function satisfying ¢(6) > 0 for almost all 6. For

two complex-valued functions f(0) and g(0), there is an associated inner product

(1,0)0 = 5= | _(0)a016(0)a0 = 3§ (arg(z))o{argl2) o (arg(z) T, (1.9)

T 2m
This inner product leads to a system {p. (z)}$_, of orthogonal polynomials in the complex
variable z:
n—1
pn(z) :ynzn—l—ch,jz’, Yn >0, (1.10)
j=0

and the defining relation is the orthonormality condition

<pm,pn>¢:6mn, 0<m< oo, 0<n< 0. (1.11)

Here the polynomials p,,(z) are considered as complex-valued functions of 6 by restric-
tion to the unit circle: z = ¢'®. The constants v, have the interpretation of normalization
constants, and the corresponding system {7, (z)}%°_, of monic orthogonal polynomials is

defined by rescaling:

ﬂn(z)zipn(z), 0<n<oo. (1.12)

Yn
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The orthogonal polynomials satisfy recurrence relations of the form

1
Tnt1(2) = 270 (2) + o127 (%) )

(1.13)

1 1
Zn+]7'[n+1 (%) = “n+1Z7Tn(Z) +Znﬂn<%)»

forn =0,1,2,3,.... Here, the complex constants {x,}%_; are the recurrence coefficients
associated with the weight ¢ (also known as the Schur parameters or Verblunsky coeffi-

cients). By setting z = 0 in the first equation of (1.13), it is easy to see that
on =70 (0). (1.14)

For a general discussion of properties of polynomials orthogonal on the unit cir-
cle, see Chapter XII of Szeg4's monograph [26], in which (among other things) the asymp-
totic behavior of 7, (z) for n — oo is discussed. The extraction of asymptotic formulae
for quantities related to the orthogonal polynomials of large degree with a fixed weight
¢ on the unit circle is the type of asymptotic problem in the theory of general orthogo-
nal polynomials (i.e., beyond particular cases involving classical special functions) for
which results have been known for the longest time. This can be traced to the fact that
if $(0) ! happens to be a positive trigonometric polynomial, then there is a closed-form
expression for the orthonormal polynomial p,,(z) that is convenient for analysis, as long
as n is sufficiently large compared to the degree of ¢p(0)~', see [26, Section 11.2]. In other
words, for certain special fixed weights ¢(0), the asymptotic formulae one obtains be-
come exact as long as n is large enough. This leads to a general strategy for asymptotic
analysis of orthogonal polynomials on the unit circle based on approximating an arbi-
trary given positive function ¢(08)~" by positive trigonometric polynomials.

The asymptotics described in the monograph of Szeg6 are of a rather general
character and hold whenever log(¢$(0)) is an integrable real-valued function. In the years
since the origin of Szegd’s methods, there have been many further developments in the
asymptotic theory. These developments move both in the direction of generalizing the
class of weights for which the Szegé asymptotics are valid (perhaps in a weaker form)
and also in the direction of trading generality of the weight for detail of the asymptotics.
It seems that certain problems remain difficult to treat by these methods; in particular,
it is difficult to verify convergence in a uniform sense, and it is difficult to characterize
the detailed asymptotic behavior of zeros. There is a vast literature on this subject; we
refer the interested reader to the memoir of Nevai [23] and the two-volume monograph of
Simon [24, 25].
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Beyond being a source of classical information about orthogonal polynomials on
the unit circle, Simon’s monograph describes a different viewpoint of the theory of these
polynomials. Namely, Simon and his school have made great progress by exploiting the
connection between orthogonal polynomials and spectral theory for operators that en-
code the recurrence relations that all orthogonal polynomials satisfy (see also [18]). This
theory is capable of establishing a number of very general results relevant to asymp-
totics in the limit of large degree. An important point is that the hypotheses required to
establish results of this kind involve assumptions about the asymptotic behavior of the
sequence {0, }%_; of recurrence coefficients. Indeed, the fundamental problem of spec-
tral theory in this context is the construction of the spectral measure ¢$(0)d6 from the
finite difference operator involving the recurrence coefficients {a, }5°_;.

On the other hand, the recovery of the polynomials {p(z)}%_, and of the recur-
rence coefficients {«, }%°_; from the spectral measure ¢(0)d®0 is the fundamental problem
of inverse spectral theory. A general approach to asymptotic problems in the theory of or-
thogonal polynomials in which the measure of orthogonality is the given data therefore
involves the translation of the orthogonality conditions into the conditions making up
a Riemann-Hilbert problem for sectionally analytic matrices. A Riemann-Hilbert for-
mulation for polynomials orthogonal with respect to a measure on the unit circle was
described in [1] and follows closely the well-known Riemann-Hilbert formulation for
polynomials orthogonal with respect to a measure on R discovered in [17]. In [1], and
in a number of papers which followed (see, e.g., [2, 5, 6]), the polynomial of degree n or-

—nV(®) where

thogonal with respect to a specific family of weights of the form $(6) = e
V(0) =y cos(0), was studied in the limit n — oco. Note that this is a joint limit as the de-
gree n of the polynomial in question appears in the measure of orthogonality as well; see
Section 4 for a general discussion of such exponentially varying weights. For the large
n asymptotics carried out in [1], and in subsequent works with this measure, as well as
closely related measures (see, e.g., [3]), analyticity of the weight ¢(0) played a central
role in the analysis.

In [8], Deift used polynomials orthogonal with respect to a measure on the unit
circle to give an example of his theory of integrable operators. Specifically, he intro-
duced a one-parameter family of positive, analytic functions ¢(0;t) and related solu-
tions of Riemann-Hilbert Problem 2.1 in Section 2 below (with ¢(0) replaced by ¢(6;t))
to Toeplitz determinants. The n — oo asymptotic behavior of the corresponding solu-
tion M™(z;t) to Riemann-Hilbert Problem 2.1 then yields asymptotics for the associated
Toeplitz determinants. Exploiting the analyticity of ¢(6;t), Deift outlined how one ob-
tains an asymptotic description for M"(z;t). The calculations which we will present in

Section 3 may be viewed as complementary to this asymptotic calculation of [8], in that
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we will establish asymptotics for orthogonal polynomials under the much weaker as-
sumption that ¢$(0) is a continuous function satisfying a Lipschitz condition. Further-

more, we show how the error estimates depend on smoothness properties of ¢(0).

1.4 Outline and summary of results

The polynomials orthogonal with respect to a weight given on the unit circle in the com-
plex plane can be characterized in terms of the solution of a matrix Riemann-Hilbert
problem in which the contour X is the unit circle. In Section 2, we describe this Riemann-
Hilbert problem, and then in Sections 3 and 4 we study the singular limit in which the
degree of the polynomials tends to infinity. In Section 3, we consider the weight func-
tion to be held fixed as the degree tends to infinity, while in Section 4 we study the joint
limit when the degree becomes large while the weight function is exponentially varied. A
summary of the relevant logarithmic potential theory referred to in Section 4 is given in
Appendices A and B.

The key results we obtain in the fixed-weights case are described in Section 3.1.
To the best of our knowledge, the uniform nature of the asymptotics we obtain is new to
the field, as is our detailed characterization of the zeros. While there exist several classi-
cal methods available for the asymptotic analysis of orthogonal polynomials on the unit
circle with fixed-weight function ¢(0), with the degree n of the polynomial in question
tending to infinity, this problem is the ideal context in which to introduce the 0 steepest
descent method.

On the other hand, the asymptotic behavior of polynomials orthogonal with re-
spect to a varying-weight on the unit circle, considered in Section 4, is more challenging
to obtain by more classical techniques. The results we obtain with the use of the 0 steep-
est descent method are stated in Section 4.1. A point we wish to emphasize is that with
the use of the d steepest descent method, the analysis in the varying-weights case is no
more difficult than in the fixed-weights case. This fact distinguishes the 9 steepest de-

scent method from more classical techniques.

1.5 Notation

Throughout, we assume a fixed norm || - || on 2 x 2 matrices. Forp =0,1,2,..., we use the

following induced norm on sufficiently smooth matrix functions F : R? — C,5:

IFll, == ) sup

2
at+p<p R

o+ B3
0 F H (1.15)

ox*9yP
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Here x and y are Cartesian coordinates in R%. For p = 0, we may apply this norm on all
functions F in the space L*® (R?), whereas for p > 0 we may apply this norm to a subset of
functions F in the space CP~"!(R?) of functions with Lipschitz continuous mixed partial
derivatives of all orders up to and including p — 1. The finiteness of the norm indicates
the uniformity of the Lipschitz condition. Since for functions F in the class CP~ -1 (R?) the
mixed partial derivatives of order p exist almost everywhere, the condition |||[F||, < cocan
be equivalently expressed as saying that F have all derivatives of total order at most p in
the space L (R?). We also use the notations C§ "' (R2\ {0}) and L (R?\ {0}) for spaces of
functions, respectively, in C?~»'(R?) and L*° (R?) that vanish identically for | log(x? +y?)|
large enough (i.e., outside some annulus).

For functions V(0) defined on the circle S' (i.e., V is defined for —m < 0 < 7), we
also say that V is of class C*~11(S') if the periodic extension of V to 8 € R has k — 1
Lipschitz continuous derivatives, or equivalently, has k derivatives in L* (R). A suitable

norm for such functions is given by

[V[loc == sup |V(0)|+ sup [VM(0)], (1.16)

—m<0<7 —m<0<7

since it is easy to establish that for all m satisfying1 <m <k -1,

sup [VI™(0)| < 2m* ™ sup [VI(0)|. (1.17)
—<O<TT —<0<T
If V(0) satisfies a Holder continuity condition, there exists a unique function
N(z), analytic for |z| > 1, decaying as z — oo, and taking H6lder continuous boundary
values on |z| = 1, such that

V(0) = N(e*) + Vo + N(ei?), (1.18)

and V, is the average value of V. Thus, N(e'?) is the negative frequency component of the

Fourier series for V(0):
00 B 1 T .
V(0)= Y V;eY°  with coefficients V; = 5 J V(0)e 9de, (1.19)
j=—o0 -7

and we have

N(z) ::Z%, for [z > 1. (1.20)
j=1
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>

Figure 2.1 The contour X of the
Riemann-Hilbert problem for poly-
nomials orthogonal on the unit cir-
cle is the unit circle itself |z =
1 oriented in the counterclockwise

direction.

We also introduce the function Q : S' — R by the formula
Q(0) :=23(N(e')). (1.21)

Note that QO and V are functions that are related by the Cauchy transform.

Throughout the paper, we will use a “bump” function B : R — [0,1] with the
properties that B is infinitely differentiable, B(1) = 1 for [l| < log(2)/2, and B(1) = 0 for
[l > log(2).

2 The Riemann-Hilbert problem for polynomials orthogonal on the unit circle

Consider the contour X illustrated in Figure 2. Let n be a positive integer. Relative to the
contour X we pose, foreachn =0,1,2,3,..., the following Riemann-Hilbert problem for
a2 x 2 matrix M"(z).

Riemann-Hilbert Problem 2.1. Find a 2 x 2 matrix M"™(z) with the following properties.

Analyticity. M™(z) is analytic for |z| # 1, and takes continuous boundary values M (z),

M™ (z) as w tends to z with |z] = Tand w| < 1, [w| > 1.

Jump condition. The boundary values are connected by the relation

M (e9) = M™ (1) <(‘) ‘b(e)]eme> . (2.1)
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Normalization. The matrix M™(z) is normalized at z = co as follows:

lim M™(z) (Zn 0) ~L (2.2)

Proposition 2.2. Suppose that the positive weight function ¢(0) satisfies a uniform
Holder condition [$p(02) — ¢(01)] < K[O2 — 61]Y for some v € (0,1] and with some K inde-
pendent of 07 and 0;,. Then Riemann-Hilbert Problem 2.1 has a unique solution for each

integer n > 0, namely if n > 0,

1 T (s)s™™
Tin (2) = i L, ¢ (arg(s))ds
M" () - e e— SR
2 TN Yao1 [ Taoa(s)s”
Y12 T (Z) i jgz - ¢ (arg(s))ds
and ifn =0,
1 Li{; Lc[)(ar (s))d
M°(z) = 2mi ]y s—z 818))€s (2.4)
0 1
In particular, M4 (0) = «,, and M3, (0) = —y2_; forn > 1. Here, {m,,}_, is the sequence

of monic orthogonal polynomials with respect to the weight ¢ and the inner product
(1.9), and {«, J_; is the sequence of associated recurrence coefficients (see (1.13)) while

{ynJ¥_, is the sequence of associated normalization constants. O

Proof. If n = 0, then the Riemann-Hilbert problem is triangular with identity asymp-
totics and is trivially solved in closed form by a Cauchy integral, yielding (2.4). Thus
from now on, we considern > 1.

The uniqueness of the solution for n > 1 can be seen from the following argu-
ment. Continuity of the boundary values taken on X implies that the ratio of any two so-
lutions of Riemann-Hilbert Problem 2.1 is an entire function of z that tends to the iden-
tity matrix as z — oo. Uniqueness thus follows by Liouville’s theorem.

To derive (2.3), first note that if M™(z) solves Riemann-Hilbert Problem 2.1, then
the first column of M™(z) must be analytic throughout the z-plane. From the normaliza-
tion condition (2.2), it is then clear that M7 (z) is a monic polynomial of degree n while
MY, (z) is a polynomial of degree at most n — 1 (the leading coefficient of M%,(z) is not

determined from the normalization condition alone). The jump condition for the second
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column reads
MY, (eie) —Mi, (eie) =M (eie)efined)(e),

. . o (2.5)
5. () =M%y _(e7) = M (e?)e 0 (0).

In particular, since ¢(0) satisfies a Hélder condition, we may express M7, (z) as a Cauchy-
type integral using (2.5). Thus,
1 M3 (s)s™™
n 11
=—¢ ——— d 2.6
a(2) = 3§, Tl (arg(s)ds, (26)
and the normalization condition (2.2) then requires that this Cauchy integral be of order
z " T asz — oo foreach fixedn € Z, . Expanding the Cauchy kernel in a geometric series,

we see that the following conditions must be satisfied:

% M7 ()2 "¢ (arg(z))dz = 0 (2.7)
b

fork = 0,1,2,...,n— 1. Since d® = dz/(iz) for an angular coordinate 6 on the contour
¥, this proves that M7, (z) is orthogonal to the monomials 1, z,z?,...,z"~! with respect

to the inner product (1.9). The existence of such a monic polynomial of degree n follows
from the Gram-Schmidt algorithm. Thus, M} (z) = 7, (z), the nth monic orthogonal poly-
nomial with respect to the weight ¢(6) on the unit circle.

A similar argument applies to the second row of M"(z). Indeed, MZ,(z) is a
polynomial of degree at most n — 1. Using (2.5), we may express M7, (z) as a Cauchy inte-

gral:

M (2) = 5§ 0 arg(s)ds, (28)

and then the normalization condition (2.2) requires that M}, (z) =z ™" +O(z " ') asz —
oo. Expanding the Cauchy kernel in a geometric series, one sees that M7, (z) is required

to satisfy the following conditions:

(M3 (), 1), =—1,  (MF;(e*),e™®), =0, k=1,...,n-1 (2.9)
Equivalently, these relations may be written in the form

<ei(n71)9)ei(nf1)9M121] (eie)> — 1,
¢ (2.10)

<eike etm=hoMmn (ei9)> =0, k=0 n-2
, n 00 e .

Clearly, the degree n—1 polynomial z"~' MDY, (1/z) is orthogonal to the monomials 1, z,.. .,

n—2

z"~ = with respect to the inner product (-, )¢, and the normalization condition then fixes
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the leading coefficient: z" ! M3 (1/z) = —y% ;2" ' +....In other words, we have found
that z" "M, (1/z) = —y%_;7n_1(z), or equivalently, M}, (z) = —yZ_z" 'mn1(1/z). W

Thus, the conditions of Riemann-Hilbert Problem 2.1 serve to define the orthog-
onal polynomials as an alternative to other representations that may be available, possi-
bly including explicit contour integral formulae (for special families of weights).

Riemann-Hilbert problems like this one frequently arise as a consequence of the
application of the Fourier transform or z-transform to certain types of linear integral
equations (i.e., the Wiener-Hopf technique, see [7]). Reversing this sort of reasoning, the
representation of the orthogonal polynomials in terms of Riemann-Hilbert Problem 2.1
immediately yields integral equations for certain auxiliary unknowns. Of particular in-
terest are the Marchenko equations obtained in [18], in which the unknowns are Fourier
coefficients of functions explicitly related to the orthogonal polynomial 7, (z), and the
relevant operator is of the form I — K, where K is an integral operator acting in {*(n +
1,m+2,...,00) with a kernel that depends explicitly on the weight ¢ but not otherwise
on the degree n of the polynomial in question. Furthermore, the kernel does not depend
in any crucial way on the smoothness of the weight. Therefore, in principle, this formu-
lation makes possible the calculation of asymptotics for the polynomials (indeed, this
is one of the applications of the Marchenko equations discussed in [18]) in a way that is
relatively insensitive to the analyticity properties of the weight function ¢. However, the
correction terms that appear in such a scheme are necessarily in terms of infinite Fourier
series (see, e.g., [18, equation (VI.7)]) that while having known coefficients are not con-
venient for detailed analysis of zeros of the polynomials in regions of the complex plane
where these zeros necessarily arise from a competition between different terms in an ex-
pansion. To provide details of the asymptotics, it is more advantageous to work with the
Riemann-Hilbert problem directly.

The uniqueness of M™(z) coupled with symmetry of the Riemann-Hilbert prob-

lem under reflection through the unit circle leads to the following result.

Proposition 2.3. The matrix M"(z) satisfying Riemann-Hilbert Problem 2.1 satisfies the

symmetry relation
—_ 1
M"(z) :i“3Mn(O)‘M“<Z>(—iz)U3. (2.11)

In particular, the identity

2
Yn-1 2
=1 . 2.12
< Yn > o] (2.12)

follows by taking z =01in (2.11). O
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3 Fixed weights
3.1 Asymptotic behavior of orthogonal polynomials and related quantities as n — oo

In this section, we describe several asymptotic results in the theory of orthogonal poly-
nomials with fixed weights on the unit circle that we will obtain as a fundamental il-
lustration of our method. It will be convenient to introduce the real-valued function V :
S' — R such that

dO)=eVO wvoes (3.1)

The fundamental object of the asymptotic theory for the fixed weight ¢ is the so-

called Szeg6 function:

2mi [y s—z

So(z) = exp ( ! M), 2% (3.2)

This is a function analytic for |z| # 1 that decays to zero as z — oco. Its value at z = 0 has

the interpretation of the geometric mean of the weight ¢(0):

S (0) = exp ( %T rﬁ V(e)de> —e Vo, (3.3)

If ¢(0) satisfies a Holder continuity condition, then by strict positivity so does V(0). In

this case, by the Plemelj formula [22], we have
. i0) _ : i0
lrlgl Se(re'?) = ¢(0) lrlgl S¢(re™?). (3.4)

Furthermore, recalling the negative frequency component N(z) of V defined by (1.20), we

can obtain the following equivalent characterization of S4(z). Since the function N(1/z)
is analytic for |z| < 1, it follows that

eN@), 2| > 1,

Syl =1 (3.5)
e VorN(/2) 7] < 1.

Recalling the function Q : S’ — R defined by (1.21), we have

lTlTI? S (re?) - lrlgl S (1el?) = e Voel(0), (3.6)
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3.1.1 General theorems. The following results hold for weights where V is of class
Ck=11(S") withk > 1.

Theorem 3.1. Suppose that ¢(8) = e V(®) where V : S — R is of class C*~1(S") with
k > 1. Then, for each fixed integer p and for each p > 1, there is a constant K,, , > 0 such
that the estimate

dr log(n)

— [ (z)z e NE 1] <K 7
SUP | [T (z)z e J] < Kpp— 3% (3.7)
holds for all n sufficiently large. O

The constant K,, , typically blows up as p — 1, and only a finite number of deriva-

tives can be controlled. More generally, we have the following result.

Theorem 3.2. Let p > 0 be a fixed integer. Suppose that ¢(8) = e V(®) where V:S' - R
is of class C*~1'1(S') with k > 2p + 1. Then there exists a constant K,, > 0 such that the

estimate
dr CnN() log(n)
— 2Tl € Kp—=252 3.8
s | g o7 1 <, @9
holds for all n sufficiently large. O

Remark 3.3. Note that as a special case of the estimate (3.8), we obtain the following

estimate (under the same conditions) characterizing the polynomials on the unit circle:

log(n
<X, s

~—

P i0
sup < _iei® ;e) {nn(eie)efine N _ 1}

—T<O<T

(3.9)

In fact, the proof of Theorem 3.2 is to first establish (3.9), from which the estimate (3.8)

follows (with the same constant K,,) via the maximum modulus principle.

The weakest conditions under which the above theorem provides large-degree
asymptotics are that ¢ is a strictly positive weight that is Lipschitz continuous. Theorem
3.2 may be compared with results reported in the classic monograph of Szegé [26, Section
12.1]. While asymptotics of 7, (z) have been established by other methods under weaker
conditions than Lipschitz continuity and strict positivity of the weight ¢, Theorem 3.2
exhibits clearly the dependence of the rate of decay of the error on the smoothness of ¢,
and the number of derivatives desired.

To our knowledge, the results of Theorem 3.2 are stronger than those previously
known in that they establish the convergence in a uniform sense. This leads to the fol-

lowing corollary.
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Corollary 3.4. Let p > 0 be a fixed integer. Suppose that $(8) = e V(® whereV:S' - R
is of class C*~11(S1) with k > 2p + 1. Then

(p)
lim . Il 1. (3.10)
nooe Pl [ 0

Proof. This follows directly from Theorem 3.2. Indeed, upon carrying out the differenti-
ation in (3.9), and combining this estimate with its analogues for all smaller values of p,
we learn that [\’ (¢'®)|/nP converges uniformly to |m, (') for —m < 6 < 7. The proof is

then complete since on S' uniform convergence implies convergence in 2. [ |
Remark 3.5. Notice that Theorem 3.2 immediately implies the following formula valid

for all zwith |z| < 1:

, 3.11
P s (3.11)

1 fl; s“eN<S)+hﬂ(s)d
|s|=1

where

sup [h ()] < K, 2800

. (3.12)
[s|=1 nk

While in principle this could be used to compute asymptotics for 7, (z) in this region,
more detailed analysis gives the following improved results.

Theorem 3.6. Suppose that ¢(0) = e V(®) where V : S — R is of class C*~1(S") with
k > 1. Then for each p satisfying 0 < p < 1, there are constants Kﬁf > 0 such that the

estimates
NN _log(n)
Vo—N(1/Z) ,Ex V(r,0
p<s|1:|p<1 ‘nn(z)—z“e 0mN1/2) Bk V(r0)| < K, ST (3.13)
Ko
E‘u<pp |7t (2)] < 5 (3.14)
hold for all n sufficiently large. O

An immediate corollary is that there exists an annulus inside the unit circle that
asymptotically contains no zeros. That the result we are about to state in this direction
is in a sense sharp will be made clear when we consider more specific weights below in

Section 3.1.2 (in particular, see Corollary 3.12).

Corollary 3.7 (zero-free regions). Suppose that ¢(8) = e V(®) where V : S — R is of

class C*=1'1(S") with k > 1. Let & > 0 be an arbitrarily small number. Then there are no
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zeros of 7,y (z) in the region

{z og (I2) > —(k — 5)1°g(“)} (3.15)

n

as long as n is sufficiently large. O

Proof. This follows immediately from the estimate (3.13). Indeed, since N(1/z) and
ExV(r,0) are bounded for p < r < 1, zeros of 7, (z) in the region p < |z| < 1 neces-
sarily arise from a balance between z" and a term of uniform size log(n)/n*. However,
z" is large compared with log(n)/n* in the region where the inequality log(|z|) > —(k —
d)log(n)/n holds. [ |

A second corollary is an immediate consequence of (3.14).

Corollary 3.8 (recurrence coefficients). Suppose that ¢p(8) = e V() whereV:S' — Ris
of class C*~1>1(S") with k > 1. Then there is a constant K > 0 such that the bound

K
Jon| < ¢ (3.16)
holds for sufficiently large n. O
Proof. This follows directly from (3.14) with the use of the identity a, = 7, (0). [ |

Finally, we have the following result concerning the asymptotic behavior of the
normalization constants.

Theorem 3.9. Suppose that ¢(8) = e V(®) where V : S — R is of class C*1(S") with
k > 1. Then there is a constant K > 0 such that the bound

- log(n)

2,V

lype Vo —1] <K s (3.17)

holds for sufficiently large n. O
We give a direct proof of this theorem based on the identity y2 ; = —M%(0) in

Section 3.3.3. However, another proof with a less sharp error estimate may be based upon

Theorem 3.2 because on S' uniform convergence implies convergence in L?. Thus, since

Hpn(z)”d) =Tland pn(z) = Yn7n(z2),

V2 = <2]—7[J;|nn(eie)\2¢(e)de>1. (3.18)
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Using Theorem 3.2, one finds that

nk

Next, using (3.5), we have

| N2 = N NET) _ gvio)-Vo _ € (3.20)

Substitution into (3.19) completes the alternate proof.

Remark 3.10. At this point, it is important to comment that the d method we develop be-
low in Section 3.2 yields new formulae for the polynomial 7, (z) (see, e.g., (3.95)). The
formulae are semi-explicit, in that they are written in terms of the solution of a 9 prob-
lem (or, equivalently, in terms of the solution of an integral equation). This 0 problem is
arrived at after a sequence of explicit transformations, and we prove that this problem
has a unique solution, which possesses an asymptotic expansion for n — co. In general,
the terms in this expansion can be estimated (from above). Such estimations give rise
to the general results described in this subsection. However, in the situation that some
further information about the weight function e~V is known, it is frequently possible to
obtain much more precise information about the terms in the asymptotic expansion. To
illustrate what can be obtained from an analysis of the terms of the expansion, we con-
sider in the following subsection a slightly more specific family of weights, and present

a rather complete description of the pointwise asymptotic behavior of the polynomials.

3.1.2 More specific weights. While the estimate (3.14) allows one to bound the recur-
rence coefficients, it does not provide an asymptotic description of the polynomial 7, (z)
for z bounded within the unit circle. In particular, (3.14) is insufficient for deducing the
location of the zeros. With further assumptions on the regularity of V(8), we can extract
a leading term that paves the way for further analysis of 7, (z) outside the zero-free re-

gion, but within the unit disk.

Theorem 3.11. Suppose that $(8) = e V(®) where V: S' — Ris of class C*~ 11 (ST) with
k > 2. Suppose further that V(¥)(9) is piecewise continuous with ¢ < co jump discontinu-

ities at points —t < 67 < 0, < --- < 0 < 7, of magnitudes

() . 15 V() — 1im V)
A = lim VI9(0) ~ Tim V¥ (0). (3.21)
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Let V(®) (@) have one Lipschitz continuous derivative between consecutive jump disconti-
nuities. Then, for each € > 0, 0 > 0, and 5 > 0, the estimate

sup nk+ e—N(]/E)ﬂn(Z)
log(lz])<—(k—o)log(n)/n

kT gne—Vo-2N(1/Z) oEx V(1,0)g <1°g€(|2)> Cfa(2)| <8
(3.22)
holds with
ik+1 4 ) ia etn+1)0;
- @)=~
fu(z) = = ;Aj e ) =g — (3.23)
=
for all n sufficiently large. U

Note that f,,(z) is a rational function of z with poles at the { points of disconti-
nuity of V(¥)(0) on the unit circle, and with ¢ — 1 zeros which may lie anywhere in the
complex plane, and fluctuate about as n is varied.

With this result, we can completely characterize the zeros of 7, (z) under the
same assumptions on V(0). The simplest example of orthogonal polynomials on the unit
circle is of course the case ¢(0) = 1, in which case 7, (z) = z" for all n > 0. Here we see
that all zeros of 7, (z) lie exactly at z = 0. In particular, the zeros avoid the unit circle
|z| = 1. This situation is typical for strictly positive analytic weights, in which case it is
known that the zeros of 7, (z) asymptotically lie within a smaller disk |z| < p < 1. Here,
the nearest singularity z, to the unit circle of the analytic continuation through |z| = 1 of
the function S¢(z) from the domain |z| > 1 determines the radius p by p = |zo|. However,
such confinement of the zeros within the circle is no longer typical once one leaves the
analytic class. For example, discontinuities in any derivatives of ¢(0) make it possible
for at most a finite number of zeros to be bounded away from the unit circle while all
remaining zeros converge to the unit circle, as the following corollaries of Theorem 3.11
show. For each M > 0, let

F7 (M) = {z € C such that log (|f.(z)|) > M},
F. (M) := {z € C such that log (|f(z)|) < -M}, (3.24)

FO (M) := {z € C such that | log (|fn(z)|)| < M}.
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Corollary 3.12 (zeros near the unit circle). Assume the same hypotheses as in Theorem
3.11. Let A, (0) denote the annulus
o

An(0) = {z | —(k + 1)@ - < log (|zl) < —(k — o) logTEn) } (3.25)

Then, for each o > 0, there is some M > 0 such that the region A, (o) NF; (M) contains no
zeros of 7t,, (z) for sufficiently large n.
For each M > 0, the zeros of 7, (z) in the region A, (c) N (F% (M) U F};(M)) satisfy

|z|:1—(k+1)10gn(n) +%10g(|fn(z)|)+o(%>, (3.26)

0= —%Q(e) - :—1 arg (fn(z)) + g +o (%) (3.27)

modulo 27t/n, where 6 = arg(z), and in both cases the error term is uniformly small in the
specified region. It follows that the angular spacing between neighboring zeros of 7, (z)
in the specified region is A® = 2rt/n + o(1/n).

For any fixed M > 0, (3.26) can be rewritten uniformly in the region A,, (o) NF% (M)

as
|z|:1—(k+1)@+0<%), (3.28)

and consequently there exists some o € (0, 0) such that the zeros of 7, (z) in the region
A, (o) NF% (M) asymptotically lie between the two circles |z| = 1 — (k+ 1) log(n)/n £+ o/n.
If M > 0 is sufficiently large, then the region F! (M) is contained in a disjoint
union of small disks centered at the poles e'®i of the rational function f,, (z). In this situ-
ation, let F| ;(M) denote the component of F\ (M) near the pole e'®. Then from (3.26), it
is seen that the zeros of 71, (z) in the region A, (o) N F, (M) satisfy
1

. log(n) 1 10;
Izl =1—(k+1) - —nlog{z—e |+0 = (3.29)

where the error term is uniform in the specified region, which indicates that zeros are
attracted to a curve that “bulges” outward from the circle |z] = 1 — (k + 1)log(n)/n in a
region of angular width proportional to log(n)/n centered at the point '/ to a maximum

radius defined by the equation

|y = Jo8) | log (1zg(“)) +0 (:—J . (3.30)

n

Note that this radius is just within the inner boundary of the zero-free annulus described
by Corollary 3.7. O
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Proof. The annulus A, (o) converges toward the unit circle as n — oo, and therefore if z
is a zero of 7, (z) and n is large enough, Theorem 3.11 gives

nk+1ZnefvonNU/Z)eEkV(r,B) + fn(Z) _ 0(])’ (3‘31)

as n — oo because for such z, B(log(|z|)/e) = 1 and 7, (z) = 0. The o(1) error term is
uniformly small for all zeros in A,, (o). Now, let

i inf [e Vo NI V0 (3.32)

and note that ¢ > 0 due to the assumptions in force on V. Since

zefﬁﬁ . nkFlzm = e ° (3.33)
we see that (3.31) is inconsistent for large enough n if |f,,(z)| < ce °. Therefore, given
o> 0,A,(0)NF, (M) contains no zeros as n — oo as long as M > o — log(c).

For any M > 0, we now consider those zeros z of 7, (z) in the region A, (o) N
(FS (M) UF;;(M)), in which case we may divide through in (3.31) by f,(z) to obtain

nk+1zn -
) e VorNI/Z)BVne) 11 — o(1), (3.34)
n

Consistency requires that n**1z" /f, (z) = O(1), and then since the n-independent expo-
nential factors are continuous up to the unit circle and A, (o) is converging to the unit
circle, we may replace these factors by their limiting values on the unit circle without

changing the error estimate. Therefore, (3.34) becomes

.n_k+1 Zn

i0Q(0)
fn(z) ¢

+1=0(1), (3.35)

as n — oo uniformly for those zeros z of 7, (z) that lie in the annulus A,, (o). This proves
both (3.26) and (3.27). |

Remark 3.13. Note that the presence of the outward “bulges” in the zero curve near the
points of discontinuity of V(¥)(8) indicates the sharpness of the zero-free region estab-

lished for more general weights in Corollary 3.7.

While most zeros of 7, (z) move toward the unit circle as n — oo under the hy-
potheses of Theorem 3.11, there may be at most { — 1 zeros further inside the unit circle,

which correspond to zeros of f, (z). We refer to these as “spurious zeros.”
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Corollary 3.14 (spurious zeros). Assume the same hypotheses as in Theorem 3.11. For
each M > 0, there exists a ¢ > 0, such that the zeros of 7, (z) lying in the disk log(|z|) <
—(k+ 1)log(n)/n — o/n also lie in the set F;, (M) for sufficiently large n. Moreover, when-
ever €, is a sequence of positive numbers such that €,, — 0 as n — oo, the zeros of 7, (z)
in the disk |z] < 1—(k+ 1)log(n)/n — 1/(ney) satisfy

fr(z) = o(1) (3.36)

as n — oo. In particular, 7, (z) has exactly one zero for each zero of f,,(z) in this region,

making at most { — 1 spurious zeros. O

Proof. Define a constant C > 0 by

. sup VeI vy (0B (2D | -
|z/<1 €
Therefore,
sup nk+1znevoZN(]/Z)eEkV(r,G)B<10g (I2l) )’ < Ce ",
log(|z)<—(k+1)log(n)/n—o/n €

(3.38)

It then follows easily from (3.31) that all zeros of 7, (z) lying in the disk where the in-
equality log(|z]) < —(k 4+ 1)log(n)/n — o/n holds will also lie in the set F; (M) for large
enough n whenever o > M + log(C).

The term in (3.31) proportional to n**!

z" is o(1) as n — oo uniformly for z in the
disk delineated by the inequality |z| < 1—(k+1)log(n)/n—1/(ne,) with e,, — 0asn — oo.
Therefore, f,,(z) = o(1) for zeros in this disk, and the one-to-one correspondence of zeros
of f,(z) with spurious zeros of 7,,(z) in this region follows from the implicit function

theorem. [ |

Remark 3.15. Note that the zeros of f,,(z) play an apparently contradictory role in the
asymptotics. Indeed, zeros of f,,(z) that occur near the unit circle repel zeros of 7, (z),
while each zero of f,,(z) that occurs far enough within the unit circle attracts precisely

one zero of 7, (z).

Remark 3.16. A careful reading of the proof of Theorem 3.11 (see Section 3.3.3) shows
that the o(1) estimate that is stated in (3.22) can be improved to give a rate of decay, and
that even better estimates can be obtained if one does not insist on uniformity. These
simple improvements can provide, for example, decay rate information for the error
terms in the description of the spurious zeros. We have opted not to give these slightly

improved estimates in the interest of simplicity of presentation.
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3.1.3 Numerical computation of zeros of 7, (z) when derivatives of V have jump dis-
continuities. To illustrate the detailed asymptotic behavior of the zeros of m,(z) ex-

plained above, we have carried out some numerical experiments. Let us fix { angles of

discontinuity {01, ...,0,} C (—m, ) by the formula
2n/. 1 4 .

Consider the family of weights ¢(0) given by the formula

0 k
1+4+eW s1n<z(661)) , forej,1<6<9,—withj:2,3,...,€,
o= ¢ K (-1
14 e |sin (2(9—61)) . for|g] > (- )ﬁ.
(3.40)
The positive integer k and the real numbers wy,...,w, are free parameters. This weight

is of the form ¢ = eV, where V(¥)(0) has jump discontinuities at the points 0; of mag-
nitudes that can be adjusted by choice of the w;. One advantage of this family from the
point of view of numerical computation is that the Fourier coefficients of ¢(8) can be
evaluated symbolically. In a package such as Mathematica capable of arbitrary precision
arithmetic, this leads to the possibility of computing the elements of the Toeplitz matri-
ces (whose minors are assembled to yield the coefficients of the polynomial 7, (z)) with
sufficient accuracy for subsequent numerical computation of the zeros when n is large.
In practice, we computed the coefficients up to an overall factor by scaling the Fourier
coefficients making up the Toeplitz matrix by eV°. This is necessary to avoid numerical
overflow or underflow since according to the strong Szegd limit theorem, the Toeplitz de-
terminant of ¢ = e~V of size n + 1 scales as e ™V°. While the Fourier coefficients can be
computed symbolically, we obtained the coefficients Agk) e*2(%) appearing in the rational
function f,,(z) defined by (3.23) with the help of numerical integration.

The Mathematica code we wrote to carry out these computations is available
from the companion website to this paper, which can be found by visiting http://www.
hindawi.com and looking up this paper using the DOI reference 10.1155/IMRP/2006/
48673. The code takes as input the number of jump discontinuities ¢, the order k of the
derivative experiencing the discontinuites, a vector w of length { containing the parame-
ters wj, and the degree n of the polynomial 7, (z). The output is a figure showing the unit
circle (black) with exterior tick marks at the angles 6;,j = 1,...,(, the zero-attracting
circle |zl =1—(k+1)log(n)/n (green), the inner boundary circle |z| = 1 —klog(n)/n of the

zero-free annulus (red), and the zeros of f,, (z) that occur in a neighborhood of the unit
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Figure 3.1 The output of the
Mathematica code for n = 104,
k=3(¢=7andw' = (-1,-1/2,
—-1/4,-1,-1/4,-1,-1/2).

Figure 3.2 A sequence of plots showing convergence of the zeros of 7t, (z) toward
the curve |z = 1 — (k+ 1)log(n)/n as n — co. The parameters are { = 3, w' =
(—4,-2,-3),and k = 2. From left to right, n = 10, 20, 40, 80, and 160.

disk (large lavender dots). Superimposed on the figure are the zeros of 7, (z) (small black
dots). Sample output from the program is shown in Figure 3.1.3.

The first effect we would like to illustrate is the rate of convergence of the zeros of
7t (z) to the unit circle with increasing n, see Figure 3.2. The annulus associated with the
inequalities 1—klog(n)/n < |z| < 1is asymptotically zero-free, and the curve |z] = 1— (k+
1)log(n)/n asymptotically attracts the zeros near the unit circle. The convergence to the
zero-attracting circle is clear. More difficult to discern from the images is the outward
“bulging” of the zeros near the angles 6; of discontinuity toward the inner boundary of
the zero-free region. The imaginative reader can see this effect beginning in the figure
corresponding to n = 160, but larger values of n (and a rescaling of the figures near the
unit circle) will be necessary to resolve the “bulging” completely.

Zeros of f,,(z) play little role for the polynomials whose zeros are illustrated in
Figure 3.2. Next, we would like to illustrate the effect zeros of f,,(z) can have on 7, (z);

this is the phenomenon of spurious zeros. Note that in the present case of equally spaced
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Q0000

Figure 3.3 Periodic fluctuation of the spurious zeros with respect to n. Top:
k = 2. Bottom: k = 3. In both cases, n varies from n = 60 to n = 66 from
left to right, there are ¢ = 7 equally spaced points of discontinuity, and w' =
(=1,-1/2,-1/4,1/2,-1/4,1/4,—-1/2). Note that while for k = 3 the majority of ze-
ros appear to lie in the zero-free annulus 1 — klog(n)/n < |z| < 1, this is a finite n
effect.

angles 01, ..., 0¢, the function f (z) is periodic in n with period (. In Figure 3.3, we present
images corresponding to one period of the function f,(z) in the case of discontinuities
of the second and third derivatives of V(0). Here it is clear that the { — 1 zeros of f,,(z)
fluctuate about rapidly with n, and can be either inside the unit circle or outside. Each
zero of f,,(z) inside the unit circle is an asymptote for exactly one zero of 7, (z), while
those outside the unit circle have little effect on the zeros of 7, (z). The zeros near the
unit circle, either inside or outside, have a repulsive effect on the zeros of 7, (z).

From the images in Figure 3.3, it is not obvious that the zeros of f,,(z) inside the
unit disk attract corresponding spurious zeros of 7, (z) in the limit n — co. The images
shown in Figure 3.4 show that this convergence indeed occurs. Here, we have used the
periodicity of f,,(z) to examine the asymptotic behavior of the zeros of 7, (z) along a pe-
riodic subsequence of n-values along which the zeros of f,,(z) remain fixed.

The effect of a zero of f,,(z) upon those of 71, (z) is the most subtle when it occurs
near the unit circle. It should be stressed that the parameters w; of the weight under
consideration can be deformed in a continuous manner such that it may always be ar-
ranged that f,,(z) has zeros near the unit circle. We fixed n and chose a one-parameter
deformation of the w; = wj(t) in order to continuously tune a zero of f,,(z) through the
unit circle from outside to inside. A movie of this deformation is available at the compan-
ion website to this paper (see http://www.hindawi.com, looking up this paper using the
DOI reference 10.1155/IMRP/2006/48673) and several consecutive frames of this movie

are shown below in Figure 3.5. Here it can be clearly seen that as a zero of f,,(z) enters the
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Figure 3.4 Convergence of spurious zeros with increasing n. Top: k = 2 and
n = 61,68,75,82,89,96, and 103 from left to right. Bottom: k = 3 and n =
62,69,76,83,90,97, and 104 from left to right. In both cases there are { = 7 equally
spaced points of discontinuity and w' = (=1,-1/2,-1/4,1/2,-1/4,1/4,-1/2).

unit disk, it initially repels the zeros near the attracting circle of |z| = 1 — (k+ 1) log(n)/n
by pushing them inwards. The zeros along the attracting curve then move apart to make
way for the incoming zero of f,(z). Exactly one zero of 7, (z) fails to get out of the way,
however, and instead enters the orbit of the moving zero of f,,(z). As the zero of f, (z)

moves inside the attracting circle, it thus draws with it a spurious zero of 7, (z).

3.2 The 0 steepest descent method for fixed weights

Here, we begin the task of proving the theorems stated in Section 3.1 by analyzing the
behavior of the matrix M™(z) solving Riemann-Hilbert Problem 2.1 for a fixed weight ¢,
in the limit n — oco. We recall the representation (3.1) of ¢(0) in terms of V : S' — R. In
force, in order that Riemann-Hilbert Problem 2.1 indeed describes the orthogonal poly-

nomials with respect to ¢(0), we have the following assumption.

Assumption 3.17. V is a real continuous function on the circle that, for some exponent
v € (0,1] and for some constant K > 0, satisfies a uniform Hélder continuity condition
V(82) — V(1) < K[B2 —04".

This guarantees that ¢(0) is a strictly positive function that also satisfies a
Holder continuity condition with the same exponent, but with a possibly different con-
stant K.

3.2.1 Conversion to an equivalent 0 problem. Solution of the 0 problem in terms of inte-

gral equations. We proceed in several steps. First, let N™(z) be a new unknown related
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Figure 3.5 A continuous one-parameter deformation of a weight of the form (3.40)
with £ = 7 and k = 2. The vector of parameters is w(t)T = (0,0,0,1/2,0,1/4,0) —
(1,1/2,1/4,0,1/4,0,1/2)t and t varies from t = 1/40to t = 13/80in steps of At =
1/80. The frames are ordered left to right and top to bottom.

to M™"(z) as follows:

0
M"(z) , forlz| > 1,
N™(z) = 0 zn (3.41)

M (z), for|z| < 1.
It follows from Riemann-Hilbert Problem 2.1 that the new unknown N™(z) tends to the

identity matrix as z — oo, and that N™(z) is analytic for |z| # 1, with boundary values on
the unit circle related by

0 efine

N7 (e') = N (e'?) (eine (b(e)) , (3.42)
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Figure 3.6 The annular domains A4 of the equiv-
alent 0 problem for polynomials orthogonal on the
unit circle. For a given € > 0, the contour X, corre-
sponds to |zl = 27 € and the contour X_ corresponds
to |z = 2€.

where N} (z) (resp., N™(z)) indicates the boundary value taken at the point z on the circle
from the inside (resp., outside).

Next, observe the following factorization of the jump condition (3.42):

n(,i0) _ N (10 1 0 0 b(0) ] 0
N7 (e") = N™ (e )<eine¢(e)1 1) <d>(e)1 0 )(em%(e)‘ 1>'

(3.43)

To take advantage of this factorization, we introduce two new contours X, which to-
gether with ~ bound two concentric annular domains A1 as shown in Figure 3.2.1.

We will now need some extension of the function ¢(0)~' defined for z on the unit
circle with arg(z) = 0 to the annular domain A, U A . To make use of the family of exten-

sions defined in (1.5), we now make the following assumption about the weight ¢(0).
Assumption 3.18. The function V is of class C*~(S') forsomek =1,2,3,.. ..

Note that when k = 1, this assumption is contained in Assumption 3.17, but when
k > 1 it provides new information. Recall the “bump” function B with the properties
listed in Section 1.5. Then, for any integer m in the range 1 < m < k, and for any € > 0,

we may apply the extension operator E,, to the function V and therefore define a matrix
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P, <(1,0) as follows:

1 0
NT , forz=rel® c A_|
(2) - <log(r) > eEmV(r0) 1 :
€
P (1,0) = 1 0 0
N™(z) o (log(r) ) eEmV(re) 1]’ forz=ret e An
€
N™(2), forz =rel® ¢ AL UA .

(3.44)

Thus, the factor e*V("® appearing above is our selected extension of the function
¢(0)~! from the unit circle to the regions A | and A .

Unlike M™(z) and hence N™(z), the matrix P}, _(r,0) is not piecewise analytic be-
cause the factors relating Py, (r,0) to N™(z) in the domains A+ are not analytic. Indeed,
in view of (1.7), the exponent E,,V(r,0) is not an analytic function. Note however that it
follows from Assumption 3.18 and the analyticity of M™(z) and hence of N™(z) for |z| # 1
that the matrix P, .(r,0) is continuous for r # 1 as long as 1 < m < k. In particular, the
“bump” function factor B(log(r)/€) ensures that P, .(r,0) is continuous across the cir-
cles I.. At the circle of discontinuity X, the boundary values taken by P}, .(r,0) satisfy

the jump condition

R - 0 &)
Um Py, o (r,0) =lim Py, (r,0) <—¢(e)1 o ) (3.45)

Remark 3.19. Note that the approach to this problem taken in [8], where analyticity of
¢ is assumed, amounts to replacing E,,,V(r,0) with the analytic extension E,, V(r,0) and
omitting the “bump” function factor B(log(r)/€), with the latter being at the cost of an

exponentially near-identity jump discontinuity across the inner and outer circles X .

Next, we may remove the jump discontinuity along the unit circle by introducing
a model matrix P(z) that is analytic for |z| # 1, tends to the identity matrix [ as z — oo,
and that takes on the unit circle continuous boundary values P (z) (resp., P_(z)) from

the inside (resp., outside) that are related by

m(eie):p_(ew)< ° “’(e)). (3.46)
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Such a matrix can be found in closed form. Setting

Q) = P(2) (O ‘1> (3.47)

for |zl < 1 and Q(z) = P(z) for |z > 1, one may equivalently seek a matrix Q(z) that is
analytic for |z| # 1, tends to the identity matrix as z — oo, and that takes on the unit
circle continuous boundary values Q. (z) (resp., Q_(z)) from the inside (resp., outside)

that are related by the diagonal jump condition

Q.+ (e'?) = Q- (") d(0)°2, (3.48)

where o3 denotes the Pauli matrix

03 1= <(]) _O‘|> . (349)

Clearly, we may seek Q(z) as a diagonal matrix. Assumption 3.17 guarantees that
log($(0)) = —V(0) is well defined on the circle that satisfies a uniform Hoélder continu-
ity condition with exponent v € (0, 1], and therefore we may obtain a matrix Q(z) with
the aforementioned properties in the explicit form Q(z) = S4(z)°3, where S4(z) is the
Szeg6 function associated with the weight ¢(0) as defined in (3.2). Going back to P(z),
the model matrix we will use to remove the jump discontinuity in P7, .(r,0) forr = 1is

defined by the explicit formula:

Sefz) 0 2> 1
| 0 Spa)') |
P(z) = (3.50)
0 So(2)
;o lzl < 1.
Sez)" 0

To actually remove the discontinuity, we introduce a new matrix function Hyj, . (r,
0) defined for r # 1 by the formula

HY, ((1,0) = PL (1, 0)P(2) . (3.51)

By Assumptions 3.17 and 3.18, the matrix H}, .(r,0) is continuous throughout the two

regions r < 1 and r > 1. Moreover, a continuous extension to r = 1 is possible because
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Ph, <(1,0) and P(z) satisfy the same jump condition at r = |z = 1. Thus, we see that for
1 < m < k, and for any e > 0, the matrix function H}, .(r,0) defined by (3.51) may be
viewed as a continuous function on the whole plane with polar coordinates —m < 0 <7
and 0 < r < oo.

At this point, we can summarize the explicit transformations we have introduced
and relate Hy, .(r,0) directly back to M™(z). Combining (3.41), (3.44), (3.50), and (3.51),
we have by definition

0 —S¢(2)

Mn(Z) 10 (T) ) 0§T<1)

Sp(x)! 2" <Z>B< g ) EnV(r0)

HY (1,0) =
2 "Sp(z)7! 0

M"(z) ;o>

Se(2) 1B(1Oi(r))eEmV(r,6) 2"Sy(2)

(3.52)
i0

where z = re'®.

Forr < 27 and r > 2¢, we have B(log(r)/e) = 0, and in these regions the ma-
trix HY, . (7,0) clearly inherits analyticity from M™(z); in other words, in these regions
H}, (r,0) is a smooth function of the combination z = re'®. However, for z € Q., the
matrix H}, .(r,0) is certainly not analytic. In order to measure the deviation from ana-

lyticity in the case when m = k, we introduce a further assumption on ¢ ().

Assumption 3.20. The function V is of class C*~"1(S"), that is, the function V(x~1)(@) is
Lipschitz continuous.

Note that since k > 1, this condition implies in particular that V(0) is Lipschitz,
and thus the Holder continuity part of Assumption 3.17 is subsumed. With Assumption
3.20 in force, we may compute the d-derivative of HY, ((r,0) for v # 1 and for all integer
min the range 1 < m < k. Differentiation of (3.52) yields

0 0
M"(2) - L o<r<l,
0 z"S4(z)0 {B (log;(r) ) eEmV(T'e)}
OHT, (7,0) = (3.53)
0 0
M™"(z) _ , T>1,
Se(2) 10 [B (—loge(r))eEmV“‘ﬂ 0
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for almost all 8, and then elimination of M™(z) in terms of H}, .(r,0) using (3.52) again

gives
OHY (r,0) =H} (r,0)W], (r,0), forr#1andalmostallf e s! (3.54)

where the matrix Wy, (1, 0) is given for r # 1 and almost all 0 by the explicit formula

0 Z“S¢(Z)25[B(10g(r))eEmV(T'9>}
€ , 0<r<1,
0 0
WT (1,0) = (3.55)
0 0
_ , r>1.
z‘“Sdn(Z)_za[B(—IOge(T)>eEmV(T>e)} 0

In particular, we see that the matrix H, (v, ) is a solution of the following d-problem.
9 Problem 3.21. Find a 2 x 2 matrix U(r, 8) with the following properties.
Smoothness. U(r,0) is a Lipschitz continuous function throughout R?.

Deviation from analyticity. The relation

aU(r,0) = U(r,)WT (r,0) (3.56)

holds for all points in R? with the exception of a set of measure zero. The matrix W}, (T,

0) is defined almost everywhere by (3.55) and is essentially compactly supported.

Normalization. The matrix U(r, 0) is normalized at r = oo as follows:

lim U(r,0) =1. (3.57)

T— 00

In writing down this 0-problem, we have focused on just a few specific properties
of the matrix H, . (r,0). However, it is important that in doing so, we have not introduced

any spurious solutions.

Proposition 3.22. Suppose that ¢ = e~V where V:S' — Ris of class C*~11(S") for some
k=1,2,3,....Thenforalln =0,1,2,3,...,form =1,2,...,k, and for all € > 0, the matrix
W7, (r,0) is well defined almost everywhere by (3.55) and 9 Problem 3.21 has a unique
solution, namely U(r,0) = H, .(7,0). O

Proof. The existence of a solution follows from (3.52) and the existence of M™(z) forn =

0,1,2,.... To establish the uniqueness, we first consider the determinant of any solution
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of 3 Problem 3.21. Clearly, det(U(r,0)) is a Lipschitz continuous function that tends to 1
as z — co. Moreover, the relation 9 det(U(r,8)) = tr(WJ, .(r,0)) det(U(r,6)) holds almost
everywhere, and thus by (3.55) we see that 0 det(U(r, 8)) = 0 holds almost everywhere in
the plane. It follows that det(U(r,0)) is not only Lipschitz continuous, but is in fact an
entire function of z = re'® that tends to 1 as z — co. Therefore from Liouville’s theorem,
we see that det(U(r,0)) = 1. Next, consider the matrix ratio of any two solutions U(r, 0)
and U(r, 8) of @ Problem 3.21; this is the matrix R(r,0) defined by

R(r,0) := U(r,0)U(r,0) . (3.58)

Since det(U(r, 0)) = 1, it follows that R(r, 8) is Lipschitz continuous throughout the plane.

By direct calculation, we have
AR(r,0) =oU(r,0) - U(r,0)"" —U(r,0)U(r,0) 'oU(r,0) - U(r,6) "
= U(r,)W2 (r,0)U(r,0) " —U(r,0)WE (r,0)U(r,0) (3.59)
=0

holding almost everywhere in the plane. It follows that R(r,0) is an entire function of
z = re'® that tends to the identity matrix as z — oo, so again by Liouville's theorem we
get R(r,0) = I, or equivalently ﬁ(r, 0) = U(r,0). |

The unique solution of d Problem 3.21 can also be expressed as a solution of an

integral equation with Cauchy kernel.

Proposition 3.23. Suppose that ¢ = e~V where V:S' — Ris of class C*~1:1(S) for some
k=1,2,3,....Thenforalln =0,1,2,3,...,form =1,2,...,k, and for all € > 0, the matrix
W . (1,0) is well defined almost everywhere by (3.55) and the corresponding solution
U(r,8) = HZ (r,0) of 0 Problem 3.21 satisfies the integral equation

U(r,0) =1 lUu(TI’el>wﬁve(rl’e/)d/\’, (3.60)

d z'—z

where z = re'®, z/ = 1/e'®’ and dA’ is a positive area element dA’ = v/dr’d0’. The integral

is taken over the entire plane. O

Proof. Recall that the Cauchy kernel is a fundamental solution for the d operator. In the
relation (3.54), we may replace 0H}, .(r,0) by 0[H}, (r,6) —IJ; multiplying by the Cauchy

kernel and integrating over the whole plane gives the identity

A[H™ _(r/,08") -1 e, 8w (r', 0’
_lJ'J [ mxe(r i ) ]dA/ = _l JJ Hm,e(r 0 )Wm‘e(r 0 )dA/. (3.61)
m 2/ —z s z'—z
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On the left-hand, side the 0 operator differentiates with respect to the primed variables.
Since the Cauchy kernel is absolutely integrable, we may evaluate the integral on the
left-hand side by replacing the domain of integration by the region |z’ —z| > § > 0 and
subsequently taking the limit &6 — 0. For each positive 5, we may apply Stokes’ theorem
and use the facts that 3[(z' — z) '] = 0for [z’ — z| > & and that H}}, .(r,6) — I tends to zero
as r — oo to evaluate the integral over the region |z’ — z| > § in terms of a line integral

over the boundary. Thus we have

B 1 n Y r 1 H?n,e(rlvel)w?n,e(r/ve/) /
151fgﬁj (Hp (r',06") —T)de __EJJ o dA’,

|z/—z|=6

(3.62)

where d¢’ is an arc-length element. From the continuity of HY, . (r,0), the integral equa-
tion (3.60) with U(r,0) = Hy, (v, 0) follows. [ |

3.2.2 Asymptotic solution of the integral equation. Estimates of Hy, .(r,0) and its de-
rivatives for large n. As the knowledge of the matrix HY, .(r,0) is equivalent to knowl-
edge of M™(z) and hence of the polynomial of degree n in the system of polynomials
orthogonal on the circle with respect to ¢, we would like to use the integral equation
(3.60) to characterize Hy, .(7,0). There is a difficulty in that while existence of solutions
for (3.60) is not an issue, one does not automatically have uniqueness. However, it turns
out that if the parameter n is sufficiently large, then the integral equation (3.60) defines
a contraction mapping and thus may be solved by iteration yielding a unique solution
in the form of a Neumann series. In this connection, we can also obtain from (3.60) as-
ymptotic information about the matrix H}, .(r,0), and consequently of the orthogonal
polynomial 7, (z), in the limit n — oco.

In order to study (3.60), it is useful to characterize the family of matrix functions

W, (r,0) more concretely.

Proposition 3.24. Suppose that V: S — R is a real function of class C*~"1(S') for some
k > 1, that m is an integer satisfying 1 < m < k, and that e > 0 is fixed. Let the inte-
ger D be defined as D := min(k — m, m — 1). Then, the matrix function W7, . is of class
COD*L1 (RZ\ {0}) if D > 0, and of class LY (R? \ {0}) if D = 0. Moreover, if « and { are
nonnegative integers such that « + 3 < D, then there is a constant cﬁﬁ‘;f) > 0 such that

for all n, the estimate

aa+ﬁ
or*00k

WL (T, G)H < Cﬂg‘;?nﬁe-n‘bg“ﬂ | log(r)|m7]7‘x Z nP| log(r)|p (3.63)
p=0
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holds throughout the region |log(r)] < elog(2) containing the essential support of
W3 (1,0). U

Proof. Wy, .(r,0) vanishes identically outside of the annulus |log(r)| < elog(2). In the
disjoint regions r < 1 and r > 1, the matrix function W, _(r,0) is infinitely differen-
tiable with respect to r, and the issue is the continuity of these derivatives at v = 1.
The relation (1.7) implies that for each fixed 6, W}, _(r,0) is proportional to (log(r))™ '
near v = 1 (where B(log(r)/e) = 1 holds), and thus all derivatives of W} .(r,0) with
respect to r through order m — 2 are Lipschitz continuous at r = 1, and the derivative
am*1W21‘€(r, 0)/0r™~! remains bounded as r — 1, but experiences a jump discontinuity
atr=1.

On the other hand, if r # 1 is fixed, then from (1.5) and (1.7), the matrix Wy, (r,0)
depends analytically on derivatives VU) () for 0 < j < m. Since Vis of class Ck~11(S1), all
derivatives of W, _ with respect to 6 through order k—1—m will be Lipschitz continuous,
while the derivative 0% ™WJ. (r,0)/00% ™ will be defined for almost all 6 and will be
uniformly bounded.

To have all mixed partial derivatives of total order at most D — 1 to be Lipschitz
continuous, it is sufficient to have both D < m —1Tand D < k—m.Iffor1 < m < k
these inequalities force D = 0, then no derivatives of W[ _(r,0) may be taken at all,
but W} (r,0) is uniformly bounded and compactly supported in the annulus |log(r)| <
elog(2), that is, W}, . € Ly (R*\ {0}). If D = min(k — m, m — 1) > 0, then we learn that
W3 € CO1 TR\ {0)).

Now there are absolute constants C+ > 0 such that

aa+6
‘ Wm,e(f,e)"
o' +B’ 5
C+ Z Wm,e,cc”, " (T‘, G)WZHS(I)(Z) , r< ],
st (360
am/+ﬁ, B 72
C, Z Wm‘ewo(//yﬁ//(ry e)wl nSd)(Z) , T > 1,
o' +a =a
B+ =B
where
. aa”+6” 3 EmV(r,0)
mee‘oc//‘ 7 (T’, e) = Wa [B(log(r)/e)e ] (365)
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Generally, the derivatives indexed by o’ and 3’ are uniformly bounded throughout the re-
gions 27¢ < r < Tand 1 < r < 2¢ by a constant multiple of n® +# e~"108(") Furthermore,
using (1.7), the derivative Wi, ¢ « g~ (1,0) is uniformly bounded by a constant multiple
of [log(r)|™1~=" throughout the region |log(r)| < elog(2). Therefore setting «” = ot — &/,

an inequality of the form

holds in the region |log(r)| < elog(2), where 6&,‘1‘;? > (0 is a constant.
Finally, since n?’ < nP, the inequality (3.63) follows, where C(ﬂ‘i‘jf) =(B+1 )aﬁ‘f).
|

aoc+[3 _ 4 B , o / )
o Wi (0] < Cize 19 55 i 1ogtr™ " Logr]”
a’=0 B’'=0

(3.66)

An important part of our analysis will be the estimation of certain two-dimen-
sional Laplace-type integrals with Cauchy kernels. The main workhorse in this connec-

tion is the following lemma.

Lemma 3.25. Let € > 0 and v > 1 be fixed constants. Then there exists a corresponding
constant K. ., > 0 such that the estimate (note that z’ = r'e'®")
de’ log(n)

2¢€ 7T

7 3.1 ,—n|log(r")| INRAL

su r'dr'e log(r — <K

zegL e ’ 8l )‘ Ln 2/ —z] = Y

(3.67)

holds for sufficiently large n. Moreover, for each p > 2¢, there exists a constant K¢ v , > 0

such that the estimate

2¢ 7 ’
/ _ do K
sup J v/ dr/e M los(r >‘|log(r')yv ! J : < =0 (3.68)
| og(|=]) >log(p) J2-¢ e =z T
holds for sufficiently large n. O

Proof. As 0’ varies over S', the minimum value of |z’ —z| is achieved at 0/ = 0, and we thus

have |z’ — z| > |/ — v|, which implies the inequality

T g’ 2
J d n (3.69)

2/ —2] = ' =1l
Let u be a positive constant. Clearly, there is another positive constant C; depending on

wbut not on r or r’ such that

< C; (3.70)

7T de/
[ log(r") ~ log(r)| > u— |

7T |Z/_Z‘
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in/
Z/ :T/e16

T |z — 7

'] sin(0’)]

e/
0 z=T

Figure 3.7 The estimate [z’ — 2| > 1/[sin(0")|.
The right-hand side can be replaced by r'|0’|/2
for 0’| < 7t/2.

because the condition |log(r’) — log(r)| > n also bounds |’ — r| away from zero. Further-
more, if u is sufficiently small, there is a positive constant C, depending on p but not on

ror r’ such that

|log(r') —log(r)| <u,  [log(r')| < elog(2)

5 ge 1 (3.71)
— < (Cy1 .
— an 22 = 2 g\t | log(r") — log(v)|

To establish (3.71), note that for p sufficiently small, the condition |log(r’) —log(r)| < n
implies that |r’ — 7| < 7/2. Assuming without loss of generality that 8 = 0, we use the
following estimates of the integrand. For 0’| < |r’ — 1|, we use the estimate [z/ —z| > |r/ — 7]
which follows from the triangle inequality applied to the identity z + (z’ — z) = z’. For
v’ — 1| < |8'] < m/2, we use the estimate |z’ — z| > r/|sin(0’)| > 7|0’|/2 which follows
from the diagram shown in Figure 10. Finally, for 7t/2 < |8’| < 7, we use the estimate
2/ — z| > r which follows from the law of cosines because cos(8’) < 0=z’ — z|> = 12 +
(r')2 — 211’ cos(0’) > 1% + (r/)? > r? (again, see Figure 10). Combining these estimates, we

have

s / 4 /2 / /2 /
J 49, _J ﬁﬂguzmj 407 4 pemen, (3.72)
2z —Z] T/ T

/ /
il © il ©

This is clearly bounded above by a constant multiple of log([r’ — r[~') for u sufficiently
small, and from this (3.71) follows as well (adding a constant inside the logarithm keeps
the bound positive away from the singularity as long as n > 1, and for later purposes, it

is convenient to take the additive constant to be n).
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Now we estimate the integral over r’. Using r’ < 2¢, along with (3.70) and (3.71),

and changing the integration variable from v’ to s = nlog(r’), we get

de’
<1z — 2|

2€ 7t
J T/dT/efnllog('r')wlog(r1)|\/f1 J

—e€

226 22(—:
< JJ ds eils“S‘V7] + n—VCZJ ds eils“SP/i] 10g <Tl+ m),
A B -
(3.73)
where
A := {s such that |s| < nelog(2) and |s — nlog(r)| > nu},
(3.74)
B := {s such that [s| < nelog(2) and |s — nlog(r)| < nu}.
Finally, we have
J dse Isl|s—1 SJ dse Isl|sp—T1, (3.75)
A —00
which is finite and independent of n and r because v > 1, while
dse sl|ls 1 n+ L
JB |s —nlog(r)|
<[ dasetslisp1 S — 3.76
_LOO se *l[s["" " log <n+ s —mlog(r)] (3.76)
-1 = —Is]|e|v—1 = —[s]|o|v—1 1
= Og(ﬂ.) dse |S| + dse ‘S| log 1+ m y

and the last integral is bounded independently of n and r, since by Cauchy and Schwarz,

*© 1
d —Is] ’V*]l 1
Jioo se ®ls] og( + |sn10g(r)]>

<[ e ] | (i)

with both factors being finite. Thus, an upper bound for the integral of interest is pro-

12 (3.77)

portional to log(n)/n" in general, which proves (3.67). If p > 2¢ and |log(|z|)| > log(p),
then it is not necessary to divide the integration into sets A and B, and the bound (3.70)
can be used over the whole range of integration in which case the upper bound is then

proportional to 1/nY, which proves (3.68). [ |
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With these results in hand, we can formulate and prove the following proposi-
tion.

Proposition 3.26. Suppose that ¢ = e~V where V: S — Ris of class C*~1'1(S") for some
k = 1,2,3,.... Let the integer m lie in the range T < m < k and fix € > 0. Define the
integer D := min(k — m,m — 1) > 0. Then, for all n > 0, the matrix W[, .(r,0) is well
defined almost everywhere by (3.55), and for all n sufficiently large, H}, .(r,0) is given

by a Neumann series

H;ll,e(rv e) =I+ (ng,e]l) (T) 9) + (W;}Le © W%,eﬂ) (T‘, 9) +oe (378)
which converges in the norm ||| - [||p, where the double-integral operator Wy, . is defined
by

" ([ FELeOWR (11,0)
(Wi F)(r,0) = — ” P dA’. (3.79)

In particular, if D = 0, then H}}, . lies in the space L (R?), and if D > 0 then H}}, _ lies in
the space CP~"'(R?) and [|[H}, .|| is finite. For all integer p in the range 0 < p < D, the

following estimates hold for sufficiently large n:

[« 1], < i -8 (3.80

me m—p’

2
M5 — 11| s(c;?el"g(_“)), @.81)
) ) P € m—p

where C(Tﬁ?e > 0 is a constant. Furthermore, for each p > 2¢ and for all integer p in the

range 0 < p < D, the following estimates hold for sufficiently large n:

Y | sges [ c0) -1 < E (3.82)
su —_— T,0) — < , .
wrp<p 7n<ep<n oxxoyk - e P pm-p
~ [log(r)|=log(p)
ox+B ~ 1, log(n)
> sup ‘ Fcwauf [Hine (1, 8) =1 — (Wi, I)(r,0)] H < Rl am 2
a+B<p —m<0<T Y

[log(r)|>log(p)

(3.83)

where é(rﬁ?p > 0 is a constant. O

Proof. Fixk > 1 and min therange 1 < m < k,and set D = min(k —m, m —1). Letp be a

nonnegative integer satisfying p < D. If p > 0, suppose that F(r,0) is matrix function of
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class CP~1'1(R?) with all derivatives of total order no greater than p uniformly bounded
in the whole plane, and if p = 0, suppose that F(r, 0) is of class L* (R?). For such F(r,0),
we recall the norm (1.15), where the Cartesian coordinates x and y are connected to the

polar coordinates v and 6 in the usual way: x = rcos(0) and y = rsin(6). Because for

z' #z,

aa+ﬁ 1 N am+ﬁ 1
- )yt
Ox*QyP z/ —z =1 ox/*Qy’P z/ — 2’ (3.84)
forax > 0and > 0 with x + 3 < p, we have
Eat (N T P i ﬁF(r’ 0w (00— [ 1 Jaa
OxoxQyb Ve /A TS T ’ eV T Tdx/xy P |z — 2
1 ox+h P , A dAY
:—%J‘[W[F(T,e Wi (,8)] .
(3.85)

Note that in order to integrate by parts in (3.85) for all « and 3 of interest, we must have

p < k—m. Now, since W, .(r,0) is compactly supported in the annulus |log(r)| < elog(2),

am+ﬁ
n
‘ W[F(Ke)wm,e(f»eﬂ H
a“/+ﬁ/ acx//+[3// N
< T |uwlsemreo]] el
CX/‘FO(”iD(.
prp=p (3.86)
o B ao(//+[3//
T
<UFl- Y Y me(r,e)u
a'=0 B=0
60| 35 m
< [[[Flll, Z Kin, me,e(T»e)’ ,
/B <ot p

where Kﬁ,‘f‘/gﬁ )

are some positive constants. Using Proposition 3.24, we then find that

aa+ﬁ

Seaur [F(r,0)W}, (1,0)] H

R | (3.87)
< Kgﬁ‘;ﬁ) . ‘HFHlpe—n\log(r)\ | 10g(1‘)|m7 —(x+PB) Z .y | log(r) )
j=0

)
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where K(Th),e > 0 is some constant. Finally, we arrive at the estimate

2¢€

wr _F <E<"E?e.}: .p j
[|[Wi FlI], < IFl - > n

, s 1 7T del
dr’ e 1080 | g (1) ™ vJ
- 2 r'dr'e ‘ og(r )’

—T7 ‘Z'/ _Z|)

(3.88)

—e€

where ﬁ(rﬁ?e > (0 is another constant.

Setv:=m+j—p, and note thatv > 1 since as j ranges from 0 to p, v ranges from
m—ptom,and we havep < D < m— 1. Lemma 3.25 may thus be applied to each integral
on the right-hand side of (3.88), with the result that

¥ log(n)

C
Wi I, < IFll,, (3.89)

nm-»p

for some constant C&E?E > 0 and n sufficiently large. We note in passing that in order for

(3.89) to provide control of the operator Wy, ., we need to have p < m. The two restric-
tions in force on p, namely p < m and p < k — m, have been expressed in the statement
of the proposition as the inequality p < D. If one restricts attention to those z = re'® for

which |log(r)| > log(p) > €log(2), then Lemma 3.25 implies the inequality

~@)

Qtp W B\ (16 Cin . 190
- n < ; .
Z _7_[s<l19p<7_( ’ axaayﬁ ( m,€ )(T', )H = pm-p H' |Hpa ( )

xrbsp [log(r)|>1log(p)
where é(rﬁ?p > 0 is a constant and n is sufficiently large.

From (3.89), it is clear that if n is sufficiently large, the double-integral operator
Wi, . defined by the formula (3.79) and acting in the integral equation (3.60) thus defines
a contraction mapping in the space C?~"'(R?) equipped with the norm || - [[,,, or in the
space L (R?) if p = 0. This implies that there is a unique solution of (3.60) in this space

that may be found by iteration resulting in the ||| - [||,-convergent Neumann series
U(r,0) =1+ (W, I)(r,0) + (Wh .o Wi I)(r,0) + - . (3.91)

In particular, choosing p = 0, one sees that the Neumann series (3.91) furnishes a unique
solution of the integral equation (3.60) in the space L™ (R?). Since Proposition 3.23 guar-
antees that the matrix H}, .(r,0) is a known solution of the integral equation (3.60) that
is (in particular) uniformly bounded in the plane, we may identify it with the Neumann
series (3.91) for n sufficiently large. From this point forward in our proof, we assume that

n is indeed large enough for this to be the case. Since the same Neumann series (3.91)
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also converges in the norm ||| - |||, where p may be taken to be as large as D, we also learn
that if D > 0, then H}}, _(v,0) lies in the space CP~"'(R?) and that |[H}, _|/[p is finite.
From (3.91), taking ||| - |/, norms and using (3.89), we see that
log Y’ log(n)
HE T[], < ||H||Z( ¥ ) < 2y S logn) (3.92)

if nislarge enough that n™ P exceeds ZCEE?S log(n). Since according to the integral equa-
tion (3.60) satisfied by HT, .(r,0) we have

HTT}L,E (T» e) —-I- (WTT:L,GH) (T, 9) - (W?n,e (H?n,e - H)) (T, 9), (393)

we may take norms and use (3.89) and (3.92) to learn that

[Hg e — 13, 1), < 2y S Log? 3.99)
holds for sufficiently large n. The proof of the estimates (3.80) and (3.81) is complete
upon appropriate redefinition of the constant CSRL

Note that (3.90) implies that the upper bounds in (3.92) and (3.94) can be reduced
by a factor of log(n) if in each case the supremum on the left-hand side is taken over only
those values of r satisfying |log(r)| > log(p) for a fixed p > 2€. This completes the proof
of the estimates (3.82) and (3.83) upon appropriate redefinition of the constant aﬁ?p.

Remark 3.27. To uniformly control p derivatives of H, .(r,0), Proposition 3.26 requires
that m should lie in the range 1 +p < m < k—p, and therefore to guarantee the existence
of suitable values of m, V : S' — R should be of class C*~1(S") for some k > 2p + 1.
Also, note that the utility of the estimates (3.81) and (3.83) is that the matrix W}, .(r,0)
is off-diagonal, so the diagonal matrix elements of H, .(r,0) — I experience more rapid

decay than do the off-diagonal elements.

3.3 Proofs of theorems stated in Section 3.1

If we solve (3.52) for M"™(z) in terms of HY, _(r,0), then since M4 (z) = 7, (z), the monic
polynomial of degree n in the system of polynomials orthogonal with respect to the inner
product (-, )¢ defined by (1.9), we can easily obtain from Proposition 3.26 asymptotic

formulae for 7, (z) and its derivatives, valid for large n, with uniform error estimates.
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3.3.1 Asymptotic behavior of m,(z) for|z| > 1

Proof of Theorem 3.1. In the regionr > 1, we have for each e > 0 and foreachm =1,... k

the exact representation

1
T (2) = HI e (1,0)27eNE — HE L (r,0)B <°g—”) eEmV(ri0)NG), (3.95)

Here we have used (3.5) to write Sy (z) = eN® for|z| > 1. Equivalently,

M (z)z e NE g

1
= [H%,e,n(f»e) - 1] - z“H%‘er(r,e)B( Oi(r)>eEmv(T’e)2N(z)» r>1.

(3.96)

If p > 1is fixed, then we may choose € > 0 small enough that B(log(r)/e) = 0 whenever

|z| > p. In this case, we have simply
ma(z)z e NE T =HE 1 (10) =1, Jzl>p>1. (3.97)
The best decay estimate comes from taking m = k. In this case, using Proposition 3.26

specifically recalling the estimate (3.83) and the fact that W}, .(r,0) is an off-diagonal
m,e

matrix), we see that for some constant K, > 0,

log(n

sup |[Hp cqi(r,0)—1] < Kp%. (3.98)
—m<0<7T n

r>p>1

N(z) _1is a function of z that is analytic in the region

Now as the combination 7, (z)z e~
|z > 1 and decaying to zero as z — oo, we may express arbitrary derivatives of it as

Cauchy integrals:

ar
dzp

T (s)s e NG 1
(s—z)P

|
[mn(2)z e NE 1] = L ﬂ; ds, (3.99)
[s|=p

2mi
where the contour of integration is oriented in the counterclockwise direction, and |z| >
p. Using (3.98) to bound the integrand then gives a uniform bound of the same order of
magnitude for derivatives over regions bounded away from the circle |z| = p, which can
be taken arbitrarily close to the unit circle. This proves (3.7), and completes the proof of

Theorem 3.1.
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3.3.2 Asymptotic behavior of T, (z) for |z| = 1

Proof of Theorem 3.2. Theorem 3.2 follows from the estimate (3.9) by noting that the er-
ror is an analytic function of z in the exterior domain |z| > 1 that decays as z — oo, and
therefore (3.9) implies the more general result stated in Theorem 3.2 via the maximum
modulus principle. To prove (3.9), we fix any positive value of € and consider 1 < r < 2¢/2

in which case B(log(r)/€e) = 1, and therefore (3.96) implies the following formula:

[ﬂn(z)z’“e"\’(Z> —1] =0P[Hp ¢ 11(r,0) —1]

=07 [ HR, g (r, )Y IOING g <y < 9e/2
(3.100)

We remind the reader that estimates on derivatives like (3.100) are valid for 1 + p <
m < k — p (see the remark at the end of Section 3.2). Using the estimate (3.81) from
Proposition 3.26 and noting that W}, _(r,0) is an off-diagonal matrix, we see that for

some constant K, > 0,

log(n)?

Zm 2p° (3.101)

SUZP |a]D [HL‘W)”(T,@) - 1” <Kp
R

if m < k — p. On the other hand, the dominant contributions actually come from those
terms in the second member of the right-hand side of (3.100) in which none of the p

derivatives fall on the exponential factor eFmV(m0)~2N(z) (

which has k — m + 1 uniformly
bounded derivatives). Since |z| > 1, it suffices to estimate n/o? HY, _,,(r,6) with the use
of the inequality (3.80) in Proposition 3.26. Taking m = k — p for the best possible decay

estimate then gives

dr —n _,—N(z) log(n)

— |Tth -1 <K, —>5=, 3.102
7ns<ue?<ﬁ dzp [rn(2)2 e I|< P nk=2p ( )
1<r<2¢/?

where K, > 0is a constant. This proves (3.9), upon taking the limit r | 1 and writing the

z derivatives in terms of 6 (differentiation commutes with the limit process).

3.3.3 Asymptotic behavior of m,(z) for|z| < 1 and of yn.
Proof of Theorems 3.6, 3.9, and 3.11. Using (3.52) and the fact (see (3.5)) that S4,(0) =

e Vo we have the exact representation:

Va1 =—M3%(0) = Hp ¢ 2,(0,0)e", (3.103)

m,e,22
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and, whenever |z| < 1,

ﬂn(Z) _ 1111 (Z) _ ZnerO—N(UZ)B <1Og(r))eEmV(r,9) n (1‘, e)

€ m,e,11

(3.104)

- eVO+N(1/Z> %,e,lz(T» e)v

where (3.5) has been used, and z = re'®.

To prove Theorem 3.9, we simply apply (3.83) from Proposition 3.26 in the case
p =0and m = k to the identity (3.103). This immediately yields (3.17) and completes the
proof.

The proof of Theorem 3.6 is based on a similar analysis of (3.104). Recalling that
p € (0,1), one can choose € > —21log(p)/log(2) and then B(log(r)/e) = 1 in (3.104) for
p < |z| < 1. The estimate (3.13) then follows by taking m = k, and using (3.81) from
Proposition 3.26 in the case p = 0. Similarly, choosing ¢ < —log(p)/log(2), we have
B(log(r)/e) = 01in (3.104) for |z| < p. Again taking m = k, one obtains (3.14) by using
(3.83) from Proposition 3.26 with p = 0. This completes the proof of Theorem 3.6.

The rest of this section will be devoted to the proof of Theorem 3.11. We begin
with (3.104) for m = k, a formula that is valid for all z with |z| < 1. Using (3.81) from

Proposition 3.26, and keeping the term corresponding to Wi _I, we arrive at the formula

T (z) = ZnefvofmeEkV(r,e)B (10g(r)>
€

(3.105)

T W) gy o ),
T 2-e<r/<1 oz "

as n — oo, where the error term is uniform for |z| < 1. Here, dA’ = r’dr’d®’ is an area
element, and in the integral 8’ varies over S' (the support of W _ ;,(r,6) is the annulus
given by the inequalities 27 ¢ <r <1).

In the annulus of support of Wi _ 4,(r,0), we have from (3.55) that

WE,G,] Z(T) e) = 6 |:ZneZVo —2N{ /Z)B <—10g€(r) ) eEkv(T’e):| . (3106)
Remark 3.28. The fact that Wy . ;,(r,0) is in the range of 9 means that the double inte-
gral in (3.105) can be reduced without approximation to the sum of an explicit contribu-

tion and a contour integral. Indeed, by the inversion of the 0 operator,

,ll” Wl?e]Z(rl>e/)dA/
TJ)2-e<rr<a

(3.107)

I 1
=F(z) + z"e 2Vo2N(1/2)g (—Oi(r) ) eBVImOync (1),
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where x; denotes the characteristic function of an interval I, and where F(z) is function
analytic except on the circles |z| = 27¢ and |z| = 1 bounding the support of W}! _ 4,(r,0)
that is chosen to make the right-hand side continuous and decaying as z — oo. These

latter properties uniquely identify F(z) with the Cauchy integral

F(z) = ds, (3.108)

2w

1 % Sne—VoJriQ(arg(s))
|s|=1 s—z

where the contour of integration is oriented counterclockwise. Note that it is the pres-
ence of the bump function B(log(r)/e) that makes F(z) continuous at |z| = 2~ €. Unfortu-
nately, this interesting formula, while apparently simpler than a double integral, is not

as useful for asymptotic analysis as the alternative approach we now follow.

Continuing our analysis, we carry out the differentiation in (3.106) in the region
|z| < 1 with the use of (1.7):

W]?,e,]Z(r’e)
e (25 (95
[US—— — (log(r)\ 1ie'® v(K(g) k-1 (log(r)
_ M ,—2Vo—2N(1/2) ,Ex V(7,0) _
z"e e {68( - >+ 5 (kfl)!( ilog(r))” B . ,
(3.109)

and in the special case that r = |z| > 2-</2 we have B(log(r)/e) = 1 and 9B(log(r)/e) = 0,

SO

)

2r (k—=1)! (3.110)
for2=¢/? <r < 1.

__ ;510 V(k) 0 B
v 1a(r8) = ZMe—2Vo—2N(1/2) gEk V(r,0) . e (0) (—ilog( ))k 1

The presence of the z" factor together with the absolute integrability of the Cauchy ker-
nel in two dimensions means that

_]_JJ W]]ge ;IZ(T‘/’G/) dAI:_lJJ W]:,le }Z(T/,e/) dA/+O(27€T1/Z)
TC))2—eccrrcaq z'—Zz TCJ))2—e/2 v z'—Zz

(3.111)

holds as n — oo uniformly for all z with |z| < 1. Therefore using the simpler formula

e/2

(3.110) in the integrand and integrating over the smaller annulus 2~ < 1’ < 1intro-

duces an error that is uniformly exponentially small for |z| < 1.
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Using the simple identity

5(—log(r))k = —ZkTZZ(—log(r))k*], (3.112)

we may rewrite (3.110) in the form

-k _ _
ken2(r,0) = —I—Zne_ZVO_ZN“/Z)eE“WT‘e)V(k)(G)a(—log(r))k, for2¢/?<r<1.

kI
(3.113)

Our subsequent analysis will be specialized to the case where V(¥)(9) is piecewise con-
tinuous, with jump discontinuities at { < oo angles —t < 6; < --- < 0y < 7, and is
(at first) only Lipschitz between the points of discontinuity. Then, between the points of
discontinuity, V(**1)(8) exists almost everywhere and may be identified with a bounded
function. Under these circumstances, we may “integrate by parts” (i.e., apply Stokes’ the-

orem) with the following formula:

T z'—Zz
(3.114)

lﬂﬁ[f(r’,e/)g(r',e’)] dA’+lU g(r’,G’)gf(r’,G’)dA,’
s

T z'—z zl—z

and the first integral on the right-hand side may be exchanged for a sum of explicit terms
and a contour integral as described in the above remark. In (3.114) and in the rest of the
proof, whenever the operator 0 appears in the integrand, it acts on the primed variables.

To prepare to use this technique, we begin with

_l” Wl?ellz(r/)e/)dA/
TCJJ2—€e/2v11 z'—Zz

ik ‘ 1 ﬂ (z')™h(r’,0")VH) (0")3( —log(r’))de,
k! i1 7T 2-¢/2<r1<1,0/€l; 2zl —z ’
(3.115)
where h(r, 0) is shorthand for the following terms:
h(r,0) := e 2Vo2N(I/Z)gExV(r0) (3.116)

and I; refers to the interval in S' of initial angle 0; and final angle equal to the point

of next jump discontinuity as the circle is traversed in the counterclockwise direction.
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Using (3.114), we therefore find

/ /
1 ﬂ Wien2(™s89) gav _ _y, (r,0) + Ke(r, 0), (3.117)
TCJ)2—e/2 crr1 z'—Zz
where
k¢ nny ranvx) g’ _ nyK
i 1 z)"o | h(r’,0")V(0 log(r
i1 Tl)2-e/2<r1<1,07€l; z'—z
‘K 1 5 "\nh l)e/ V(k) 0N ( -1 "y K
Kie(r, )= 3 ——” ()"0, OVEO) (~ 1og(r)) ] 50
! i1 T)2-er2<rr<1,07€l; z' =z

(3.118)

The double-integral expression Ky (r,0) may be reduced to contour integrals as follows:

ik

Ki(r,0) = %z“h(r, )V (8)(—log(r)) X2« 2.1)(r) + Gu(2), (3.119)
where
ik "h V(o) ] K
B 5"l axg(s)) V™ (arg(s)) (~Log ()"
: ls|=2-¢/2 s—z
e AR et n " (3.120)
+I_Zij s"h (s, 8;) (—1log (Isl)) i
! T Ja-er2et9 s—z '

and A§k> = V(9;4) — VK (9;—). Since the ||| - |||o,1 norm (see (1.16)) of the numerator in

the first Cauchy integral is proportional to 2-¢™/? we may also write Gy (z) in the form

i0;

ik 14 Agk) e S“h(|s|,9-)(*10g (‘s|))k —en
Gk(z)_ﬁzﬁj o J57Z ds—l—O(Z /2) (3.121)
j=

as n — oo, where the exponentially small error term is uniform for |z| < 1 (right up to the
contour of integration; this is a consequence of the Plemelj-Privalov theorem [22]).

Let us now consider Ji(r, 0). Note that

3[h(r,0)VF(0)] = [v<k>(e)6EkV(r,e) + ;%v(“”(e)}h(r,e)
(3.122)

iz [v<k>(e)2

kvt ilog(n) ' + V(k“)(e)]h(r, 0).
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Therefore, inserting this into the integrand for Ji(r,0) and applying Lemma 3.25 with

v = 2k to the integrals resulting from the first term above, we find

e ] (k+ 1)z’ Lk
) = =G 2 [‘ 2l [ (10’
(3.123)
y (Z/)nh(T/;,e/_)\Z/(k+l)(9/) ] s O(lofz(l?)>’

where the error is uniformly small as n — oo for all |z| < 1. With V(¥*1)(8) bounded
in each Ij, we could in principle apply Lemma 3.25 to the remaining integrals. However,
this would only give a bound of order log(n)/n**', and as Gy (z) will turn out to be (for

most z) of size 1/nk*!

, and we will want to consider Gy(z) to provide the dominant term,
we need to impose additional conditions on V(**") in each I; to see that Ji(r,0) is indeed

subdominant. Therefore, we first use (3.112) to write Ji(r, 0) in the form

ik+1
]k(r’e):7(k+1).
X i — l ” (z')™h(r, el)v(k+1)(e/)g(log(r,))kﬂ N
=1 s 2*6/2<T/<]‘9/€Ij Z/*Z
log(n)
+o< e )
(3.124)

The double integral above is of the same form as the original double integral we are try-
ing to compute (see (3.115)), but with k replaced by k+1 (everywhere it appears explicitly;
in the function h(r, 0), k remains k).

To continue the analysis of Ji(r,0), we therefore use the further assumption that
in each of the intervals I;, V(**1)(8’) is a Lipschitz continuous function so that V(**2)(9")
exists almost everywhere in I; and can be identified there with a bounded function. Re-
peating the above steps, we find that

Jk(r,0) = —Jri1(r,0) + K1 (1, 0), (3.125)
and with the help of the identity

iz [V (g)Vvk+D)

B[h(r )V (0)] = 55 | S (- ilog(r) |

+ V&2 () [n(r,0),
(3.126)
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we may apply Lemma 3.25 to the integrals that result from substituting the above into
Jxt+1(r,0) withv = 2k 4+ 1 (from the first term above) and with v = k + 2 (from the second

term above). Consequently,

Tii1(r,0) = o<13]gf:;)>, (3.127)

where the error is uniformly small as n — oo for all r < 1. As before, Ky 1(r,0) is given
by (3.119) with Gy1(z) given by (3.121) (note that in substituting k + 1 for k in these
formulae, one leaves h(r,0) alone).

Combining these results, we have shown that

L WE 10
T)J2-e/2cr7<1

| 2y eszetes §—z
| (3.128)
e Al rlei s"h(sl, 8;) (— log (isl))""" ds
(k+1)! 2mL Jy-es2et9 sz

oS82 sofettn )

holds uniformly for r = |z| < 1T under the assumptions in force on V(0).

Now in addition to |z| < 1, we choose arbitrarily a constant ¢ > 0 and consider
those z for which log(|z]) < —(k— o) log(n)/n (this is the interesting case, since according
to Corollary 3.7 we are excluding a zero-free annulus near the unit circle whenever o > 9,
where 6 is the arbitrary positive parameter in the statement of Corollary 3.7; note that
both § and o may be taken to be arbitrarily small). Since the function | log(r)|* achieves
its maximum value when |log(r)| is proportional to 1/n, we have

max ™| log() ’k ‘k

=711
log(r)<—(k—o0)log(n)/n T ‘ Og(T‘)

log(r)=—(k—o0)log(n)/n
(3.129)

= (k—0)*n2&( log(n))k.

Since we are assuming here that k > 2, 0 > 0 may be chosen small enough that both
error terms in (3.128) may be replaced by o(n~(**1)) as n — oo uniformly for log(|z|) <
—(k—o0)log(n)/n.
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It remains to evaluate the explicit integrals in (3.128) by Laplace’s method. Let-

ting a = kor a = k+ 1, we consider

s™h(ls],0;) ( —log (Is|))®
Ya,i(2) ZZJ‘Z%/Z . ( ]z(—z g( )) ds

(3.130)
dx.

_ oine; J'] x"h(x, ;) ( —log(x)) ‘
o 2-e/2 x—ze—iei

Expecting the dominant contribution to come from the neighborhood of x = 1, we write

emOih(1,6;) r

Yai(2) = 1—ze 16

x™(—log(x))“dx

2-€/2

(3.131)

B h(x, ; h(1,6;
e Le/z [X_(w]i)e,- 7 —(zeji)ej x™(—log(x)) “dx.

Finding a common denominator and extracting from Y, j(z) a factor of ¢ (1—ze=19)~1,

we see that

ein®; 1
Ya,i(z) = ———— [h(],ej)J x™(—log(x))“dx

1—ze 10 2-¢/2

. J‘ ze % (h(1,6;5) —h(x,6;)) +h(x,0;) —xh(1,6;)

2-¢/2 x —ze 16;

xx™(—log(x)) adx] .

(3.132)

If z does not approach the point ¢l then the fraction in the integrand of the second
integral is easily seen to be bounded by a multiple of —log(x) that is independent of n.
More generally, if z is allowed to approach the point ¢'®i as n — oo, then we note that the
integrand is analytic in x, and the path of integration may be deformed in such a way that
throughout the path of integration, [x — ze 19| is bounded away from zero by a quantity
that is proportional to log(n)/n because log(|z|) < —(k — o) log(n)/n, and therefore the
fraction in the integrand of the second integral is bounded by a multiple of —log(x) that

is proportional to n/log(n). Therefore,

Yayj(z):eineih(l,ej) al (1+o< 1 )) 5.133)

1—ze 19 natl
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where the error is uniformly small for log(|z|) < —(k— o) log(n)/n. Since Ex V(1,0) = V(0),
we have h(1,0) = e~ Vo +1C©) 1t follows that

] WEe (09
T2-e/2<rr<1

' . . (3.134)
Lt ° Z&k)eimeﬂi

holds uniformly in the region log(|z|) < —(k—0)log(n)/n, and therefore by (3.105) so does

ﬂn(Z) = ZnefvofN“/Z)eEkv(T,e)B <10g(‘r)>

€
3.135)
k+1,N(1/z) ¢ i(n+1)8; (
V€ (k) ,i0(0;) € ’ —(k+1)
P DA T +o(n ).
j=1
This concludes the proof of Theorem 3.11.
4 Exponentially varying weights
4.1 Asymptotic formulae for 7, (z) and y,, in the varying-weights case
In this section, we consider weights of the form
$O) =e™VO  wvpes! (4.1)

where V : S — R is a given real-valued function of period 27t. The weight (4.1) varies
exponentially according to a parameter n, and for each n, we may associate with ¢ the
corresponding sequence of monic orthogonal polynomials 7y(z), 7 (z), 2(z), . . . and nor-
malization constants vo,v1,Y2,.... Properly speaking, these quantities depend on the
parameter n, and we should invent notation to express this dependence, such as ngm(z).
We will not introduce this cumbersome notation. However, the reader should take note
of this dependence. The limit of interest here is to study the behavior of the particular
monic polynomial 7, (z) of degree n in this system along with its normalization constant
Yn, in the limit n — oco. Thus the large parameter n enters simultaneously into the degree
of the polynomial and also into the weight, and we are studying the asymptotic behavior
along the diagonal of a doubly indexed sequence.

The asymptotic behavior in this limit is governed by the function V, along with

some associated functions. First, recall the analytic function N(z) defined by (1.20) for
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|z| > 1, which is associated with the negative frequency component of the Fourier series
of V(0). Now define

k(0) := e_i[N(e*’) _N(eie)} —0+0Q(0), (4.2)

where Q(0) is the periodic function defined in (1.21). Both functions k and Q are as
smooth as V is.

Our asymptotic results in this case are contained in the following theorem.

Theorem 4.1. Let p > 0 be a fixed integer. Suppose that ¢(0) = e "V(®) whereV:S" - R
is of class C*~11(S") for some k > 2p + 2. If k() is strictly positive, then for each p > 1,

there is a constant K, , > 0 such that

d? —n ,—nN(z) IOgUQ
E‘uzr‘)) @[ﬂn(Z)Z e — ]} < prpm (43)
holds for all sufficiently large n. O

Theorem 4.2. Letp > 0 be a fixed integer. Suppose that ¢(0) = e "V(®) whereV:S" - R
is of class C¥1'1(S") for some k > 2p + 2. If «/(0) is strictly positive, then there is a
constant K, > 0 such that

ar o nN(2) log(n)
—[7n ne Nz ]| < K, o 4.4
\S;\uf] dzp [rn(z)2 e I|= Pnk-2p-1 (44)
holds for all sufficiently large n. O

Remark 4.3. As in the fixed-weights case (see (3.9)), a special case of the estimate (4.4)

is the following estimate (holding under the same conditions):

sup
—T<O<T

< _je—i® ;e)p {ﬂn (eie)efineean(eie) _ 1}

asymptotically characterizing 7, (z) on the unit circle.

Once again, the uniform nature of the convergence on the circle allows us to prove
the following mean result (the proof is the same as for the analogous result in the fixed-

weight case).



56 K. T.-R. McLaughlin and P. D. Miller

Corollary 4.4. Letp > 0 be a fixed integer. Suppose that ¢(8) = e ™V(©® whereV:S" - R
is of class C*~11(S1) with k > 2p + 2. If k/(0) is strictly positive, then

(p)
fm ™ e (4.6)
5 Tl )

The next result concerns the asymptotic behavior of the polynomial 7, (z) for z

inside a closed annular region whose outer boundary is the unit circle.

Theorem 4.5. Suppose that $(8) = e ™V where V : S' — R is of class C*~1(S") for
some k > 2. If k/(0) is strictly positive, then for each p satisfying 0 < p < 1, there are

constants K;t > 0 such that the estimates

nN(1/3) ' ~log(n)
N(1/z ELQ(r,0
p<s|1::|p<1 ‘ﬂn(z)e nN( )_Zneln kQ(r,0) < KPW’ (4_7)
NS K+
;u<pp mn(z)e "N/P)| < nki‘ (4.8)
hold for all n sufficiently large. O

An immediate corollary is that there exists an annulus inside the unit circle that

asymptotically contains no zeros.

Corollary 4.6 (zero-free regions). Suppose that $(8) = e ™V(®) where V : S' — R is of
class C*~11(S") for some k > 2, and suppose that k’(0) is strictly positive. Let 5 > 0 be an

arbitrarily small number. Then there are no zeros of 7, (z) in the region

; k—1-25log(n)
_ i0 1 _ 4,
{z re'” | log(r) > (1+Q’(6)> - (4.9)
as long as n is sufficiently large. O

Remark 4.7. In the case of a fixed weight, Corollary 3.7 established the existence of a
zero-free annulus with outer radius 1, and whose inner radius depended explicitly on
k, the degree of smoothness. We subsequently considered a family of weights for which
we could compute explicitly the behavior of the zeros, and showed that Corollary 3.7 is
sharp. Indeed, for explicit families of weights with k degrees of smoothness, some ze-
ros achieve a distance of klog(n)/n + log(log(n))/n from the unit circle. In addition,
for these examples, a majority of the zeros approach a circle whose radius is 1 — (k +
1)log(n)/n. For the case of varying weights, it is our belief that Corollary 4.6 is simi-

larly sharp. Moreover, it is to be expected that for some canonical family of examples
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constructed such that Q*) has jump discontinuities, it should be similarly possible to

obtain a very detailed asymptotic description of the zeros.

Remark 4.8. The zero-free region is determined by observing that for z to be a zero of
7 (2), 20 e E (0 must be roughly the same size as log(n)/n*~'. This is clearly not true
for z on the unit circle, and investigating the size of z"e'"F+("0) relative to log(n)/mn*"!

inEkO(r.9) jg small not only because z™ is small, but also

yields the result. For |z| < 1, z"e
because (as will be clear in Section 4.2) we constructed e'™"Fx2("0) 5o that for r < 1 but

1 — r sufficiently small,
e nErQ(r,0) _ O(rnﬂl(m). (4.10)

Thus our extension of the function Q) plays arole in determining the zero-free region near

the unit circle.

Remark 4.9. The quantity 1+Q’(0) appearing in Corollary 4.6 is strictly positive because
1+0Q’(0) = «’(0), and k’(0) is strictly positive. It is interesting to note that this condition
also guarantees that there are no gaps in the support of the equilibrium measure (see
Appendix A). The occurrence of a gap in the support of the equilibrium measure is her-
alded by the development of a zero of the function «’(0). Although Corollary 4.6 would
not apply if «’(0) vanished at some 0y, an intuitive consideration of the set defined in
(4.9) indicates that near 0, the zeros are pushed away, further from the unit circle. As
a gap develops then, one might expect the zeros to accumulate on a contour approach-
ing the unit circle, but with a gap aligned with the gap in the support of the equilibrium
measure. We will not carry out such an analysis here, but clearly the methods outlined

here can be adapted in this direction.

Just as Theorem 3.6 leads to Corollary 3.8, (4.8) from Theorem 4.5 yields the fol-
lowing result. (Recall from the definition (1.20) that N(z) — 0 as z — oo, and so N(1/z) —

Oasz—0.)

Corollary 4.10 (varying recurrence coefficients). Suppose that ¢(0) = e ™V(®) where V :
S' — Ris of class C*1»'(S") with k > 2. If k/(0) is strictly positive, then there is a con-
stant K > 0 such that the estimate

‘ocn| < kT

holds for sufficiently large n.
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Finally, we have the following result concerning the asymptotic behavior of the
normalization constant v, > 0, defined such that ||yn7.(2)||¢ = 1, with ¢(0) given in the

varying-weights case by (4.1).

Theorem 4.11. Suppose that V is a real function of class C*~"1(S') for some k > 2. If

k’(0) is strictly positive, then there is a constant K > 0 such that

_ Klog(n)

2 nv,

lynoqe ™Yo 1| < 2T (4.12)
holds for all n sufficiently large. O

Remark 4.12. At first glance, the asymptotic formulae (4.12) and (4.11) may appear to
be inconsistent with the identity (2.12). However, in (4.12), v, is the norming coef-
ficient of the (n — 1)st degree polynomial orthogonal with respect to the n-dependent
weight e ™V. To verify (2.12) in the varying-weights case, one would have to compute the

asymptotics for y,, as well, rather than merely replacing n by n + 1in (4.12).

4.2 The 0 steepest descent method for exponentially varying weights

One of the main points of this paper is that while the limit appropriate for exponentially
varying weights of the form (4.1) lies for the most part beyond the reach of classical tech-
niques applicable for fixed weights (meaning primarily the approximation of ¢(8)~' by
positive trigonometric polynomials), analysis of this limit by means of the 0 steepest de-
scent method presents almost no further difficulty beyond the analysis carried out for
fixed weights in Section 3. To illustrate the ease with which many of the techniques carry
over from the fixed-weights case, we now outline the analogous calculations for the vary-
ing weight (4.1).

As in the case of fixed weights, we begin with the matrix M™(z) solving Riemann-
Hilbert Problem 2.1 and introduce a sequence of explicit transformations. In order that
Riemann-Hilbert Problem 2.1 indeed characterizes the polynomial of degree n orthogo-
nal to all lower-degree polynomials with respect to the weight (4.1), we make the follow-

ing assumption.

Assumption 4.13. V is a real continuous function on the circle that, for some exponent
v € (0,1] and for some constant K > 0, satisfies a uniform Hélder continuity condition
IV(62) — V(01) < K[B2 — 09]".
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4.2.1 Conversion to an equivalent d problem. Solution of the d problem in terms of in-

tegral equations. Now, define S™(z) in terms of M™(z) as follows:

Z—ne—nN(z) 0
enVocg/ZMn(Z)efﬂvocs/z , for ‘Z| > 1,
0 ZnenN(z)
S™(z) =
eanU/Z) 0
enVoﬁs/ZM“(Z)e*”VOGS/Z , for ‘Z| < 1.
0 enN(]/Z)

(4.13)

Since N(z) — 0 as z — oo, it is easy to see that as z — oo, S™(z) — [. Moreover, S™(z)
is analytic for |z| # 1, and its boundary values ST (z) (resp., S™(z)) taken on the circle S'

from the inside (resp., outside) satisfy

n(,ie n(,ie einK(E)) 1
S (e'?) = S™(e'?) A (4.14)

Note that according to Assumption 4.13, k(0) also satisfies a uniform Holder continuity
condition with exponent v.

As in Section 3.2.1, we have available an algebraic factorization of this jump con-

) ) 1 0 0 1 1 0
n/,i0\ _ gn/,i0
S (e'?) = S™(e'?) <em(e) ]) (1 0) (em(e> ]>. (4.15)

To take advantage of this factorization, we need to extend the functions e*"*(®) from S’

dition:

to an annulus containing S'. To have continuity of these extensions, we make the follow-

ing assumption.
Assumption 4.14. The function V is of class C*~'(S') forsome k =1,2,3,....

With this assumption, which provides new information only if k > 1, we can ex-
tend e*"<(®) a5 follows. Writing e*1"<(®) — ¢+in0+inQ(9) e extend the factor e*'"® an-

alytically as z*™. On the other hand, Q : S' — R is a well-defined function on the circle,
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and therefore we may apply the extension operator E,, defined in (1.5) to Q, resulting in
an extension of e*"2(©) to the domain R? \ {0} as a continuous function e+ "EmQ(.9) for
any min therange 1 < m < k.

Let € > 0 be the radius parameter of the annular domains A (see Figure 3.2.1).
Recall the “bump” function B defined in Section 1.5. We define a new unknown matrix
T .(r,0) by setting

m,e

T e(r,6)
1 0
S™(z) , forz=ret® c A_|
B <1og(r)>rneineeinEmQ(r,B) 1
€
- 1 0
S (z) , forz=rel® ¢ A,
_B (log(r))rneineeinEmQ(r,e) 1
€
S (z), forz=re'® A UA_.

(4.16)

Note that the presence of the factor B(log(r)/€) ensures that T .(r,0) may be contin-
uously extended to the outer boundary of A_ and the inner boundary of A, that is,

T c(r,0) is a continuous function forr # 1.

Remark 4.15. Here our analysis rests upon extending Q(6) from the circle into domains
A.. By contrast in our treatment of the fixed-weights case in Section 3.2 it was more con-

venient to extend the function V(0), which is related to O(0) by a Cauchy transform.

If m = 1, then it is easy to see that E,,Q(r,0) = E1Q(r,0) = Q(0) forall r > 0,
so the off-diagonal matrix elements in S™(ret®)~! T (r,0) are bounded in magnitude by
e 108"l Therefore, in this case (4.16) represents an exponentially near-identity trans-
formation when n is large and |log(r)| is not too small. We want to ensure that a similar
situation prevails when m > 2 as well. Since 1 < m < k, the consideration of m > 2
requires that k > 2. In this case, Assumption 4.14 implies that () is continuously dif-
ferentiable, and hence so is Q(0). The crucial conditions for (4.16) to be a near-identity
transformation when n is large are that Q’(0) + 1 is strictly positive and that the param-

eter € is chosen small enough, as the following lemma shows.

Lemma 4.16. Suppose that Q(0) is a real function of class C™~'(S') for some m > 2, such

that Q/(0) + 1 is strictly positive. Then there exist constants €y > 0 and p > 0 such that
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whenever 0 < € < €,

e tEm QO <3171 wgandforl <r < 2°,

(4.17)
‘eiEmQ(r*e)| <r* 1 Vv@andfor2 ¢<r<T.
U
Proof. By hypothesis, we have
inf Q'(®)=7t-1, T>0. (4.18)
—<O<TT
Note that log [eTtEm (0| = £5(E,,Q(r,0)). From (1.5), we have
P(m)
Q(2p+1>(e)
p+1 2p+1
(Enca(r0)) = 3 (-1 S o)
(4.19)
oy s S @E)
=—log(r)|Q'(8) + Z (—1)"W log(r)“P
p=1

where P(m) = (m — 2)/2 if mis even and P(m) = (m — 3)/2 if m is odd. Since Q has m — 1

continuous derivatives, we have

P(m) Sup |Q2p”>(9){

< Z —"<"<§p+1)! (elog(2))*" (4.20)

Zm 2p+1)( ) log () zp
= 2p+1)

for all r satisfying |log(r)] < elog(2), where € > 0. Therefore, ¢, > 0 may be chosen
sufficiently small that the inequality 0 < € < eo implies that

log(T)?P > = — 1 (4.21)

holds whenever |log(r)| < elog(2). Then, we have

log|e 1Em MO < —log(r) B — 1} ., holding for 1 < r < 2¢,
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log |eiE"‘Q<T’e)| < log(7) B — 1} ,  holding for2 ¢ <r < 1.

(4.22)

The estimates (4.17) thus both hold with the choice p:=1/2 > 0. [ |
Thus, we are led to propose the following assumption.
Assumption 4.17. If Vis of class C'(S'), then k’(0) defined by (4.2) is strictly positive.

This assumption is not an explicit assumption on V(8), however it is possible to
give conditions on V(0) that are sufficient to make Assumption 4.17 hold. For example,

since for V € C'(S'), we have

k'(8) =1 —Zij‘vj]cos (6 +arg (V5)), (4.23)
=1

where we recall the Fourier coefficients of V defined by (1.19), the condition

> v <1 (4.24)

j=—oo

is sufficient to guarantee that Assumption 4.17 holds. If in fact V € C?(S'), then the con-

vexity condition

d?v 1

— (0 —= 4.25
also guarantees that «’(0) is strictly positive. Our proof that the condition (4.25) implies
that k’(0) is strictly positive makes use of certain aspects of logarithmic potential theory
and is given in Appendix A. In Appendix B, we show that neither are the sufficient condi-
tions (4.24) and (4.25) equivalent, nor does either condition imply the other. Rather, the

two conditions are independent and thus complement each other.

Remark 4.18. In the approach taken in [3], where a particular case of a varying weight in
which the function V(0), and hence «(0), is an analytic function, the analytic extension
Ew Q(r,0) is used, and the “bump” function factor B(log(r)/e) is omitted. The latter omis-
sion has the effect of introducing exponentially small jump discontinuities in T}, _(r,0)

across the circles X .
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Since form = 1,...,k we have E,,Q(1,0) = Q(0), the matrix T} (v, 0) satisfies the

jump condition

0 1
Lim T2 (,0) = lim T% (1,0 . 4.26
im Th (r,0) = lm TR (v )(_1 0) (4.26)

To remove this jump discontinuity, introduce one further change of variables:

Th c(r,0), forr > 1,

I?n,e(rve) = (4.27)

0
The(r,0) , forr<1.
1 0

At this point, we can relate J}, .(r,0) directly to M™(z). Combining (4.13), (4.16),
and (4.27), we have by definition

m,e(1,0)

0 _ean(1/Z)
enVocg/ZMH(Z)eanocg/Z ,
enN(1/Z) onN(1/7) (log(r)) P eind pinEn O(r,0)
€

for0<r<1,

e—nN(z)T—ne—inS 0
)

enVo o3/2 Mn(z)efnvo 03/2

enN(z)B <10g(T) > efinEmQ(r‘O) enN(z)T,n einé
€

forr > 1.
(4.28)

Given the assumptions in force, this matrix function is clearly continuous throughout
the plane. To determine its deviation from being an analytic function in the regions r <
1 and r > 1, we need to control a derivative, and consequently we make the following

assumption.

Assumption 4.19. The function V is of class C*¥~"1(S') for some k > 1. That is, V(k~1)(9)

is Lipschitz continuous.
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Then, for 1 < m < k, we see by direct calculation that

), (r,0)
0 0

eTLVoGg/ZMTI(Z)ean()O‘_?,/Z ,
0 enN(1/Z)yneinejy [B (log(r)) emEmQ<r,e)]

€
for0<r<T,

0 0

enVOG3/2Mn(Z)67nVO 03/2 ,
e"N(2)3 {B <1Og(T) > einEmQ(r,G):| 0

€

forr > 1.
(4.29)

Eliminating M"™(z) in favor of JT, .(r,0) using (4.28) again yields
o (r,0) =T (r,0)X], .(r,0), forr+#1andalmostall® €S', (4.30)

where

0 rneineé |:B <10g(1‘) > einEmQ(r,G):|
€ , for0<r<1,

0 0

X" (r,0) = (4.31)

0 0
, f > 1.
e in03 {B (10{,;(?) ) e—inEmQ(r‘G):| 0 orT

Then it is easy to see that J7, . (r,0) satisfies the following 0 problem.
9 Problem 4.20. Find a 2 x 2 matrix U(r, 8) with the following properties.
Smoothness. U(r,0) is a Lipschitz continuous function throughout R?.

Deviation from analyticity. The relation

aU(r,0) = U(r,0)X, (,0) (4.32)

holds for all points in R? with the exception of a set of measure zero. The matrix X7, .(r,0)

is defined almost everywhere by (4.31) and is essentially compactly supported.
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Normalization. The matrix U(r, 0) is normalized at v = oo as follows:

lim U(r,0) =1. (4.33)
T— 00

In exactly the same way that Proposition 3.22 was proved, we have the following

proposition.

Proposition 4.21. Suppose that ¢ = e ™V, where V : S' — R is of class C*~1'1(S") for
somek =1,2,3,.... Thenforalln =0,1,2,3,..., form =1,2,...,k, and for all € > 0, the
matrix X}, (r,0) is well defined almost everywhere by (4.31) and 9 Problem 4.20 has a

unique solution, namely U(r,0) = J7, .(,0). O

Also, the proof of Proposition 3.23 carries over to the context of the varying

weight (4.1) in the following form.

Proposition 4.22. Suppose that ¢ = e ™V, where V : S! — R is of class C*~1'1(S') for
some k = 1,2,3,.... Then foralln = 0,1,2,3,..., form = 1,2,...,k, and for all ¢ > 0,
the matrix X7, .(r,0) is well defined almost everywhere by (4.31) and the corresponding

solution U(r,0) = J7 .(v,0) of 0 Problem 4.20 satisfies the integral equation

‘I li / n / /
U(r,0) =1 —U ue, @ )5‘“»6(? 89 47, (4.34)
7T z'—Zz

where z = re'®, z’ = 1/e'®’ and dA’ is a positive area element dA’ = v/dr’d0’. The integral

is taken over the entire plane. O

4.2.2 Asymptotic solution of the integral equation. Estimates of Jy, .(v,0) and its
derivatives for largem. As in Section 3.2.2, it is possible to characterize J},, .(r,0) by an-
alyzing the integral equation (4.34) as long as n is large enough. However, in the con-
text of the varying weight (4.1), we will require the monotonicity condition expressed
in Assumption 4.17, and that the radius parameter € be taken sufficiently small for each
admissible given V that the conclusion of Lemma 4.16 holds. Moreover, the exponential
character of the varying weight (4.1) suggests that by comparison with the analysis pre-
sented in Section 3.2.2, this approach is only fruitful in giving the same degree of control
on Ji. .(r,0) as was achieved for H}}, .(r,0) if V(0) has more smoothness than was re-
quired in Proposition 3.26. In particular, we will require that the following assumption
holds.

Assumption 4.23. The function V is of class C¥~'»'(S") for some k > 2.
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In other words, to achieve the same convergence rates as in the fixed-weight case,
one more derivative of V will be required in the exponentially varying-weight case.

As in Section 3.2.2, we need some bounds for X7, .(r,0) and its derivatives.

Proposition 4.24. Suppose that V: S — R is a real function of class C*~"1(S') for some
k > 1 for which Q’(0) + 1 is strictly positive, that m is an integer satisfying 1 < m < k,
and that e > 0is sufficiently small. Let the integer D be defined as D := min(k—m, m—1).
Then, the matrix function X%, . is of class C§ "' (R?\{0}) if D > 0, and of class LY (R?\{0})
if D = 0. Moreover, if « and (3 are nonnegative integers such that o« + < D, then there

are constants i > 0 and C(Tff"g’) > 0 such that for all n, the estimate

holds throughout the region |log(r)| < e log(2) containing the essential support of X7}, . (r,
0). O

aa+6

o«
g X1, 0)| < CLEBInT B0 Log(r)| ™1 3 e logir)
p=0

(4.35)

Proof. This proposition is proved in almost the same way as Proposition 3.24. In this
case, it is essential to recall Lemma 4.16 which provides the constant p > 0 and thus
the exponential decay of the term e ™*/1°8(")I for e > 0 sufficiently small. Also, the initial
application of the 0 operator in the definition (4.31) yields a factor of n that does not
appear in the proof of Proposition 3.24. |

Remark 4.25. This result should be compared with Proposition 3.24. The only important
difference between the estimates (4.35) and (3.63) is the presence of an additional factor

of n.

The proof of Proposition 3.26, with references to Proposition 3.24 replaced by
references to Proposition 4.24, applies to the asymptotic estimation of J7, .(r,0), with
the only important difference being an additional factor of n. This results in the follow-

ing proposition.

Proposition 4.26. Suppose that ¢ = e ™V, where V : S' — R is of class C*~1'1(S") for
some k = 2,3,4,.... Let the integer m lie in the range 2 < m < k and fix € > 0 sufficiently
small. Define the integer D = min(k — m,m — 2) > 0. Then, for all n > 0, the matrix
X e(r,0) is well defined almost everywhere by (4.31), and for all n sufficiently large,

m.c(r,0) is given by a Neumann series

(1, 0) =T+ (X7 I)(r,0) + (X7 e 0 Xy L) (r,0) + -+ -, (4.36)
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which converges in the norm || - |||, where the double-integral operator X7, . is defined
by
‘I / / n / /
(X F)(r,0) := — ” F(,8 );,(TZ (70 4a. (4.37)

In particular, if D = 0, then Jn.e lies in the space L (R?), and if D > 0 then J e lies in
the space CP~"1(R?) and ||[J%, .|l is finite. For all integer p in the range 0 < p < D, the
following estimates hold for sufficiently large n:
1
17 =1, < ey (439

€ pm—p-—1 ’

(p)2 log(n)?

H|]I111,€ _H_x;,EHH’p < Cmye n2m-2p-2’

(4.39)

where cﬁ,ﬁ?e is a positive constant. Furthermore, for each p > 2¢ and for all integer p in

the range 0 < p < D, the following estimates hold for sufficiently large n:

Z ‘ aDC+[3 [n ( e) ]I]H é(p) 1 (440)
su - r.0)— < 1 |
x+B<p 77t<ep<n oxxoyhk e U —
~ |log(r)|>1og(p)
ot =2 log(n)
S s | s D 1 ()0 | < E e
a+B<p
| log(r)|>1og(p)
(4.41)
where éﬂﬁ?p is a positive constant. -

Remark 4.27. Note that in (4.38), due to the extra factor of n introduced into the esti-
mates by Proposition 4.24, convergence of the Neumann series in the ||| - |||, norm follows
provided that m —p — 1 > 0, and so we may only consider m > 2. In order to uniformly
control p derivatives of J}}, .(r,0), Proposition 4.26 requires that m should lie in the range
24+ p < m < k—p, and therefore to guarantee the existence of suitable values of m,
V:S' — R should be of class C*~1'1(S!) for some k > 2p + 2.

Remark 4.28. Assumption 4.17, that V(0) is such that «(0) is a strictly increasing func-
tion of the angle 0, ties together two crucial aspects of our analysis. First of all, as can be
seen from the matrix factors involved in the change of variables (4.16) between S™(z) and
T c(1,0), the inequality k(0) > 0 is precisely what makes this a near-identity change of
variables in the regions Q.. On the other hand, it would not suffice to replace «’(8) by
another unrelated positive quantity, because in order to control the d problem (i.e., to

sufficiently bound the operator X7, ), it is necessary that the extension of k(0) should
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provide some degree of vanishing of the 9 derivative at |z| = 1. This vanishing is built
into the extension operators we have defined in (1.5) by the key property (1.7). Moreover,
any smooth extension of k(0) that has a vanishing 9 derivative on the unit circle will be-
have similarly near the unit circle. So we conclude that while the analyticity of k(0) is not
important, the monotonicity of this function is crucial. To make an analogy with the as-
ymptotic analysis of oscillatory exponential integrals, the 0 steepest descent method is
a closer relative of Kelvin's method of stationary phase than of the saddle-point method.
On the other hand, it is important to note that the 0 steepest descent method remains
fundamentally a method of deformation into the complex plane, and is not based on inte-
gration by parts,! the Riemann-Lebesgue lemma, or related arguments of harmonic anal-

ysis. For an approach based on the latter, see Varzugin [27].

4.3 Proofs of theorems stated in Section 4.1

The proofs are generally based on expressing 7, (z) = M7 (z) in terms of explicit func-
tions and J7, .(r,0) by means of (4.28). Then, one applies Proposition 4.26 to control

m.e(r,8) —Tand its derivatives.

4.3.1 Asymptotic behavior of T, (z) for|z| > 1.

Proof of Theorems 4.1 and 4.2. From (4.28), we have the following exact representation

for 7, (z) valid for |z| > 1:

(@) = €N 2y r0) — B (B e mEnareny )], el .

€ m,e, 12
(4.42)
Here € should be taken to be sufficiently small. It follows that
T (2)z e MNE T = I 4y (r,8) — 1]
(4.43)

l N

If p > 1 1is fixed, then perhaps by making € > 0 smaller yet, it can be arranged that

B(log(r)/e) = 0 whenever |z| > p. In this case, we have

dr

= (M (z)z e ™NE] =P I L 41(r,0) —1], 2 >p>1. (4.44)

m,e, 11

Iproperly speaking, we do not rely on integration by parts (or more generally, Stokes’ theorem for the d operator
in the plane—in as much as this can be considered a generalization of the standard 0 inversion formula) to
establish the existence of an asymptotic expansion. However, such methods are useful in the detailed analysis
of individual terms in the expansion. This technique was used, for example, in the proof of Theorem 3.11.
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Using the estimate (4.41) from Proposition 4.26 in the case m = k — p, and the fact that

X (r,0) is off-diagonal, we see that for some constant C > 0,

log(n)

sup |a‘P []Eﬁp‘e).ﬂ(T,e)—]” < Cm

—m<0<T7
r>p>1

(4.45)

Now since ]pr)ey”(z) — 1 is analytic for |z| > p, and tends to zero like z~ ! as z — oo,
Cauchy’s theorem for an exterior domain, together with (4.45) for p = 0, proves (4.3).
To prove (4.5), we fix e sufficiently small and consider 1 < r < 2¢/2 in which case
B(log(r)/e) =1 so that
% [t (z)z e ™ NE 1]
=PIy e 11 (r,0) = 1] =P [z Me MERCMOTY L (r,0)], 1< <297
(4.46)

Again, since X7, .(r,0) is an off-diagonal matrix, we see from (4.39) that there is a con-
stant C > 0 such that

n log(n)?
sup 0P IR e (r,0)—1]] < Cen T (4.47)

As in the fixed-weights case, the dominant contribution comes from the remaining terms
on the right-hand side of (4.46). Using (4.38) from Proposition4.26 to see that
nWorIJn _,(r,0) is of order log(n)/n™ P~ and taking the best case of m = k — p, we
then find that

dr —n ,—nN(z) log(n)

— —1|| < K—2—*. 4.48
77IS<119P;71 dzp [nn(z)z € ] —  nk-2p-1 ( )
1<r<2¢/2

—nN(z) 3

This proves (4.5). Now the maximum modulus principle applied to 7, (z)z e im-

plies (4.4).
4.3.2 Asymptotic behavior of t, (z) for |z| < 1 and of yn_1
Proof of Theorems 4.5 and 4.11. The proof of Theorem 4.11 is based on the identity

Y2, =—MD3(0). Using (4.28), we see that

Yaae ™0 =T ¢ 22(0,0), (4.49)

m,e,22



70 K. T.-R. McLaughlin and P. D. Miller

and thus Theorem 4.11 is proved by applying the estimate (4.41) from Proposition 4.26
in the case of p = 0 and m = k.
Proving Theorem 4.5 begins with the exact formula

Tn(z) = —e™N(/2n (r,0), 0<r<27¢ (4.50)

m,e,12

which follows from (4.28) using 7,,(z) = M7, (z) and the fact that B(log(r)/e) = 0 for
T < 27 €. Using (4.40) from Proposition 4.26 with p = 0 and m = k then completes the
proof of (4.8).

For the proof of (4.7), one begins with the following formula for 7t,,:
T (2) = —e“N“/Z)I&,er(n 0) + enN“/z)efinEkQ(T‘mmm,eJ 1(1,0), (4.51)

which again follows from (4.28), and the fact that B(log(r)/e) = 1 for r > 27¢/2, Using
(4.38) from Proposition 4.26 with p = 0 and m = k then completes the proof of (4.7), and
this completes the proof of Theorem 4.5.

Appendices
A Logarithmic potential theory of orthogonal polynomials on the unit circle

A more general and systematic strategy for extracting asymptotics of M™(z) in the expo-
nentially varying-weight case when ¢(0) is of the form (4.1) is the following. First intro-
duce a function g(z) (to be determined) satisfying g(z) ~ log(z) as z — oo and that e9(*)
is analytic for |z| # 1, taking continuous boundary values on the unit circle . Then one
converts Riemann-Hilbert Problem 2.1 for M™(z) into one with identity asymptotics as

z — oo by the change of variables
M (z) = Y™ (z)en9()93 (A.1)

resulting in a new unknown matrix Y"(z). In addition to the normalization condition

lim, , Y™ (z) =1, Y™(z) satisfies the jump condition

et =g (') en(-V(0)-i0+g.(e®)+g_(e?))

X . —n(g+(
Y7 (e®)=Y"(e'?) <e ) , forees',

0 e (g (e)—g-(e'%)

(A.2)

where the subscript “+” indicates the boundary value taken from within the circle, and

7

indicates the boundary value taken from outside. Without any loss of generality, we
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may represent g(z) in the form of a complex logarithmic potential

g<z>r Lo/ (2)(0")d0", (A.3)

where for each 8 € S', we consider the function Lg(z) := log(z — e'°) to be real for z — e'®
sufficiently large and positive real, with the branch cut from the point z = ¢'° in the
clockwise direction along the unit circle to the negative real axis, and then along the neg-

ative real axis to z = —co. We also require that

JW P(0')de’ =1 (A.4)

in order to satisfy the required normalization condition g(z) ~ log(z) as z — co.

Additional conditions may now be placed on g, or equivalently on {, in order to
make the jump condition (A.2) for Y™(z) asymptotically tractable. One key condition is
that the function 1 should be real-valued. From this condition, it follows that g, (z) +
g_(z) —log(z) has a constant imaginary part for |z| = 1, as the following argument shows.
When |z| = !9, the identity d/d6 = izd/dz yields

d

157(9+(2) + 9-(2) —log(2)) = R(20' (2) + 20" (2) = 1). (A.5)

Using (A.4) and differentiating (A.3) under the integral with respect to z for |z| # 1, we
obtain

0210 _ (1 n €2)6219

/ /
i’ _ eie)z _ €26219¢(6 )aery.

d%ﬁ(w) +9-(2) ~ log(2)) = _1319%“: (

(A.6)

Assuming reality of 1, we can pass the real part under the integral and thus arrive at

diej(%(l) +9-(2) — log(2))

Lk J“ e +2e? +2e? cos(Q) —4e? cos?(Q)
el ) 4+ et + (4e2—8)cos(0) + (4 —4e?) cos?(Q)

(A7)
P(07)do’,

where ( = 6’ — 6. The numerator of the fraction in the integrand is clearly uniformly
bounded by a quantity of order e, and the minimum value of the denominator is achieved
when cos(¢) = (2 —€?)/(2 — 2¢e?) € (—1,1) yielding a minimum value that has the asymp-
totic expansion e — €* + O(e®) as € | 0. Consequently, the fraction is uniformly bounded

independent of €. Moreover, the fraction is easily seen to tend to zero pointwise in the
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limit e | 0 for ¢ # 0. A dominated convergence argument therefore shows that the limit
on the right-hand side of (A.7) is zero; see also [1], where it is also shown that the con-
stant value is exactly J(g. (z) + g—(z) —log(z)) = m. Another consequence of assuming that

1 is real comes from noting that
X i 7T
g+ (e') —g_(e'?) =2mi L P(6')de’. (A.8)

It therefore follows that g, (z) — g_(z) is purely imaginary for |z| = 1.

Since

R(g+(e) +g-_(e'?)) = ZJ log [e®® — ¢t |p(0”)ae’, (A.9)

one is led to seek 1 so that the circle is split into intervals of two different types.

Bands. For 6 in a band [, {(0) is real and positive, and
ZJ- log |e'® — e®|p(0/)d0’ — V(8) = ¢, for @ inaband, (A.10)

where { is a real constant (the same constant for all bands—in fact if there is only one
band, it turns out that { = —V,)). Thus, in a band, the jump condition (A.2) for Y™ (z) takes

the form

ein(KI(G)fn) en(€+i7t)

Y (z) = Y (z) ( ) , for0inabandl, (A.11)

0 efin(sq(e)fn)

where k;(0) is a strictly increasing real function.

Gaps. For0inagapI',{(0) = 0 and we have the strict inequality
ZJ- log |e"® —e'®"|p(0/)d0’ — V(0) < ¢, for @ ina gap. (A.12)
Thus, in a gap, the jump condition (A.2) for Y™ (z) takes the form

etn(<r=7  exponentially small en(¢+i7m)

Y(z) =Y"(2) ( ) , for@inagapTl,

(A.13)

0 e*in(Kr‘fT[)

where kr is a real constant.
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The alternative conditions (A.10) and (A.12) are exactly the Euler-Lagrange con-

ditions for the minimization of the weighted logarithmic energy

o0 _ b’

Efp] = r Jﬂ log (%)q)(e')xp(e)de’dwr V(0 (07)de’ (A.14)

over all probability measures {(0)d® > 0 supported on the unit circle. The constant ¢
is the Lagrange multiplier introduced to enforce the constraint (A.4). The minimizing
measure with density {(0) is called the equilibrium measure. The connection of this ex-
tremal problem with the jump condition (A.2) through the Euler-Lagrange variational
conditions suggests that logarithmic potential theory plays an important role in the as-
ymptotic theory of orthogonal polynomials for general exponentially varying weights
of the form (4.1). The use of equilibrium measures for the asymptotic analysis of the
Riemann-Hilbert problem associated to orthogonal polynomials on R with analytic ex-
ponentially varying weights was carried out in [11, 10]. For orthogonal polynomials on
the unit circle with analytic exponentially varying weights of a specific form, this was
done in [1].

The transformation

Zn( ) 7efn203/2yn(z)en203/2’ |Z‘ < ]’ (A 15)
z) = .
efnflcrg/ZYn(Z)enEcrg/Z‘ |Z‘ > ]’

leads to jump conditions of the form

einlq(e) 1

Z%(z) =Z"(z) ( ) , forz=e*inabandl, (A.16)

0 efinKl(G)
which is of exactly the same form as (4.14), and

Z%(z) =Z"(z) (e”:r exponeentililry small) , forz=einagapT. (A.17)
Clearly, we also have the normalization condition Z"(z) — I as z — co.

Now, if the function V(0) is such that the whole unit circle consists of a single
band, or equivalently there are no gaps in the support of the equilibrium measure, then
in fact Z™(z) = S™(z) as defined in Section 4.2.1 and the analysis proceeds as in the main
body of this paper. However, in the more general context—when it is only true that the
support of the equilibrium measure consists of a finite number of disjoint intervals on

the unit circle—a modification of the 0 steepest descent method described in Section 4 is
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required. A more general method may still be based on the algebraic factorization (4.15)
of the jump matrix in each band; however the annuli A+ must be replaced with a sys-
tem of lens-shaped regions Al adjacent to each band I. Since the variational inequalities
become less effective near the band edges, a local analysis must be supplied to control
the error. When such a method is developed, the condition (4.24) or (4.25) on the func-
tion V(0) can be dropped as long as it is known that there are only a finite number of
gaps in the support of the equilibrium measure. In [20], it is shown how to carry out such
a program in the context of nonanalytic exponentially varying weights on the real line,
where a convexity condition is known to guarantee the existence of a single isolated band
[, B] C R.

Let us show how the logarithmic potential theory described briefly above leads
to the condition (4.25) guaranteeing that the support of the equilibrium measure is the
entire unit circle. If V is of class C%(S'), then for 0 in any gap in the support of the equi-

librium measure, the real function

D(0) ;=2r log [e'® — e™|p(0")de’ — V(0) (A.18)

is also twice differentiable. In fact, a calculation shows that

©”(0) :-zrﬂ% ~ V(). (A.19)

Note that this is not a singular integral since ¢'° is assumed to lie outside the support of
the equilibrium measure. Let us assume both the condition (4.25), and also the existence
of a gap in the support of the equilibrium measure; we will then derive a contradiction.
Now, ®(0) is continuous for —t < 0 < 7. Therefore, since ®(0) = { at both endpoints of
the gap (according to (A.10)), and ®(6) < { strictly in the interior of the gap (according to
(A.12)), there must be a point 0 in the gap at which ®”(0) > 0. However, since [e!® —¢1®'| <

2 for all angles 0, we see that

©"(0) < _% —v(9) (A.20)

which is negative in view of the assumption (4.25), thus establishing the desired contra-

diction.
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B Comparison of the conditions (4.24) and (4.25)

In this appendix, we illustrate by concrete examples how the two conditions (4.24) and
(4.25), while both sufficient for the prevention of gaps in the support of the equilibrium
measure, are completely independent. Thus neither condition implies the other.

First, consider the example V(0) = A cos(k0), where k = 1,2,3,...and A € R are

parameters. A direct calculation shows that

1
condition (4.24) < |A| < ©
: (B.1)
condition (4.25) & |A| < Tz
Since 2k? > kforallk =1,2,3,..., we see that if
L < |Al < L (B.2)
2k2 Kk’ '
then condition (4.24) is satisfied but (4.25) is not.
Next, consider for M > 0 and € > 0 the example
M. 3 (Me Me?\_, Me* Me?
= = - <
6e|+<2 47'[)9 w30 M=e
V() = (B.3)
Me? , Me? Me*  Me?
—4ne+ 5 0] + i R e <0l <m
On one hand, we have
M 2
M(e—10]) — ze , Bl<e,
vV (0) = “ (B.4)
Me?
- , e < |0 <m,
21
and so
- T
condition (4.25) &= M < o2 (B.5)
On the other hand, direct calculation of the Fourier coefficients gives
M, 2 ke
*W sin (7), k#O,
Vi = (B.6)

7Me*  Med®  Mrme?

8r 4 Tt k=0
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Thus, we may estimate the sum in the condition (4.24) as follows:

I 00 [7t/€e] [7t/€e] 2

AM . 5 (ke AM . 5 (ke Me

Y =Y gent ()= Y St ()= Y T (B7)
k=—0c0 k=1 k=1 k=1

since | sin(x)| > [x|/2 for [x| < 7t/2.If the product Me? is held fixed, this lower bound can be
made arbitrarily large (and in particular larger than one) simply by taking e sufficiently
small due to the divergence of the harmonic series. We therefore see thatif 0 < ¢ < Me? <
7t and if e is sufficiently small, then condition (4.25) is satisfied but condition (4.24) is

not.
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