Vay 14, 2007

Abstract
This talk will discuss a remarkable and quite symmetrical interaction bwetween the applied
mathematical subject of nonlinear wave motion and the pure mathematical subject of algebraic
geometry. As an example, we will talk about how algebraic geometry can be used to generate
solutions of nonlinear wave equations. Then we will discuss how nonlinear wave theory solves a

long-standing problem of algebraic geometry. Other topics may also be discussed if there is time.
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Outline

C. Multiphase Waves for KP: Krichever Construction
l1l. The Schottky Problem and its Solution

A. Riemann Matrices and the Schottky Problem
B. The Novikov Conjecture
C. Shiota's Theorem

IV. Segal-Wilson Theory

V. Conclusions
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It remains to determine the leading coefficient ¢o(x, y, t).
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Modeling Water Waves: Physical Model

It remains to determine the leading coefficient ¢o(x, y, t).

Note that this series has a nonzero radius of convergence about z = —1 at (x, y) if
¢do(x,y, t) is an analytic function of x and y.
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€

¢=w—§(z—|—1)2Aw—|—ﬂ(z+1)4A2w—|—O( Y, A:i=Ag,.

Y

Depantiment of

MATHEMATICS

University of Michigan




What do water waves have to do with algebraic geometry? May 14, 2007

Modeling Water Waves: Weakly Nonlinear Long Waves

€

P

b=w——(z+ 1)’ Aw + i D*A*w+0(°), A=Ay,

Key assumption for weak nonlinearity (small amplitude): the free surface is displaced only
slightly from its mean location of z = 0. We therefore set

h= G(X,Y,T).
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€

P

b=w——(z+ 1)’ Aw + i D*A*w+0(°), A=Ay,

Key assumption for weak nonlinearity (small amplitude): the free surface is displaced only
slightly from its mean location of z = 0. We therefore set

h= G(X,Y,T).
For consistency, scale the velocity potential with as well: w = 1/2N(X, Y, T).
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Modeling Water Waves: Weakly Nonlinear Long Waves

The force-balance boundary condition ¢¢ + £ (¢2)° + 3(¢y)° + 5(¢-)° + h = 0 reads
1 1 ,
Nr+ G+ [EVN-VN—EANT] —0(?.
Eliminating G (assuming derivatives of O( 2) are O( ?)):

1 1
Nrp — AN + [EA2N — SANr7 +2VN - VNT + NTAN] —0(?).
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into a moving frame of reference with the change of coordinates £ := X — T and
7 := T'. The equation for N then becomes

1
2Ner + §N£€££ + 3NeNee = O( ).
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into a moving frame of reference with the change of coordinates £ := X — T and
7 := T'. The equation for N then becomes

1
Zar o Sllga o B = Cle)
Neglecting O( ) and setting F' = IN¢ leads to the Korteweg-de Vries (KdV) equation:

3 1
FT+§FF£+EF&£:0.

Depantonct of

MATHEMATICS

University of Michigan

D. J. Korteweg and G. de Vries, Philos. Mag. Ser. 5, 39, 422—-443, 1895.



What do water waves have to do with algebraic geometry? May 14, 2007

Modeling Water Waves: The KP Equation

Depantiment of

MATHEMATICS

University of Michigan W

B. B. Kadomtsev and V. |. Petviashvili, Sov. Phys. Dokl., 15, 539-541, 1970.




What do water waves have to do with algebraic geometry? May 14, 2007

Modeling Water Waves: The KP Equation

Depantonct of

MATHEMATICS

University of Michigan

B. B. Kadomtsev and V. |. Petviashvili, Sov. Phys. Dokl., 15, 539-541, 1970.



What do water waves have to do with algebraic geometry? May 14, 2007

Modeling Water Waves: The KP Equation

n = Y, 7 := T'. Thus, one obtains

1
2Ner + Ny + gNssee + 3Ne¢Nee = O( ).
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Modeling Water Waves: The KP Equation

n = 12y 7+ := T. Thus, one obtains
1
2Ne¢r + Ny + gNssee + 3NeNee = O( ) .

Neglecting O( ), taking /0 and setting (as in the KdV case) F' = IN¢, one arrives at
the Kadomtsev-Petviashvili (KP) equation:

L p [F +32FF 4+ 1R, ]
—5tmm = | Fr+ b e+ S leee| -
2 2 6 .
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along the channel apparently without change of form or diminution of speed. | followed it on horseback, and overtook
it still rolling on at a rate of some eight or nine miles an hour, preserving its original figure some thirty feet long and a

foot to a foot and a half in height. Its height gradually diminished, and after a chase of one or two miles | lost it in the

windings of the channel.
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along the channel apparently without change of form or diminution of speed. | followed it on horseback, and overtook
it still rolling on at a rate of some eight or nine miles an hour, preserving its original figure some thirty feet long and a
foot to a foot and a half in height. Its height gradually diminished, and after a chase of one or two miles | lost it in the
windings of the channel.

Scott-Russell's “solitary wave" corresponds to a special solution (the soliton) of the KdV equation in the
form uy + uugy + Ugprr = O:

u(z,t) = 3c sech? (%(m — 9 — ct)) ; wavespeed is ¢ > 0.
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Return to outline.
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2

where \ is a complex parameter (eigenvalue) and u = wu(x, t) is a nonconstant
coefficient.
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where \ is a complex parameter (eigenvalue) and u = wu(x, t) is a nonconstant
coefficient.

The condition for the compatibility of this Lax pair amounts to an equation governing
u = u(x, t), namely, the KdV equation in the form
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Solutions of KdV and KP: Solitons in KdV

A second solution, linearly independent for k # O, is obtained by replacing k with —k.

Example 2: another solution of KdV is the soliton u(x,t) = 3csech?(§) with
£ := /c(x — xg — ct)/2. Since u — O for large x and t, it is reasonable to seek ¢ in

3
the form ¢ = e "t and it is easy to solve for :

il e (1 _ ;/—lftanh (\/75(33 o ct))) ko=t
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(@, t, £4/5/2):

Pl Y2y — o Vero .
¢(z,t,vc/2)

: v1 = constant (independent of = and ).
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b(z, t, £/2/2)

Pl Y2y — o Vero .
¢(z,t,vc/2)

: v1 = constant (independent of = and ).

We can try to generalize these features in a straightforward manner. . .
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That this works is the consequence of some simple facts.
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That this works is the consequence of some simple facts.
Proposition 1. Fiz (z,t) € R2. The set A of functions f (k) of a complex variable k having the form

f(k) = (fo + fl_k_l e f]:,k_N> ekm—4k3t

is a vector space of dimension N + 1 over C. Given a set of data as above, the subspace Ay of functions
obeying (2) satisfies dim(Ag) = 1. In particular, if f € Ag is normalized by fo = 1, then it is
uniquely determined, and if f € Ag satisfies fo = 0, then f(k) = 0.
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Proof. The function w(x,t, k) := 6¢re + ud + A lies in the subspace A( associated with its data;
indeed, by direct calculation, w has the form

w = ('wo AL 5 oo E w&k—N) ekx—4k3t

and it satisfies the relations (2) because they are linear and independent of . Moreover, the same calculation
shows that wg = 12¢1 ; + u, so by the choice of u we have wy = 0 and hence w = 0. O]
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form

kax—4kSt
(A

z = (zO—I—---—I—zR,k_N)
and satisfy the conditions (2) and therefore lies in the subspace Ag. One then checks that zg = 0, which
implies that z = 0. (]
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3

and satisfy the conditions (2) and therefore lies in the subspace Ag. One then checks that zg = 0, which
implies that z = 0. (]

These results imply that the function w(x, ¢) built from the data 0 < k1 < - -+ < Ky

and {7, > 0}._, makes the Lax pair compatible. That is, u(x, t) solves KdV.
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Finding the coefficient ¢, given the data amounts to solving a system of IV linear equations in N

3
unknowns. Playing with Cramer’s rule yields the Kay-Moses formula: with F), := e"n(z—Zn)—4rpt
¢y 5 F,;Fy,
u(x,t) = —12—— = 12— lo ,  where :=det | §; — 7 ).
(2, 1) ox Ox? &(7) 4 ik T Kj+ Kk

100 100

(The {xn} are related to the {v,}.) E.g. N = 3 with k1 = 0.274, kg = 0.387, k3 = 0.474:
7

4 WA

»  /

Vi

-100 -50 0 50 100 -100 -50 0 50 100
X X

50

-50

I = 10, ro — —10, 33320




What do water waves have to do with algebraic geometry? May 14, 2007

Solutions of KdV and KP: Krichever Construction

Depantment of

MATHEMATICS

University of Michigan




What do water waves have to do with algebraic geometry? May 14, 2007

Solutions of KdV and KP: Krichever Construction

A-plane copy A

A-plane copy B
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Solutions of KdV and KP: Krichever Construction

A-plane copy A

A-plane copy B

Note that k = X\ = oo is a single point P, € T", and the function z = k™' is a
holomorphic local coordinate in a neighborhood of this point.
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3. A nonspecial integral divisor D = P; + - - - + Pg on I of degree G.
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3. A nonspecial integral divisor D = P; + - - - + Pg on I of degree G.

A Baker-Akhiezer function associated with this data is a function ¢ : I' — C that is
meromorphic on I' \ U, where it satisfies (¢) + D > 0 and that has a representation in
U in the form of a convergent series:

¢ s (1 + ¢]__(aj, y7 t)k_]' —|— QSQ_(x, y’ t)k:_2 _|_ .. .) €k$+2lk) y—4k°t .
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The proof that dim(Ag) < 1 follows from the Riemann-Roch Theorem. The proof that
dim(Ag) > O (that is, there is a nontrivial element of Ag) is by direct construction.
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The proof that dim(Ag) < 1 follows from the Riemann-Roch Theorem. The proof that
dim(Ag) > O (that is, there is a nontrivial element of Ag) is by direct construction.

Before giving Krichever's formula for the (unique) Baker-Akhiezer function ¢, we examine
some further consequences of dim(Ay) = 1.
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Proof. The functions f(P) := 3i¢y + 6¢zx + uep and g(P) := ¢t + 4¢pzaax + uds + vo are
meromorphic on I" \ U with poles in D because this was true of ¢ for all (x,y,t) € C3. Moreover, by
direct differentiation of the expansion of ¢ for P € Uy, one easily checks that

., 2 3 ) 3
by choice of w and v in terms of the {(b]_} By Proposition 4 it then follows that f and g are both the zero

element of Ay. O
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Solutions of KdV and KP: Krichever Construction

As P varies in I, the function ¢ spans a linear space of dimension greater than one, and
hence we must have [L3, Ls] = 0. This amounts to two nonlinear equations for v and v:

6Uzy — 12V, — 3tuy = 0 and Ut + UUg + dUggy — 6V — 320y = 0.
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Solutions of KdV and KP: Krichever Construction

As P varies in I, the function ¢ spans a linear space of dimension greater than one, and
hence we must have [L3, Ls] = 0. This amounts to two nonlinear equations for v and v:

6Uzy — 12V, — 3tuy = 0 and Ut + UUg + dUggy — 6V — 320y = 0.

Eliminating v between these two gives the KP equation in the form

(ut + uu, + 'Uf:ca:cc)w — %uyy .
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such that the Baker-Akhiezer function ¢ is, for all P € I', in the kernel of O0,, — Bi.

Depantment of

MATHEMATICS

University of Michigan W

I. M. Krichever, Russ. Math. Surveys, 32, 185-213, 1977.




What do water waves have to do with algebraic geometry? May 14, 2007

Solutions of KdV and KP: KP Hierarchy

k=0

such that the Baker-Akhiezer function ¢ is, for all P € I', in the kernel of O0,, — Bi.
The equations Ot,, = By ¢ satisfied by the Baker-Akhiezer function are called the linear equations of the
KP hierarchy. They are compatible because the kernel of the commutator

[Lj, Li] == [8¢; — By, 8, — Bl = (8, B;) — (84, By) + [Bj, By]

contains enough functions ¢ (parametrized by P € I') to make [L, L] = 0. These are nonlinear

equations on the coefficients {b,, 1.} that may also be simultaneously solved, and they are said to be the
nonlinear equations of the KP hierarchy.
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Solutions of KdV and KP: Krichever Construction

e A basis H of homology cycles a1, ...,aqg and by,...,bg on I,
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Solutions of KdV and KP: Krichever Construction

e A basis H of homology cycles a1, ...,aqg and by,...,bg on I,

e The basis w1y, ..., wqa of holomorphic differentials on I' normalized with respect to H,
and the coincident Riemann matrix B:

]{ wr = 2mid 5, DBjr:= ]{ wp = 7{ wj . (Note VT§R{B}V < 0 for v #0.)
a; 7 k

J
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Solutions of KdV and KP: Krichever Construction

O(w;B) := Z el

nEZG

Note for e, a unit vector and by a column of B the automorphic relations:

1
O(w + 2miey; B) = ©(w; B) and O(w + by; B) = ¢ 2°kke kO (w; B) .
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Return to outline.
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Return to outline.

Depantment of

MATHEMATICS

University of Michigan W

I. M. Krichever, Russ. Math. Surveys, 32, 185-213, 1977.




What do water waves have to do with algebraic geometry? May 14, 2007

Solutions of KdV and KP: Krichever Construction

L/ TAY \ \ VU UiV
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inversion, ©(A(P) — A(D) — k) has simple roots at the points of the divisor D.
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1. ¢(P) is well-defined modulo ¢ due to the automorphy relations for ©.

2. ¢(P) is analytic on T' \ Uy except where the denominator vanishes. By Jacobi
inversion, ©(A(P) — A(D) — k) has simple roots at the points of the divisor D.

3. @(P) has the desired asymptotic behavior near P, due to the exponential factor.

Expanding this formula near P,, we obtain the Its-Matveev formula (z = t¢;):

w(ty, ..., ty) = —128,¢1 = ug+128- log O(A(Psx)—A(D)—k+3"M | t,u,; B).
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Solutions of KdV and KP: Krichever Construction

1. ¢(P) is well-defined modulo ¢ due to the automorphy relations for ©.

2. ¢(P) is analytic on T' \ Uy except where the denominator vanishes. By Jacobi
inversion, ©(A(P) — A(D) — k) has simple roots at the points of the divisor D.

3. @(P) has the desired asymptotic behavior near P, due to the exponential factor.

Expanding this formula near P,, we obtain the Its-Matveev formula (z = t¢;):
w(ty, ..., ty) = —128,¢1 = ug+128- log O(A(Psx)—A(D)—k+3"M | t,u,; B).

Note: u is a quasiperiodic “multiphase wave" . Return to outline.
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The Schottky Problem

upper half-space,
e four constant vectors u, v, w, z; that is, points in the principally polarized abelian
variety associated with B,

e and a scalar constant ug.

Krichever's construction shows that the lts-Matveev formula solves the KP equation when
these parameters are associated with a Riemann surface I'. Perhaps it works more
generally?
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The Schottky Problem: Novikov’'s Conjecture

. Whether tt ormula can represent a solution of the KP equation regardless of whether

the matrix B comes from a Riemann surface. Indeed, if the answer is negative, then the
KP equation itself provides the acid test that solves the Schottky problem.

The conjecture that the Its-Matveev formula in fact solves the Schottky problem was first
formulated by S. P. Novikov.
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satisfies the KP equation (ut + uug + Ugze )z = %uyy, and the theta divisor of X is irreducible.
(B) X is isomorphic to the Jacobian variety of a complete smooth curve of genus G over C.
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The Schottky Problem: Shiota’s Theorem

u = ug + 1282 log ©(zu + yv + tw + z; B)

satisfies the KP equation (ut + uug + Ugze )z = %uyy, and the theta divisor of X is irreducible.
(B) X is isomorphic to the Jacobian variety of a complete smooth curve of genus G over C.

Of note is that only the KP equation is required, not the whole KP hierarchy. Thus, water wave theory
gives something back to pure mathematics.
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P €T, k(P), and D.

via the ~ : 11 ~ aloebro-ceon
O ol 2EDIo-geao
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Segal-Wilson Theory

solution of KP via the coefficient ¢; ) was specified by the algebro-geometric data I,
Poo - F, k(P), and D.

In 1985, Segal and Wilson proposed a theory in which both types of solutions are put into
a common framework. Both types of data correspond to points in an infinite-dimensional
Grassmannian.
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H o i={feH, f=fk'+fk7+ ]

is the Hardy space of functions in H that are boundary values of functions analytic for
|k| > 1 that vanish as k — oo.
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Segal-Wilson Theory

Important subsets are T" C GroH C GrH:

o GroH consists of those subspaces W for which the restricted projection operator
7r+|W has index zero.

e T consists of those subspaces W for which the restricted projection operator 7r+|W 5
a bijection. Such subspaces are called transversal. If W is transversal and f € W,
then (1 — 71 ) f is a function of 7, f.
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$(t) € W and

=) tak" | p(kit) =14+ ¢ (1) +py () - €1+ H_.
n=1
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Segal-Wilson Theory

proves existence and uniqueness of ¢. Next, since ¢ lies in the fixed space W for all t in
some open set, so does (Btj — Bj)¢ as this only involves linear operations among ¢ for
different t. Moreover, by definition of the differential operators B, we have

exp [ =S k") - (atj = Bj) b =0k
n=1
which vanishes identically by transversality again. ]
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(y—=Dfo+ (ve — & + (6> =) +---

K — YK

so if /K’ we can solve for f in terms of 7. f.
v 1 +
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Segal-Wilson Theory

/
RK

fi =——= (= Do+ (vs — =) + (0 =)+ ]

K — YK

so if k /K’ we can solve for f{ in terms of . f. Also, by direct calculation,
Y 1 + M

O 0
exp | — Z tnk” | W o = W i 6 v(t) := vexp Z to(k” — K™
n=1 n=1
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k — y(t)K

The Baker function for W

x.i/ ~ 1S thus determined uniquely, and in particular, the

function u := —1208;, ¢; (t) satisfies the KP equation.
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RS v(t)K!

The Baker function for W, ./ is thus determined uniquely, and in particular, the

function u := —1208;, ¢; (t) satisfies the KP equation.

This is the soliton solution of KP.
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Segal-Wilson Theory

Forc > 0 and g € R, write kK = % v = e_‘/E””O, t1 = x, and t3 = —4t. Then,

Y

_ c C
¢, (z,t) = — tanh (%(:13 — xg — ct)) , assuming to;y1 = 0 for j > 2
and therefore we recover the soliton solution of KdV:

w(z,t) = —128,¢; (x,t) = 3csech” (\/76(3: — xg — ct)) :
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Segal-Wilson Theory

consequence of the Riemann-Roch theorem. The coincident Baker function is exactly the
Baker-Akhiezer function of Krichever.
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Segal-Wilson Theory

That in fact the subspace Wr ;, p lies in GrH, and moreover is transversal, is a

consequence of the Riemann-Roch theorem. The coincident Baker function is exactly the
Baker-Akhiezer function of Krichever.

Thus we see that both the class of soliton solutions and the class of algebro-geometric
multiphase wave solutions of the KP hierarchy may be identified with transversal points in
the Segal-Wilson Grassmannian.
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Conclusions

e theory of Integrable systems, while historically a subject of applied Interest, Is
having a real impact in pure mathematical subjects.
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