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e weak if > 0 is small,
e anomalous if Kk = 1,
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Background: The Nonlinear Schrodinger Equation

This equation models propagation of pulses in nonlinear fiber optics. Dispersion effect is:

e weak if > 0 is small,
e anomalous if Kk = 1,

e normal if Kk = —1.
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: A
p(z,t) = (ax + iby)e™ 7% o+ = —1tkA * \/ 4k A2 — A2,

Here A is a relative wavenumber. The dichotomy of kK = +1 is now clear:
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p(z,t) = (ax + iby)e™ 7% o+ = —1tkA * E\/élkaAZ — A2,
Here A is a relative wavenumber. The dichotomy of kK = +1 is now clear:

e k=—1. R{oL} =0, VA, k, and A. Unconditional modulational stability.
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p(x,t) = (as+ + ibi)emm/ e ,

A
o+ = —ikA % E\/4&A2 — A2,

Here A is a relative wavenumber. The dichotomy of kK = +1 is now clear:

e k=—1. R{oL} =0, VA, k, and A. Unconditional modulational stability.

o k=1 R{o+} # 0if A? < 4A® Instability of each plane wave to “sideband”

perturbations, and hence unconditional modulational instability.
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Semiclassical Behavior

This fact, and recent interest in applications to “dispersion shifted” photonic crystal
optical fibers, motivates the study of the semiclassical Cauchy problem for the NLS
equation: set initial data in the form ¢(x,0) = A(xz)e*@/ and analyze the solution
¢(x,t) in the limit | 0. In particular, look for differences between focusing and
defocusing cases.
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e Hyperbolic for k = —1 (defocusing case): well-posed limiting Cauchy problem.
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e Hyperbolic for k = —1 (defocusing case): well-posed limiting Cauchy problem.

e Elliptic for k = 1 (focusing case): ill-posed limiting Cauchy problem, only solvable at
all for analytic initial data.
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Semiclassical Behavior: Modulation Equations

e Hyperbolic for k = —1 (defocusing case): well-posed limiting Cauchy problem.

e Elliptic for k = 1 (focusing case): ill-posed limiting Cauchy problem, only solvable at
all for analytic initial data.

Hyperbolicity of modulation equations corresponds to modulational stability. Ellipticity
corresponds to (asymptotically catastrophic) modulational instability.
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Semiclassical Behavior: Rigorous Asymptotic Analysis

equations, where I" corresponds to e limiting (hyperbolic) system.

o P. Gérard (1993) established this result for general subcritical focusing semilinear
Schrodinger equations with analytic initial data, where T" corresponds to the singularity
formation time for the limiting (elliptic) system.
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D. Levermore, and D. McLaughlin (1998).

e The focusing case was analyzed using the nonclassical steepest descent method of Deift
and Zhou by S. Kamvissis, K. McLaughlin, and M (2003). Other solutions not analyzed
in this paper were studied using similar techniques by A. Tovbis, S. Venakides, and
X. Zhou (2004). Note: analyticity of initial data is essential for this analysis, even
though it is not based on the Cauchy-Kovalevskaya solution of the elliptic modulation

equations.

Return to outline.
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The Modified Nonlinear Schrodinger Equation

Generally the correction terms break the integrability. However the special case of

¢ =~ 20°¢ 2 0 2
i 24 2L |96+ ia ——(I91%9)
remains integrable but by different machinery for a > 0 than for &« = 0. This equation

is the modified nonlinear Schrédinger (MNLS) equation.
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Lax Pair and Riemann-Hilbert Problem

ov - ov
or

Lv and Bv

ot
are compatible if and only if the zero curvature condition

OB
— +[L,B] =0
ox

holds, a condition equivalent to the MNLS equation for ¢(x, t).
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Lax Pair and Riemann-Hilbert Problem

Under suitable conditions on ¢, S(k) is continuous with S(0) = I, and satisfies the
symmetries

S(—k) = UgS(k)O’3 and S(k*) = O'QS(kJ)*O'Q :
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Lax Pair and Riemann-Hilbert Problem

proportionality constant «y; such that

i (5 k) = 7P (a5 k)

Set

0 Yj
(Ci— J

I 11('%.7').
Let D := {ky,...,kn}U{k}, ..., ky}.
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Lax Pair and Riemann-Hilbert Problem

Res M(k;x,t
k==+k;

Res M(k;x,t) lim M(k; x,t) {O —ei(x,t) ]
k=k* k— Lk 0

0
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Lax Pair and Riemann-Hilbert Problem

From the solution of this problem,

2k M1o(k; x, t
P(z,t) := lim 2k Mz (k5 2 )
k—oo v M22(k‘;33,t)

solves the Cauchy problem for the MNLS equation.
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Lax Pair and Riemann-Hilbert Problem

Depantiment of

MATHEMATICS

University of Michigan




The Semiclassical Modified Nonlinear Schrodinger Equation: Facts and Artifacts May 23, 2007

Lax Pair and Riemann-Hilbert Problem

is a function only of z = —k~. Consequently, (the first row of) N(z; x, t) satisfies a
Riemann-Hilbert problem with a jump discontinuity only on the real z-axis, and with half
the number of poles, arranged in complex-conjugate pairs, with no further symmetry.

Depantiment of

MATHEMATICS

University of Michigan




The Semiclassical Modified Nonlinear Schrodinger Equation: Facts and Artifacts May 23, 2007

Lax Pair and Riemann-Hilbert Problem

is a function only of z = —k?*. Consequently, (the first row of) N(z; x, t) satisfies a
Riemann-Hilbert problem with a jump discontinuity only on the real z-axis, and with half
the number of poles, arranged in complex-conjugate pairs, with no further symmetry.

This “de-symmetrized” formulation of the Riemann-Hilbert problem is more like that for
the focusing NLS equation. It is better suited to semiclassical analysis with a
“g-function” because the genus of the microstructure will be correctly predicted.
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Formal Semiclassical Limit: Modulation Equations

o Hyperbolic if a®p + au — 1 > 0.

Therefore, modulational stability can be recovered with a focusing nonlinearity if a > 0 is
sufficiently large, and if w > 0 in the tails of ¢. In particular, since p > 0, the condition
u > 1/« is sufficient (but not necessary) for hyperbolicity.
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Formal Semiclassical Limit: Lack of Galilean Invariance
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Formal Semiclassical Limit: Lack of Galilean Invariance

0 252 o
el € O o P Se(l) =0,

or 2 0&2
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Formal Semiclassical Limit: Lack of Galilean Invariance

Loy 2% 9 .0 2\
v E‘F?a—?‘l’(l—ac)ﬁ“ Y+ i 8—§(|¢’| Y) =0.

If ¢ > 1/, this equation looks like a perturbation of the modulationally stable
defocusing NLS equation rather than the modulationally unstable focusing NLS equation.
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Formal Semiclassical Limit: Connection with Focusing NLS
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Formal Semiclassical Limit: Connection with Focusing NLS

F_ is one-to-one and maps D_(«) onto the
upper half-plane p > 0O:
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Formal Semiclassical Limit: Connection with Focusing NLS

This is exactly the system of modulation equations for the focusing NLS equation. The
semiclassical dynamics of the MNLS equation on the modulationally unstable sector of its
phase space is equivalent to the semiclassical dynamics of the focusing NLS equation.
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Formal Semiclassical Limit: Connection with Defocusing NLS
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Formal Semiclassical Limit: Connection with Defocusing NLS

u:=u—+ 2ap.

Unlike F_, F is generally two-to-one and
has a smaller range:
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Formal Semiclassical Limit: Connection with Defocusing NLS
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This is exactly the system of modulation equations for the defocusing NLS equation. The
semiclassical dynamics of the MNLS equation on the modulationally stable sector of its
phase space is equivalent (modulo issues related to the noninvertibility of the map F';) to
the semiclassical dynamics of the defocusing NLS equation.
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one.
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Bounds on the Discrete Spectrum

e This is not a proper eigenvalue problem (k enters nonlinearly) much less a selfadjoint
one.

e The only elementary symmetry is that the discrete spectrum is invariant under k «— —k
and k — k*.
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Bounds on the Discrete Spectrum

e This is not a proper eigenvalue problem (k enters nonlinearly) much less a selfadjoint
one.

e The only elementary symmetry is that the discrete spectrum is invariant under k «— —k
and k — k*.
e Any information that further confines the discrete spectrum, especially in the limit
1 0, is essential for semiclassical analysis.
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Bounds on the Discrete Spectrum

e This is not a proper eigenvalue problem (k enters nonlinearly) much less a selfadjoint
one.
e The only elementary symmetry is that the discrete spectrum is invariant under k «— —k
and k — k*.
e Any information that further confines the discrete spectrum, especially in the limit
1 0, is essential for semiclassical analysis.

e We generalize an argument of Deift, Venakides, and Zhou for the Zakharov-Shabat
eigenvalue problem to the present context.
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Bounds on the Discrete Spectrum

Eigenvalues of M are +=w where

:| 1/2

w(x; k) 1= [16a2k2A(a:)2 + (4k° — 1 4+ aS'(z))?
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Bounds on the Discrete Spectrum

for modulationally unstable x € R, where s; are independent signs.
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Bounds on the Discrete Spectrum

for modulationally unstable x € R, where s; are independent signs. Define also

(2: k) = 2akA(z) d 1 ( A(x) )
S TR G e A T
and set 4 1 3%{ ( k)}
g\x;
L, := 2 .
b7 TeR | dz (%{w<x;k>}>‘+ ek |S{w(z; k) }
“"MATHEMATICS

o
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Bounds on the Discrete Spectrum

We use part (b) in the following way: we seek conditions on k &€ C for which we can prove
that Li < +00. Such k cannot be eigenvalues for any values of sufficiently small.
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Bounds on the Discrete Spectrum

We use part (b) in the following way: we seek conditions on k &€ C for which we can prove
that Li < +00. Such k cannot be eigenvalues for any values of sufficiently small.

Note that for the class of potentials under consideration, Ly < 400 if S{w(x; k)} does
not vanish for any = € R.
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em into a hypergeometric equation.
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Hypergeometric Potentials

problem into a hypergeometric equation.

e In 2000, Tovbis and Venakides generalized this result to potentials of the form
d(z) = vsech(z)e™®®)/ where S'(z) = ptanh(z) and v and  are independent
real parameters.
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Hypergeometric Potentials

all scattering data could be computed explicitly tor a
problem into a hypergeometric equation.

Dy converting the eigenvalue

e In 2000, Tovbis and Venakides generalized this result to potentials of the form
d(z) = vsech(z)e™®®)/ where S'(z) = ptanh(z) and v and  are independent
real parameters.

It is easy to see that the Tovbis-Venakides analysis also goes through virtually unchanged
if S'(z) = ptanh(x) + 6 for any § € R.
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Hypergeometric Potentials

if || > (ad — 1)/, then there exist © € R for which the modulation equations
are elliptic at ¢ = 0.
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Hypergeometric Potentials

t = 0, while
if || > (ad — 1)/, then there exist © € R for which the modulation equations
are elliptic at ¢ = 0.

e If ad < 1, then regardless of the value of € R there exist x € R for which the
modulation equations are elliptic at ¢ = 0. In this case,

if || < 2v4/1 — ad then there are ~ ~ discrete eigenvalues, while
if || > 2v+/1 — ad then there are no discrete eigenvalues.
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Hypergeometric Potentials
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Hypergeometric Potentials

form=20,1,2,....
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Hypergeometric Potentials

form=20,1,2,....
e “Phantom poles’: these are simple poles kK = k,, that have nothing to do with
eigenvalues. Their representatives in the second quadrant are given by

o 1
— ka — = )
2 k) = - (m+ )

form=0,1,2,....
“"MATHEMATICS
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€
-0.4 -0.2 0.0 0.2 -0.4 -0.2 0.0 0.2 0.4

a=1.5 a=1.3
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Hypergeometric Potentials

=04 =0.2 0.0 0.2

a = 1.004
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Hypergeometric Potentials

=04 =0.2 0.0

a=0.7
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-15 -1.0 -05 0.0 0.5 1.0 15 =158 =18 =05 0.0 0.5 1.0 15 =15 =id =@5 0.0 0.5 1.0 15

oa = 0.3 a = 0.03 o = 0.003

Return to outline.
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Ongoing Work and Conclusions

e The rigorous semiclassical asymptotic analysis of the Riemann-Hilbert problem of inverse
scattering for the hypergeometric cases, using the nonclassical steepest descent method
of Deift and Zhou. Special attention paid to

implications of interactions of the phantom poles with eigenvalues,
implications of crossing the modulational stability threshold.
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Return to outline.
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