Dynamical Systems Prof. J. Rauch

Spectral Decomposition of General Matrices

Summary. Sometimes there are not enough eigenvectors to form a basis. There is always a basis
of generalized eigenvectors. This gives a spectral decomposition of general matrices. And yields
the general solution of X' = AX. As a special case we derive the diagonalisability of symmetric
matrices. Stability of X' = AX is studied with an eye to the analysis of asymptotic stability by
linearization.

1 Generalized eigenspaces

Suppose that A is a linear transformation from a finite dimensional complex vector space V to
itself and that ) is an eigenvalue of A. The nullspace ! ker (A — \I) is the linear space consisting
of all eigenvectors with eigenvalue A together with the zero vector.

Then ker (A — M )? D ker (A — \I) since if (A — A\ )v = 0 then surely (A — AI)(A—X)v =0. In
this way for £ =1,2,... define a nondecreasing sequence of linear subspaces,

Ko = ker (A=), so 0 #K CKyCK3C---.

6 3)

det(zI — A) = (z—3)%,

Example 1.1 The matriz

has characteristic polynomial

so has only the eigenvalue A = 3. For this eigenvalue,

K, = ker(A-3I) = C(1,0), Ky = ker(A—3I)*> = ker <8 8) = C2

So K, = C? for all £ > 2.

Proposition 1.1 There is an r < dimV so that
O#KIQKQQ"'CKr:Kr+1:Kr+2:""
with
dmK, > ¢ for 1<{<r. (1.1)

Proof. Whenever there is strict inclusion the dimension must increase by at least one. Thus,
there can be at most dim V strict inclusions Ky # Kyy1. Therefore, there is a first r > 1 so that
K?”-i—l - Kr~

!The nullspace or kernel of a linear transformation is the set of vectors X such that BX = 0. It is a linear
subspace. To use the results of the note to compute general solutions one uses Gaussian elimination to compute
nullspaces.



To show that the K; = K, for j > r, it suffices to prove that K, = Ky implies Ky11 = K.
If Kp = Kyyq and v € Kyio, then (A — /\I)HI(A — /\I)v =0so (A— )\I)v € Kyy1 = Ky so
(A - )\I)Z(A — M )v = 0 proving that v € Kpy1.

Since the inclusion of the K is strict before r, the dimensions satisfy,
dim K; > 1, dmK;, > dmKy_1+1, for 2</¢<r,

proving (1.1). [ ]

Definition 1.1 The space K, is called the generalized eigenspace associated to A and r is
its index.

Exercise 1.1 Suppose that V.= CV and that A is a real matriz. i. Show that if X is real, then
the generalized eigenspace X satisfies X = X where the overline signifies complex conjugate. ii.
If X is not real show that X is equal to the generalized eigenspace associated to the eigenvalue A.

Proposition 1.2 If K, is the generalized eigenspace associated to A and its index is r, define
Y := range(A—\)".

i. K, andY are invariant under A, that is A(K,) C K, and A(Y) CY.

ii. One has the direct sum decomposition

V=K &Y. (1.2)

Proof. 1i. For the invariance of K, if v € K, then (A — AI)"v = 0 so since A commutes with
any polynomial in A,

(A—A)'Av = A(A—X)'v = A0 = 0,

proving that Av € K.
For the invariance of Y, if w € Y then there is a w so that w = (A — AI)"u then

Aw = A(A—=X)"u = (A—AI)"(Au) € Range(A— )" =Y.
ii. K and Y are the kernel and range of the linear transformation (A — AI)". It follows that
dimK, + dimY = dimV.
To prove (1.2) it therefore suffices to show that
K,NnY =0.
If ve K, NY then,
(A= XD)"v =0, and there is a u s.t. v=(A—\)"u.
Then (A — M)?"u = 0. That is, u € Ko, = K, 50, v = (A — X)"u = 0. [ |

This result splits A into two pieces, the part in K and the part in Y. The next result shows that
that split separates the part with eigenvalue A from the rest.



Proposition 1.3 X\ is the only eigenvalue of Alk,, and, X is not an eigenvalue of Aly .

Proof. To prove the first assertion suppose that by # X\ and v € K, satisfies Av = Av. Then
(A=XDv=(\—Av.
Therefore
(A=AD*0=(A—- MDA -ADv=(A=A)A=ANv=A=AN(A—-Av=X—-N.

By induction one has for all k& B
(A=AD*v = (A= N)ro.

Taking k = r yields B
(A=AD)"v = A=XN)"v.

Since v € K, one has, B
0= (A=X)"v = (A=A)"v,

s0 v = 0 since (A — A)" # 0.

To prove the second assertion it is sufficient to show that ker(Aly — Aly) = 0. If w € Y and
My — Aly)w =0, then w € K1 C K, sow € K, NY = {0}. [ |

2 Completeness of the generalized eigenspaces

Theorem 2.1 Suppose that A is a linear transformation from a finite dimensional complex
vector space V to itself with characteristic polynomial

det(zI — A) = H;?:l (z—X)™, Aj distinct, Z mj =dimV.

Denote by X; the generalized eigenspace associated to \;.

i. dim X; = m;. Therefore the index r; of the generalized eigenspace of \j is < m; and
X; = ker(A—MNI)" = ker(A—\1)".
ii.V =X & Xo @---®Xy.

Proof. i. For ease of reading fix one of the A; and call it A\. Proposition 1.2 shows that
A = A|X & A|y .

Taking a basis for V whose first elements are a basis for X and last elements a basis for Y.
Abusing notation with A|x and Aly also denoting the matrices of the restrictions yields block

matrices A A
- x 0 B  (zIx —Alx 0
4= ( 0 A!Y) A < 0 ZIY—A!Y> '

Therefore for all z,

det(zI — A) = det(zlx — Alx) det(zly — Aly). (2.1)



Propostion 1.3 shows that A is the only eigenvalue of A|x, so
det(zIx — Alx) = (z —\)3mX,
The same proposition shows that A is not an eigenvalue of Aly, so
det(Aly — Aly) # 0.

Therefore (2.1) shows that the multiplicity of the root A is equal to dim X. Since the mulitplicity
of the root A is equal to m, one has
m = dimX .

Estimate (1.1) with £ = r yields dim X = dim K, > r proving the estimate for the index.
ii. Using i yields

k
dimX; x Xo x -+ x X}, = ZdimX~ = ij = dimV.
1

The map
XixXox- - xXp 2 (.’El,:ﬂg,...,xk) — x4+ xe+---+ap €V

is a linear map of spaces of the same dimension. To prove the direct sum assertion of the Theorem
it is sufficient to show that it is injective.

If 21 4 -+ 4+ 2, = 0, multiplying by IT;+,(A — X\;1)™ annihilates all the summands except the
x,, term to yield,
Wjzp(A = A1), = 0.

Proposition 1.3 shows ), is the only eigenvalue of A|x,, so for j # u, A — A\;I is an invertible
map of X, to itself. Therefore Il (A — A;I)™i is invertible from X, to itself. It follows that
x,, = 0. Since this is true for each p one has 1 = 29 = - -- = x;, = 0 proving injectivity. |

Exercise 2.1 Suppose that A is a real matriz as in Exercise 1.1 and that X\ and X is a pair of com-
plex conjugate eigenvalues with generalized eigenspaces X and X. If m > 1 and wi,wo, ..., Wy,
s a basis for X, prove that

Rew;, Imwy, Rews, Imws, ..., Rew,,, Imw,,

is a basis for X & X. Hint. Show that they are independent and that their number matches
the dimension.

Exercise 2.2 The polynomial p(z) := det(zI — A) is called the characteristic polynomial of A.
Prove the Cayley-Hamilton Theorem asserting that p(A) = 0. Hint. Show that if v is a member
of one of the generalized eigenspaces X, then p(A)v = 0.

Exercise 2.3 A different proof of the Cayley-Hamilton Theorem wuses the fact that the set of
matrices whose characteristic polynomial has no repeated roots is dense in the set of all matrices.
i. Show that the Cayley-Hamilton Theorem is true for this dense set of matrices by evaluating
p(A)v on a basis of eigenvectors v. ii. Then approximate a general matriz A by matrices Ay,
whose polynomials have no repeated roots. Pass to the limit n — oo in the Cayley-Hamilton
Theorem applied to A,. Hint. Show that the characteristic polynomial p,, of A, converges to
the characteristic polynomial of A.



3 General solution to constant coefficient systems

Theorem 3.1 Suppose that A, \j, m;, and X; are as above. If v € X then the solution of the

iitial value problem
X' = AX, X(0) = v

18 given by

t2(A = \;1)? tmi—H (A — N\ )Mt
X(t) = Mt I+t(A—/\jI)+M+ , 7 i)™ }U

21 -t (mj —1)!
Proof. Write A = \;I + (A — A;I) as the sum of commuting transformations and compute

A . _ (A —\I)

At, N At-XtI At J

ety = ee Jv—eﬂ[g o vl .
k=0

The result follows because e**! = e**J and the infinite sum terminates at power k = m; — 1

since v € Xj. [ |

To construct a general solution it suffices to find a basis v; each element of which is a generalized
eigenvector and to use the Theorem to compute the solution ®;(¢) with initial value v;. This is
spelled out in more detail in the Multiple Roots Handout.

4 Diagonalisability of symmetric matrices

We derive the fact that symmetric matrices have an orthonormal basis of eigenvectors from the
result of the preceding section. Recall that the analogue in a general scalar product space of
symmetric matrices are the linear transformations which satisfy

Vo, w, (Av,w) = (v, Aw)

where (, ) denotes the scalar product.

Example 4.1 IfV = C" the standard scalar product is

<U7w> = szy_ya
and the corresponding symmetric linear transformations are the matrices satisfying

They are hermitian symmetric. For real matrices that reduces to symmetry.

Theorem 4.2 Suppose that V is a compler scalar product space and A is a symmetric linear
transformation from V to itself.

i. The eigenvalues of A are real.

ii. For each eigenvalue, the index v = 1 that is Ky = Ky for all £ so every generalized eigenvector
1S an eigenvector.

iii. Figenvectors with distinct eigenvalues are orthogonal.



Proof. i. If ) is an eigenvalue, choose a unit eigenvector v to find,
A= Mv,v) = (A, v) = (Av,v) = (v, Av) = (v, \w) = Mv,v) = X.
ii. Must show that Ky = K. That is if (A — X\)?v = 0 then (4 — AI)v = 0. Compute
(A= N)v|* = ((A=X)v, (A= X)v) = ((A- )2, v) = (0,0) =0.

iii. If Av = M\jv and Aw = Aw with A\; # Ay must show that (v, w) = 0. Compute using the
fact that the eigenvalues are real,

A (v, w) = (Av,w) = (Av,w) = (v, Aw) = (v, \aw) = A (v, w) .

Therefore (A1 — A2){v, w) = 0 showing that (v, w) = 0. [ |

5 Application to stability for X' = AX

The Spectral Decomposition Theorem yields characterizations of asymptotic stability and sta-
bility of the equilibrium solution X = 0 of X’ = AX. In both cases the description in terms of
the spectrum of A is the criterion most often employed.

5.1 Asymptotic stability

The next results require that one choose a norm ||-|| on V. When V = CV it is sometimes natural
to choose the Euclidean norm. The four equivalent conditions in the theorem are ordered from
strongest to weakest.

Theorem 5.1 Suppose that V is a finite dimensional complex normed vector space and that
A:V =V is linear. For the differential equation X' = AX the following are equivalent.

1. There are positive constants K and p so that for allt >0
ledt]| < K e . (5.1)
2. 0 is an asymptotically stable equilibrium.

3. Every solution X (t) converges to 0 as t — oc.
4. All the eigenvalues of A have strictly negative real part.

Proof. It suffices to show that 1 = 2=3=4= 1.
Exercise 5.1 Prove the easiest steps 1 = 2 = 3.

3 = 4. The implication 3 = 4 is equivalent to contrapositive ~ 4 =~ 3 where ~ denotes the
denial of.

The statement ~ 4 means that there is an eigenvalue A with real part > 0. Choose an eignevector
v # 0. Then X(t) := eMv is a solution that does not tend to zero as t — oo proving ~ 3.



4 = 1. This is the important implication. Denote by X; the generalized eigenspaces of A. Any
v has a unique expansion v = ) v; with v; € X;. By the triangle inequality, it follows that

loll < > llojll-

On the other hand the map v +— v; is a linear map from V to X; C V so there is a constant C}
so that [lo;| < Cyloll

Exercise 5.2 Ezxpanding v as a sum of elements in the generalized eigenspaces show that it
suffices to show that for each generalized eigenspace X; associated to A there are positive constants
p; and K; so that for v € X;

le" o]l < Kje Pt ||o]|. (5.2)

Denote by m; > 1 the multiplicity of \; as a root of the characteristic polynomial of A. Then
for v € X;
tQ(A— )\jI)Q tmj_l(A—)\jI)mj_l

At At . via—A4)"
eMv = eM' T +t(A—-NI)+ 51 + + (m; = 1)1 v.

Since A; has strictly negative real part we can choose 0 < p; < |Re ;| then for each p there are
constants C(y, pj) so that for ¢ >0

[th Nt < CePit,

The desired estimate (5.2) then follows from the triangle inequality. |

5.2 Stability

Theorem 5.2 For the linear equation X' = AX, the following are equivalent.
1. There is a constant K so that for allt >0

le ) < K.
2. 0 is a stable equilibrium.

3. Ewvery solution X (t) is uniformly bounded for t > 0.

4. Fach eigenvalue of A has real part < 0. In addition if A is a purely imaginary eigenvalue and
m its multiplicity, then ker(A — A\I) has dimension m.

Proof. The proof is by showing that 1 = 2 =3 =4 = 1.
Exercise 5.3 Prove 1 = 2 = 3.

3 = 4 is equivalent to ~ 4 =~ 3. If 4 is violated either there is an eigenvalue with strictly
negative real part or an eigenvalue in the imaginary axis and a vector v # 0 so that

(A=XDv#0, and (A—-X)*v=0.

t

In the first case if v is an eigenvector then e*v is an unbounded solution. In the second case

M +t(A=X)|v



is an unbounded solution. In both cases we have ~ 3.

4 = 1. It is sufficient to show that for each generalized eigenspace X; there is a constant K so
that for all v € X; and ¢ > 0,
A
leoll < Kjllv]. (5.3)

If the eigenvalue for X; has strictly negative real part, then Theorem 5.1 applied in the vector
space X implies that there are positive K; and p; so that ||| < Kje=?i*. This implies (5.3)

If the eigenvalue is purely imaginary, then X; has dimension m equal to the dimension of the

kernel so for v € X, Av = \jv. Therefore for those v, et4y = v, Since Aj is purely imaginary

eMit has modulus equal to one so
A Aj Aj
le" ol = fleVoll = [e?[lv] =[]

This is the desired estimate (5.3) with K; = 1. [ ]

6 Quadratic forms decreasing on orbits

6.1 General result

This section gives a generalization of two easy examples. The decreasing quadratic form is used
(not in these notes) to prove the asymptotic stability of equilibria of nonlinear problems whose
linearization is asymptotically stable.

Example 6.1 i. For a real 2 x 2 system whose phase plane is a spiral sink the orbits are of the
form e® times elliptical orbits where a < 0 is the real part of the complex conjugate eigenvalues.
The positive quadratic form whose level sets define the ellipses is then decreasing on mon zero
orbits.

ii. For a 2 x 2 system with two distinct negative real eigenvalues \j and eigenvectors V; define
new coordinates o by

X = Vi + asVs.
A function X (t) satisfies the differential equation if and only if oj(t) = cje)‘jt, Therefore the

quadratic form
> oyl (6.1)
J

decreases on orbits.

In both cases, the vector field is transverse to and points into the ellipsoids that are level sets of
the positive definite quadratic form.

Definition 6.1 A scalar product on a complex vector space V is a mapping @ : VXV — C
satisfying for oll X, Y, and Z inV and a € C,

i QX +Y,2) = Q(X,2)+Q(Y.2),

i, Q(aX, 2) = aQ(X, 2),

iii. Q(X,2) = Q(Z,X),
iv. Q(X,X)>0if X #0.



Exercise 6.1 If Q is a scalar product show that Q(0,Y) = 0, Q(X,aY) = aQ(X,Y), and
QXY +2)=Q(X,Y)+Q(X, 2).

Example 6.2 Ifv;, 1 <j <dimV is a basis then u,v € V have unique expansions

u = g ;i vj, v o= g Bjvj .

Then Q(u,v) = Zaij is a scalar product. With respect to this scalar product the basis is
orthonormal.

Example 6.3 Suppose that V is a complex finite dimensional vector space, A :V — 'V is linear
and has a basis of eigenvectors {v;}, and, all eigenvalues have strictly negative real part. Then
the scalar product in the preceding example decreases on orbits of X' = AX.

This example includes the preceding two as special cases and almost yields the general result. It
misses only the case of A that have non trivial generalized eigenspaces.

Theorem 6.4 (Lyapunov) Suppose that V is a finite dimensional complex vector space and that
AV =V is a linear transformation whose eigenvalues have strictly negative real part. Then
there is a scalar product Q(X,Y) on'V and a constant ¢ > 0 to that for all solutions of X' = AX

one has
dQ(X (1), X (1))
dt
In particular Q(X (t), X (t)) is strictly decreasing on non zero orbits.

< —cQ(X(1),X(1)). (6.2)

Geometric interpretation. Orbits cross from ellipsoids ) = const to ellipsoids with smaller
constants.

The proof uses the following characterization of transformations whose only eigenvalue is 0.

Lemma 6.1 If W s a finite dimensional complex vector space and B : W — W s linear then
the following are equivalent.

i. Zero is the only eigenvalue of B.
ii. BImW =,
iii. For every € > 0 there is a scalar product QQ on W so that for all w € W,
Q(Bw, Bw) < £2Q(w,w). (6.3)

Equivalently, in the norm defined by Q, ||Bwl||q < |lw||q -

Proof. i.=ii. Since 0 is the only eigenvalue, the only generalized eigenspace is the one associated
to A = 0. The multiplicity of the eigenvalue must be equal to dim W. The Spectral Theorem for
General Matrices implies ii.

ii.=-ii. This is the difficult step. Begin by choosing any scalar product on W. Denote the scalar
product by (-, - ) and by m the dimension of W. With a thunder bolt of creativity define a
new scalar product @ by
m—1
QX, W)= Y (IMB'X,IVBIW)
§=0
= (X, W)+ (IBX,TBW)+ (I?B*X,I?B*W) +---+ (I"™ ' B !X, 1" ' B"'W).

with large positive I' to be chosen later.



Exercise 6.2 Verify that if I' > 0 then Q is a scalar product.

By definition
Q(w,w) = (w,w) + (TBw,I'Bw) +--- + (I ' B™ lw, T B™ 1),
Then,
Q(Bw, Bw) = (Bw, Bw)+(I'Bw,T Bw)+- - +(I"™ 2 B™ tw, I 2 B" lw)+(I"™" ! B™w, I B™w).
Mulitply by I'? and use B™ = 0 to find

I'?Q(Bw, Bw) = (I'Bw,TBw)+ -+ (I" ' B™ tw, ™' B )
= Q(w,w) - (w,w) < Q(wvw)

Choosing T" so large that 1/T" < & proves iii.

iii.=i. If A is an eigenvalue, choose an eigenvector w. Using iii compute
(Alllwl] = [[Aw] = | Bw|| < el|w]].

Therefore |A| < e. Since this is true for all £ > 0 it follows that A = 0. This completes the proof
of the Lemma. [ |

Proof of Theorem. Step I. Reduction to the case of (A—AI)™ = 0. Decompose V. = ©X;
as a direct sum of generalized eigenspaces. The X; are invariant by A and also by the flow of
the differential equation.

To construct @ it is sufficient to construct scalar products @; on X; that decrease under the
flow of the differential equation restricted to X;. Then Q(X,X) := >, Q;(X;, X;) serves for
the original problem.

Thus it is sufficient to consider A|x;. That restriction has one eigenvalue and satisfies (A|x; —
Ajlx;)™ = 0. This reduces to the case of transformations A so that there is a A € {Rez < 0}
and an m > 1 so that (A — AI)"™ = 0. The remainder of the proof treats that case.

Step II. Use Lemma 6.1. Define B = A — A\ with B™ = 0. If X’ = AX, then Y = e MX
satisfies

Y' = (a”x)' — e MY N MY — N (AX - )\X) — BY.

The strategy is to find a scalar product that grows slowly under Y’ = BY so that X = eMY
decays because of the exponential factor.

For ¢ > 0 to be chosen later, choose ) as in the Lemma. A product rule yields
d
%Q(Y(t% V()= QYY)+ QYY) = QBY.Y)+Q(Y,BY). (6.4)
The Cauchy-Schwartz inequality for the scalar product @ and then (6.3) yield
Q(BY,Y)| = QY. BY)| < Q(BY,BY)"*Q(Y,Y)"?
< (2 Y) P )2 = cQ(vY).

Therefore
d

ZOY(0),Y(1) < 2:QY(1),Y()). (6.5)

10
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Step III. Endgame. Since |e one has

QX,X) = QMY ,eMY) = MeMQYY) = [MPQY.Y) = 2N QY,Y).  (6.6)

Differentiate to find

%(eQReAtQ(Y(t),Y(t))) = 9Re )\ 2ReM Q(Y,V) 4 2ReMt &

Using (6.6) yields
%Q(X,X) < (2Re)) Q(X,X) + 2e2RM QYY) = (2Re)\+2s)Q(X,X). (6.7)

Choose € so small that e < |ReA|. Then the coefficient in front of Q(X, X)) is strictly negative.
This complete the proof of the Theorem. |

Example 6.5 Consider the special case

-1 4 0 4
() e (00 w2

Denote by (, ) and || || the euclidean scalar product and norm. The preceding analysis shows

that for I' sufficiently large,
0 4
(0 o)

Exercise 6.3 Continue this example by finding the constant I'g so that the quadratic form in
(6.8) is strictly decreasing on non zero orbits for T' > Ty and not for ' < Ty. Hint. Write the
time derivative as a quadratic form in the coordinates (z1,x2). Check negativity using the fact
that ax? + bryxg + cx3 is strictly negative definite if and only if a < 0, and b* — 4ac < 0. The
proof of this necessary and sufficient condition for definiteness goes as follows. The necessity of
a < 0 comes from considering x5 = 0. If b> — 4ac > 0 then one can find a point (r1,22) # 0
where the form vanishes so b> — 4ac < 0 is also necessary. For sufficiency complete squares to
find

2
IX|* + 17

(6.8)

decreases on orbits.

b 2 b? b 2 1

2 2 2 2,2
ar] + brixe +cry; = a(xl + %:32) + (c - @)‘% = a(xl + %1'2) + £(4ac —b%)z5.
Exercise 6.4 Show that if there is a scalar product Q(X, X) that is strictly decreasing on nonzero
orbits of X' = AX, then the eigenvalues of A have strictly negative real part. Hint. Consider
the solution X (t) = eMv. You must be careful about complex numbers and complex scalar
products. Discussion. The assertion is the converse of the Theorem.

Exercise 6.5 For the damped linear spring, " + x' +x = 0 show that there is no choice of the
constant A > 0 so that the quadratic form Q := (x')? + Ax? is strictly decreasing on orbits.

Exercise 6.6 Continuing the damped linear spring show that for € > 0 sufficiently small the

quadratic form R := (2')* + 2 + e2’ x is strictly positive definite and strictly decreasing on
orbits.

11



Exercise 6.7 An incorrect proof of the Theorem is the following. Given any € > 0 one can
Choose A with ||A — A|| < ¢ so that A has distinct eigenvalues with strictly negative real part.
Easily construct a scalar product Q that satisfies (6.2) on orbits of X' = "= AX asin Example 6.3.
It follows that there is a § > 0 so that if | B — A|| < 8, then Q decreases on orbits of X’ = BX.
Since A is as close to A as one likes, Q is the desired scalar product. Ezplain the error in the
last sentence.

6.2 Reality

In this section we show that when A is a real matrix the scalar product ) can be chosen real.
Even in the general case, though ) may be complex, the decreasing functional Q(X(¢), X (t)) is
real valued and that is enough.

Definition 6.2 A linear subspace V C CV is called real when each of the following equivalent
conditions hold.

i. The complex conjugate of each vector v € V belongs to V.
ii. The real and imaginary parts of each vector v € V belong to V.

iii. V has a basis of real eigenvectors.
Exercise 6.8 Prove the easy implications i < ii and iii = i.

To see that iii is implied by the others, reason as follows. Choose v, a finite spanning set of
complex vectors of V. Denote by wg the set of real and imaginary parts of these spanning vectors.
The wgp is a spanning set of real vectors with twice as many elements as a basis.

Consider the finite family of subsets of the wg. Some, for example a subset consisting of one
nonzero element, are linearly independent. Denote by k the size of the largest of these indepen-
dent subsets. Choose u1,...,u; one of these largest independent sets. Then each wg is in the
span of the u;. Otherwise, adjoining wg would yields a larger independent set. Therefore the uy
is a real basis.

Exercise 6.9 Give details of the last two assertions.

Exercise 6.10 Suppose that A is a real N X N matriz, A € R is a real eigenvalue, and X is
its generalized eigenspace. Show that X is a real subspace of CV.

Example 6.6 i. Suppose that U C CV is a linear subspace. Show that U is a linear subspace.
ii. Show that Span {U U U} is a real linear subspace.

iii. If in addition UNTU = {0} show that the span has dimension equal to twice the dimension of
U.

Example 6.7 Suppose that A is a real N x N matriz, A € C is an eigenvalue that is not real.
Denote by X the generalized eigenspace associated to A and X the complex conjugate. Exercise
1.1 shows that Xy is the generalized eigenspace associated to X. Exercise 2.1 shows that X & X5
is a real vector space.

12



Exercise 6.11 IfQ is a scalar product defined on a real subspace U C CN show that the following
are equivalent.

i. For allv,w e U, Q(v,w) = Q(v,w).
ii. For all real v,w € U, Q(v,w) € R.
iii. For all real v € U, Q(v,v) € R.

Definition 6.3 When these conditions are satisfied, the scalar product is called real.

Example 6.8 The standard scalar product on CN given by Zj x;y; 1s real.

Example 6.9 If CV is the direct sum of real subspaces U, and for each o, Qq is a real scalar
product on Uy, then ) Qo is a real scalar product on CcN.

Corollary 6.10 If V = CV and A is a real matriz with eigenvalues of strictly negative real
part, then there is a real scalar product Q so that Q(X,X) is strictly decreasing on orbits of
X' = AX.

The construction in the preceding subsection does not usually yield a real (). Typically the
generalized eigenspace associated to a complex eigenvalue has no nonzero real vectors in it. To
achieve reality one must link the constructions on the generalized eigenspaces associated to A
and \.

Proof. Step I. Real direct sum decomposition. Denote by A1,...,As the distinct real
eigenvalues of A and X their generalized eigenspaces. Exercise 6.10 shows that each of the X,
is a real subspace.

Denote by g1, ..., ux the distinct eigenvalues of A with strictly positive imaginary part. Denote
by X, the generalized eigenspace. Exercise 2.1 shows that the generalized eigenspace associated
to fi is equal to X, . Since the generalized eigenspaces associated to u; and [z, intersect exactly
at 0 the direct sum Y, := X, @ Xiuk is a real subspace with dimension equal to twice the
dimension of X, .

The general spectral theorem implies that one has the direct sum decomposition in real subspaces
cN=X, o - -oX,0oV 0 -0 Y.

Each of the summands is invariant under A and therefore under the flow of the differential
equation X' = AX.

Thanks to Example 6.9 it is sufficient to construct real decreasing scalar products on each of the
direct summands.

Step II. Decreasing scalar product on the X;. The construction of ) yields a real scalar
product provided that the beginning scalar product (-,-) on Xj is real.

A real scalar product on Xj is constructed as follows. Choose a real basis v, of X;. Then the
unique scalar product so that the v, form an orthonormal basis is such a real scalar product. If
the coordinates of vectors v, w in this basis are x, and y, respectively, then the scalar product
is given by Y Ta¥Va-

Step III. Decreasing scalar product on the Y;. The proof constructs a decreasing scalar

product on X, . Call that scalar product Pj. Define a unique scalar product Qj on Yj :=
Xy, @ X, so that
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e the two direct summands are orthogonal with respect to @,
o () restricted to X, is equal to P, and,

e for v,w belonging to X, ,

Qr(v,w) = P(v,w).

Then @y is a real scalar product on Y} strictly decreasing on orbits.

Exercise 6.12 Verify the last sentence. |

7 Floquet theory

Floquet theory is the study of linear equations with coefficients that are periodic in ¢,
X' = Alt) X, At +T) = A(t). (7.1)
Suppose that A(t) is continuous. Define the map M by
MXy = X(T)

where X (¢) is the unique solution of X’ = A(¢)X with X (0) = Xy. The linear transformation
M 1is the Poincaré map or time 7" map of the system.

Thanks to the periodicity of the coefficients, X (nT) = M"™X(0) so studying the long time
behavior of orbits is equivalent to studying the powers of the linear transformation M.

Definition 7.1 M is called the Floquet map and its eigenvalues \; are called Floquet mul-
tipliers.

The next result describes the systems for which the zero solution is asymptotically stable.

Theorem 7.1 IfV is a finite dimensional complex vector space and M : YV — V 1is linear, then
the following are equivalent.

i. For any vector v, lim, o M™v = 0.
ii. The eigenvalues of M all have modulus strictly less than 1.

iii. If 1> a > max; || then there is a scalar product Q so that in the norm defined by Q,

Mvllg < alvlo for all v € V.

iv. There are positive constants ¢, so that

|M7) < cemon
Proof. Prove the four implications, i = ii = iii = iv = i.

Exercise 7.1 Prove iv = i = ii.
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Proof that ii = iii. Denote by X, the generalized eigenspaces of A;. It is sufficient to show
that there are scalar products @); on X so that

[Mvllg, < alvlg, for all v € Xj.

Thus it suffices to consider the case of only one eigenvalue. We do that and drop the subscripts
J.
Choose 0 < ¢ < a — |A|. Lemma 6.1 applied to B := M — AT implies that there is a scalar
product () so that for all v

(M = ADvlle < ellvllq-

Then
[Mvllg = [[Ao+(M=A)v|q < Mo+ [(M—=A)vlq < [Allv]lotelvliq = (Al+e) lvlle < allv]q-

Proof that iii = iv. Choose a < 1 and @ as in iii. Choose a > 0 so that e™* = a. By
induction on n one has for all v and integers n > 0,

[M™q < a"|vlle = e *"lvlq-
There are constants 0 < ¢; < (9 < oo so that for all vectors v
alvlle < llvll < Cilvlle-

Therefore
[M™] < Ci|M™]lg < Cre™™|vllq < (Ci/a)|v]-

The proof is complete. |

Remark 7.1 i. Condition iii is at the heart of the sufficient linearization criterion for asymp-
totic stability of fixed points of mappings.

ii. Applied to the Poincaré map it yields the linearization criterion for orbital asymptotic stability
of periodic orbits of autonomous systems.

Corollary 7.2 Suppose that X' = A(t)X is a linear system with continuous T-periodic coeffi-
cient and Floguet map M. The the following are equivalent.

i. All solutions X (t) satisfy limy_,o, X (t) = 0.

ii. There are positive constants v, so that for all solutions and all t > 0
XD < e IX0)] .

iii. The eigenvalues of M all have modulus strictly less than one.

Proof. iii = ii = ii = iii. Only iii = ii is difficult.

Exercise 7.2 Prove the other two implications.
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iii = ii Denote by A; the eigenvalues and V; the associated generalized eigenspace. The triangle
inequality implies that It is sufficient to show that for each j there are positive constants v;, 3;
so that for all v € V;, the solution with X (0) = v satisfies

IX®OI < 25 e X O

Denote by W¥(t) the fundamental matrix with U(0) = I. For ¢t > 0 write ¢t = nT + s with
0 <s< T and n > 0 integer. Then
U(t) = U(s)U(nT) = Y(s)M".
Define
C = max |¥(s)]|] < 0.

0<s<T

On V; M has a unique eigenvalue \; and (M — \;)4™mVsi = 0. Choose 0 < £ < 1 — |A;|. Lemma
6.1 implies that there is a scalar product () and associated norm || - || so that for all v € V;

[Mvllq < ellvlq-
Then for v € V;,

[Mvlg = [[Ajv+ (M =X1Dvllg < [[Nvllg + [[(M—=X1)vlg
Nilllvllg + ellvliq = (Al +e)lvllq- (7.2)

IN

By construction, |A\;| +¢ < 1 so there is an a; > 0 so that for all v € V; and n > 0,

[Mullg < elvllg  so MMl < e "|vllg-

Therefore
[Tt)vfle < Ce™™|v]q-

There are positive constants ¢; < C7 so that for all v € V;

callle < vl < Ciflvllg-

Therefore

@)l < Cil[¥vlle < C1Ce™ " |ullg < (Ci/er) Cem " Ju]|.

For t > T one has n > t/2 and this estimate proves the desired estimate for v € Vjand t > T.
The estimate for ¢ < T follows from the continuity of W(¢). This completes the proof. |

Remark 7.2 i. Condition iv is invariant under small T-periodic perturbations of A(t).

ii. More generally one can add a nonlinear term that is < C||X||? for || X||? < p and the origin
will silll have a basin of attraction containing a neighbhorhood of zero.

iii. If the flow conserves volume or a postiive definite quadratic form, then the conditions of the
corollary cannot be satisfied.

iv. There is a corresponding result for stability in contrast to asymptotic stability that requires
that the eigenvalues of M lie in the unit disk and those of modulus one must have eigenspaces
spanned by eigenvenctors. That result is not stable under perturbations either linear or nonlinear.
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Remark 7.3 i. The linearization of an equation X' = F(X) at a periodic solution X (t) is an
equation of the form (7.1) with
Alt) = DxF(X(t).

The conditions of Theorem 7.1 are never satisfied in this context. The reason is that X (t + o)
s a solution for all o. Differentiating the equation

4 X(t+0) = F(X(t+0))
with respect to o then setting o = 0 yields
Yit) = AOY (@),  Y() = X'().
Denote v := X'(0). Since Y(t) = V()Y (0) and is T-periodic one has
UV(T)v = U(T)Y(0) = Y(T) = Y(0) = v.

Therefore W(T') always has 1 as an eigenvalue so can never have all eigenvalues with modulus
strictly less than one.

ii. The orbital asymptotic stability of periodic solutions of autonomous systems is analysed using
the Poincaré first return map in the handout on Asymptotic Stability by Linearization. Theorem
7.1 is the key element.

8 A spectral mapping theorem

This section computes the eigenvalues of e”. That shows how Floquet Theory and the theory of
systems with constant coefficients yield the same asymptotic stability criteria for X’ = A X.

Theorem 8.1 IfV is a complex vector space and A :' V — V is a linear transformation with
distinct eigenvalues A1, \a, . . ., \p, with multiplicities my, ma, ..., my, then the eigenvalues of e?
are the numbers €. The multiplicity of z as an eigenvalue of e? is the sum of the multiplicities
of the \j such that e o= 2.

Proof. Step I. Prove the result for an A that has only one eigenvalue A. When A has only one
eigenvalue A, there is a u so that (A — AI)*» =0. Let B:= A — Al so B* =0.

Then
B? Br1 B Br2
B
—I =B+ — + - = Bq(B B)y =1+ = + -
e +oor Tt + =) q(B),  q(B) +t ot +

Therefore since B* = 0,

(e —Iy* = Bq(B* = 0.

Therefore 1 is the only eigenvalue of e?.

It follows that e is the only eigenvalue of e. To prove this suppose that z is an eigenvalue of

e and v an eigenvector so ev = zv. Then

Bo = eAe_)‘Iv = e_/\zv.

A A

Thus ez is an eigenvalue of e®. Thus e *z = 1, so, z = €.
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Step II. Write X = ®X; the spectral decomposition of A. Since the X; are invariant under A
one has

Alx.
e = @ el

where Alx; : X; — Xj denotes the restriction of A to Xj.

The result of Step I shows that A% has only one eigenvalue, e, with multiplicity equal to m;.
Theorem 6.1 follows. |

Exercise 8.1 The theorem is a spectral mapping theorem for e. To appreciate that this is a
special case of a general phenomenon prove the following spectral mapping theorem for A™. If A
as in Theorem 8.1 and n is a positive integer, then the eigenvalues of A™ are the numbers AT
The multiplicity of z as an eigenvalue of A™ is the sum of the multiplicities of the \; such that
AY =z
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