1  Continuity of pseudodifferential operators

The continuity of pseudodifferential operators is a consequence, by an elegant argument
of Hormander, of the pseudodifferntial calculus.

Theorem 1.1 Operators with symbols in S° are bounded operators on L*.
Lemma 1.1 Operators with symbols in S™ with m < —d are bounded operators on L*.

Proof. Formally the Schwartz kernel of p(z, D) is given by the integral

K(z,y) = / p(x,€) V8 da |

When m < d the integral is absoluely convergent, K is continuous, the formal computation
is rigorous, and, K € L>®(R? x R?).
An integration by parts shows that

[ e peptayde = [ e de = (- ) K (),

Therefore (z —y)*K € L™ for all a, so
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VN, 3ICy, K(z,y)| < —~ .
N ‘ (ZL‘ y)” 1+\x—y\N

Choose N > d to find the pointwise estimate

p(e.D)f| < ( O )*m.
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Since 1/(1 + |z|") € L', Young’s inequality implies Lemma 1.1. [ |

Lemma 1.2 Operators with symbols in S™ with m < 0 are bounded operators on L*.

Proof. Given Lemma 1.1, if suffices to show that if operators in OpS* with a < 0
are bounded then operators in OpS®? are bounded. Supppse that p(z,£) € S¥2. The
product rule shows that p(z, D)*p(x, D) € OpS® so is bounded. This is equivalent to the
boundedness of p(z, D). u

Proof of Theorem. Define

M =1 ’ :
s, (a8 (-0

A direct verification shows that
g(2,€) = (M —p(x,&)p(z,€) )"* € SURIx RY).
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Then q(x, D)*q(x, D) € OpS® with symbol

(M = p(w,)"p(e, ) ) (M —p(a,€)p(2,€) ) 7* + 57 = (M —p(e.&)'p(x,6) ) + 5.
Therefore

0 < (q(x,D)*q(z,Dyu,pu) = <[(M —p(z, D)*p(z,D) ) + OpS~'u, u)
Lemma 1.2 implies that the OpS~! term is < C||u||? as is the (Mu, u) term. Therefore

(p(e. DYp(a. D)u. ) < C lul?

equivalent to the boundedness of p(z, D). [ |
Remark 1.1 This elegant argument proves without explaining.
Corollary 1.2 For any s, m operators in OpS™ are continuous from H*(RY) — H*~™(R?).
Proof. The operator (D)* € OpS® is an isometry from H? — H? . The conclusion of

the Corollary asserts that (D)~™*"* p(x, D) (D)~* is bounded from L? — L? The prod-
uct rule implies that the operator belongs to OpS® so Theorem 1.1 implies Corollary 1.2. B



