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§1. Introduction.

In this paper we construct accurate approximations to solutions of hyperbolic partial differential
equations which possess internal waves with thickness €. The analysis is asymptotic as € — 0.

LE

In the limit € — 0, the solutions converge to piecewise smooth functions which are discontinuous
accross a characteristic surface. Such solutions have source terms which are also piecewise smooth.
Discontinuous sources are idealizations of smooth sources with a thin (~ ¢) transition layer. The
fundamental problem addressed here is to describe the dynamics of solutions with sources with such
transition layers. The solutions have internal transition layers of size ~ ¢. The limiting solution has
a conormal singularity along the characteristic hypersurface. OQur analysis employs conormal and €0
estimates. The technical difficulty is that the obvious ansatz motivated by the cases of wave trains
and short pulses yields overdetermined equations for correctors to the leading approximation. This
is so even in the linear case. If one does not choose specially adapted coordinates, the transport
equations differ from those describing the propagation of singularities and oscillations.

In a sense, the research is a sequel to the analysis of short pulses in [AR]. Pulses are internal waves
with equal values on both sides of the wave. In the figure above the internal wave connects a
higher value nearby to the left to a lower value nearby on the right. A pulse connects equal values.
For short pulses, the obvious ansatz yields the correct leading term and a prescription for a first
corrector which is overdetermined. [AR] relaxed the constraints on the first corrector and were
able to prove that the leading term is an approximation with error O(e). They were unable to find
higher order approximations.

We will show in §2, that for internal waves the most obvious ansatz again yields the correct recipe for
the leading term and again an overdetermined first corrector. For internal waves we were not able
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to simply relax the constraints to find a useful corrector. By adopting a different ansatz we are able
to construct correctors of all orders and thereby infinitely accurate approximations. This advance
at the level of formal asymptotics is a key innovation. The technique that we adopt is to consider
both the limit problem and the smoothed problems as transmission problems. This strategy has
been quite successful in the analysis of the inviscid limit of viscous shock waves ((GMWZ]), and of
the viscous approach of discontinuous solutions of semilinear hyperbolic systems ([S]).

Consider a system of partial differential operators

L(t,z,0) = 0, —i—ZAj(t,x) 0; + B(t,z), 0; = 0 (1.1)

)
aIL'j

where the A;, B are infinitely differentiable N x N complex matrix valued functions each of whose
partial derivatives is uniformly bounded on R x R?. Assume that L is hyperbolic in the following
sense.

Assumption 1. The system L is strictly hyperbolic, or symmetric hyperbolic.
Recall that strictly hyperbolic means that the matrix Z‘f §;A; has N simple eigenvalues
)\1(t,$,£) <...< )\N(t,'f,&)

for all (t,z,&) € R x R? x (R?\ {0}). Symmetric hyperbolic means that the matrices A; are
hermitian symmetric (introduced in [F]).

We study an internal wave carried by a smooth characteristic hypersurface ¥ of L. Assumption
1 is invariant under change of coordinates (t,z), hence, without loss a generality, we assume that
we have chosen a set of local coordinates for which ¥ is the set {xq = 0}. We consider only this
local problem leaving to the interested reader questions of gluing local expansions together relying
on the important Propositon 2.3. The prinicipal symbol is Ly (t,z,7,&) := 71 + Y A;(t,z) ;. The
characteristic variety is Char(L) := { det L (t,z,7,&) = 0}.

Assumption 2. ¥ := {x4 = 0} is a characteristic hypersurface for L. On a conic neighborhood
of the conormal variety {(t,2’,0;0,...,0,&4 # 0)} to X, the characteristic variety, Char(L), is
a smooth embedded hypersurface T = 7(t,x,§) in the cotangent bundle of points (t,x;7,§) €
R%‘i’d X Rlzd

71. T7 :

Examples. i. Assumption 2 is always satisfied in the strictly hyperbolic case. The smoothness
of the characteristic variety following from the implicit function theorem applied to the equation
det L(7,£) = 0 for 7. The necessary hypothesis 0, det L1 ¢)—(0,....,01) # 0 is implied by the
simplicity of the roots.

ii. For a symmetric hyperbolic operator with constant coefficients, the characteristic variety is a

real algebraic hypersurface in R'*¢. The set of points where Assumtion 2 is violated is a subvariety
of dimension not larger than d — 1 so Assumption 2 is generic in the constant coefficient case.

iii. The Maxwell equations and the linearized compressible Euler equations are examples of sym-
metric systems which are not strictly hyperbolic but whose characteristic varieties are everwhere
smooth and of constant multilicity. Assumtion 2 is therefore always satisfied for them.

Assumption 1 and 2 imply that 7(¢,2’,0;0,...,0,£1) = 0 and dimker Ly (¢, z, 7(t, x,§),&) is con-
stant for (t,x,£) in a conic neighborhood of {z; = 0} x {¢ = (0,0,...,+1)}. In particular
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dimker A4(t,2’,0) is constant on . Denote this dimension by k. Assumptions 1 and 2 are
invariant by a smooth linear change of unknown @ = M (¢, z)u. We can therefore assume without
loss of generality that such a change has been performed so that

Aalt,z',0) = <02kkkk %ulef) det A(t,a') > §>0. (1.2)

The derivatives of the function 7 play a central role in our results. Define the group velocity
computed at the conormal variety to {xq = 0},

v(t,z') == =Ver(t,2',2q=0,7=0, =0,§4=1).

Since T vanishes on the conormal to ¥ and is homogeneous of degree 1, it follows that v is tangent
to {xq = 0}.

The principal algebraic lemma of geometric optics asserts that Assumptions 1 and 2 imply that the
differential operator wL(¢,x’,0,0)r is essentially a directional derivative. The algebraic lemma is a
consequence of first order perturbation theory in the following form. An eigenvalue A of a matrix
A is semisimple when the kernel and range of A — Al are complementary subspaces.

Proposition 1.1. Suppose that |a,b[> s — A(s) is a smooth family of complex matrices with
an isolated smooth semisimple eigenvalue \(s). Denote by m(s) the spectral projection onto the
kernel of A(s) — A(s)I along its range. Then

7(s) dill.(:) m(s) = s m(s).

Proof. Differentiate the identity (A — A\)m = 0 with respect to s denoting d/ds with a ’ to find
(A=N'7+ (A=)« = 0.
Mulitplying by 7 eliminates the second term to yield
T(A=N'7m+ =0,
which is the desired result. 1
Denote by 7 the spectral projection of L (t, 2’,0,(0,...,0, 1)) = Ay(t,z") onto its kernel,
m(ug, ... ug) = (u1,...,ug,0,...,0).
Proposition 1.1 applied with A(s) = Ag + sA; and A(s) = —7(t,2,0;0,...,s,...,1) with small s

in the ; slot implies that
T AT = v 1<) <d.

In particular, the classical transport operator of geometric optics satisfies
7 L(t,2',0,0) ®# = n(0, + v(t,2').0,) + lower order terms. (1.3)
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Proposition 1.1 with A(s) = A4(t,2',s) and A(s) = —7(¢, 2/, s;0,...,0,1) yields

04, (t, 33/, 0) or /
- 7 = —7 —(t :0,... 1).
™ o s ™ axd( &', xq50,...,0,1)

The transport operator for internal waves, H, is

0A4(t,2',0)

H(t>x;at,r’>zaz) = EL(tax/>Oaat,r)£ +
8xd

20, .

Lemma 1.1 shows that that the principal part of H is a scalar vector field,
H(t, %;04,01,20,) = (0 + v(t,2').Va + 9q7(t,2',0;0,...,0,1)20, ) + lower order terms.

We study semilinear equations whose nonlinear term is an infinitely differentiable (in the real sense)
function G : CV — CV satisfying G(0) = 0.

Main Problem. Describe the behavior of solutions u® to
Lu® +Gu®) = f°, u®=f*=0 when t<O0. (1.4)
where
fE = F(t,l’,l’d/e),
with F(t,z,z) smooth, compactly supported in x, with limits

lim F(t,z,2) = F (t ) (1.5)

+z—00

rapidly achieved.

Define a discontinuous piecewise smooth function

ft,x) = Fi(t,aﬁ), when +xz4>0,

The source term, f¢, is a family converging to f as € — 0. For ¢ > 0, the discontinuity of f is
replaced by a smooth transition layer of thickness O(e).

Passing to the limit € — 0 yields the initial value problem
LU +GU) = f, U=f=0 for t<0. (1.6)

It is known that this problem has a local in time solution, U € L*([0,T}] x R%), whose restrictions,
to the half slabs [0,T1] x {£xz4 > 0} are smooth up to the boundary and compactly supported (see

[RR1], [RR2], [M1]). Denote by U™ the restriction to +z4 > 0.

The uf are smooth and the limit U is discontinuous so that “the convergence is not uniform. The
problem which we solve is to find correction terms to add to U so that the solution € is described
with small error in sup norm.

Define in +2 > 0 N
Ff(t,a',2) == F(t,a',xq=0,2) = F (t,2/,24 =0). (1.7)
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Denote by Z the conormal derivation ¢(z4)0q where ¢ € C*°(R,R) is a fixed increasing function
such that p(t) =t for —1 <t < 1, and ¢(t) = £2 for +¢ > 3.

Main Theorem. Define in {+x4 > 0} x {£z > 0} the principal profile
Ui = T (t,0) + U (t,a',2), (1.8)

where U (t,2',z) € H>([0,T»] x R¥™! x R) is determined as the local solution of the following
nonlinear hyperbolic problem (with 0 < Ty < T}),

(I-m)U5 =0,
. T4 77E Ty e
H(t,z'; 8y 00, 20, ) Uz +1<G(UO leuco + UE) — GUD)) = nFE, (1.9)
Ui|,.y = 0. (1.10)

Then u® — Uy (t,x,xq/c) = O(e) in the sense that if € is sufficiently small then u® exists on [0, T3]
and

Vg, H (Orar » 2, 204)" (u - Uo(t,x,md/a)> — 0(). (1.11)

HLOO([O,Tg] xR%)

Remarks. i. The z0, term in the transport equation (1.9) is not present in the transport equations
describing the propogation of wave trains in geometric optics nor the propagation of singularities.
Proposition 3.4 shows that if coordinates are chosen so that the hyperplanes x4 = const. are all
characteristic then this term is not present.

ii. We construct approximations of accuracy O(£°°) in the next sections.

§2. The ansatz.

The most obvious choice for an ansatz for the approximate solutions fails and it is important
to understand where it fails. It is too restrictive to describe the solution. Introducing a more
permissive ansatz we can do the same for the source term and thereby arrive at a more general
setting.

§2.1. The source.

The exact form taken for the smoothed source is not too important. In particular one can pose
sources of very restrictive form. The danger is that assuming such a restrictive form for the response
may not leave enough flexibility. That is exactly what happens for what appears to us to be the
most obvious ansatz.

In geometric optics, the form for oscillatory functions oscillating with phase ¢(¢,x) is
e .
fE = fa(t7x7¢/€)7 fa(twr) ~ Zgjfj(t7x79)7
§=0

with smooth f; periodic with respect to 6.

The natural internal wave analogue of this with the transition at the surface {z4 = 0} is
fe = Fe(t,x,zq/¢) (2.1.1)
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where F*©(t,x,z) has an asymptotic expansion

[ee]

Fe(t,x,z) ~ Zej fi(t,x,z), where the limits j[lim fit,x,2) = fj[(t,x) (2.1.2)
§=0

are rapidly achieved.

Though this is adequate for the source f¢ in the next section we show why taking an analogous
ansatz for the response fails.

§2.2 The most obvious u° ansatz fails.

A natural choice for u® is to mirror the structure of f¢ seeking u® in the form

z—+oo

u(t, 2 xg) ~ Zej Uj(t,z,xzq/¢), lim U;(t,z,2z) = U;E(t,x). (2.2.1)
j=0

A computation familiar from ordinary geometric optics and simpler than the one performed in detail
in the next section yields the following equations which determine the leading profile Uy(¢, z, 2).

The limits Uoi (t,x) :=limy, o Up(t, x, z) glue together to form a function

Uo(t,x) = Uoi(t,a;) when £xz4>0

which must satisfy the the initial value problem (1.4), whose piecewise smooth solution was our
point of departure. Thus Ug = U.

Denote by Q(¢,z’) the partial inverse defined by

mQ =0, QA4(t,2,0) = I—m7, SO Q= <8 At ?E,)1> . (2.2.2)

The tilde part (called the inner part in matched asymptotics) (73[(15, x’,0,z) is determined as the
local solution of the transport initial value problem in (1.9), (1.10).

The crunch comes with the first corrector equation, and already appears in the simplest case of a
constant coeffient linear 1-d problem. Indeed, suppose that d =1, G = 0 and L := 0; + A0, where
the matrix A = A, is constant symmetric. The problem (1.4) is then

Opu® + Adu = F(t,xz,z/e), ult<o=10.
The corresponding WKB profile equations for the profiles Uy and U, are
A0, Uy =0,

(for the terms in e7!) and,
Uy + A0, Uy + A0, Uy = F,

(for the terms in €°). Now, suppose that Uy and U; satisfy these two equations. Applying the
operator Ad, to the second equation, and using the relation A0,Uy = 0 yelds the equation

O2(A2Uy) = 0.(AF),
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which is clearly NOT satisfied in general, since an integration with respect to z would give the
relation
0= AF(t,x,4+00) — AF(t,z, —00)

which is not true in general. Therefore a smooth corrector U; does not usually exist.

In the general case this obstruction persists. The equation for the € term in {z4 = 0} is,
Agt, 2, 0) 0,01 = L(t,a',0,00.0)00 + GO |oyeo + UE) — GTOT) = Folt, o2 = 0).
The equations for ﬁo guarantee that the right hand side is in the image of A4 so
(I —m)d,0, = Q(L(t, 2',0,0,.2)00 + G(Ug oy + UE) — G(Ty) — ﬁo)

is determined and rapidly decreasing as |z| — oo. However, in order to guarantee that (I —
) (Uy(t, z,400) — Uy (t, 2, —o0)) = 0 requires the moment condition

/ Lt,2',0,0,.)U0(t, 2, 2) + G(Uy loyo + UE) — G(Ug ) — Fo(t,2',0,,2) dz = 0

— 00

for all (¢,2z’,0). This is generically violated, even in the linear case.

Similar difficulties with moment conditions occured in the work of Alterman-Rauch [AR] (see also
[BL], [T]) on short pulses where the natural ansatz would have profiles which tend to zero as
|z| — oo. These authors relaxed the requirement on the first corrector Uy to allow U; to have
nonvanishing limit at z = +00. The moment condition then created a crunch in determining U,
but a first corrector worked. In the present context, the limit of Uy at z = fo00 are already unequal
and the crunch occurs in the determination of U;. We overcome this problem and thereby treat
the internal layers and improve the results on pulses.

§2.3. The transmission strategy.

A hint that the moment condition should not be a fatal stumbling block comes from the following
remark. In Up(t,z,z) one makes the substitution z = x4/e. Thus in x4 > 0 only the limit at
z = oo counts and in x4 < 0 only the limit at z = —oo counts. One never really needs to have both
z = Foo limits. To capitalize on this, it is natural to split the problem according to the two sides
+x4 > 0. This corresponds to the transmission problem strategy which has been successful in the
related problem of viscous perturbations of shocks [GMWZ], and of semilinear discontinuous waves
[S]. In those results on boundary layers and shock structure, many tools have been borrowed from
geometric optics. In this paper the favor is returned as we borrow from them to treat a problem
of geometric optics.

The initial value problem (1.4) is equivalent to the transmission problem

Lut+Gf) = f° in {axq #0}, [(I—E)UE} =0, (2.3.1)

T4 =0

where the square brackets indicate the jump from (¢,2',z4 = 0—) to (¢, 2', 24 = 04).

To advance we make weaker requirements on the approximate solution u® than in the preceding
subsection. The ansatz for u* now has profiles for each half space. Begin with

u® = US(t,x,xq/¢) (2.3.2)
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where, U¢(t,z, z) is compactly supported in x with asymptotic expansions

Us(t,z,z) ~ Z gl Uji(t,a;,z), in {£+x4 >0} x {£z >0}, (2.3.3)
=0

+ _ 77t 7+
Uj (tafaz) - Uj (tax)+Uj (t¢x> Z)a

with U ji rapidly decreasing as =2 — co. We do not require that Ut — 0 when 2z — Foo. In fact,
U? is not even defined at such points.

Because of the rapid decrease, ﬁj (t,x,x4/¢) is essentially supported in an € neighborhood of 4 = 0.
More precisely, in defining u® one always has x4 = €z which suggests Taylor expansion in z4,

Ui (t, 2/, 24, 2) Z xd 8’“ Ui (t,2/,0,2).

Replacing x4 by €z yields an equivalent profile with the property that the z dependent parts depend
only on t,2’, z and not on 4. Note that the x’fl = #2F term appears as parts of the new profile at
order j + k.

This leads to the final form for the ansatz (2.3.2)-(2.3.3) where
+ _ 7T e
Ui (t,x,2) = Uj(t,x) + U (t,2', 2) (2.3.4)
with U ji independent of x4 and rapidly decreasing as £z — oc.

Precisely for U¢ defined on ¢ < T one requires that the support is contained in a compact subset
of [0,T] x R% and for all @ and N >0

N
sup 8f‘xz(UE(t,x,z)—Zsj Uji(t,:v,z))‘ = 0N as € — 0+, (2.3.5)
{0<t<T}x{£zq>0}x{£2>0} =0
and
sup ‘( >Naf‘r Z(Uji(t,x',z) — Uf(t,x))‘ < oo, (2):=(1+]z[)Y2. (2.3.6)

[0,T]x {+z4>0} x {£2>0}

Proposition 2.1. If a family of function u® has an asymptotic expansion of form (2.3.2). .. (2.3.6),
—=* ~ . .

then the profiles U and Uji are uniquely determined.

Proof. The leading barred terms in {+x4 > 0} are given by

U(j)[(t,x) = lim u®(t,z).

e—0t
The leading tilde term in +z > 0 is given by
U (t, 2!, 2) = 111((1)1+ (us(t,az/,sz) — U?(t,x’,az)) : (2.3.7)

8



Inductively suppose k£ > 1 and U ji are uniquely determined for j <k — 1. The U ,;t are given by

k—1
U:(t,x) = lim " (ue(t,a:) - Zsj Uji(t,x,xd/a)> )
0

e—0Tt

k—1
ﬁ,f(t,x’,z) = lim &% <u5(t,x’,sz) - Zsj Uji(t,:z/,ez,sz) — ek U:(t,x/,ez))> .

o+
£— 0

By gluing define

—+
— U, (t h >0
Uj(t,z) = Uj(t:x) when 4 (2.3.8)
U; (t,z) when z4<0.
It costs us nothing to consider the more general problem with sources
e = Fe(t,z,za/e) (2.3.9)

with expansions like those of u®. That is, in {t < Ty < oo} x {£z4 > 0} x {z > 0}, F¢(t, 2, 2) has
asymptotic expansion

Fe(t,x,2) ~ Zsj Fji(t,x, z), Fji(t,a;,z) :Fj-[(t,x) + FE(t,2,2), (2.3.10)
=0

with FjjE defined in +x4 > 0, ﬁji (t,2’,z) defined in £z > 0, both compactly supported in x and
with ﬁji rapidly decreasing as +z — +o0o. The precise form is as in (2.3.2, ..., 2.3.6).

Warning. The main problem concerns smoothed jumps. However, the relaxed expansions (2.3.10)
suggested by the transmission strategy include functions f which are discontinuous across x4 = 0.
Functions f¢ and u® with expansions as above are always piecewise smooth. The source f¢ is
continuous across x4 = 0 to leading order if and only if

Fota mg=0) + fi(t,a',2=0) = fo(t,a", 24 =0) + fy (t,2',2=0). (2.3.11)

Equivalently
[70]“:0 + [fOLZO = 0. (2.3.12)

In this case, the leading term fo(t,2,24/€) in the source is a continuous transition layer of width
¢ which tends in the limit ¢ — 0 to f which is the source term in (1.4). In Lemma 3.1 we will
show that when f€ is continuous to leading order, the same is true of the response u¢. Corollary
6.2 gives a C*° analog.

We assume that

F=7 = ff =0, when t<0. (2.3.13)

There is a second and very different way to generate smoothed sources f¢ which is to take a
standard mollification of the piecewise smooth source f. This second is included in the sources
(2.3.10) as the next Proposition shows.



Suppose that j(t, z) is smooth compactly supported in ¢t > 0 and with integral equal to one. Define
je(t,x) = e 9714 (t/e, z /) and denote by J¢ the smoothing operator which is convolution with ;.
Suppose that f is piecewise smooth and compactly supported on on {t <T} x R? with jumps on

{fd = 0}.

Proposition 2.2. With the hypotheses of the preceding paragraph, f¢ := J¢f has an asymptotic
expansion of the form (2.3.10).

Sketch of Proof. Define
Y(zq) = /j(t,a:',a;d) dtdz’ .

Denote by I'* the operator which is convolution in z4 with e ~'(z4/¢). The smoothness of f with
respect to ¢, z’ implies that the restriction of I'* f — J° f to each half space {£x4 > 0} has compactly
supported partial derivates of size O(¢*°). Thus it suffices to show that I'* f has an expansion.

This reduces to a problem in one dimension on R,, with ¢,2’ as parameters. Consider the one
dimension problem with scalar variable x.

Write f as the sum of a smooth function and a piecewise smooth function compactly supported in
x > 0. T'° applied to the smooth part is equal to the smooth part plus O(e>). This part of I'*f
has an expansion (2.3.2)-(2.3.3) without tilde terms and with a single barred term equal to the
smooth part. This reduces to the case of f with compact support in z > 0.

If f were infinitely flat at © = 0+, then f would be smooth and the difference I'*f — f would be
O(£*°) so that there would be an expansion (2.3.2-3) with the single term f(x) on the right.

Taylor’s Theorem expresses
5E+ kF
Z OLF(0+) + O(=T).

We have just remarked that the O(z%°) term is OK.

For the Taylor term, an exact evaluation yields
Fe(aﬁi) :fya*x’i :Equ(x/a), qr () ::fy*(aﬁ).
Then o
— e £ —
rF o~ S S 04 + o),

|
= K

which is an expansion of type (2.3.2-3) containing only layer terms.

To fill in the details one takes this argument with a finite Taylor expansion with remainder to treat
x < 1. The set x > 1/2 poses no problem. A two member partition of unity suffices to cover x > 0.
This completes the sketch of proof. 1

Proposition 2.3. The set of families u® which have expansions of the form (2.3.2)-(2.3.6) is
invariant under smooth change of coordinates

(ﬂj) = (f(tax)a‘%(th)) ) (t,(l?) - (t(t:j;)wr( 7'%))
which map the half spaces +x4 > 0 to the corresponding halfspaces £Z4 > 0.
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Remarks. 1. This result is local in 2 and we suppose in the next calculations that the families are
compactly supported within the domain where the change of variables is defined. 2. An important
special case occurs if one makes a change of defining function of ¥. If ¢(¢,z) has nondegenerate
zero exactly at x4 = 0, then families of the form v = U(t,z, ¢(t,x)/e) with U;(t,z, z) as before
are the same as those with defining function x4.

Sketch of proof. Denote

Yy = (y07y17"'7yd) - (t7x)7 y/: (907917---ayd71)7

Y= (g0>g1> s agd) = (taj)a g/ = (QOagla s agd—l) .
Suppose that (2.3.2)-(2.3.6) hold. In the new variables we have

~ S (T ) + T (5),a(0)/))

This is not of the desired form because in the layer term one has y4/¢ and not g4/ and the tilde
profile has y4 dependence on the slow scale.

Since the halfspaces are preserved, one has

Ya(9) = a(y) ya

with smooth a. Therefore,

OF (/@) wa(@)/e) = O (y@).a@™) = 7 (5, %)

where

Replacing ‘N/ji by its Taylor expansion

i ~k ak y07"'7gd717072) > Ek Zk ak‘,\/}i(ga‘%/707 Z)
k! gk Pt k! oygk ’
yields an expansion of the desired form. |

§3. The profile equations.

Having settled on the ansatz for u¢, the computation of the equations determining the profiles is a
bit tricky but follows standard practice.

The transmission condition from (2.3.1) is satisfied to O(£°) if and only if for all j,¢, 2/,

0=(I—-m) (U;(t,x’,xd =0+,2=0+) - U; (t,2',24 = 0—,2 = O—))

—(I - n) (Uj(t,x',xd — 04) + UF (a2 = 04) =T, (ta! g = 0—) — Uy (L2, = o—)) .
(3.1)
When these conditions are satisfied one can choose U¢(t,x, z) so that the transmission condition
is exactly satisfied.
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Proposition 3.1. If u® and f° have expansions of the form (2.3.3)-(2.3.6) and u® satisfies the
transmission condition exactly then Lu® + G(u®) — f€ has an expansion

Luf + G(uf) — f* = We(t,m,mqfe) ~ & Wj(t,z,zq/e) (3.2)
j=—1

where W; is compactly supported in x and smooth in x4 > 0,+z > 0, and
-+ —~
Wt z,2) = Wy (t,x) + W, (t,2,2) (3:3)

with Wji (t,2', z) rapidly decreasing as +z — oc.

1

Note that the leading term in the expansion is in €™+ in contrast to the expansion of u¢, f¢ which

start at €°.

Proof. Thanks to the transmission condition, there are no delta functions when one computes
Lu®. Computing L u® in £x4 > 0, one finds

1
Lu® = {(e, t,x,xq/e), e t,x, 2z) = L(t,x,@t,am + g@) Us(t,z,z) . (3.4)

This yields an expansion of the desired type for Lu® as follows. Letting z — oo yields the barred
part

L(t, x, O, (%)Ug(t, x).
The tilde part comes from the difference which is equal to
1 ~
L(t, x,0¢,0p + gaz> Us(t, ', 2).

Taylor expansion yields an equivalent (modulo £*°) operator when x4 = £z with coefficients de-
pending only on ¢, z’

d 00
- 0A;(t,x',0) ek 2k 0
Lta\Ba) = B4 ) ) ( ok W o

j=0 k=0

The tilde part of Lu® has expansion

. 1 -
/ e,+ /
L(t,x 01, 0 + gaz) STk 2).
j
The treatment of the nonlinear term G(U “(tyz,2)|e dzez) is by Taylor expansion yielding
GU(Le2) ~ Y & GHLez).  GHLez) =T (La) +Gta').  (35)
j=0

The leading term G(jf comes from G(UOlL (t,z, z)) The limit 2 — +oo yields the barred part

Gy (t,2) = G(Ty).
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. . —+ —=+ . . .
The tilde part comes from the difference G(U, + Us) — G(Uy ). Taylor expansion in x4 yields the
equivalent expression

00 —* 0 —+
G(Z okU, (t,2',0) ek 2+ +(73E> B G(Z okU, (t,2',0) Ekzk>.

k | k |
P oz’ k! Pt oz’ k!

In this expression one performs a Taylor expansion about the £ terms. Passing higher order terms
in € to the W; with j > 1 yields the £ terms

—+ ~ —+
G(UO |wd:0 + Uét) - G(UO |Id:0) .

An alternate expression uses Taylor’s theorem

GU+V)-GU)=G(U V)V, Gi(U,V):= /1 G'(U + sV)ds, (3.6)
0

SO
—+ ~ —+ —+ ~ 4~
G(Uq oo+ UY) — G(Uy) = G1(Ug lwu—0,Us) Uy - (3.7)

For the terms of order 7 > 1, one has

—+ —+, ==+ —+ —+

~ —+ ~
Gji(t,,f/, Z) = G/(UO |90d:0) F‘]i + K(Ug, ey Uj—l)

where the H, K terms are a smooth function of the earlier profiles. This structure adapts well to a
recursive determination of the U ji. Note that in performing this computation, when one encounters
a product of a barred term and a tilde term, the bar term is replaced by its Taylor expansion at
x4 = 0 in order to give tilde terms which depend only on t, 2/, z.

Combining the above expressions for Lu®, G(u®) with the expansion for f¢ completes the proof. 1

The computation of the terms W; in the above algorithm is straight forward, but the formulas get
complicated.

The j = —1 term comes from
Aata2a) 005 (1a',2) = (Aa(t,2/,0) + (Aa(t,a’,e2) = Auta,0)) ) 0.0 (', 2)

The first summand yields the j = —1 term.

W_y = W_y = Ag(t,2',0)0.UF (t, 2, 2). (3.8)
The j = 0 term comes from
L(t, 2,0, ) UL (t,x) + Ag(t,x) 0,UE + GUE) + e (Aa(t, 2’ e2) — Ag(t,2’,0))0, UL (t, 2, 2) — FE.
Letting z — oo yields the bar part of this equation

Wo = L(t,z,0,.)Uq (t,2) + GTy ) — Fy . (3.9)

13



The tilde part is not as fast since we must extract the z depend profile which does not depend on
4. For the first two terms that comes from Taylor expansion to yield

L(t,a',0,0;,) Ui (t, 2/, 2) + Ag(t,z',0) 8,U .
Writing
Ay(t,a’ e2) — Ag(t,2',0) = e203A4(t,2",0) + O(?),
yields
Wo = L(t,2",0,0, o) UE(t, x) + Ag(t, ', 0) 0.UE + Gy (U loyo, Ui VU +204Ag(t, 2, 0)0. U — FE
(3.9)

The terms W; with j > 1 are similar

—+ —=+

+ + =+
S —F, +HU,,....U;_,), (3.10)

- —t —
W] == L(t, x, at7r)U] (t,$) + G/(UO )U] F]

Wi = L(t,2',0,0, 5)U;" + G'(U§ |oy=0)Uj + Aa(t,2',0) .U 311)
+204Aq(t, 2, 0)0.U — Fi* + K (Uy ..., Uj ).

The exact form of the H and K terms in not crucial. What is important is that they are determined
by earlier profiles and are bar and tilde profiles respectively.

We construct Uji in such a way that all the Wji vanish identically.

The equation W_; = 0 is equivalent to
(I — )0, U (t,2',2) = 0.
Since (75: (t,2',£00) = 0, this is equivalent to Uo satisfying the polarization identity
rUSE(t,a',z) = UE(t,2,z). (3.12)
This together with (3.1) implies the jump condition,
(I - x) (Uj(t,x/,xd — 04) =T (t, 2, g = 0—)) — 0. (3.13)
Setting Wy = 0 yields . . .
LU, +G'(Uy) = Fy . (3.14)

This together with (3.13) shows that ﬁ;ﬁ must be the x4 > 0 parts of the piecewise smooth
solution from (1.4). Thus Uy is equal to the function U from (1.4).

Setting E/VI\?Oi = 0 yields the nonlinear hyperbolic equation determining (70,
rL(t,2',0,8,0)1 UE + 1 G1(Ty |oyeo, UE)VTE + 1 204 Aa(t, 2/, 000,05 = nFiE, (3.15)

Uf =0 when t<0. (3.16)

The operator H from the introductory section appears here. In particular, equation (3.15) is a
transport equation along the integral curves of 9; + v.0, + 047 20,.

14



Formula (1.3) shows that (3.15) is a nonlinear transport equation with velocity parallel to {4 = 0}.
Therefore the initial value problem (3.15)-(3.16) uniquely determines ﬁgﬁ from Efoi. The rapid
decay of (75: as £z — oo follows from the corresponding decay of ﬁoi The proof of the rapid decay
is parallel to that of Proposition 2.3 of [G3].

For the next Proposition, recall that the leading term in the expansion of f¢ is continuous across
xq = 0 if and only if (2.3.12) is satisfied. A similar assertion holds for u®.

Proposition 3.2. If the source term f¢ has expansion (2.3.2)-(2.3.6) and satisfies (2.3.12), then
the profile U, satisfies _

Uol,p—0 + [U0].p = 0.
In this case, the piecewise smooth leading term Uy(t,z,x4/¢) is continous across {xq = 0}.

Proof. The ingredients in the analysis are transport equations for the jumps in Uy and (70
separately. To derive the first start with

LT) +G(T) =Fy,  [(I-mTo] = 0.

Thus at 4 = 0 the last N — k componentsias well as their tangential derivatives are continuous.
Multiplying the differential equation for U, on the left by = and subtracting values at x4 = 04
yields
+ —t +
nlx [Ug] +x[G(T,)] = =[F]. (3.17)

At the same time evaluate (3.15) at z = 0 and take differences as z = 0+ to find
/ Fr+ 77+ Fr+ 77+ ot
EL(ta € 707 at,x)ﬂ |:U0 ] + E([G(UO ‘:Cdzoi + UO ‘Zzoi)] - [G(UO ‘Zzoi)]) = E[F() ] Y (318)

Denote by
X =alxnx = g(at + v(t, 3:’).895/) + order zero terms.

Let — ~
w(t,x') = [UO]“:O + [Wo],_, = mw.

Adding the transport equations for EWO]“:O = WO]IdZO and E[ﬁo]zzo = [ﬁg]zzo the jump in
G(Uy) terms cancel yielding

Xw+x[GT; gm0z + U lomo+)] = a([Folay=o + [Fol:=0) = 0.

The last equality uses (2.3.12).

Using the definition of (G; and the fact that w = mTw transforms the nonlinear term to yield
Xw+£G1(Ug|md:0i+(76|Z:0i,w)w =0, w=0 when t<0.

The G coefficient is unknown but smooth so this is a linear homogeneous transport equation for
w with vanishing initial data. It follows that w = 0. 1

At this point the function Uy(¢, x, z) is determined, and with that determination one has
+ Tt Tt
W4 =Wy, = oWy = 0.
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The crunch described in §2.2 occurs when one tries to determine U; so that (I — E)Woi =0. In
+x4 > 0, we have from (3.7) and (3.14),

(=)W = Aa(t.a’,0)0.0F + (1 =) (L(t,2',0,0)05 + G1(Tg laymo, U U5 = F) -

Setting this equal to zero and integrating from z = +oo yields for 2 > 0

(I -o)Uy = /OO QU =m)(LTF + G1(Ty om0z ), Uk — Fy') dz, (3.19)
(I-mU; = —/ QU =m)(LUs + 1T om0, U T = Fy )z (3.20)

No moment condition is needed.
This sets the stage for a recurrence. The equations T/VjlL =0 for j = 0,1,...,k are satisfied by
imposing profile equations for Uy, ..., Uk,l,ﬂﬁk.

To see the pattern we continue to complete the determination of U;. The equation W, = 0 from
(3.11) yields

L0..)Uy + G U)T; + HU,) = Fy  when +14>0. (3.21)
The equation W, = 0 from (3.11) is then
L(t,2',0,0,,2)Ui (t, 7, 2) + Aa(t, 2',0) 0.U5 + £G' (U |y—0) Uit + 204 Aa(t, o’ ,0)0.UF = F-.

Place the already determined (I — E)ﬁli with the source terms and multiply by = to find with
X =xnlnw

(X + 204 A4(t,2",0)8,) U1 + 2G (U |4ymo)UE = nFF —xL(I —m)UF .

This is an inhomogeneous linear tranport equation for Eﬁli parallel to z = 0. Adjoining the initial
condition

rr+

T Uj |t<0 =0,

the function 70U £ is uniquely determined.
Aside. Typically Uj is discontinuous across x4 = 0 and ﬁj is discontinuous across z = 0. However

when f€ is smooth, we show in Corollary 6.2 that modulo an infinitely small modification, u® is
smooth.

With ﬁli in hand, the j = 1 case of the transmission condition (3.1) yields
—+ ~
(I —m)U, ]IFO = —[h],_,- (3.22)

From (3.19)-(3.20), the right hand side is known. Therefore U, is determined as the unique smooth
solution of the inhomogeneous transmission problem (3.21-22) which vanishes for ¢ < 0. We recall
that to solve this transmission problem one observes that the system (3.21-22) is equivalent to the
system ~

LU, + G (Uy)U, + H(Uy) = —Aq[Ut]{z=0y 6(za) + F1.
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Assume that the right hand side is given on a domain | —o0o, 7] x R%. Choose v € L?(] — oo, T] x RY)
such that vy := v|1y,50 € H®(] — 00, T] x RL) and [v],,—0 = [U1].—0 € ker, with v|;<o = 0.
Construct the solution U; as U; = v + w where w satisfies

Lw+ G Ug)w+HUy) =F;+g on]—o0,T] x R%, Wlt<o =0.

Here g is a piecewise smooth function equal to Lvy +G’(Ug)vs +H(Ug)+ on £24 > 0. This system
for w is a continuation problem for a linear hyperbolic system with a discontinuous piecewise-H *°
source term, which admits a unique and piecewise-H*° solution following classical results on the
propagation of singularities in hyperbolic systems ([B], [RR1,2], [M1,2]). We use in a strong way
the transmission structure of the conditions (3.22).

The problem is not treated as a characteristic boundary value problem. It is treated as an inho-
mogeneous initial value problem. This is an important point because at present there is no general
theory of the characteristic boundary value problem for strictly hyperbolic systems. However,
for symmetric systems such results are available ([R], [MO], [G1]2]), and this boundary value
problem approach, followed in §7, yields complementary results.

Having now determined Uy, Uy, the equations W_; = Wy = W, = E/WZ = 0 are satisfied as well
as the cases 7 = 0,1 of the transmission condition (3.9). The inductive definition of the profiles

continues by setting (I — E)Wl = 0 determining (I — 7) Us, and so forth.
The data for the next proposition is the following.

. —=* . .
1. A sequence of functions F'; (¢, x) indexed by j > 0 and +, smooth on | — oo, Tp] x {zq > 0},
supported in {t > 0} and compactly supported in x.
2. A sequence of function fji(t, x’, z) indexed by j > 0 and 4, smooth on | — oo, Ty] x R~ x {42 >
0}, supported in {t > 0}, compactly supported in 2’ and rapidly decreasing as +z — oc.

Denote by

Of ={(t,x) eERxR: t<T, 24>0} and Oy :={(t,2) ERxR?:t<T, x4 <0}.

Proposition 3.3. Existence and unicity of profiles. There is a 0 < T} < Ty and a unique
maximal solution Uy € L2, (] — oo, T1 [xR?) to

L(Uo) + G(Uo) = F, Uo = 0 when t<O0.

The solution is piecewise smooth and for any T' < Ty the restriction U, to O% is in HOO((’)%) and
compactly supported.

There is a Ty €]0, T1] and a unique maximal solution (70“: € C22 (] — oo, To[xR¥™! x {£z > 0}) to

(3.17-18). The layer profiles (70+ and ﬁg are compactly supported in x’ and rapidly decreasing as
+2z — oo uniformly on compact time intervals.

If T3 €]0,Ty[ and j > 1, then there are uniquely determined Uj[ (t,x) € H> (0%3) and (7]7: (t,2',2) €
H> (] —00, T3] x {£z > O}) which satisfy the profile equations derived above. They are compactly
supported in x and the Uji are rapidly decreasing as £z — o0.

One of the most striking aspects of this construction is that the transport operator H has a different
vector field than the standard transport in geometric optics. One could think that the new 20,
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term represents a fundamentallly new effect. The next result shows that in fact it can be eliminated
by choosing local coordinates so that the hyperplanes {z; = const.} are all characteristic. This
can be done, for example by defining ¢ (¢, x) locally as the solution of the eikonal equation

atw - T(tu Z, vww) ) 1/}(07 flf) =Xxq -
In the new coordinates #(t,z) := (z',4(t,x)), t = t, the hyperplanes Z; = const. are characteristic.

Proposition 3.4. If the hyperplanes x4y = const. are characteristic, then the coefficient mOgAqm
of the 20, term in H vanishes identically.

Proof. The algebraic lemma of geometric optics implies that

or(t,x’,0;0,...,0,1)

T OgAg ™ =

T 04Adq T By
Since the hyperlanes are characteristic it follows that 7(¢,2’,24;0,...,0,1) = 0. Differentiating
with respect to x4 proves the Proposition. |

84. Approximate solution and residual estimates.

Suppose that T3, I}, and U; are as in the above proposition. Borel’s theorem provides functions
Fe(t,z,z) and U®(t,z,z) compactly supported in z, so that in [0,75] x {£z4 > 0} x {£z > 0}

Fe ~ Z Eij:t(t,{L',Z), Ue ~ Z EjU]i(t,x,z). (4.1)
j=0 =0

Define sources and approximate solutions by
fe(t,x) == Fe(t,x,xq/€), ut(t,z) == U(t,x,xq/e). (4.2)
Thanks to (3.1), the function U¢ can be chosen so that (I — 7)u® is continuous across {xq = 0}.

Aside. The source term can be chosen continuous if and only if the profiles F; satisfy for all j,

7T

(' xa =0)+ Ff (t,2',2 =0) = F, (t,2',24 =0) + F; (t,2',2=0). (4.3)

There are analogous necessary and sufficient conditions for membership in C*.

Denote by ug,,. the solution of
Lulo + Gucar) = f°, Ugpaet =0 when ¢t <O0. (4.4)
Define the error E¢(¢,x) by
Eo(t,a) = e — u° (4.5)
Similarly define the residual r¢(t,x) by
re(t,z) = Lu® + G(u®) — f©. (4.6)

The next Proposition is an immediate consequence of the construction of the preceding section.
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Proposition 4.1 When the profiles U; are constructed satsifying the equations of §3, the residual
r¢ satisfies the conormal estimates

VN Z Oa VOZ, Vp € [2’ OO], H(at,x/ ’ Z)aTEHLp([[),T:,.]XRd) = O(gN)’ (47)
and piecewise estimates
VN Z 07 v67 Vp € [2700]7 H(at,:c’ ’ Z7 Ead)ﬁraHLP([[)7T3]><{ixd>0}) = O(EN) : (48)

When the sources f° are smooth, u,,. is smooth. In this case, the approximate solution is
piecewise smooth and Lemma 3.1 shows that the jump in the approximate solution vanishes to
leading order. In Corollary 6.2 we show that u® is smooth to infinite order in the sense that the
jumps in the derivatives of u® have asymptotic expansions all of whose terms vanish, so that there
is an equivalent family u® which is smooth.

§5. Conormal existence and stability.

The next two results are consequences of standard conormal theory ([RR1], [RR2], [M1], [M2])
applied to the transmission problem (2.3.1). If  is an open set in R x R%, denote by

H™(Q) = {u € L2(Q) : Y]a| <m, (84, 8y,2)%u € L2(Q)},
equipped with the natural norm

HUH%Igg(Q) = Z H(atﬁx”Z)aUH%%Q)-

lal<m

If dist(Q, {zy = 0}) > 0 then H™ () coincides with the usual Sobolev space H™(2). When Q
intersects {x4 = 0}, the functions in H(€2) are allowed to be singular on {z4 = 0}. If U(¢,x, 2)
is a profile as in Section 3, defined on =] — 0o, T] x R? x R, the function v°(¢,z) = U(t,x,z4/c)
belongs to H () for every € > 0 fixed (recall that in general U(t,z,z) is not continuous across
{zq4 = 0}). Moreover, v¢ is uniformly bounded in H7'(Q2) as € — 0,

sup HU(t,x,xd/s < 0.

0<e<1 M’H;(Q)

An important result concerning conormal waves in semilinear hyperbolic systems is that the con-
tinuation problem is well posed in the space of bounded and conormal fonctions, L NH. Another
important point is that once a solution is in H>™, then regularity for m normal derivatives propa-
gate on each half space {4z, > 0}, following the rule! ”one normal derivative costs two conormal
derivatives”. We can take m = oo, so the solutions are piecewise H. This is rigourously stated

in the next proposition and proved in [RR1],[M1].

Proposition 5.1 Suppose that 0 < T < oo and the source f(t,x) is piecewise smooth and
compactly supported in z. Then the transmission problem (2.3.1) has a unique maximal solution

More precisely, the propagation of regularity holds in the space defined by 8§u € H2m=2k | =
0,---,m.
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u € L (] — oo, T*[xR?) which for any T < T* is piecewise smooth and compactly supported in

loc

] — 00, T] x R

In order to apply the next result to the transmission problem (3.3.1) as well as to the error equation,
consider a slightly more general equation of the form

Lu+ F(a,u) = f in]—o00,T] x R?, = 0,

“|t<0

where F(.,.) is a smooth function of (a,u) € RN x RN. The function a is a parameter of the
problem, and, F(-,0) = 0. In the next proposition let

Or =] —00,T] xR%.

Theorem 5.2 ([RR1], [M2]) There is an m(d) < oo so that if N> m > m(d), T >0, and a, f €
L>(Or) N HZ(Or), with fli<o = 0, then there is T" > 0 and a unique u € L*(Op/) N H2(O7)
satisfying

Lu+ F(a,u) = f in Op/, and u|t<0 =0.

In addition there is a there is a constant ¢ = ¢(R) so that if ||al| L~ (o) + [|a|lam©r) < R, then

ull Lo (0,0) + Nullmop) < em(R) (Iflop) + 1 fllam©oL0) ) - (5.1)

Moreover, if the quantity | f|r=o.) + [|fllzmor) < R is small enough one can take T' = T.

Finally, if a and f belong to H™ (Or) with m’ > m, then the life span of the L N H" solution
and of the L> N Hgg’ solution are the same.

Proposition 5.1 follows from Theorem 5.2 applied with m — oo.

§6. Validity of the asymptotic expansion.

By construction, the error E° defined in (4.5) satisfies

LE® + G1(u®, E°)E® = —r®, and E8|t<0 = 0. (6.1)

Theorem 5.2 applied to system (6.1) together with Proposition 4.1 imply the following theorem,
which is our main result.

Theorem 6.1 Suppose that T3, profiles U;, F;, source f¢ and approximate solution u® are as in §3
and Proposition 4.1. Then there is an g > 0 so that for 0 < € < g¢ the transmission problem with
source f¢ has a unique compactly supported piecewise smooth solution ug, .. on ] — oo, T3] x R<.
The error is infinitely small in the sense that

VYN >0, Vo, Vpe€[2,00], ||(Ore, Z)*(u® —ugxact)HLp(m,Tg]XRd) = 0(eN), (6.2)

and

VN >0, V3, Vpe€ 2,00, H@ﬁ (u° — Uraer) = 0. (6.3)

HLP([O,Tg.]x{iwd>0})
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Proof. a. The existence of E° on | — 0o, T3] follows from Theorem 5.2 and from the fact that 7€ is
O(e®) in L™ and in H]?. The estimates (6.2) with p = 2 are direct consequences of the estimates
(5.1) in Theorem 5.2.

b. For p = 2 again, the estimates (6.3) follow from the classical principle of ”one normal derivative
for two conormal derivatives”, that we do not detail here. Just note that each normal derivative
of u® causes a loss of one power of ¢ in the usual estimate, hence a loss of €* in the estimation of
Ok B¢ leading to the following estimate

18,0, 5 Z,604)E° || L2(0rn{zaa>0p < O(EN).

Since N is arbitrary, the estimate (6.3) follows.

c. The estimates with p = oo are obtained by using the estimates with p = 2 and Sobolev’s
inequality. 1

Remark. This shows that the L> error in the leading term approximation is O(e). That this
cannot be improved follows from the fact that the correctors are O(¢).

Proposition 3.2 proved that if f¢ is continuous to leading order, then the same is true of u®. The
next result generalizes this to infinite order. The interested reader can fill in the finite order results
and thereby give an independent proof of Proposition 3.2.

Corollary 6.2. Suppose that f€ is smooth across across {xq = 0}. Then

oFus
Vk, VYN >0, [—k} =0(N).
axd :CdZO
There is a possibly different choice of U® with the same asymptotic expansion so that the approx-
imate solution u® := U®(t,z,x4/¢) is smooth.

Proof. Differentiating the expansions for u in £x4 > 0 shows that the jump has an asymptotic
expansion

(0 )]~ S V()
j=0

:Ed:O
with V; determined by the germ of Uj[ at x4 = 0 and the germ of (7]7: at z =0.

£

The smoothness of f¢ implies the smoothness of u_ . so that for all k the jump in 0% L Uexact

vanishes. Theorem 6.1 then implies that the jump in 9% u® is O(e>).

It follows that all of the V; vanish identically. The standard constructive Borel summation argument
yields U and therefore u° for which these jumps vanish (see for example [RK]). 1

Examples. The sources at the start of §2, and also the mollified sources from Proposition 2.2
satisfy the hypotheses of this Corollary.

§7. The initial boundary value problem approach.

In this section we assume that the system L is symmetric hyperbolic. Instead of introducing
transmission problems we treat an equivalent boundary value problem in the domain {x4; > 0}.
On {z4 > 0} let

v (t,x' zg) = (ue(t,x',xd), us(t, 2, —a;d)), xqg > 0.
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For the unknown v°, we have the hyperbolic mixed initial boundary value problem

LR +GHo") = f* in {t <T} xR x {awq >0},  o°|,_ =0, (7.1)
with boundary conditions
Mv® =0 on {z4=0}, M = (IBE _IO+£> . (7.2)
The operator L¥ is 9; + > Agaj + Bf with
: (A 0 t._ ( Ad 0
Aj (k) = < 0 Aj(t,a;/,—xd)> ’ Ag = < 0 —Aut,a',—zq) ) - (7.3)

The definitions of G¥, B¥ and f* are clear.

The large system is symmetric, and the boundary conditions (7.2) are mazimally dissipative in
the sense of Lax and Phillips [L.P], (see also [A], [S]). Formula (1.2) shows that the boundary
{zq4 = 0} is characteristic of constant multiplicity for the operator L#. The results of Rauch and
Gues ([R], [G1], [G2]) apply to the system (7.1)-(7.2) which therefore has a unique solution in
H*>(] — 00, T] x R%), for some T > 0, independent of ¢ €]0, 1].

More generally, it is natural to consider the hyperbolic initial boundary value problem with general
maximal dissipative boundary conditions. For T" > 0, denote

Qr = {(t,z) eR"™ 1 t < T, 24 >0}, and Tp = {(t,z) eR™ 1t < T, 24=0}.
Returning to the notations of §1, consider the problem

Luf +Guf) = f¢ in Qp,
w e N on Trp, (7.4)

u8|t<0 = 0.

where N (t,z') is a smoothly varying maximal negative subspace of RY for the quadratic form
(Aq(t,2’,0)-, -). In contrast with §1, f¢ is defined only in {z4 > 0}.

Define P(€27) to be the set of fonctions V : Q7 — R of the form
V(t,z) = V(t,z)+ V(t,2',2)

with V. e H®(Qp) and V € H®(I'y x [0, +00|) with rapid decay to 0 when z — 0 for the tilde
part,
VpeN,VkeN,Va e RLVI e N:  sup |229F0%0'V| < oo.
Qr

We assume that
fa = Fe(t,li,ibd/&)
with -
Fe(t,x,z) ~ Z el fj(t,r,2), with f; € P(Qrp,)
=0
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for some given Ty > 0, and with
fil,.o = 0.
We seek a response u® defined on Qp for some 7' > 0 independant of €, and of the form
us(t,z) ~ Z eIV,(t,z,z4/c), where V; € P(Qr).
j=0

Introduce the solution of the € = 0 limit problem. By the results of [G1], [S], there exists T1 > 0
and a unique VO € H>(Qp,) satisfying

IVO+G(VO)=f0 in Qf,
VO e N on I'p, (7.5)
Vo _, =0

The operator H is as in §1.
Define (for some 0 < Ty < T}), VO € g (I'r, x R4) as the unique solution on I'y, x R4 of the

system

(I —m)VO = 0,
HVO+x(G(VI+VO)—G(V0)) = nf0 in Tp, xRy, . (7.6)
Vo‘t<0 = 0.

There is no need of boundary conditions on {z = 0} since the boundary {z = 0} is totally
characteristic for the operator H.

Theorem 7.1. Let VO := VO + {fvo, with VO and VO defined above. For ¢ small enough, the
system (7.4) has a unique solution u® € H*(Qr,) on Qp, and

Va, H@W 2, e80)%(uf — VO(t,z, 14 /s)(

= O(e).

LQ(QT2 )ﬁL‘X’ (QT2)

The structure of the proof is the same as for the Main Theorem in §1. The first step is to construct

an approximate solution
(o]

ug (t,x) ~ Z eI Vi(t,x,xq/c)
0
on Qr,. The first profile V? is found by solving the profile equations (7.5) (which gives V' and T 1)

and (7.6) (which gives VO and T5). The other profiles V,, j > 1, are then obtained by induction,
solving linear well posed problems on the domain 27, x Ry. The resulting approximate solution
satisfies
Lui + G(ug) = f+r° in Qp,
ue € N on I'r,
ugl, .o = 0.
where [|0%7¢||L2(arp,) = O(e*), for all @ € N4*1 and k € N.

The second step is to look for the exact solution u® as u® = u;, + w® where w® is the solution of

Lw® 4+ G4 (ugv ws)we = —r° in QTQ )
w® € N on Ip, (7.7)
w8|t<0 =0,
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where G1(a,b)b := G(a + b) — G(a) as in formula (3.6). In this system, the functions a° are
bounded in the space L>(Qp,) N HZ (21, ), whose definition was recalled in Section 5. The results
of [G1],[G2] apply to the problem (7.7) showing that for 0 < € < gy with £¢ small enough, there
exits a unique solution w® € H*({lp,), uniformly bounded in L*>(Qp,) N H2(Qr,) and which
satisfies for all @ € N1 and n € N,

Theorem 7.1 follows. 1

(Or,0, 2,€04) " w® || L2(0r,)) < CaN eN.
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