Dense Oscillations for the Euler Equations II

J.-L. Joly^∗ CEREMAB URA 226 CNRS Université de Bordeaux I 33405 Talence, FRANCE

G. Metivier^∗ IRMAR URA 305 CNRS Universitè de Rennes I 35042 Rennes, FRANCE J. Rauch^∗ Department of Mathematics University of Michigan Ann Arbor MI 48109, U.S.A.

The fact that the resonant interaction of a finite number of oscillatory wave trains might lead, to the creation of an infinity of waves was suggested by Hunter, Majda, and Rosales in §6.2 of [1]. To avoid this possibility they systematically assumed suitable finiteness hypotheses on their phase functions. Joly and Rauch [2] constructed a system of semilinear wave equations in spacetime of dimension 1+2 where waves propagating in a set of directions dense in the unit circle were created. Their intent was to show that nonlinear geometric optics in higher dimensions would not be possible without a finiteness hypothesis. Exactly this unlikey goal was achived in [3, 4]. Schochet [6] then gave an alternate proof in a special case sufficiently general for the examples of this note. Our paper [5] proved that such dense oscillations can be generated by the 1+2 dimensional inviscid compressible Euler equations. In this note we recall and refine that result, answering one of two questions posed at the end of that paper.

The isentropic Euler equations are a 3×3 system of quasilinear equations of the form ∂_tu + ∑ 1≤j≤2 A_j (u) ∂u ∂x_j , with coefficient matrices A_j (u) defined from

∗Partially supported by the North Atlantic Treaty Organization, the Office of Naval Research, and the National Science Foundation under grants CRG 890904, N 014 92 J 1245, and DMS 90 03256 respectively.

(∂_t + v_1∂_1 + v_2∂_2)v_1 + (p^′(ρ)/ρ)∂_1ρ = 0 (1) (∂_t + v_1∂_1 + v_2∂_2)v_2 + (p^′(ρ)/ρ)∂_2ρ = 0 (2) (∂_t + v_1∂_1 + v_2∂_2)ρ + ρ(∂_1v_1 + ∂_2v_2) = 0 (3)

The same phenomena occur in the nonisentropic case. The present setting is chosen for simplicity. The state vector is denoted u := (v_1, v_2, ρ). Our solutions will be close to a background state u := (0, 0, ρ) which has the fluid at rest and the density constant. In [5] we constructed a family of smooth solutions

u^ϵ = (0, 0, ρ) + ϵ U(t, t/ϵ, x_1/ϵ, x_2/ϵ) + O(ϵ^2) ∈ C^∞([0, t_1] × R^2) . (4)

The smooth profile U(t, T, X) is a periodic function of T, X and the solutions u^ϵ are periodic in x. The error is measured in the L^∞ norm with a loss of a factor 1/ϵ for each derivative taken, that is | | | | | |∂^β ( u^ϵ − ((0, 0, ρ) + ϵU(t, t/ϵ, x_1/ϵ, x_2/ϵ)) )| | | | |_{L∞([0,t1]×R2)} = O(ϵ^{2−|β|}) . (5)

More general oscillatory solutions would have profiles U(t, x, T, X) depending also on x. For the solutions in 4, the oscillations at time t are essentially the same at all positions x. For this reason we refer to them as homogeneous oscillations in analogy with homogeneous turbulence.

The theory of Nonlinear Geometric Optics [3, 4, 6] provides the following recipe. Given smooth periodic initial data U(0, 0, X) there is a nonlinear evolution equation which is locally solvable determining U(t, T, X) for 0 ≤ t ≤ t_1 for some t_1 > 0. Then for ϵ small, the solution of the Euler equation with initial data u(0, x) = u + ϵ U(0, 0, x/ϵ) , (6) is smooth on [0, t_1] × R^2 and the relation 5 holds.

Denote by L(∂_T , ∂_X ) the linearization of the Euler equations at the background state u. Then L is a constant coefficient strictly hyperbolic partial differential operator. For any γ = (γ_0, γ_1, γ_2) ∈ R^3, L(γ) denotes the symbol of L. The characteristic variety of L is given by the equation

det L(γ) = γ_0(γ^2_0 /c^2 − γ^2_1 − γ^2 ) = 0 , c := √ p^′(ρ) . (7)

Here c is the speed of sound and the characteristic variety is the union of the horizontal plane γ_0 = 0 and the speed c light cone.

The first of the equations determining U is that, as a function of the fast variables T, X, U is a solution of the linearized equation L(∂_T , ∂_X ) U(t, T, X) = 0 . Thus standard linearization yields the approximate solution u+ϵU(0, t/ϵ, x/ϵ) , which is accurate only for times t small compared to ϵ. Expanding U in a Fourier series yields U(t) = ∑ γ U_γ (t) e^{iγ.(T,X)} . (8) The sum is over γ from the characteristic variety and the corresponding amplitude U_γ belongs to the kernel of L(γ). The solutions 1.4 have as principal contributions the terms ϵ U_γ (t) e^{iγ.(T,X)/ϵ} which are plane waves of amplitude and wavelength of order ϵ. When γ_0 = 0, the corresponding waves are stationary and are called entropy or vorticity waves. Otherwise, they are acoustic waves which move with speed c in the direction of the unit vector (γ_1, γ_2)/|γ_1, γ_2|.

Denote by E_γ the spectral projection of R^3 onto kernel L(γ). Then E_γ = |r_γ >< l_γ | for normalized right and left eigenvectors r_γ and l_γ . Introduce the operator E on trigonometric series by E( ∑ γ V_γ (t) e^{iγ.(T,X)}) := ∑ γ E_γ V_γ (t) e^{iγ.(T,X)} . (9)

The equations determining the profile U from its initial data U(0, 0, X) are then EU = U , and E ( U_t + ∑ j (A_j U) ∂U ∂X_j ) = 0 , (10)

A_j := D_uA_j (u) .

The main result of [JMR ] studies the behavior of the solution of 10 with initial data so that U(0, T, X) = r_α f(α.(T, X)) + r_β f(β.(T, X)) + r_ν f(ν.(T, X)) (11) α := (c, 1, 0) , β := (0, 1, 0) , and ν := (0, 3, 4) , consists of three plane waves. The function f is given by f(θ) := ∑ n∈Z e^{−|n|} e^{inθ} . (12)

Definiton 1 Denote by Λ the lattice of integer linear combinations of the vectors α, β, and, ν.

The characteristic covectors in Λ are precisely the wavenumbers one expects to find in the spectrum of U generated by nonlinear effects. In [5] we analyse the initial value problem 1.10, 1.11. There is a unique local solution U ∈ C^∞([0, t_1] × R^3) which is 2π/c, 2π, 2π periodic in T, X_1, X_2. The spectrum of U(t) is contained in the characteristic points of Λ. Concerning the set of amplitudes which are ignited we prove the following.

Theorem 1 The set of characteristic points γ := (τ, ξ) in Λ ∩ {τ = c|ξ|} have directions ξ/|ξ| dense in the unit circle. In addition for any γ in this set which is not proportional to any of the five vectors (7, −24), (±3, 4), (1, 0), (0, 1) one has

d^2U_γ (0) dt^2 ≠ 0 , and, d^j U_γ (0) dt^j = 0 for j = 0, 1 . (13)

This result asserts that waves traveling in directions dense in the unit sphere are generated by the nonlinear interaction of three waves present initially. The above result does not asssert that the U_{τ,ξ}(t) are all nonzero for a particular t. In this note we provide a simple proof that they are all nonzero except for at most a countable number of t. We leave unanswered the question of whether for some 0 < t_2 < t_1, they are all nonzero for 0 < t < t_2.

Theorem 2 For the solution U(t, T, X) of the last theorem, each of the functions U_γ (t) is real analytic on [0, t_1] . In particular, for the τ, ξ for which 13 is proved, the U_{τ,ξ}(t) vanishes for at most a finite set of t ∈ [0, t_1] . Proof. We indicate two different arguments showing that U(t, T, X) is real analytic. The first is an application of the abstract Cauchy-Kowalewski theorem to the initial value problem 11-12. Toward this end introduce a scale of Banach spaces.

Definiton 2 B_s is the Hilbert space of triply periodic solutions of the linearized equation, F (T, X) = ∑ λ∈Λ F_λe^{iλ.(T,X)}, E_λF_λ = F_λ (14)

such that ∑ ||F_λ||_C3 e^{s|λ|} < ∞ . (15)

The abstract treatment of the Cauchy-Kowalewski Theorem (see [9] and the references therein) applies virtually without change in the present setting. It shows that if U(0) belongs to B_σ for some σ > 0, then there is a t_3 > 0 and a unique solution U of 10,11 on t < t_3 such that for all t < t_3 U is continuous on [0, t[ with values in B_s(t) with s(t) of the form σ − λt for some constant λ. Using the equation to express time derivatives in terms of spatial derivatives it follows that U is a real analytic function of t, T, X for 0 ≤ t < t_3. Therefore all the Fourier coefficients U_λ(t) are real analytic on [0, t_3[.

The advantage of this method is that it is quick and easy. The disadvantage is that it applies on a possibly shorter interval [0, t_3]. For hyperbolic Cauchy problems the analogous gap was filled by the result of Mizohata [7] in the linear case and by Alinhac and Metivier [8] in the nonlinear case. They show that for real analytic initial data, solutions remained real analytic as long as they are C^1. Their proof extends to the present context without essential modification. The main difference is the presence of the factor E in the equation for the profile U. However, E commutes with derivatives and is bounded on H^2(T^3) which is all that is needed to control it. For the proof one estimates the rate of growth of the derivatives of U as the order of derivation increases. One proves by induction on |α| > 1 that there are constants M, λ, σ such that for t < t_1 ||∂^α_{T,X} U(t, ., .)||_H2_{(T}3_) ≤ Mσ^{1−|α|} (|α| − 1)! |α|^2 e^{(|α|−1)λt} . (16) To prove 16, differentiate the equation for U to find

∂_t ∂^αU + E( ∑ j (A_j U) ∂_{Xj} ∂^αU) = EG_α , (17)

G_α := ∑ 0<β≤α (^α_β )A_j ∂^βU ∂_{Xj} ∂^{α−β} U . (18)

The basic energy estimate for the profile equation then shows that

||∂^αU(t)||_H2_{(T}3_) ≤ ||∂^αU(0)||_H2_{(T}3_) + C ∫_t 0 ||G_α(t^′)||_H2_{(T}3_) dt^′ (19)

with a constant C that depends on the C^1 norm of U. For the details of the proof of 16 using 18 and 19 see [8].

This shows that U is real analytic on [0, t_1] × R^3 which implies the analyticity of the Fourier coefficients U_γ (t). ♦

References

[1] J. Hunter, A. Majda, and R. Rosales, Resonantly interacting weakly nonlinear hyperbolic waves II: Several space variables, Stud. Appl. Math. 75(1986), 187-226.

[2] J.-L. Joly, and J. Rauch, Nonlinear resonance can create dense Oscillations, in Microlocal Analysis and Nonlinear Waves eds. M. Beals, R. Melrose, and J. Rauch, IMA Volumes in Mathematics and its Applications, vol. 30, Springer Verlag.

[3] J.-L. Joly, G. Metivier and J. Rauch, Remarques sur l’optique géométrique non linéaire multidimensionelle, in Séminaire Equations aux Dérivées Partielles de l’Ecole Polytechnique, (1990-1991), éxpose 1.

[4] J.-L. Joly, G. Metivier and J. Rauch, Coherent and focusing multidimensional nonlinear geometric optics, Ann. Sci. de l’Ecole Normale Superieur, to appear.

[5] J.-L. Joly, G. Metivier and J. Rauch, Dense Oscillations for the 2-d compressible Euler equations, in Nonlinear Partial Differential Equations and their Applications, College de France Seminar 1992-1993 eds. J.-L. Lions and H. Brezis, North-Holland, to appear.

[6] S. Schochet, Fast singular limits of hyperbolic PDEs, Journal of Differential Eqns.

[7] S. Mizohata, Analyticity of solutions of hyperbolic systems with analytic coefficients, Comm. Pure Appl. Math. 13(1961), 547-559.

[8] S. Alinhac and G. Metivier, Propagation de l’analyticité des solutions de systèmes hyperboliques non-linéaires, Invent. Math 75(1984), 189-204.

[9] S. Baouendi, and C. Gaoulaouic, Remarks on the abstract form of the nonlinear Cauchy-Kovalevsky theorem, Comm. P. D. E., 2(1977), 1151- 1162.