FOCUSING OF SPHERICAL NONLINEAR PULSES IN R't3, II.
NONLINEAR CAUSTIC

REMI CARLES AND JEFFREY RAUCH

ABSTRACT. We study spherical pulse like families of solutions to semilinear
wave equations in space time of dimension 143 as the pulses focus at a point
and emerge outgoing. We emphasize the scales for which the incoming and
outgoing waves behave linearly but the nonlinearity has a strong effect at
the focus. The focus crossing is described by a scattering operator for the
semilinear equation, which broadens the pulses. The relative errors in our
approximate solutions are small in the L° norm.

1. INTRODUCTION

Consider the asymptotic behavior as € — 0 of solutions of the initial value
problem

Ou® + a|Gpuf P19 = 0, (t,x) €[0,T] x R?,

_ J—‘,—l T _7'0
(11) us|t:0 = £ UO (Ta c )7

— J r—To
6tu5|t:0 = ¢'U; (7", - ),

where O := 87 — A,, a is a complex number, r = |z|, 7o > 0, and, 1 < p < oo. The
functions Uy and U; are infinitely differentiable, bounded, and, there is a zo > 0 so
that for all r > 0,

(1.2) supp U;(r,.) C [—20, 20)-

The last assumption implies that at time ¢ = 0 the solutions are families of spher-
ical pulses supported in a O(e) neighborhood of r = ry. Precisely the support is
contained in the interval |r — ro| < €29 and only the values of the profiles U;(r, 2)
for these r play a role.

For a purely imaginary the initial value problem is conservative in the sense
that the wave equation energy is conserved, while for a with positive real part the
problem is dissipative. The case of a positive real the nonlinear term is monotone
and the evolution is contractive in the wave equation energy.

There are at least three reasons why the study of the nonlinear behavior of short
pulses is of interest. First is the importance of short pulses in radar and in the
technology of ultrashort lasers. Second is the fact that the Fourier Transform of
pulses is very broad, O(1/e), in the codirections normal to the fronts and so the
analysis forces one to deal with this bandwidth of scales which grows infinitely large
in the limit of short wavelengths. In the case of wave trains the band of frequencies
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2 R. CARLES AND J. RAUCH

that are important stays bounded but tends to infinity. Finally, when pulses focus
they spend of time O(g) near the caustic which makes the analysis of nonlinear
caustics easier than the case of wave trains.

1.1. Linear spherical pulse families in R!*3. Consider first spherically sym-
metric solutions of the linear wave equation

Ou=20.

With the usual abuse of notation, u = u(t,r) where u is a smooth even function of
r € R. Then
w(t,r) = ru(t,r)
is a smooth odd function of r. In three space dimensions, the wave equation is
equivalent to
wy — wrr = 0.
The general odd solution w is
w = gt+r)—gt—r).
This yields

—alt —
u = glt+r) —glt—r) when r#0, u(t,0) = 2g'(t) .
r
For a smooth compactly supported f, the family with

o) = (=)

3

yields
() ()

u® = ,
r

a family which near ¢ = 0 are incoming spherical pulses supported on a O(g)

neighborhood of |z| = rg.

To understand the heuristics in the next section it is important to note the
following things. For r bounded away from the origin, 0 < § < r one has (¢8)*u® =
O(1). As the pulse approaches the origin it grows like 1/7 until it gets to r = O(g).
There the cancellation of the incoming and outgoing pulses regularizes the growth.
One has v = O(min{1/e,1/r}). Thus the pulse is larger by a factor of order 1/
in a small neighborhood of the focus. The £ derivatives are also amplified by 1/e
in this region.

One could think that since the singular behavior is restricted to a set which
the wave passes in time O(g) that the singular behavior is negligible. However the
small time is compensated by the amplification and the caustic crossing has the
finite effect that the outgoing pulse family has profile equal to the negative of the
incoming profile. The change in the solution is precisely 200%.

1.2. Two parameters. In the nonlinear case, there are two key parameters. The
exponent J controls the amplitude of the solutions as a function of € while p gives
the rate of growth of the nonlinearity at infinity. We will see that to leading order
the nonlinearity is negligible in » > § > 0 if and only if J > 0. Similarly it is
negligible near r = 0 if and only if J > (p — 2)/(p — 1). There are two critical
values. The critical value J = 0 is the amplitude at which the nonlinear geometric
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optics is needed to describe the propagation away from the focus. For J > 0 linear
geometric optics suffices.

A similar situation occurs at the focus. In this paper we treat the case of critically
nonlinear focus, namely J = (p—2)/(p—1). In that case, the leading order behavior
of the pulse is affected by the nonlinear term as the pulse passes through the focus.
We next present rough estimates which yield the critical values.

For short time, one finds two spherical pulses, one expanding outward and the
other focusing inward. It is the inward propagating pulse and its behavior as it
approaches and passes through the focal point at time ¢ & r¢ that interests us.

When J > 0 and even for data which depend on the angular variables, the
analysis of Alterman and Rauch [1] shows that before the focus the incoming pulse
satisfies u ~ e/ U (t,r, (t+7)/e) so Vi ,u® = O(e”), and Ou® = O(e”). Note that
the latter is one power of € smaller than one might guess thanks to the fact that
t + r satisfies the eikonal equation. The nonlinear term is O(eP”/) so is negligible
compared to Ou precisely when J > 0. When J = 0, U is determined by a nonlinear
transport equation, while when J > 0 the transport equation is linear. In the first
case we say that there is nonlinear propagation. In the second case, there is linear
propagation. In this classification, p plays no role.

Near r = 0 and in the linear case the explicit solutions have first (resp. second)
derivative larger by a factor 1/e (resp. 1/e?) than they are for r bounded away
from 0. Assuming that the “eikonal cancellation” continues to hold for our nonlinear
problem one would have |V ,u®|? = O(eP¢/~1), and Ou® = O(¢’~2). Comparing
these two terms suggests that for p(J — 1) > J — 2 the nonlinear term can be
neglected at the focus. The value J = (p — 2)/(p — 1) is the critical case for which
the nonlinearity cannot be neglected. In the latter case, one expects that there is
nonlinear behavior at the caustic. In the former there is a linear caustic. Powers J
smaller than the critical power, J < (p—2)/(p — 1), are called supercritical caustic.
These expectations are summarized in the following table.

nonlinear propagation

nonlinear propagation

p=2 — p=2 p=2

J>p71 J_p,1 J<p71
J>0 linear caustic nonlinear caustic supercritical caustic
linear propagation linear propagation linear propagation
J=0 linear caustic nonlinear caustic supercritical caustic

nonlinear propagation

In addition to this sixfold classification, there is an additional doubling because
each class can be considered for pulses and for wave trains. The latter correspond
to profiles U; which are periodic in 2. To avoid this compounding of cases, in this
paper we will treat exclusively the case of pulses with critically nonlinear caustic
and linear propagation.

Distinctions as in the table were computed formally in [10]. For nonlinear Schro-
dinger equations, they were justified in [4], [3], [5]. The present paper is an anal-
ogous treatment for the nonlinear wave equation (1.1) with a critically nonlinear
focus and linear propagation. As far as we know, there is nothing known about the
corresponding problem for the wave train case.

The paper [8] shows that the entries described as linear caustic are correct. That
is, to leading order as € — 0, the nonlinear term can be neglected in the asymptotics
at the caustic {r = 0}.
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Other papers study the same circle of questions for wave trains as opposed to
pulses. The emphasis has been on the case J = 0. When 1 < p < 2, the nonlinearity
is negligible at the caustic crossing. This has been proved in ([12], [15], [13], [2]).
Though the nonlinear effects at the focus are negligible to leading order they alter
the corrector terms.

The case of nonlinear caustic crossing by wave trains with J = 0, p > 2 which
is supercritical is studied in ([11], [14]) in the very special cases a > 0 and a < 0
respectively. In either the accretive or dissipative cases, the effects on approaching
the focus are so strong that the crossing is not important. In the accretive case,
the solution blows up before reaching the caustic, and in the dissipative case the
absorption is so effective that oscillations do not cross the caustic ([11]). In the
dissipative case, not only are oscillations absorbed, but also singularities leading to
a smoothing effect ([14]). We will treat the analogous cases for spherical pulses,
announced in [6], in a subsequent paper.

1.3. Two parameters rescaled. Introduce e~/u® =: u° instead of u® so that the

solutions have derivatives of order O(1) away from the caustic. Define
a = (p—-1)J.

The initial value problem is transformed to

Ou® + ae®0uf P~ Bpuf =0, (t,z) €[0,T] x R®,
(1'3) r—To r—7To
u5|t:0 =ely (r, T) , 8tu5|t:0 =U (r, 5 ) .

Translating the previous table yields

a+2>p a+2=p a+2<p
a>0 linear caustic, nonlinear caustic, supercritical caustic,
linear propagation linear propagation linear propagation
a=0 linear caustic, nonlinear caustic, supercritical caustic,
nonlinear propagation | nonlinear propagation | nonlinear propagation

1.4. An inner problem predicts the answer. As the pulse width is O(¢) and is
carried by the incoming characteristic t+r = r( the interesting focusing is expected
to occur in an O(g) neighborhood of the point t = 79, 7 = 0. This suggests looking
at the scaled functions u(t,z) defined by

t —
u(t,r) ZE( 6T07£) > H(Tap) = u(€7—+7‘0a5p)7
associated with the change of variables
t—ro r
= , p=-, t=e , T=¢p.
T - p - T+7r, T p

Equation (1.3) transforms to

o1 P/l
E—QDT,pu+aE EQT (gﬂr) = 0.
The € dependence disappears exactly in the critical case a + 2 = p to yield
(1.4) Ou+aly, [P lu, = 0.

This is identical to the starting equation. That invariance under scaling is a second
notion of criticality. The fact that the descaled equation capturing the focusing
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behavior is nonlinear is another expression of the fact that the focus is nonlinear.
For any higher power of o the descaled equation would have had a nonlinear term
with a positive power of € as prefactor.

The initial data for u are taken at time ¢ = 0 and that translates to time
T = —7rg /e for u. In the limit £ — 0 this yields for u an initial value problem with
initial data taken at 7 = —o0.

The values of u® observed t = rg + O(1) are read from the values of u at time
T = 0(1/e) —» +oo. Thus the fact that the caustic crossing is described by a
scattering operator for the nonlinear equation (1.4) is reasonable. The existence of
such a scattering operator is one of the problems we address.

1.5. Characteristic coordinates. Since the initial data are spherical, so is the
solution. With the usual abuse of notation,

(o) = w bzl wlo]) € O (Re X Ry).
Introduce v° := (v® ,v7) where
(1.5) af(t,r) == ru®(t,r), v = (O £ 0,)a° v €CP(Ry x Ry ).
Then (1.1) becomes
(1.6) { (8 £ 0, )05 = e*r' " Pg(ve + %), g(y) = blyPly, b:=—a27?,
(v° +09)|,_, =0,

with initial data given by

(1.7) 'va|t:0=P3F (r,r;ro)ﬂzelﬂ (r,T_ETO) ,

where

Pr(r,z) = rUi(r,2) £10,Uo(r, 2),
P (r,z) = Uy(r,z) + 10, Us(r, 2) .

Our interest is in analyzing the case 0 < a@ = p — 2 which has linear propagation
and nonlinear caustic. The linear propagation is clear in both (1.3) and (1.6) since
the nonlinear term has a prefactor e* — 0. Before the focus one sees an essentially
linear incoming pulse family and after the focus essentially linear outgoing pulses.
The subtlety is that the profile of the outgoing family is determined from the profile
of the incoming family by solving a scattering problem for (1.4).

The first thing to do is to prove that the solutions v* = (v, v° ) exist for times
0 <t <t with t > ro so that one can talk about the caustic crossing. We prove
this if the initial data are suitably small, or in the case of dissipative nonlinearity,
a > 0 without smallness assumption.

Even local existence on an £ dependent time interval is not obvious since the
nonlinear term is quite singular at r = 0 because of the r1~? factor. This singularity
is compensated by the fact that v§ +v° vanishes at r = 0. So, when u® is C? one has
v® € C' and g(vi + v2) = O(r?) which suffices to compensate for the singularity.
In the differentiated equation for first derivatives 9;v°, the nonlinearity is precisely
O(1) near r = 0.

In all that follows, virtually all estimates are pointwise. This is one of the key
benefits of the radial case. Reducing to essentially one space variable yields a
variety L™ estimates proved either by the method of characteristics or multipliers
of Kruzkov type.

(1.8)
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The proof of Theorem 1 is given in §2.

Theorem 1. i. Ifa >0, € >0, and vg o (r) are uniformly Lipschitzean functions
on [0, 00[ in the following sense,

3C >0, Ve €]0,1], [|edrvg 4|l < C,
and satisfying the compatibility conditions
U5,+(0) +v5,-(0) = 0,  8rv5,(0) —8rv5_(0) = 0,

then there is a unique uniformly Lipschitzean solution v¢ € C*(]0, 00[x [0, 00]) to
(1.6) satisfying the initial condition v (0,7) = v5 4 (r). In addition,

[v% 5 00|l (0,00l xi000p < [[0%(0) 5 €00* () e 0,00y

ii. For any a € C there is are positive constants Ki(a) and Kz(a) so that if
0 < e <1 and the initial data satisfy in addition

[|[v°(0) , €0:v° (0)ll L (jo,00p < Ki(a)

then there is a unique uniformly Lipschitzean C([0,00[x[0,00[) solution to the
initial value problem and

|v° s €01v° [l j0,00[x[0,00) < K2(a) ||v°(0) , e8pv*

(O)HLw([o,oo[) :

In both case, v¢(t,r) and Oyv°(t,r) tend to zero as r — oo provided that this is true
att=0.

1.6. Linear geometric optics region. The description of the solution involves
three overlapping regions which cover all of space time. The first is the region where
linear propagation is all that needs to be considered.

Perform three approximations. First drop the é* nonlinear term. Next drop the
O(e) terms in the initial conditions and replace Py(r,(r —ro)/e) by Py(ro,(r —
r9)/€). These modifications are expected to change the solution by O(e*) and O(¢)
respectively. Solve the resulting linear initial value problem explicitly.

One finds three waves; an outgoing pulse (Py (ro, (t —r+1r9)/€),0), an incoming
pulse (0, P_(rg, (t + r —r9)/€)), and an outgoing reflected pulse. Thanks to (1.2),
for any 0 > 0 and for € small there will be no reflected wave in the region (1.9)
sketched in Figure 1. The proof of the next result which expresses these facts is
given in §3.

Theorem 2. For any 6 >0 and T € [rg, 00[ define
(1.9 Qip = {(t,r) 1 0<r<oo,0<t<min{t—r+ro—5,T}.

Define v¢ from (1.5, 1.6, 1.7, 1.8) and an approrimate solution

t—r+m t+r—m
Vapp(t>T) = (P-i- (TOafO> , P (TOafO)> .

Then if a > 0 or the smallness hypothesis of part ii. of Theorem 1 are satisfied one
has

”Us - ngp ’ Sat,r(vs - ’UZIJIJ)”L“’(QSL,T) = O(Emin{l’p_2}) :
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FIGURE 1. Region QEL,T for linear geometric optics without reflection

1.7. The three key players. To describe the behavior near the focal point and
after the focus involves three key functions 1, ¢ and ¥°% that we now describe.
Introducing the blown up coordinates in the characteristic form (1.6) yields

€ € t—ro 1 £ €
vg(t,r) = z/)i( E O’E)’ (1, p) = vi(eT +719,€p),

(1.10) (8- £0,)¥5 = p' Pg(pZ +43) for p>0, ¢(t,0)+¢5(t,0) = 0,

7 7

¢5F|T:,r?o = Pg (EP,p— ;0) teh (Ep,p— ;0) .

The initial value of ¢_ differs by O(e) from P_(rg,p — **). Define
z:bL(T:p) = (—G(T—p),G(T+p)) ’ G(U) = P_(To,O').

Then ” is a linear solution whose incoming component differs by O(e) at time
T = —rg/e from the incoming wave 4. Note that X (1), 8,9 ()|l (0,00
is independent of 7 € R. Note also that hypothesis 1.2 guarantees that 1 has
compact support in p for each 7.

Theorem 3. i. There is a constant K3(a) > 0 so that if

a>0 or ||¢L(T) R 6T’(/JL(T)||Loo([0,OOD < Kg(a),

then there is one and only one uniformly Lipschitzean solution ¢ € C*(R x Ry) to
(1.10) which satisfies the Cauchy condition as T — —o0

[9(r) = 9 (), 8rp (1) = 5 (1)) | e 000y = OV -
ii. There is a uniformly Lipschitzean C' linear solution

T(1,p) = (F(r —p), —F(T+p))
with |F(o)| = o(1) as |o| = oo so that as T — +00,

19 (7) = T(7) || Loo (0,00 = 0(1)-
For any v > 0 one has
(1.11) ||¢(T) - \I,out(,r) ) 6‘r,p (¢(T) - lIJOM(T)) ||Lco([,y7—,oo[) = O(I/Tp72) .
In the case of small initial data one has

(112) ) = T 0), By (1) = T (D) [ oy = OO/
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Remarks.

1. The two key players introduced here are ¢ and ¥°Ut,

2. The mapping taking G to F is the scattering operator for (1.6).
3. The proofs of parts i and ii are in §4.2 and §4.1 respectively.

In a final section, the scattering operator is studied in the limit of small incoming
states. This reveals a phenomenon of pulse broadening. Compactly supported
incoming profiles G yield outgoing profiles F which are O(c!7P) as 0 — oo (see
Corollary 6.2).

1.8. Description at and beyond the focus. The next theorem asserts that
ve(t,r) = Y((t — ro)/e,r/e) in the left hand region of Figure 2 and v*(t,r) =~
Pout((t—rg)/e,r/e) in the right hand region. In the latter region the solution takes
the form of an outgoing linearly propagating pulse whose profile is given by the
scattering operator applied to the incoming profile. Note that the regions overlap
and overlap with the region in Figure 1.

i t Q’(;ut
t =19 +r
A
0 +’YI .
TO //
St=r—rgt7
T To — 7Y r

FIGURE 2. Regions Q7°°%* and Q°“* where 9 and ¥°"* are good approximations.

Theorem 4. For any small v > 0 define
Qfocus .— {@r):t>r}, qut = {(t,r) : min{ro+7y,r—ro+7} <t <ro+qr}.
i. In QF°°% one has ve(t,r) ~ Y((t —ro)/e,7/€) in the sense that

vf(t,r)—w(t_’"‘),f)

— O(Emin(l,p—2)) .

3 3 Loo (QFocus)

In the case of small data one has in addition,
— O(smin(l,p—2)) .

t —
€0y, (Us(t, ry—1 ( o , Z))
I 3 Loo(Qfocus)

ii. In Q% one has v°(t,r) = W ((t —ro)/e,r/€) in the sense that

t— t—
’I)E(t, 7‘) _ \IJOUt ( To , C) , 5815,1' (’I)E(t, 'I‘) _ \I,out ( To , E))
g g 9 3 Leo(Qgut)

— O(Emin(l,p—2)) .

Part i is proved in Proposition 5.1. Part ii then follows from i and Proposition 4.1.
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Using (1.5), we can deduce from the above results the asymptotic behavior of
Owuf. Indeed,
. A
6tu (t,T) - o ’
when r is not so small, the asymptotic behavior of 0;u® is given by that of v°, which
is stated in Th. 2 and 4. When r is small, the boundary condition (1.6) actually
prevents d;u® from being singular. In the region r = O(g), write

(vZ +05)(t,7) = ro.(v2 +v3)(t,r) + ofr).
From (1.6), we also have
Or (Ve +07) = G(vE — ).

Therefore, when we know the asymptotic behavior of J;v°* near r = 0, we can
describe 9;u® outside the focus and near the focus. This is so when the initial data
are small, as stated in Th. 4.

Corollary 1.1. Assume that the equation is dissipative (a > 0) or that the initial
data are small. Linear geometric optics is valid (in L*°) before the focus, and after.
Before the focus, 0;u® is asymptotic to the superposition of an outgoing wave and
an ingoing wave, solving the linear wave equation; if 0 <t < rg,

1 t— —t— .
6t’u,5(t77‘) = Z (,(pL (HTTO) + P+ ('r(], r - 'FO) +0 (Emln(l,p—Q))> ,

and beyond the caustic, Oyu® is asymptotic to the superposition of a wave leaving
the focus and of the same outgoing wave; if t > ro,

1 t—r— —t- -
Ot (tr) = o (lI!?ﬁ“ (77'8 TO) + Py (7“0, = 5 7“0) +0 (6“““(1"’_2))) :

The matching between these two régimes is described by the nonlinear scattering
operator, mapping ¥ to WO, Moreover, in the small data case, v is a “caustic
profile”: near the focus (for r < Ce for any C > 0),

6tus(tar) = i ((67"1/}— - r¢+) (t —To T') + 0] (6min(1,p—2))) .

2e e ¢

Notice that since the scattering operator G — F' has some broadening properties
(stated in Cor. 6.2), the wave O,u® is broadened when crossing the focal point
(t,7) = (ro,0).

In Section 2, we address the question of the existence of solutions, and deduce
Theorem 2 in Section 3. Section 4 is devoted to scattering theory for (1.10), and
we go back to pulses in Section 5, to prove Theorem 4. Finally, in Section 6, we
analyze the broadening effect of the scattering operator constructed in Section 4.

A preliminary version of these results was announced in [7].

2. EXISTENCE RESULTS

In this section we prove Theorem 1. There are two difficulties. The first is
that the equations are singular at » = 0. This singularity is exactly the result of
the focusing effects. One needs to manage this singularity to prove even a local
existence result. The second difficulty is to bound the total accumulated effect of
the nonlinear terms over long time intervals in order to prove global existence and
scattering results.
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Consider the mixed problem
(0 £ 0, 0% = e®r' Pg(ve +05),
Ve + 1,20 =0,
v:E|:|t:0 = USJF(T)-
In the critical case, p — 2 = a, a scaling gets rid of €. Introduce 9% defined by
i (t,r) = vi(et,er), vl (t,r) = YL (é, g) .
Then 3 solves the mixed problem,
O£, )95 = r'Pg(y° +97),
P°(¢,0) + 93 (¢,0) = 0,
¢:Ep|t=0 = US;(ET)-

Consider the general problem,

@ 8 )p+ = 17Pg(y— +y),
(21) [ (t7 0) + vy (ta 0) =0,

¢2F|t:0 = ¢0¢-
The differential equation is quite singular at » = 0. Since p > 2, the factor r1=?
is not even locally integrable in . This is handled by the fact that ¢ + ¢ _, the
argument of g, vanishes at » = 0 so one expects that it is O(r). In that case,
g(¥4 + _) = O(rP) which compensates the singular factor. In order to take

advantage of this we construct solutions ¢ with bounded first derivatives. Note
that first derivatives of ¢ are second derivatives of u.

2.1. Easy linear estimate. All of our estimates begin with the following linear
result.

Lemma 2.1. Suppose that w and f = (f+, f-) are bounded continuous functions
on [0,T] x [0, 00[ satisfying in the sense of distributions
(6tiar)w:|:=f:t7 w+(t70)+w7(t70):07 for 0<t<T.
Denote by
My(t) == |lwx(t)||Le([0,00[) -
Then for 0 <t <T one has

characteristicsI"

M) < max(LO, M- + | max [ max(Ifl e,

where the last mazimum is over leftward, rightward, and reflected characteristics
connecting points on the initial line {t = 0} to points at time t.

Proof. Estimate for w_. Referring to the left part of Figure 3, the value of w_(B)
is given by

w_(B)=w_(A) + [ f_(t,n) dt,
Ir_
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¢
r_. ¢ T,

FIGURE 3. Leftward and rightward characteristics.

where I'_ is the leftward characteristic from A to B. Taking the supremum over
|lw_(B)| yields

M) < M) + max [ (7t .

where the maximum is over all leftward characteristics.
Estimate for w, in t < r. Referring to the right part of Figure 3, one has

wi(B) =wi(A) + [ fi(t,r) dt,
T+
where I', is the rightward characteristic connecting A to B. Estimating as above
yields

max | (6,1) < Me(0) + max [ |fu(tn)] dt,
’!‘Zt F+ F+

where the maximum is over rightward characteristics.

B

I‘out

Pin

A T

FiGURE 4. Reflected characteristics I showing Iy, and T'oyt.

Estimate for w; in ¢ > r. Refer to Figure 4. Use three identities

ummzmwwﬂ folt,r)dt,

out

wy (C) = —w_(C), from the boundary condition,
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and
w_(C) = w_(A) + / F(t,r)dt.
1—‘in
Combining yields

ma‘xlw+(t7r)| < M—(O) + max max{|f+(t,r)|, |f_(t,7‘)|} dt;

r<t Lreflected

where the maximum is over reflected characteristics.
Combining the above three estimates proves the Lemma. |

2.2. Local estimates for the nonlinear term. To handle the r'1~? singularity
in the nonlinear term we use the following estimates.

Proposition 2.2. There is a constant C independent of 0 <t < T and T so that
if v € Lip([0,T] x [0,00[) satisfies (2.1), then

(2.2) s (1) + % (&) |y < 20 1By
23) ' P g )+ v- )] ey, < CIOABOIE gy 90|z -
(2.4) |77 o W () + D]y < ClODDIED -

25) 180llims < C (10O, WOlie@n + [9@m@y)

Remark. The last estimate shows that in order to prove space time Lipschitz
bounds it suffices to bound 1 and ;1.

Proof. The Fundamental Theorem of Calculus implies that

W4 (t,7) + - (8, 7)| < 7l10r (V4-(8) + 9 (1)) Il -

Using (2.1) one has
Or (1 (t) +9-(t)) = Oe(P4(t) —¥-(1)).

Combining the preceding assertions yields (2.2).
In g, use (2.2) for |4 ++_|P~1 and leave the last factor alone to find

9(by + 9 )| < CrP 10wy — B [y — |-

Estimate (2.3) follows since the rP~! cancels the 71~ on the left hand side of (2.3).
For the function ¢’ which is homogeneous of degree p — 1, (2.2) yields (2.4)
directly.
Expressing 8,9+ = r1"Pg — d;1)1 and using (2.3) yields (2.5). O
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2.3. A priori estimate. To prove existence, the solution is constructed as a limit
of solutions of approximate equations. The passage to the limit is based on a priori
estimates. The estimate which yields local existence is contained in the following
Proposition.

Proposition 2.3. A priori estimate. There is a constant C > 0 so that if ¢ is
a uniformly Lipschitzean solution of (2.1) on [0,T] x [0, 00[ and

MY(t) = s (O)llzm(opep>  MEE) = 106 (0)l|(0,00p »
m(t) = Y (ML) + ML),
then for t satisfying Ctm(0)P~1 < 1i one has,
(2.6 m(t) < 2m{0)

(1 - Ctm(op-1)"/"

Proof of Proposition 2.3. . The linear estimate from Lemma 2.1 yields

(2.7) ML(t) < max{MZ(0), M2(0)} + /Ot 7177 g(4-(5) + 90— ()| L= (f0,00p 5 -
Using (2.3) in (2.7) yields

(2.8) ML(t) < max{M(0),M°(0)} + C /Otm(s)p ds.

The time derivatives of ¢ satisfy

(2.9) (O £ 3:) 0+ = 117" (Y + 4 ) Bty + Dpp-).

Differentiating the boundary condition at {r = 0} with respect to time yields
Owth4(t,0) + Opp_(t,0) = 0.

Lemma 2.1 implies the estimate

ML(t) < max{ML(0), M" (0)}+

(2.10) t
70 o) + 0 ) (00 ()] + =)D .
Using (2.4) yields
(2.11) ML) < max{ML(0), M (0)} + C /0 (s ds.
Adding (2.8) and (2.11) yields the main result,
m(t) < 2m(0) + C / (s ds.
This implies that m is no larger than the sohftion of
o) = 2m(©)+C [ y(o)is

The function y is the solution of y' = Cy? with y(0) = 2m(0). The formula for y is
the right hand side of (2.6). This completes the proof of (2.6). O
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2.4. Local existence. The basic local existence theorem is the following. Note
that in this result, 9;1(0) is computed from the initial data o = ¥(0) using the
differential equation (2.1).

Proposition 2.4. Local existence. There is a constant C > 0 so that for all T
and initial data 1o € C1([0,00)) satisfying

(2.12) T |10, Ortbollf (o, 00p < C
and the compatibility conditions
%0+ (0) + 10— (0) = 0, and  0ptpo4(0) — Or1po—(0) = 0,

there is a unique solution v € C*([0,T] x [0,00]) of (2.1). In addition there is a
constant K so that for these 1,

19, 0| oo (10,11 x[0,00) < K 1800, Optholl oo (j0,00) -

Before embarking on the proof, we recall the origin of the compatibility condi-
tions. For a continuous function satisfying the boundary condition at » = 0 one
has

G0t (0) +40-(0) = lim (4 (t,0) + 6 (£,0)) = 0.
For a C! function satisfying the boundary condition,
PPy + o) = PO = O(1)
as r — 0. Thus for such solutions the differential equation (2.1) yields
Opp+(t,0) £ 0r1p+(8,0) = 0.
Using this one derives the second compatibility condition as follows
0 = lim 94 (t,0) + dep_(t,0)

t—0

= lim _ar"p-i- (t7 0) + 6T¢— (t7 0)

t—0

= — 8,104+ (0) + 8rho_(0).

Proof of uniqueness. Suppose that ¢ and v are two solutions and denote by § :=
1 — 1) the difference. Then § satisfies

O +0,)6 =" P (g(tby +9-) — g(y +9)),
(64 +0-)(t,0)=0,
6(0,7) =0.
Taylor’s Theorem with remainder expresses
(213) gy +9 ) =gy +¢) = by 1(r + ¢, Yy +19 ) (64 +7),

where h,_1 € C=(C? \ {(0,0)}) is homogeneous of degree p— 1 > 0.
Using (2.2) yields

hp—1 (g + -, Py + )| < CrP7t.
Inserting this in the differential equation for 1 yields

(B £8,)85] < C|64 +6_].
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In addition one has the boundary and initial conditions for § so Lemma 2.1 yields
the integral identity

t
N6 | Loe (jo,00p < C/O 16(8)|| o= ([0,00) @5 -

Gronwall’s inequality implies that § = 0. O
Proof of existence. Define a sequence of functions k,(s) converging to the function
koo (s) := s|s[P™! as follows. First kn(s) = koo(s) for —n < s < m. Second, k, is
an odd function of s. And finally, for s > n, the graph of k,, is equal to the graph
of the tangent line to ko at s = n. Then k, is C' with bounded derivative. k,
converges uniformly on compacts to ko,. And, for all s

kn(8)] < lkoo(s)],  and  [kp,(s)] < [kio(s)]
Define
gn(s) = akn(s) -

Define approximate solutions 9™ as solutions of

(0 £ 00 = (r+1/n) Pgn(y +4").
QPi (ta 0) = —¢E (ta 0) )
¢"|t:0 = ¢0 .

Recall that the initial data belong to C1([0, 0o[) with g, 8,109 € L*®([0,00[) and
satisfy a pair of compatibility conditions. Since h], € L*°(R), it is classical that
there is a unique global solution ¢™ € C* ([0, 0o[x[0, oo[). For each fixed T and n
at,r¢" € Loo([OJT] x [0,00[)

Repeat the derivation of the estimates in Proposition 2.3 for the problem defining
¥™. At each point that one encounters an integral involving (r + 1/n)P~lg, or
(r+1/n)P~1g! the integral can be estimated from above by replacing g, by g and
r+1/n by r. In this way one shows that the 1™ satisfy the estimates of Proposition
2.3 with the same constant C'. Precisely, define

M2 (n,t) := [9EE)lLeo,op >  Mi(n,t) == [|00% ()|l Lo (0,000 »
and

m(n,t) := Z (Mi(n,t) + M:lt(n,t))

+

Then with the same constant C' as in Proposition 2.3, one has

m(n7t) S 2m(n,0) 1/( _1) bl
(1 - Ctm(n,0)p=1) """
||6r¢n(t)||L°°([0,oo[) < m(n,t) + Cm(n, t)p .

Note that MQ(n,0) = MQ(0) = ||[¢ho+|lL= is independent of n. For the time
derivatives in M one has

OIL(0) = FOWhy + (r +1/n)' 7P g (Wit + 5 ).
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The first summand on the right is independent of n but the second depends on n.
One gets an n independent bound as follows.

10T (0)] < | F 8| + | (r +1/0)' 7P g (Wit + Y5 )|
<|0ppge| + Pt Pg(gy + i)

2 P
<100zl +77 (55) (ol + 19 vollz=)"

where the last estimate uses Lemma 2.2. Therefore
m(n,0) <||vo, Orthox||Le + C ||¥0, Ortbollf e -
The a priori estimate gives us bounds provided

CT m(n,0)P ' < 1.

This is guaranteed as soon as

CT (o, rbosllzm +Cllvo, drtallf)” " < 1.
Choose C so that when (2.12) is satisfied it follows that

CT (o, drtbollz= +C o, Brdollf)”™ < 1/2.
If 19 and T satisfy the condition of Proposition 2.4 it follows that

m(n,t) < 2/*=Ym(n,0),

for 0 <t < T. Together with the companion estimate for 0,¢™, this shows that
the family ¢ is uniformly bounded in Lip([0,77] x [0, o0[).

The Arzela-Ascoli Theorem implies that a subsequence converges uniformly on
compacts in [0,7] x [0, 00[. The limit ¢ € Lip([0,T] x [0, 00[) is a solution of the
the initial value problem (2.1).

Since the data are continuously differentiable it is classical that the second com-
patibility condition guarantees that the solution 1 € C'([0,T] x [0, oc[). For com-
pleteness we recall the principal ideas.

That ¢_ is continuously differentiable does not require compatibility. The right
hand side of (8; — 8,)¢_ = r'=Pg(¢p; +1)_) is continuous in 7 > 0 and converges
to zero uniformly on [0,T] as 7 — 0 so is continuous in r > 0. It suffices to show
that (0, + 0,)1_ is also continuous. For that differentiate the differential equation
to obtain

(04=0,)(0¢ + Or )b = (L —p)r Pg(hy + )
+1 P9 (g +0-) (O + Or)h— + 1" Pg(ypy +1p)) .

Denote B_ := (0; + 0;)¢— and by a; functions in L*°([0,T] x [0, 00[) which are
continuous on [0,T]x]0, co[, that is in {r > 0}. The above equation is of the form
(6,5 - 8T)B_ =a1B_+as.

Since B(0,r) is a continuous function of r it follows that B is continuous in [0, T x

[0, ool
For 1 it suffices to show that B, := (0; — 0,)¢+ is continuous. Using the fact
that one already knows that v_ is continuously differentiable one has

(214) (6t + 8T)B+ =a1By +as.
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D.

It is known that By (0,r) is C([0,00[) and it follows that B, € C’l({r > t})
t,0) €

t
Similarly the boundary condition at r = 0 implies that B4 (¢,0) = —B_(t,0)
C([0,T)) and it follows that By € C({r < t}) so ¢4 € C*({r < t}).

To complete the proof one needs to verify that the limits of ;14 from above
and below the line {r = ¢} agree. Each of these limits satisfies the same equation
(2.14), so the conclusion follows if they have the same initial values at ¢t = r = 0.
The limit from below has initial value equal to

lim 8,4+ (0,7) = —9,10+(0) ,

where the differential equation is used to compute the limit as in the derivation
of the compatibility condition after the statement of (2.4). On the other hand the
limit from above has initial value equal to

tg%h_ at¢+(ta 0) = _tl_i>%l+ atdf— (t,O) = _8t¢7 (070) = _67'1#7 (070) = - T%[}O*(O) .

The second compatibility yields the equality and the proof that 1) € C! is complete.
Since C' solutions are unique, it follows that all subsequences of the ¥™ have
subsequences converging to v and it follows that the whole sequence 9™ converges
to 2.
Passing to the limit in our estimates for the derivatives of ||¢™, 0 ¢™|| L proves
the estimate of Proposition 2.4. |

2.5. Global existence for small data. To prove global existence for small data
one must estimate the accumulated effect of the nonlinear term over long time
intervals. This is controlled using the integrability at 7 — oo of the factor r'—P.

Proposition 2.5. Small data global existence. There are constants Ki and
K| > 0 so that for all initial data v € C1([0,0)) satisfying

140, Brtoll o= (0,00 < K15

and the compatibility conditions

Yo+(0) +4o-(0) = 0, and 9,904 (0) — Orho-(0) = 0,
there is a unique solution ¢ € C*([—00, 0] x [0,00[) of (2.1). In addition,

(1%, | Loo ([ c0,00] x[0,00) < KT 1900, Ortho || Lo (j0,00() -

To prove this one needs a priori estimates which show that the Lipschitz norm
does not grow without bound. The proof that the solution is C! uses the compati-
bility conditions as in the local existence proof.

The estimate is like that of the previous section in its handling of the singularity
at 7 = 0. The difference is for large times. The key is to use the fact that r! =Pg(¢ +
1) decays like 1/rP~! for large r so is absolutely integrable along infinitely long
characteristics.

According to the linear estimate Lemma 2.1, the quantity

(2.15) max [Tl + )] d

characteristics T

estimates from above the accumulated effect of the nonlinear term on the size of
the solution. Similarly

(2.16) max [Pl @ ) max(0 ] 01} di

characteristics T
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bounds the accumulated effect on the time derivatives.

Lemma 2.6. Total interaction estimate. Suppose that —co < T7 < Th <
and 1) is a uniformly Lipschitzean, C solution of (2.1) on [Ty, Ts] x [0,00[. With
Mi (t) and m(t) as in Proposition 2.8 there is a constant C independent of 1, Ty, Ts,
so that both (2.15) and (2.16) with characteristics T in Ty < t < Ty are bounded
above by

(2.17) C sup m(t)?.
T <t<Ts

Proof of Lemma 2.6. The bound (2.2) is too rough for large r where the bound
[y (t,7) + - (t,7)] < 2/1P (@)l ((0,00D
is preferable. Combining the two yields
4r
(2.18) [P+ (t, ) + - (t,7)] < T+r l1(t), 0cp ()| Lo ([0,00]) -

Inserting this in (2.15) yields the upper bound

P O\P
C sup m(t)? max /7'1*”(—) dt.
t characteristics T' /o r+1

The integrals are no larger than

o0 r
2 -
/0 Ao ¥

which is a finite constant. This yields the bound (2.17) for (2.15).
In the same way, using (2.18), (2.16) is bounded by

P 1-p T\t
ngp m(t) /Fr (1+r) dt.

o 1
2 [ —
|, e

which is a finite constant since p > 2. |

The integral is no larger than

Proposition 2.7. Small data a priori estimate. Suppose that —oo < T3 <0<
T» < oo and 1 is a uniformly Lipschitzean, C' solution of (2.1) on [Ty, T5] x [0, oo|.
With m(t) as in Proposition 2.3 there is a constant C independent of ¢, T1,Ts, so
that

. < L
(2.19) Tlrél?%(TZ m(t) < m(0)+ CTg?sXTZ m(t)

Proof of Propostion 2.7. The linear estimate applied to 9 shows that
MO < max(MY0), MO} + | max [P lgwo ) de.
characteristics I' /o

The linear estimate applied to 9. yields
M (t) < max{M3(0), M2(0)}+
max [ 7l 4 )] max{(Ou ], -} de.
characteristics I' /o

Adding these two estimates and bounding the integrals using Lemma, 2.6 yields the
desired estimate. |
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Proof of Proposition 2.5. With C' as in estimate (2.19), choose § > 0 so that
C (2u)? < p for all p < §. Consider initial data which satisfies m(0) < .

We show that such solutions are global and that m(t) < 2m(0) for all —co < t <
00. The proof is presented for positive ¢t. The case of t < 0 is essentially the same.

The local existence theorem implies that there is a unique maximal solution
¥ € C1([0,T*[x[0, 00]) and if T* < oo, then

liminf m(t) = oo.
t>T
We show that m(t) < 2m(0) for all 0 < t < T*. In particular this implies that

T* = .
If it were not true that maxm(t) < 2m(0), there would exist

0<T =inf{t € [0,T*[: m(t) =2m(0)}.
Proposition 2.7 implies that
= < < p
2m(0) = m(T) < Oréltangm(t) < m(0)+C Oréltasme(t)
< m(0) + C (2m(0))? < m(0) + m(0) = 2m(0).
This contradiction proves that T* = oo and that m(t) < 2m(0) for allt >0. O

2.6. Global existence in the monotone dissipative case. When a > 0, the
solution is global in time even for large initial data. We restrict our calculations to
the case of real solutions. Complex solutions require only standard modifications.

The nonlinearity is given by g(y) = —a2 P|y|P~1y. If a > 0, the classic energy
estimate asserts that Y [|¢)+(t)||3= is a non-increasing function of time. The key
is to derive analogous L* bounds.

Proposition 2.8. Forward solvability in the dissipative case. If a > 0, real
solution ¢ to problem (2.1) exists for all t > 0. In addition for any 1 < ¢ < oo,

(2.20) ( Z [+ (t)”%q([o,oo[))l/q ) and ( Z [[Optp+ (t)”%q([o,oo[))l/q
+ +

are nonincreasing functions of t > 0. If ¢ = oo, then fort > 0,

max ([« (#)[| Lo j0,00]) < ; 1%+ (0) || = ([0,00])
max |9+ (#) | 2= ([0,001) < ; 109+ (0) | .o ([0,00[) -

If ¢ and ¢ are two real solutions then for 1 < q < oo,

(2.21) (S () = POl go.00p)
+

is a nonincreasing function of t > 0. Finally, for t > 0,

max [[¢«(t) — Pt ()] o= (0,00p < Z %4 (0) — D (0)]] oo ([0, 00()-
T

Proof. Given our local existence theorem it suffices to prove (2.20) and (2.21).
The equations are

(2.22) (0 — O bt Pl + Yy [P (- + g,
(2.23) O+ 0y = bri Pl + g PN (Yo + 1y,
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with b = —a27? < 0.
For ¢ > 1 define

d _
g 1(s) = TIsl" = qlsl" Psgns.

Then g,_; is a nonincreasing odd function of s which is homogeneous of degree
qg—1.
Multiply (2.22) by g4—1(¢¥—), and (2.23) by g4—1(¢+). Summing yields

(Y- 1" + [¥4]") + O (|94 | = [-|7) =
br'=? (gq,l(@b,) + gq,1(¢+)) gp(wf + d}+)/(p + 1) .

The signs of both gg—1(¢_) + g4—1(¥+) and g,(¢¥— + 14) are equal to the sign
of the larger of ¢,. Therefore

(|- |" + |4") = Ol |* = |4]) < 0.

For any fixed T > 0 and R > T, integrate over the truncated light cone {0 < t <
T}N{0<r < R-—t}. Since |14 |? = [¢p_|? when r = 0, integration by parts yields

R-T
/0 - (T,1)[7 + [y (T, ) dr <

R
/ - (0, 7|7 + 4 (0, )7 dr / 2[4 0dt
0 r

=R—t

Note that the boundary contribution at » = 0 vanishes thanks to the boundary
condition. Note also that the boundary term at » = R — ¢ is nonnegative so,

R-T R
/0 W (T, )| + W (T, )| dr < / - (0, 7| + [t (0, )| -

Letting R — oo proves the ||¢||L« estimate of the Proposition for ¢ < co.
For the sup norm estimate, first fix R and use

Ifllzee = lim [|f]|zs,
g—00

to find
S @ llz=qor-1) < Y 1W£(0)llze ([0, -
+ +

Letting R — oo proves the |9/~ estimate.
The proof of (2.21) is similar. Multiply

(0 £0,) (Ve —thx) = br' P (gp(o4 —¥_) — gp(Py — ) /(P + 1)
by gg—1(1+ — <) to find
(s — D |T+ [ — - |7) + 0, (|04 — i |? — |- —9p_|?) =

brl—p

o1 (9g-1 (W4 = ¥3) + gg—1 (- — ) (gp(vo— +¥1) — gp(V— +1b4)) .

The signs of each of the last two factors on the right are both equal to the sign of
the larger of ¥+ — 4. Therefore the right hand side is nonpositive. The proof of
(2.21) is then completed as above.



FOCUSING OF SPHERICAL NONLINEAR PULSES IN R!*3 II 21

To prove the estimates for 9y, differentiate (2.22) and (2.23) with respect to
time to find

(2.24) (0= )b = bpr' Pl + [P0 + ),
(2.25) (Br +0,)0by = bpr' Pl + g PO (P + ).
Take g,—1(0p_) and g4—1(0¢p4) as multipliers and add to find that
Ot (|0eh+|* + |00 |?) + Or (|10p9p4|* — [O2p-|7) =
bpgr' P+ i [P (|0kh [T 10k |7) By + Op-) < 0.

Integrating by parts as above the boundary contributions at r =0 and r = R — ¢
are respectively zero and nonnegative and one finds

R-T R
[ 0@+ 0w @l dr < [ 10 001+ 10 O )1 dr
0 0
The [|0¢¢|| 1« estimates follow, and the [|0;)||r~ as well. O

Remark. For later use note that the case ¢ = 2 yields the identity
[e's) T poo 1
t _(t.pr)|Pt
A A e
0 0o Jo

rp—1

- / i (0, )2 + [ (0,7 dir .

3. BEFORE THE FOCUS

This short section proves Theorem 2. The most important observation is that
hypothesis (1.2) implies that the initial data for both v and for v, are supported
in the set {r > ro — Ce}. Then the finite speed of propagation implies that for ¢
small

(suppv® U suppvi,,) N Qfp C {r>4/2}.
Thus the singular factor r'~? in the nonlinear term is uniformly bounded on the
support of g(v5 4+v ). Since the family v® as well as its e9;-derivatives are uniformly
bounded it follows that
C(d)eP~2
P 2g(v5 +0f e, P 2g(vS +0°)| < —F——.
e 2g(vg. +v2)| + [edp P ?g(v] +02)| < Tro1

1> 12
or £0;(v® — vg,,) one has

C(d)eP~2
1+pp-1°
The initial data vanish identically near the origin and satisfy
[wi.(0,7)| = Oe).
Lemma 2.1 implies the estimates for v —v<__ and €0;(v® —vZ__) in Theorem 2. The

app app

estimates for 9, (v° — vg,,) follow from the equations satisfied by v* and vg,,. O

Therefore if w® denotes either v° — vy,

|0 £ 0r)ws| <

4. LARGE TIME ASYMPTOTICS AND SCATTERING.

The passage of pulses through the focal point is described by a scattering opera-
tor for (2.1). In this section, we establish the needed scattering theory by studying
the asymptotic behavior of solutions as t — +00, and solving an initial value prob-
lem with initial data at ¢t = —o0o0. The parameter € does not appear.
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4.1. Asymptotics as t — +00. First consider the linear problem. For initial data
which tend to zero as r — oo the exact solution has the form

¥ = (pev-) = (F(t—r),~F(t+r).
with F(o) tending to zero as |o| = co. On the outgoing characteristic I'y (o) :=
{t —r =0}, one has ¢, = F(o), and ¢p_ — 0 as t — oo.

Suppose next that 4 is a uniformly Lipschitzean, C! solution of (2.1). We show
that for fixed o, the values of 14 change along the I'y (¢) to tend to a limit as
t — +oo and that limit defines a linear solution to which v tends as ¢ and r tend
to infinity.

To find the limiting behavior of ¥ along T, (), write

i (t,7) = g (¢ — 7,0) + / gy + o) dt,

where T, is the forward characteristic connecting (t—r,0) to (¢,7). Since p > 2 and
1 is bounded, the integral is absolutely convergent so passing to the limit ¢ — +o0o
yields

F(o) = lim ¢+((7+t,t):1p+(a,0)-i-/F ()Tlfpg(@lu-l-d}f) dt.
+(T

t—+o0

Differentiating shows that F' defined by this formula is a continuously differentiable
uniformly Lipschitzean function on | — 0o, 0o[. One can define F just as easily when
1 is only defined in r > R in which case

(4.1) Flo) = Jim b (o) = v lo+ R R)+ [ AP+ ) dt.
tmro0 T4 (0)N{r>R}

Define ¥°Ut by

(4.2) oty = (F(t—r), —F(t+r)).

Then ¥°" is a linear solution whose positive component has the same asymptotics
along I'(c) as does 194, that is

tlij{}o (¢+_‘I’3rm)|r+(a) = 0.

Proposition 4.1. r > h(t) — oo asymptotics. Suppose that for some R > 0,
¥ € Cl is a uniformly Lipschitzean solution on R; x [R, o[ and satisfies

Tim [$(0.7)] + 8,4(0.7)] = 0.
i. Define F and T°" by (4.1) and (4.2) respectively. Then F is uniformly Lips-

chitzean on | — oo, oo[ with

lim (|F(a)|+|F'(a)|) = 0.

T——00

ii. For any increasing function function h(t) satisfying t_lﬂl h(t) = +o0 one has
oo

lim

T 4oo ||¢f=3t,r¢7||L°°({t2T}n{r2h(t)}) =0,

: _ gout _ gout —
TLHfOO (g — T), Ber(9pg — TS )||L°°({t2T}ﬂ{r2h(t)}) = 0.
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iii. If h(t) = vt with v > 0 and the initial data 1|0 vanish for large v, then as
T—-

1
t t —
[ = T°%), B, (¥ = )| L (s mrmirsney = O(sz) :

Remarks.

1. This result is weak because convergence is only proved in {r > h(t)}. On the
other hand, the proof only uses the differential equation in {r > h(¢)} and there is
no smallness assumption.

2. Part iii proves (1.11) of Theorem 3 and part ii of Theorem 4

Proof of Proposition 4.1. For ¢ < —R one has

Fo) = 6(0,-0) + [ P gy + ) dr.
I (o)N{t>0}
Since the integration lies in r > |o| both of the terms on the right are o(1). A
similar argument applies to F".
To prove ii, let ' denote the infinite forward 9; + 9, characteristic with foot at
(t,r). Integrating the differential equation satisfied by ¢4 along I'; (o) starting at
t,r yields the integral identity

(4.3) b tr) = Tt r) — / PP gy ) dt

Similarly denote by I'_ the backward 0; — 0, characteristic connecting (¢,r) to
(0,t + r). Integrating the equation for ¢)_ on I'_ yields

v_(t,r) = @b_(O,t+r)+/ P gy +1p_) dt.

Differentiating with respect to time yields

By (t,r) =BV (t,r) — / PP g (s )0y + ) dt

Ty
+ Tl_pg(¢+ + ’lﬁ,)(t, T):

(4.4)

Bp— = Bp_(0,¢ +7) + / PP g (s + o)ty + ) dit

+ 1P + ) () — (18 Pg(r + 9 )(0,r + 1)
For t,r in the region ¢t > T and r > h(t) one has r > h(T') on the entire characteristic

I'_. This together with the fact that (0, t+r) and 8,1 (0,t+7r) tend to zero suffice
to show that

A 9= 0| e zmyngrzny = 0

which proves the incoming component of the desired conclusion.
Similarly, one has r» > h(t) in the integrals in (4.3) and (4.4) so these integrals
tend to zero which suffices to prove that for j = 0,1,

dim [0 Wy = O | s rynemniny = O

That the r derivative tends to zero follows using the differential equation.
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To prove iii note that in the proof of ii the contributions from ¢ = 0 vanish for
T large because of the compact support and that the integrals are bounded above

by
o0 !
o[ La-l
gt TP tp—2

Finally, the terms r'=Pg(+y»;, + 9 _)(t,r) are decaying at least like T'~P which is
even better. This completes the proof of Proposition 4.1 |

This proposition tells us nothing about the behavior of solutions for fixed r as
t tends to infinity, nor of the behavior of F(¢) as ¢ — +00. The values of F for
large o correspond to waves which appear at large times. If F' did not tend to zero,
then such waves would appear for infinitely large times. The outgoing wave would
correspond to a solution of the linear wave equation which did not tend to zero as
t — +oo with r fixed. We are able to rule this behavior out in two distinct ways.
When the real part of a is nonpositive we can use the fact that the total energy
is bounded above. For general a, we are able to prove a sharp quantitative decay
estimate in time under a smallness hypothesis on the initial data.

Proposition 4.2. Decay of ¥°'. Suppose that ¢ € Lip(Ry x Ry ) is a uniformly
Lipschitzean solution of (2.1).

i. If the real part of a is nonnegative and the initial data have finite energy in the
sense that [ [4(0,r)]* dr < oo then

/Oo F(o)2 do < oo.

— 00

Since F' is bounded, this implies lim F(o) = 0.

|o| =00
ii. If a is a monnegative real, a > 0, and the initial data satisfy fooo [v:(0,7)|? dr <
o0, then

/ |F'(0)]* do < oo.

-0
Proof. To prove the first assertion, use the energy law
B[+ ” + 19— 1) + 0 (=i * + [ ") = —2(Rea)ltpy + 2 [P*.

Since the real part of a is nonnegative, the right hand side is nonpositive. Integrat-
ing over the set {0 <t <T} N {0 <r < R —t} shows that for any R >t > 0,

R

R—t
/ [+ (&) + [ (¢, )] dr < / [94+(0,7)|* + [ (0,)|* dr.
0 0
Passing to the limit R — oo using the Monotone Convergence Theorem yields
/ [ (8, 7)* + [ (2, 7)]* dr < / [+ (0, 7)[* + [—(0,)|* dr.
0 0

On the other hand, ¥4 (t,t — o) — F(o) as t = 0o so the Dominated Convergence
Theorem implies that as t — oo

t—a B
[ enenrar s [CF@P o
t—p a
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Combining the last two estimates and letting o — —o0 and 8 — +oo implies that
o oo
[ IF@F do < [0 +v- 0.0 dr,
—0o0 0

proving i.
To prove ii, use the fact that

Re (a (9 +09-) 0(g(s +1-))) > 0
to find the derived dissipation inequality
8u(10:+1” + 18— P) + 0r (= 0p+ | + |8y ?) < 0.
Integrating as above this implies that
| 10w + oot dr < [ 0 O + 10 0.0)7 dr.
The definition of F' implies that as t — oo

O+ (t +o,t) = F'(0),

SO
t—a B
[ wentas 1R ©P do.
t—8 a
Combined with the preceding estimate, this yields

/ F'0)] do < / 10+ (0,7) 2 + 19y (0,7)* dr < oo,
o) 0

proving ii. |

The previous result describes the behavior of the outgoing wave, equivalently
the behavior of the linear solution to which the solution is asymptotic as t — 4o0.
The next result describes the behavior of the solution v itself.

Proposition 4.3. Decay of .
i. For any a there is a constant K(a) > 0 so that if

1ellz=(o.coxl0.00p < K(a), and  sup P (190, 7)] + [ (0,7)]) < oo,

then

sup  (L+[tFrP™h) (|slt,r)| + |0 (t,7)]) < o0,
>0, r>0

and therefore
sup o H(|F(0)| + |F'(0)]) < .
—oo<o<0
ii. Suppose that a > 0 is a nonnegative real number and 1 € Lip([0, oo[X[0, o0[) is
a uniformly Lipschitzean solution of (2.1) with lim, o |¢(0,7)] = 0 and 9(0,-) €
L2([0,c[). Then for any R >0

lim sup |¢(t,r)] = 0.
t—o0 0<r<R
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Proof. To prove i, introduce (s) := (1 + s2)'/2. Then (8; + 8,){t — ) = 0 s0
@+ 8)((t =P py) = (E—r)Ptr P gy +9).
Use (2.18) to find

@+ane—ryuy| < Ol Q0 (4,14,

Similarly,

(@ —ane v | s SO GE (1)),

Introduce

wp = G-y, w = ()
Then

|(6t + 8,~)w+|

IN

ClOIE { g o + oy o 1},

@ -0u| < OO {2t s+ o 1}

Assume next that 1(0,r) vanishes for r large. Then the basic linear estimate shows
that

lw@llze < [Jw(O)llz= +
(t £ ryp-t 1
C Wl g mas ()l max/z T T

where the second max is over characteristic leading backward to ¢ = 0 perhaps with
a reflection at r = 0.

In the integral on the right use the triangle inequality |t £ r| < [t F r| + 2r to
bound the integrand from above by

c c

It follows that the integrals are bounded independent of I" and ¢ so

l[wl]|Lee [0, 17x[0,00) < lw(0)||= + C||¢t||’£;1(Rgr) l[w|| Lo ([0,77x[0,00]) -
A similar argument works for the time derivatives. One has the equations
O £0)(EF TP 0ps) = (E—r)P 117 g apy + o) Dy + D).
Introduce

zp = (EFr)P O,
and use (2.18) to show that

(G +0r)24+| < Clltell= {< >1 |+|+<t+<tr)_p%|z—|}a
@ =8| < Cllnl= {2 el + ey -1}

Reasoning as above produces a constant C independent of T so that

llw, 2[| L= (f0,11x[0,00n < [[w(0), 2(0)[| Lee +C”¢t”Loo(R2) [lw, 2] Lo ([0, 77 [0,00) -
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When C ||¢t||Lm( [0,00[x[0,00p) < 1, this yields the bound

[|w(0), 2(0) | L= (jo,00)
1—C||¢t||Lco([o oo[%[0,00[)

(4.5) llw, 2| Lo (jo, 71 x[0,00]) <

For initial data which do not vanish for large r but satisfy the hypotheses of i,
apply this inequality to the solution w™, 2™ with initial data x(r/n)y(0,r) cut off
at r ~ n. Passing to the limit n — oo proves that estimate (4.5) holds for w, 2.
Since the right hand side of the estimate is independent of T it proves i of the
Proposition.

To prove ii, let T'— oo in the remark after Proposition 2.8 to find

/ / et +y- Pt

rp—1

Since v is uniformly Lipschitzean, this implies that for any 0 < u < R
Jm o sup o (6r) + o (5,7)] = 0.

t—o0 I—L< <
On the other hand since ¢4 (t,7) + 1¥_(t,r) vanishes when r = 0 and is uniformly
Lipschitzean one has for 0 < r < p,

¢+(t,7‘) + ’(ﬁ_(t,'f‘) < CM
Combining these shows that

(4.6) hm sup |y (t,7) +_(t,7)] = 0.
t=00 0<r<R

Express ©¥_(t,r) as the sum of ¢_(0,t + r) and the integral over the backward
characteristic from (¢,r) to (0,¢t+r). When t +r — 400, the initial value tends to
zero by hypothesis and the integral tends to zero thanks to (4.6). This yields

lim sup [|¢Y_(¢t,r) = 0.

t—o0 0< <
Combined with (4.6) this completes the proof of ii. O

4.2. Cauchy problem with data at t = —oo. The problem addressed in this
section is equivalent to the existence of Moeller’s wave operators. Suppose

¢L € Llp(] - O0,00[X[0,00[)
is a uniformly Lipschitzean C" linear solution with
lim [¢"(t,r), 009" (t,7)| = 0.
=00
The Cauchy problem with initial data at ¢ = —oo is to find a uniformly Lipschitzean
Y € C* (] — 00, 0[x[0, 00[) satisfying

(O £ 0, )+ = ' Pg(p +y),
Y_(t,0) + 94 (£,0) =0 for —o0o<t< 00,

and the initial condition at ¢t = —oo,
(4.7) Jim [906) = 9" (8, Do (8) = 80| o ooy = O

A similar definition holds for Cauchy data at t = +00. A first example is given by
the next result.
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Proposition 4.4. Corollary to Propositions 4.1 and 4.3. Suppose that ¢ is
as in part i of Proposition 4.8 and that ¥°%' is the linear solution describing its
behavior as in Proposition 4.1. Then 1 has Cauchy data equal to ¥°"* at t = +00
and one has the stronger result

48)  [[w(®) = ¥ (1), B (B (t) = T (D)) || o qorep = O/

Remarks.

1. We do not prove the analogous result for part ii of Proposition 4.3 which is an
interesting open question.

2. This proves (1.12) of Theorem 3.

Proof. In Proposition 4.1 take h(t) = vt with 0 < v < 1, and break the right hand
side of (4.8) into 7 < ~t and r > ~¢. The proposition shows that the contribution
from r > vt is O(1/t?=2). On the other hand, the contribution from r < ~t is
O(1/tP=1) thanks to the decay estimate from Proposition 4.3. O

Proposition 4.5. Cauchy problem with data at t = —
i. Small data. Suppose that K1 and K} are as in Proposition 2.5 and that

v, 0,9 | e o,00p < K1,
then there is one and only one solution of the Cauchy problem with initial data at
t=—00 as in (4.7). The solution satisfies

19, 84,19 || Low ([0,00[x 0,000 < K1I" (}), Butp™ (&) || £o= ([0,00]) »
the right hand side being independent of t.
ii. Dissipative case. In the case a > 0, one can take arbitrarily large data and
the unique solution satisfies the stronger estimate

> 18 sOls=oon < Y. I7WEO) 1= (oe0
+, <1 +, <1

Remark. This proves part i of Theorem 3 and completes the proof of that Theo-
rem.

Proof of uniqueness. Suppose that ¢ and ¢ are two solutions and define 8 := 1) — ).
Use (2.13) to find

(B £0,)0 = Cr'=P hy_ 1 (g + 19—, Py +9-) (64 +06-).

Therefore,
r

) ), S0, (641 +16-1).

In addition one has the homogeneous boundary condition 61 = —d_ at r = 0.
Using Lemma 2.1 to estimate §(7) in terms of (T — N) and letting N — oo
yields the following bound with 7' < 0,

B(Dll~ < ¢ max / PP (P 4 1) (164 + 16 1) de

characteristics I'

(@ +0,)5:] < Cr P (=

where the maximum is over leftward, rightward, and reflected characteristics lying
in {t<T}.
Therefore

sup [|0(¢)[|z~ < C [mrfm/ PP (jgP [P Y) dt| sup [16(8)]p -
t<T T t<T
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To prove uniqueness we show that the max in brackets on the right is o(1) as
T — —o0.

The integrals over I" are split into two parts.

For the part of the integral in r > |¢|/2, the functions ¢ and ) are estimated by
a fixed constant and the integral is no larger than

o
C P dr
[t]/2
which is o(1) as t & —o0.

For the part in r < [t|/2, ¥T and 9,9, tend uniformly to zero as t = —oco. The
initial condition at + = —oo implies that over this region ||1), 9, 831, ;|| L = o(1)
as t - —oo. Proposition 2.2 shows that the integrand is estimated by

rp=1

Crl—"mlw(t% P(t), 0, Ol Lo (10,7 /21)

with a constant independent of T' and T' < —1. Since the sup norm tends to zero
this is

1
(1+ryp-1-
Since p > 2 the integrals over T' are o(1) uniformly in T'. This completes the proof
of uniqueness.

= o(1)

Proof of existence. For {t > —n} define )™ to be the solution of the initial value
problem

(O £ )P =Py + 7)),
Y (t,0) + ¢ (,0) =0 for 0<t<T,

¢n|t§—n = Q/)L|t§—n .

The initial data are C! and uniformly Lipschitzean. The global existence theorem
implies that in both cases of the proposition there is a unique global solution with

(4.9) 1%™, 04" || Loo —n,coix[0,00) < K1 19" (), 0™ ()| Loo (j0,00) -

The Arzela-Ascoli Theorem implies that there is a subsequence converging uni-
formly on compact subsets to a function ¢ with

1, Bl oo (—oo,00[x[0,00) < K71 10E(£), 0™ (8)]] oo ([0,00D) -

That the limit is a solution of the differential equation and the boundary condition
at {r = 0} follows upon passing to the limit in the equation for ¢™. That the
limit is C! follows as in the local existence proof, without need of compatibility
conditions.

It remains to prove that the initial condition at ¢ = —oo is satisfied.

Lemma 4.6. Key estimate. There is a constant C and a function f(T) — 0 as
T — —oo depending on * but independent of n and o > 0 so that for —n < T,

(W™ = "), (™ = ") ({—n<t<min{—nto,T}) <
CllWw™ =9"), 00" = " W (_nt<mingntory T FT)-
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Proof that Lemma 4.6 implies Proposition 4.5. With C as in the key estimate,
choose 0 < g9 < 1 so that for all 0 < € < &g,

CeP <ef3.
For 0 < € < &g, choose T so that f(T') < /3. We claim that for all n
(@™ = "), 8 (Y™ = ") | Lo ({—ooct<Ty) < €-
If the claim were true, passing to the limit n — oo yields
(W = 9"),8: (¢ — ") | Loe({coci<Ty) < E-
This proves that

lim (| —9"), 0 — ")l poo({—coct<Ty) = O-

T——00
The convergence of the r derivatives follows from the differential equation.

We next prove the claim. Since 9™ — ¢ is C' N Lip, tends to zero with its first
derivatives as r — oo and is equal to 0 at ¢ = —n it follows that

(™ — %), 8, (™ — )|l Leo ({—n<t<—nto})

is a continuous function of o which vanishes for ¢ = 0. In particular for small
positive o
||(¢n - ¢L), 6t(¢n - ¢L)||L°°({fn<t§7n+o}) < e.
The proof proceeds by showing that it must remain less than € for all 0 < T + n.
If the claim were false for 9™ there would be a first 0 with —n+o0 < T for which
it was false. For that value of o, the key estimate yields the contradiction

e =" =), 0 ("™ — Y1)l oo ({mn<i<—niop < CeP + F(T) <e/3+¢/3.

Proof of Lemma 4.6. Let t be such that —n < t < min(—n + o,T). Integrating the
differential equation from time ¢ backward to time —n yields

(4.10) YR (t,r) —k(t,r) = /F r' TP gyt + ") dt.

where I' denotes a backward characteristic possibly reflected at » = 0 connecting
(t,7) to {t = —n}. Similarly

(411) B (tr) — dpk(t,r) = / P17 T+ 7 (BT + O™ dt

Since when 7 > [t|/2, we have r > |T'|/2, (4.9) yields

" | = oqrp),
ro{r>Jt/2[}

as T — —oo. These terms are absorbed in the f(7T') term of the key estimate.
In the region r < |t/2| the key fact is that

10" Lip(e<tingr<ies2y) = o(1)
as T — —oo. Thus replacing 9™ by ¥™ — " in (4.10) yields, thanks to the middle
two estimates of Proposition 2.2,

y | < CIW™ = 42,06 = VI (mirxpoep + 1) -
rn{r<|t/2[}
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Similarly for (4.11),
/ PR+ Y By + ) di] <
rn{r<|t/2|}
CN@W™ = %), 0% = PP (agporoop + 01 -

The proofs of Lemma 4.6 and Proposition 4.5 are complete. O

Corollary 4.7. The solution in Proposition 4.5 satisfies

Tim ()] + 10 (e, 1) + 8 (2,7)]) = 0.

Proof. For a challenge number € > 0 choose 7" << 0 so that
(¥ = ")T), 8u(t) — P") (D) oo 0,000 <

Choose R > 0 so that

g
9K

£
1™ (T), 0™ (T) | o= (R0 < KT

Consider ¢, in the domain of determinacy of the set {¢ = T} x {r > R}. This is
the set 7 > R+ [t — T'|. The Cauchy data in {t = T} x {r > R} has size at most
e/K] and a simple consequence of the fundamental estimate is that

1, 0l Lo (r> R —T)) < €.
This shows that for any ¢ > 0 and j = 0,1

limsup |84 (t,7)] < €.

T—00

This completes the proof of the corollary. O

4.3. Definition of the scattering operator. With the notation of the preceding
section one has

wL(ta T) = ( - G(t - T) ) G(t + T)))
for a unique G € Lip(] — 00, oc[) with lim |, |G(0)| = 0. The function G gives

the profile of the incoming wave near ¢t = —oo.
On the other hand, Proposition 4.1 shows that for » > h(t) the solution of the
initial value problem with data " at t = —oo satisfies for t = 400

Y = T4 0(1) = (F(t—r),=Ft+7)) + o(1).

The function F' gives the profile of the outgoing spherical wave at t = +00.
Definition. The scattering operator S is the mapping sending G to F'.

In the linear case, a = 0, the scattering operator defined here is multiplication by
—1. This reflects the fact that the profile of the outgoing spherical wave is equal to
minus the profile of the incoming wave as described in subsection 1.1.

The trio of functions 1%, ), ¥°" are the main players in the description of the
caustic crossing. We have chosen to use a different notation in the incoming linear
solution 4" and the outgoing solution ¥°"* to emphasize that the sense in which
approaches the two limits is quite different. It is possible that in fact ¢ has Cauchy
data equal to ¥°U at ¢ = +0o0 but we do not prove that for large solutions.

Note that the domain of S always contains the functions G which are small in
Lipschitz norm and tend to zero with their derivatives at £o0o. In case a > 0 the
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smallness is not required. The image of the scattering operator is contained in
the uniformly Lipschitzean functions on R which tend to zero at —oo. Additional
properties of the image function F' are given in Propositions 4.2 and 4.3.

5. ANALYSIS OF THE FOCUS CROSSING

Rescale as in §1.4. There are two ways. One is to introduce characteristic
variables in (1.4) and the other is to rescale the characteristic equations satisfied
by v® introducing

2(t = 5
v:l:( JT) /vaj: ( c ) c
Both ways yield the equations
(5.1) By £9)0L = p'Pg(W +45) forp>0,  (v°+9¢3) o = 0,

and the initial conditions
: =P ) tep T
¢:F|T:_%o =&F\Emr- ehiepr—_)-
The key to analyzing this initial value problem is to note three things. First, the
To

initial condition for ¢4 is within O(g) of Py (ro, p— ?). Second, the minus part of

this is within O(g) of the value at time 7 = —rg /e of the linear solution
(5.2) (7 p) = (F(r+p), —=F(1 = p)),
(5.3) F(o) := P_(rg,0).

In that sense the problem resembles the Cauchy problem with data at t = —oo.
Finally, the P, part tends to launch an outgoing wave which lives in the region
p ~ ro/e >> 1 where the nonlinearity is negligible thanks to the p'~? factor. The
outgoing wave moves away from the origin and does not affect the solution near
the focal point at 7 = p = 0. The next Lemma verifies these expectations. The
quantitative versions indicated with “resp.” apply to our pulse families, since the
functions P have compact support in z thanks to the hypothesis 1.2.

t—ro T . .
)s Ui = vi(eT+roep).

Proposition 5.1. Suppose that Y* as in (5.2) is a uniformly Lipschitzean linear
solution and suppose that v is a uniformly Lipschitzean solution of the nonlinear
problem (5.1) with Cauchy data at t = —oco equal to those of Y¥. Suppose that for
0 < € < €o, 9° is a uniformly Lipschitzean family of solutions of (5.1) in T > —rg/e
satisfying at T = —rg/e

B =t 0wt =)oy = 0D Tesp-0,

and
e L e L _

e =t owe —uM], o, = 0@ Tesp 0G).
as e — 0.
i. Then
54) |lvs—w, awr - = o(l), resp. O(emn{lr=2})
G4) | —v.aw —w|,_ =), rep Ok )

ii. There is a po > 0 so that if [[¢)||Lip(jo,00[x[0c0]) < Mo then
(5.5) st =, O (Y — 7J’)H = o(1), resp. O(e™in{lP=2}),

Lee({r—p=—ro/e})
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iii. If a > 0 is nonnegative and Y’ and y° are real valued, then without this small-
ness assumption one has convergence but not necessarily convergence of derivatives,

(>0 9% = Ull o (rp> rosepy = ©(1)5  resp. O™ 1272,

Remarks.

1. The subtlety in this Lemma is that the initial data for the outgoing component
Y5 need not be close to those of @bi, the latter being o(1). Nevertheless, one still
has good approximation on 7 — p > —rg/e. This region where the estimates in
parts ii, iii take place is sketched together with some characteristics in Figure 5.
2. Parts ii and iii of this Proposition yield part i of Theorem 4 completing the
proof of that result.

FI1GURE 5. The region {7’ —p>-T9 /5} plus two characteristic paths.

Proof. First we prove i. The values on the line 7 — p = —rg/e with p < ro/4e are
determined by the data at {7 = —ro/e, p < r0/2e}. By hypothesis this data is
o(1) (resp. 0). The small data estimates show that the solution is o(1) (resp. 0) in
Lipschitz norm on the domain of determinacy of this data segment so

[vs - v, auws - ) = o(1) (resp. 0).

Lo ({r—p=—ro/e}n{p<ro/4e})

For the minus component in {r — p = —ro/e} N {p > ro/e}, write for j <1,
LW — =) = LW — ) (=ro/e, 7+ p+rofe)
+ [ P ollgs + ) - gl + )] dr,

(5.7)

where I'_ is the minus characteristic from 7, p meeting the initial line {7 = —r¢/c}
at (—ro/e, T+ p+ro/e). Since this characteristic lies in p > 7y/4¢, and ¥~ and the
family 1)¢ are uniformly Lipschitzean, the integrals are bounded above by

> 1
rp—1

C = 0(eP?).

ro/e
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The initial value for 87 (¢ —1)_) is o(1) (resp. O(e)) by hypothesis. This proves
the estimate in part i for the minus component.
For the plus component on 7 — p = —rg /e write
—3’[‘0 To

0103 —b2) =0 —n) (T B2 )+ [ 4 Bl 40 ) gl +0 )],

where I'y is the segment on 7 — p = —rg/e connecting (7, p) to (—3rg/4e,ro/4e).
As above, these quantities are o(1) (resp. O(eP~2)). This completes the proof of i.

The strategy for proving ii is to use i as initial data in the region {T—p > —ro /e }.
Toward that end introduce

(5.8) 5L = U5 — .
Subtracting the equations satisfied by v from that for ¢ yields

(5.9) (0 £8,)0% = b7 (9w +0%) =gy + ) = f°.
Define for 7 > —ro/e

(5'10) mE(T) = ||5E(7_7 p) ’ 6T5E(T, p)”L""({OSpST-ﬁ-ro/s})
Using i and integrating (5.9) backward along possibly broken characteristics T' as
in Figure 5, shows that

(5.11) m(1) < o(1) (resp. O(e™{t:P=2})) 4 max/ |fe| + |0- f°| dr .
r Jr

To estimate f© write
95 +92) —g(y +1p-) = hp1 (V5 + ¥, Py +9-) (65 +62)
where h,_1 is homogeneous of degree p — 1. Using (2.18) one has
612 £ < C (Wl +mE () ().
To estimate 0, f use
(5:13) 0, = bp' (g (U5 +97)Or (U5 + 7)) — g (s + 9 )Or (s +9-))
and
gWE +92) —g' W +¢) = hp2(Y5 +97, Yy +¢) (65 +02),
with hp_» continuous and homogeneous of degree p — 2.
The right hand side of (5.13) is equal to
bp P (g (P + 9-)0- (8% + 0%)+
+ hp—a (Y5 + 97,y +9_)(65 +02)0; (¥5 +92)).
Using (2.18) again, estimate
Cp

p—1
g+l < (1) Wity

p—2
2@+ 0% e 00) < (T2) (han @)

e rn) 40 )| < (om0,
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Inserting these in (5.13) yields
1 1

614  -f )l < O (Wl +m @)

m*(7),

the same form that we found for |f4(r, p)|.

Use (5.12) and (5.14) in (5.11). The key is that the integral of 1/(1+ pP~!) over
any possibly reflected characteristic, is bounded independent of the characteristic
so for any T' > —rg/e and —rg/e <7< T

m®(r) < o(1) (resp. O(e™inilP=2}y)
p—1
+ C <||¢||Lip + sup m5(0)> sup m* (o).
—ro/e<o<T —ro/e<o<T

Choose pg so that C (2u)?~! = 1/2. Denote the o(1) term by ((g). Choose g9 > 0
so that ¢(¢) < po/4 for 0 < € < gg. We will show that for € < g and ||¢||Lip < £o
one has m*(1) < 2¢(e) for all 7 > —rg/e, which is the desired conclusion.

To prove that m*(7) < 2¢(¢), define

m®(r) = Oiug me(s).
SS8ST

The preceding estimates show that when ||¢||rip < po one has
m*(r) < () +C (o +m*(n)" m*(r).
If m*(7) < po it follows that
m®(7) < ¢(€) + C(2po)P~'m®(7) = ((e) +m*(7)/2,
and therefore for € < &y,
(5.15) m°(7) < 2¢(e) < po/2.

This proves that in fact m® < po since if that were not true there would be a
first 7. where m®(7.) = po, and at that value of 7 the above estimate leads to the
contradiction pg < po/2.

It then follows that (5.15) holds for all 7 which is the conclusion of ii.

To prove iii, the argument follows the proof of Proposition 2.8. Multiplying (5.9)
by g4—1(6+) and adding shows that

Or (6417 +16_[7) + 8,(16:+]7 —[o_|7) < 0.
For 7 > —rg/e, integrating over
{(z,p)/ T—p2> —%0, <, andeO},

yields

T47r0/€ T+7r0/€
[ s ol < 2 [ o= ro/z 0l dp
0 0

Passing to the limit ¢ — co shows that in the shaded region in Figure 5 one has

102l poe (fr—p>—rose}) < N0-|lLoe(r—pm—rose}) = 0(1) (resp. O(e™n{tP=2y),

and the proof of the proposition is complete. a
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6. PULSE BROADENING

The passage of a pulse through the caustic is described by a scattering operator.
If the incoming pulse has profile with compact support as in (1.2) then the scattering
solution has Cauchy data at time ¢ = —oo given by a linear solution

(6.1) Y = (=Gt —r), Gt +7r))

with G compactly supported. If G(o) is supported in |o| < R, then the incoming
linear spherical wave solution is supported in a spherical shell |r + ¢| < R. The
outgoing wave is supported in |r —t| < R.

Part i of Proposition 4.3 shows that for G small, the outgoing linear solution

YUt — (F(t—7), =F(t+r))

has F(oc) = O(|o|*P). In this subsection we show that this estimate is sharp
thereby demonstrating that the passage through the nonlinear caustic transforms
a compactly supported profile to a pulse with algebraically decaying tail.

We can show that the estimate is sharp in two contexts. The first is by studying
the simply coupled system

(6.2) Ou = 0, Ov + aug|ug P~ = 0.

The function u satisfies
@ F8r)(ru) = i

and it is assumed that this linear solution ¢ is compactly supported in r for each
t and is given by (6.1). The solution v is then expressed in terms of quadratures.

Exactly the same computation arises in computing scattering solutions of (1.4)
by Picard iteration. If the first iterate is the linear solution, 1)”, then the second
iterate is exactly v. Even more interesting, the same function v is the term of
leading order in the perturbation series of the scattering operator for small data.
In this section, we show that the solution v leads exactly to algebraic decay in the
outgoing profile and also derive the above small data behavior of the scattering
operator. The small data strategy resembles the strategy in §6 of [9].

6.1. The simply coupled system. In the simply coupled system (6.2), introduce
the characteristic variables,

x+ = (0 F0r)(rv),
to find the initial boundary value problem
O £ )xx = r' P gy + L),
(6.3) X|e . =0,
x+(t,0) +x-(¢,0) =0.

Define the complex number
A= AW = o / G(0) |G(o)P~" do.

To compute x(¢,7) in r —t > R, refer to the right hand graph in Figure 6. The
characteristic for xy_ does not intersect the support of the source term so x_ = 0.
For r — t — +00, the quantity r — t measures both the distance of the d; + 9,
characteristic to the outgoing source wave and also the distance r from the points
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G(t+r)

FIGURE 6. Computing x(¢,7) in t —r > R and r — t > R respectively.

of intersection of the characteristic with the incoming source wave. Precisely, in
that support one has r =r — ¢ + O(1) and therefore

1
1-p _ _ )P
S R
It follows that 4
— — _ )P
In an analogous way, when r — t — —o0, the left hand graph in Figure 6 yields
+A
- )P

Recall that the function F(c) defining the outgoing linear wave ¥°U! is defined as
the limiting value of x4 (¢,7) on the characteristic I';. (o) := {t —r = o}. Note that
for |t — r| > R, the values of x4 are constant outside a compact subset of I'y (o)
and the estimates above prove that

|F(o)] = |Al/loP~* + O(lo| 7).

This shows that our decay estimates are sharp and there are algebraic tails. Note
also that up to a constant factor, the decaying tails are all of the form ¢(1 +

O@1/lo)/loP~*.

6.2. Scattering of small solutions. In this subsection we study the scattering
operator applied to incoming linear solutions 6% (t,r) where 1% is the fixed linear
solution from the previous subsection. The scattering solution is the unique solution
(for ¢ small) of

B0 =r""P gy + ),
(6.4) (—oyh),____ =0,

¥4 (t,0) +¢_(¢,0) = 0.
Make a change of dependent variable,

(6.5) =[5, ¢P:=69,
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to find with
(6.6) poi= 6Pt >0,

B+ 8)p=pr' P g(dy +¢-),
(6.7) (6—v"),__o =0,
¢4 (t,0)+ ¢_(t,0) = 0.
The solution, ¢(t,r, ), depends on y = |§|P~! — 0. Formally expand

¢(ta T, /J/) ~ Z p’j nj (ta 7’),
j=0

and insert into the initial boundary value problem. Equating like powers of y first
implies that each coeflicient satisfies the boundary condition

N+ (t,0) + Mj,— (t,0) = 0.
One also finds initial boundary value problems which for the two leading coefficients
no and 1, are,

@ +0)mx =0,  (no—v"),__ =0,

@0 )m+ = r' Pyl +m,-),  m|,_  =0.

The first initial boundary value problems has the unique solution 79 = 1. The
problem determining 7, is then identical to the problem determining x in the previ-
ous subsection so we know that 7; = x has algebraically decaying tails in |[t—7| — o0
when ¢ is compactly supported with A # 0.

In order to draw a rigorous conclusion from this computation, we prove the
following error estimate.

Proposition 6.1. Suppose that 1 is a C* linear solution compactly supported in
r for each time t. Suppose that no = ¥, m1 = x, and ¢(t,r, 1) is the solution of
(6.7) as above. Then as u — 0,

||¢ - (7)0 + l“h) ’ at(d) - ("70 + p’nl))”Lm([O,oo[x]—oo,oo[) = O(:uz) .

Proof. The first step is to estimate ¢ — ¢* = ¢ — o using the differential equation
O £0,)(px — %) = —ur' P g(ds +¢-),

supplemented by homogeneous initial and boundary conditions,

(¢ - ¢L)+(t7 0) + (¢ - ¢L)—(t70) = 07 (¢ - ¢L)t=—oo =0.
Noting that for j = 0,1,

sup / 10 ' gy + 6 )|t

characteristics

O(n),
the basic linear estimate implies that

||¢ —no, Or(¢ — 770))||Loo([0,oo[x]_oo,oo[) = O(p)-
Next estimate E := ¢ — (19 + pn1) using the differential equation

(@ £0,)Ex = —pr' P [g(gs + ) —g(gf + )] = 1,
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supplemented by the homogeneous initial and boundary conditions
E|,___ =0, E,(t,0)+ E_(t,0)=0.

Using our estimate for ¢ — ¢” it is not hard to show that

sup /|f|+|8tf| dt = O(u?),

characteristics

and the basic linear estimate completes the proof of the proposition. |

Rewriting in terms of the problems at the beginning of the subsection yields the
following corollary.

Corollary 6.2. Let 9(t,r,0) be the scattering solution defined by (6.4) and x be
the solution of (6.3). Then for small §, one has

)|¢—5(¢L+|5|P*1x) , Oy (=8 (" +]oP

In particular, if

— 1+2(p—1)
X))HL“’([O,OO[X]foo,oo[) = 0(d] )-

T (t,r,8) = 6 (F(t—r,0),—F(t+r,6))
is the outgoing linear solution corresponding to ¢ (t,r,d), then F has algebraic tails

for |o| = oo, in the sense that when |§| < 1,

1P(@0.0)+ 6| = 50~ (2 + 0 sp)
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