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$EVWUDFW�� 7KH� WKHRU\� RI�PD[LPDO� SRVLWLYH� ERXQGDU\� YDOXH� SUREOHPV� IRU� V\PPHWULF
SRVLWLYH� V\VWHPV� LV� GHYHORSHG� DVVXPLQJ� WKDW� WKH� ERXQGDU\� LV� FKDUDFWHULVWLF� RI
FRQVWDQW� PXOWLSOLFLW\�� 1R� VXFK� K\SRWKHVLV� LV� QHHGHG� RQ� D� QHLJKERUKRRG� RI� WKH
ERXQGDU\�� %RWK� UHJXODULW\� WKHRUHPV� DQG� PL[HG� LQLWLDO� ERXQGDU\� YDOXH� SUREOHPV� DUH
GLVFXVVHG�� 0DQ\� FODVVLFDO� LGHDV� DUH� VKDUSHQHG� LQ� WKH� SURFHVV�

���,QWURGXFWLRQ�� 6XSSRVH� WKDW� IO� F� 5��LV�D�ERXQGHG� RSHQ� VHW� O\LQJ�RQ� RQH� VLGH�RI� LWV
&��ERXQGDU\� �$��,Q�IO�VXSSRVH�WKDW

���� /� � W� $M�[�GM� �� %�[�
�� ��

LV�D� ILUVW� RUGHU� V\VWHP� RI�GLIIHUHQWLDO� RSHUDWRUV� ZLWK

���� $�M�H� /LS�IO�� +RP�&���

���� %�J� /���IO��+RP�&���
:H� DUH� LQWHUHVWHG� LQ� ERXQGDU\� YDOXH� SUREOHPV� IRU� WKH� V\VWHP

���� /X IF]]M"�UL��
2XU� ILUVW� UHVXOW� LV�FRQFHUQHG� ZLWK� *UHHQ
V� LGHQWLW\�

���� I� �/X�Y� � I� �X�/Y��� I� ���$QX�Y�GD

ZKHQ� /� LV� WKH� IRUPDO� DGMRLQW� RI�/�� Q�  � �©��� Q������ �©Ä�� LV� WKH� XQLW� RXWZDUG� QRUPDO
WR� �IL� DQG� $Q�  � <�MQM$M�� ,W� KDV� ORQJ� EHHQ� UHFRJQL]HG� WKDW� LI� ©HA"����� DQG
/X� *��6"�������WKHQ� $ÄX?DD� H� +a����GA�� DQG� *UHHQ
V� LGHQWLW\� KROGV� IRU� Y�J� +?8��
,Q� IDFW�� OHVV� LV� QHHGHG�� /HW

;/�  � ^� X� *L"��6��_/0� J� +O�4�
`�� ��� ??X??@H�/ ??X?	P� �� ??/X??�+?D\�

-I/ � >X� *L"��6��_/©*L"��IL���� �����__©__A���  � __L�__A�R�� �� __/P__A�4��

7KH� VSDFH�-AI/�LV�GHILQHG� VLPLODUO\�

3URSRVLWLRQ� ��� -I/�DQG�A/� DUH� +LOEHUW� VSDFHV� DQG� &[�IL�� LV�GHQVH� LQ�HDFK�RI�WKHP�

5HFHLYHG�E\� WKH�HGLWRUV� -XQH� ���������
�����0DWKHPDWLFV�6XEMHFW�&ODVVLILFDWLRQ��3ULPDU\���0������/������%������$���
.H\� ZRUGV� DQG� SKUDVHV�� 6\PPHWULF� SRVLWLYH� ERXQGDU\� YDOXH� SUREOHP�� FKDUDFWHULVWLF� ERXQGDU\�� GLVVLSD�

WLYH�ERXQGDU\� FRQGLWLRQV�� PL[HG� LQLWLDO� ERXQGDU\� YDOXH� SUREOHP�

3DUWLDOO\� VXSSRUWHG�E\�16)�*UDQW�0&6���������

������ $PHULFDQ� 0DWKHPDWLFDO� 6RFLHW\
������������� ������ �� �����SHU�SDJH
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7KH� SURRI� RI� WKLV� DQG� RWKHU� UHVXOWV� LV� JLYHQ� LQ� ODWHU� VHFWLRQV�� ,I� X� J� Ä6"�������WKHQ
DXWRPDWLFDOO\� /X� J� ��A����
�VR�-7O� LV�RQO\� VOLJKWO\� VPDOOHU� WKDQA"��IO��� WKH� UHVWULFWLRQ
FRPLQJ� QHDU� ����

7KHRUHP� ���7KH�PDS

&O�WW�A� XA$QX?64

H[WHQGV� XQLTXHO\� WR� D� FRQWLQXRXV� OLQHDU� PDS-I/� ²!���a��������� DQG� *UHHQ
V� LGHQWLW\� ���
KROGV�IRU� ©H-I/�'*� +?4��

,Q� WKH� SURRIV� RI� HQHUJ\� LQHTXDOLWLHV� RQH� ZDQWV� WR� WDNH� X�  � Y�DQG� IRU� WKDW� SXUSRVH
WKLV� WKHRUHP� LV� QRW� VXIILFLHQW�� )RU� ,F5
ZH� GHQRWH� E\� /LS�$
�� WKH� VHW� RI� XQLIRUPO\
/LSVKLW]HDQ� IXQFWLRQV� RQ� ;�QRUPHG� E\

LL�� LL� Q�������?Q� O_Z���aa�Z��Y�OO
+O/LSI$��� ���68S�__Z��OO� ���������68S���������8²A�A�:/=L/B

[(;� [�\H;[;� ??[� ²�\??
-W� �� \

7KHRUHP� ���7KH�PDS

&��$�[&��IO�� �� �X�R�a� �$ÄX�Y�?P

H[WHQGV� XQLTXHO\� WR� D� FRQWLQXRXV� ELOLQHDU� PDS� \I/� ;�-)/ª�²!�/LS�����
� DQG� *UHHQ
V
LGHQWLW\� ���� KROGV�IRU� �X�F�*A;� �II/��

5HPDUN�� 7KH� VSDFH� /LS�����
� F� ��
������ GRHV� QRW� KDYH� D� XVHIXO� HOHPHQWDU\� GH�
VFULSWLRQ�
5HPDUN�� 7KH� ERXQGDU\� LQWHJUDO� LQ� *UHHQ
V� LGHQWLW\� LV� LQWHUSUHWHG� DV� WKH� DFWLRQ� RI

�$QX�� Y�� RQ� WKH� /LSVKLW]� FRQWLQXRXV� IXQFWLRQ� ��
7KH� QH[W� UHVXOW� H[SUHVVHV� WKH� LGHD� WKDW� WUDFHV� RQ� QHDUE\� VXUIDFHV� DUH� FORVH�� 1RWH

WKDW� L�*MIW� �UHVS�� X� *�LI/�� LPSOLHV� WKDW� �SX�*��A/��UHVS�� ;/�� IRU� �S�*� &O�WW��� 7KXV� LW
VXIILFHV� WR� FRQVLGHU� IXQFWLRQV� VXSSRUWHG� LQ� D� VPDOO� QHLJKERUKRRG� RI� D�SRLQW�"� J� ����
,QWURGXFH� ORFDO� FRRUGLQDWHV� �[[�� [
�� QHDU��� VR� WKDW� ���EHFRPHV� >?[?� �� �� DQG� [[� !� ���
7KHRUHP� �� WKHQ� LPSOLHV� WKDW� IRU� H� !� ��� DQG� X� J� M7O�� $[X?[�  V� J� +�����:a;�� Q
G��5�B���� ZKHUH� $[�FRPHV� IURP� WKH� H[SUHVVLRQ� IRU� /� LQ� WKH� QHZ� FRRUGLQDWHV�

7KHRUHP� ��� ,I� X� J� ;O� LV�VXSSRUWHG� LQ� WKH� FRRUGLQDWH� SDWFK� DERYH�� WKHQ� WKH�PDS

5���AA�©8LBL*���9��5�L�

LV�FRQWLQXRXV�� 6LPLODUO\� LIXA� �WL"/��Y�*��¼/�DUH� VXSSRUWHG� LQ� WKH�SDWFK�� WKHQ� WKH�PDS

5��� �a� �AA,A*/LSW5����


LV�FRQWLQXRXV�

:H� DUH� LQWHUHVWHG� LQ� ERXQGDU\� YDOXH� SUREOHPV� IRU� WKH� V\VWHP� ����� )RU� VLPSOLFLW\
ZH� FRQVLGHU� KRPRJHQHRXV� OLQHDU� FRQGLWLRQV� X�[�� J� 1�[�� IRU� [� J� ����ZKHQ� 1�[�� LV�D
OLQHDU� VXEVSDFH� RI�&�IRU� HDFK� [� J� �����:H� VXSSRVH� WKDW

���� 1�[�� GHSHQGV� /LSVKLW]� FRQWLQXRXVO\� RQ� [�

���� 1�[�A� NHUAÄ�[�IRUDOO[*� ����
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5RXJKO\� VSHDNLQJ�� VLQFH�$Q�[�X�[�� LV�PHDQLQJIXO� LQ� [� J� ����ZH� H[SHFW� WKDW� X�[�� LV
GHWHUPLQHG� PRGXOR� NH[$Q�[�� DQG� VLQFH� 1�[�� G� NH[$Q�[�� WKH� HTXLYDOHQFH� FODVV
X�[�� PRG� 1�[�� LV� GHWHUPLQHG�� 7R� PDNH� WKLV� SUHFLVH� OHW� LU1�[��� &N� �� &N�1�[�� EH
WKH� FDQRQLFDO� SURMHFWLRQ�� 6LQFH�1�[�� ]!�NH[$Q�[�� WKHUH� LV�D�XQLTXH� 0�[�� VR� WKDW

&� �� ����O[�� � � � �� � &N�1�[�

��<?��������$I�[�
FN

LV� D� FRPPXWDWLYH� GLDJUDP�� 6LQFH� 1�[�� DQG� 0�D��� DUH� /LSVKLW]HDQ�� &N�1�[�� LV� D
/LSVKLW]� FRQWLQXRXV� YHFWRU� EXQGOH� RYHU� ����DQG� 0� LV�D� /LSVKLW]HDQ� EXQGOH� PDS�� 7KH
6REROHY� VSDFH� RI� VHFWLRQV� ��-������&N�1�[��� LV� ZHOO� GHILQHG� IRU� ?V?��� ��� 7KHVH
UHPDUNV� DQG� 3URSRVLWLRQ� ��\LHOG� WKH� IROORZLQJ� UHVXOW�

3URSRVLWLRQ� ���7KH�PDS

&O�4�� �� X��!�ZPRG��9�MF��*�/LS�������&�A�[��

H[WHQGV� XQLTXHO\� WR� D� FRQWLQXRXV� PDS� IURP� -I/� WR� ��a�������� ��&N�1�[���� )RU� X� LQ��&/
WKH� LPDJH� LV� HTXDO� WR�0�$QX?�D��

'HILQLWLRQ� ���)RU� X�J� -W/�ZH�VD\� WKDW� X� J� 1� DW� ����LI� WKH� LPDJH� RI�X�LQ

�������������&��9�MF��

YDQLVKHV�

,QKRPRJHQHRXV� ERXQGDU\� FRQGLWLRQV�� X�  � J� PRG� $I�DW� �����FDQ� EH� UHGXFHG� WR� WKH
KRPRJHQHRXV� FDVH� ZKHQ� J� J� ����������� E\� PHUHO\� VXEWUDFWLQJ� DQ� HOHPHQW� RI� ���
ZKLFK� DFKLHYHV� WKHVH� ERXQGDU\� GDWD�� 7KH� DGMRLQW� ERXQGDU\� VSDFH� 1�[�� LV� GHILQHG
E\

1�[� >$Ä�[��1�[��@?

6LQFH� 1�[�� ]G�NH[$Q�[�� ZH� VHH� WKDW

GLP�$Ä�1��  � GLP�1�[�� ²�GLPNHU\�Ä�MF��

7KXV� $A�KDV� ORFDOO\� FRQVWDQW� GLPHQVLRQ� LI� DQG� RQO\� LI� WKH� QXOOLW\� RI�$Q�[�� LV� ORFDOO\
FRQVWDQW�
'HILQLWLRQ� ��� 7KH� ERXQGDU\� RI� ���LV� FKDUDFWHULVWLF� RI� FRQVWDQW� PXOWLSOLFLW\� LI

GLPNH[$Q�[�� LV�FRQVWDQW� RQ� HDFK� FRPSRQHQW� RI�����

,Q� WKLV� FDVH�� 1� LV� /LSVKLW]� FRQWLQXRXV�� :H� ZLOO� DVVXPH� IURP� KHUH� RQ� WKDW� ����LV
FKDUDFWHULVWLF� RI� FRQVWDQW� PXOWLSOLFLW\�� 7KH� QH[W� UHVXOW� LV� IXQGDPHQWDO�

7KHRUHP� �� �ZHDN�  � VWURQJ��� ,I� X� J� ]I/��UHVS�� -I/�� DQG� X� J� 1� DW� �����WKHQ� WKHUH
LV� D� VHTXHQFH� XN� H� &[�����ZLWK� XN�[�� *�1�[�� IRU� [� *� ����DQG� XNA!� X� LQ� 6W/� �UHVS�

$V� D� FRQVHTXHQFH�� LW� LV� QRW� GLIILFXOW� WR� SURYH�
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3URSRVLWLRQ� ��������� LV�FKDUDFWHULVWLF� RI�FRQVWDQW� PXOWLSOLFLW\�� X� J� M7O� DQG� I�  � /X�
WKHQ�X�J� 1�DW�����LI�DQG�RQO\�LI�IRU�DOO�Y�J� /LS�����ZLWK�Y�[�� J� 1�[�IRU� DOO�[� J� ����

���� I� �X�/Y� I�Y��

+HUH� WKH�ULJKW�KDQG� VLGH�LV�WKH�YDOXH�RII� *�+���6,�
�DW�Y�

5HPDUN�� ,Q� FDVH�� J� L"������� WKH� ULJKW�KDQG� VLGH�LV�DQ� LQWHJUDO� DQG� WKH� IRUPXOD� ���
ZDV� XVHG� E\� )ULHGULFKV� DV� WKH� GHILQLWLRQ� RI� D� ZHDN� VROXWLRQ� WR� WKH� ERXQGDU\� YDOXH
SUREOHP�
5HPDUN�� 8VLQJ� 7KHRUHP� ��ZH� VHH� WKDW� IRU� X� J� �AO�� WKH� HTXDOLW\� ���� H[WHQGV� WR� DOO

Y�J� �AI/�VDWLVI\LQJ� Y�*�$A��DW� ����LQ� WKH� VHQVH�RI�'HILQLWLRQ� ��
7KHRUHPV� ���� SURYLGH� WKH� EDVLF� FDOFXOXV� RQ� ZKLFK� WKH� WKHRU\� RI� ERXQGDU\� YDOXH

SUREOHPV� IRU� ���� LV� EXLOW�� 0RVW� HDUOLHU� ZRUN� RQ� WKH� VXEMHFW� DVVXPHG� D� VWURQJHU
K\SRWKHVLV� WKDQ� LQ� 'HILQLWLRQ� ��� 7KH\� DVVXPHG� WKDW� WKHUH� ZDV� DQ� H[WHQVLRQ� RI� Q�[�
WR� D� &�� IXQFWLRQ� RQ� ���VR� WKDW� GLPNH[� $Q�[�� ZDV� FRQVWDQW� RQ� D� QHLJKERUKRRG� RI� HDFK
FRPSRQHQW� RI� WKH� ERXQGDU\�� ,Q� SUREOHPV� LQYROYLQJ� WKH� IORZ� RI� IOXLGV� LW� LV� TXLWH
FRPPRQ� IRU� WKLV� VWURQJHU� K\SRWKHVLV� WR� IDLO� �VHH� >��� ��� ���� ��@��� 7KLV� SDSHU� ZDV
ZULWWHQ� WR� SURYLGH� D� WKHRU\� ZKLFK� ZDV� VXIILFLHQWO\� VWURQJ� WR� KDQGOH� WKHVH� SUREOHPV
DQG�� VHFRQGO\�� UHILQHV� DQG� VLPSOLILHV� WKH� VWDQGDUG� UHVXOWV�� HYHQ� ZKHQ� WKH� VWURQJHU
K\SRWKHVLV� LV� YDOLG�� $QRWKHU� FODVV� RI� SUREOHPV� DULVHV� ZKHQ� GLPNHU\OQ�[�� LV� QRW
ORFDOO\� FRQVWDQW� RQ� �����+HUH� H[DPSOHV� DUH� NQRZQ� ZKHQ� ZHDN� LV� QRW� HTXDO� WR� VWURQJ
�VHH� >���� ���� ��@���6RPH� SRVLWLYH� UHVXOWV� FDQ� EH� IRXQG� LQ� >������@�
7KH� V\PPHWULF� SRVLWLYH� SUREOHPV� ZH� VWXG\� KDYH� DQ� HOHPHQWDU\� D� SULRUL� HVWLPDWH

WKDQNV� WR� WZR� SRVLWLYLW\� DVVXPSWLRQV�� )LUVW� ZH� VXSSRVH� WKDW� /� LV� V\PPHWULF� SRVLWLYH�
WKDW� LV�$�M�  � $� IRU� DOO�[� J� ����DQG� WKHUH� LV�D�FRQVWDQW� D� !� ��VR�WKDW

���� =�[�V�O�A�$M!D,
M

IRU� DOO� [� *� ����6HFRQG�� ZH�VXSSRVH� WKDW� 1� LV�PD[LPDO� SRVLWLYH� LQ� WKH� VHQVH� WKDW

����� �$Ä�[�Y�Y�� !� ����9MFH���©H\9�[��

����� GLP� 1�  � �� QRQQHJDWLYH� HLJHQYDOXHV� RI�$Q�FRXQWLQJ� PXOWLSOLFLW\�

7KH� PD[LPDOLW\� FRQGLWLRQ� ����� LPSOLHV� WKDW� 1� FDQQRW� EH� HQODUJHG� ZKLOH� SUHVHUYLQJ
������ LQ�SDUWLFXODU� LW�LPSOLHV� WKDW� 1� G� NH[$Ä�� ,I�X�J� ���������WKHQ�*UHHQ
V� LGHQWLW\� ���
ZLWK� X�  � Y�\LHOGV� WKH� HQHUJ\� LGHQWLW\

����� 5H�X�I�D �=X�X�LO� ��I� ���$ÄX�X�GR�

7KH� SRVLWLYLW\� K\SRWKHVHV� ����DQG� �����\LHOG� WKH� /��D�SULRUL� HVWLPDWH

����� DOO�ON��*����??/X?OVU+4�
IRU� X� J� ��-���� ZLWK� X�[�� J� 1�[�� IRU� DOPRVW� DOO� [� J� �����8VLQJ� 7KHRUHPV� �� DQG� �� LW
LV�HDV\� WR�SURYH� WKH� IROORZLQJ�

7KHRUHP� ���)RU� DQ\�I� J� 6��������WKHUH� LV�D� XQLTXH� X� J� Ä6"������VDWLVI\LQJ� /X�  � ILQ� 6L
DQG� X� *� 1� DW� �����,Q� DGGLWLRQ� WKH� GLVWULEXWLRQ� �$QX�� X�?�D� LV� QRQQHJDWLYH�� DQG� WKH
HVWLPDWH� �����KROGV�License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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5HPDUN�� )RU� $Q� LQYHUWLEOH� WKLV� ZDV� SURYHG� E\� )ULHGULFKV� >�@�DQG� D� GLUHFW� SURRI
YDOLG� XQGHU� WKH� PRUH� UHVWULFWLYH� FRQVWDQW� PXOWLSOLFLW\� K\SRWKHVLV� ZDV� JLYHQ� E\� /D[
DQG� 3KLOOLSV�>�@�
)RU� SUREOHPV� ZLWK� FKDUDFWHULVWLF� ERXQGDU\�� RQH� GRHV� QRW� H[SHFW� IXOO� UHJXODULW\� RI

X�HYHQ� LII� J� &��������+RZHYHU�� WKHUH� LV�D�JRRG� WDQJHQWLDO� UHJXODULW\� WKHRUHP�
'HILQLWLRQ� ���$� VPRRWK� YHFWRU� ILHOG�\�RQ� ���LV�FDOOHG� WDQJHQWLDO� LI� DQG� RQO\� LI�� IRU

HYHU\� [� J� ������\�[��� Q�[���  � ��� )RU� V� J� =��� WKH� VSDFH� ���A����� FRQVLVWV� RI� WKRVH
ª*L"��L��� ZLWK� WKH� SURSHUW\� WKDW� IRU� DQ\� ���� �V� DQG� WDQJHQWLDO� ILHOGV� ^\�`
 ��
9�9��Ŷ�����<�©�J� M6"�������&OHDUO\�HOHPHQWV�RI����A�OLH�LQ���A������1HDU�"� J� ����RQH�PD\
ORFDOL]H� WR� ��!X�WKHQ� LQWURGXFH� FRRUGLQDWHV� �[[�� [
�� VR� WKDW� VXSSAZ� F� �_[_� �� �� DQG
[[� !� �`�� 7KH� HOHPHQWV� �SX�DUH� FKDUDFWHUL]HG� E\

�=� __�MF������������MD��0__A��5���� �� ���
_D_��

7KLV� \LHOGV� D� QDWXUDO� +LOEHUW� VSDFH� VWUXFWXUH� IRU� ���A����� �VHH� >�@���$VVXPLQJ� WKDW� ���
DQG� WKH� FRHIILFLHQWV� RI� /� DUH� VXIILFLHQWO\� UHJXODU�� RQH� KDV� WDQJHQWDO� UHJXODULW\� DV
IROORZV�

7KHRUHP� ���6XSSRVH�V� J� =���$��1�DQG�����DUH�RI�FODVV�&����DQG�%�LV�RI�FODVV�&����
7KHQ� WKHUH� DUH� UHDO� QXPEHUV� ;V�DQG� &V�VR� WKDW� ;���� $�� �� ������ DQG� LIXH� +VOP��XJ-9
DW������DQG/X� *����A��WKHQ�IRU�DOO�;�*�&

����� 5H�;� �� ;V�??�K/Ä��� &6�??�/��� ;�X??+OP���?;?�__:__Ä���

&RQYHUVHO\� LI;V�� &V�DUH� DV� DERYH�� 5H� ;�!� ;V�DQGI� *� ���A������ WKHQ� WKH� XQLTXH� VROXWLRQ
XWR�/� �� ;�X�  �I�X� *�1�DW������OLHV�LQ���A�����

5HPDUN� ��� ,Q� FDVH� ����LV� QRQFKDUDFWHULVWLF� LW� IROORZV� WKDW� X� J� �3������ ,Q� WKH
FKDUDFWHULVWLF� FDVH�� RQH� FDQQRW� H[SHFW� IXOO� UHJXODULW\� HYHQ� LI�� J� +V��O�� �VHH� >���� ��@��
+RZHYHU�� IRU� VRPH� LPSRUWDQW� SUREOHPV� RI� PDWKHPDWLFDO� SK\VLFV� RQH� GRHV� JHW� IXOO
UHJXODULW\� �VHH�>����������@��
5HPDUN� ���$Q� H[DPSOH� RI� )ULHGULFKV� >�@�VKRZV� WKDW� ZLWKRXW� D� FRQGLWLRQ� WKDW� ;�EH

VXIILFLHQWO\� ODUJH� �;� !� �� GRHV� QRW� DOZD\V� VXIILFH�� RQH� JHWV� UHJXODULW\� QR� EHWWHU� WKDQ
VH��

5HPDUN� ��� ,Q� WKH� QRQFKDUDFWHULVWLF� FDVH� ZLWK� V�  � �� WKLV� UHVXOW� ZDV� SURYHG� E\
)ULHGULFKV�� +LJKHU� L� ZDV� VWXGLHG� E\�PDQ\� DXWKRUV� >�������������@��3UREOHPV� FKDUDFWHU�
LVWLF� RI� FRQVWDQW� PXOWLSOLFLW\� RQ� D�QHLJKERUKRRG� RI� WKH� ERXQGDU\� ZHUH� VWXGLHG� LQ� >���
������@��ZKHUH� SDUWLDO� UHVXOWV� FDQ� EH� IRXQG�
5HVXOWV� DQDORJRXV� WR� 7KHRUHPV� ���� DUH� YDOLG� IRU� WLPH� GHSHQGHQW� SUREOHPV

����²�/�W��X�  � ILQ� F\OLQGULFDO� GRPDLQV� >���7@� ;�����7KHVH� UHVXOWV� DUH� GHVFULEHG� DQG
SURYHG� LQ� ���� ��� LV� GHYRWHG� WR� WKH� SURRIV� RI� 7KHRUHPV� ���� ZKLOH� ��� FRQWDLQV� WKH
SURRI� RI�7KHRUHP� ��
6WXG\LQJ� WKHVH� SUREOHPV� IRU� WKH� ODVW� GHFDGH� WKH� DXWKRU� KDV� EHQHILWWHG� IURP

FRUUHVSRQGHQFH� DQG� FRQYHUVDWLRQV� ZLWK� -�� 5DOVWRQ�� '�� 7DUWDNRII� DQG� /�� 6DUDVRQ�
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���7KH\�� WKHRU\�
3URRI� RI� 3URSRVLWLRQ� ���2QO\� WKH�GHQVLW\� UHTXLUHV� FRPPHQW�� &RYHU� ���E\� ILQLWHO\

PDQ\� FRRUGLQDWH� SDWFKHV� &��GLIIHRPRUSKLF� WR� ^_MF_� �� �`�RU� WR� �_[_� �� ��DQG� [[�!� �`
E\� GLIIHRPRUSKLVPV� [��� &KRRVH� D� ILQLWH� VPRRWK� SDUWLWLRQ� RI� XQLW\� �SW�VXERUGLQDWH� WR
WKLV� FRYHU�� &KRRVH�� H� &�����_MF_� �� �� DQG� [[� �� ���� ���  � �� DQG� OHWMH�[��  � H
�M�Ha�[��
/HW

L
7KHQ� XW� J� &����� DQG� NH��� X� LQ� -�"�������7KH� FODVVLFDO� OHPPD� RI� )ULHGULFKV� >�@
LPSOLHV� WKDW� �/N��� �� /�XH�� �� �� LQL"������� VR� /�XF�� �ª� /N� LQ� �������
��7KXV� ©H��!� N
LQ� -I/�� ���'
3URRI� RI� 7KHRUHP� ���*LYHQ��� H� �����������FKRRVH�� H� 7I+�IO��VXFK�WKDW� A_�D�  
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P� F�LQGHSHQGHQW� RI�?S��7KHQ� IRU� K�*�&AIO��
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7KXV�� __���ÄP__���L��������� FOO�__MU� ZKLFK� SURYHV� WKH� H[LVWHQFH� RI� D�FRQWLQXRXV� H[WHQVLRQ�
%\�3URSRVLWLRQ� ���&�����LV�GHQVH� VR� WKH� H[WHQVLRQ� LV�XQLTXH�� ���Ƒ
3URRI� RI� 7KHRUHP� ���*LYHQ� A� J� /LS������FKRRVH� A� J� /LS�����VR� WKDW� A_�D�  � ?S

DQG� __AU__/LS�D���� F__A__8S��D�� ZLWK� F�LQGHSHQGHQW� RI� LI��7KHQ� IRU� X�� Y�J� &[������*UHHQ
V
LGHQWLW\� \LHOGV

I� ��L!�$QX�Y�GR�  � I� �/X�Y�� �� �X�/�Y��G[�

6LQFH� WKH� FRPPXWDWRU� >/�� W\@� LV�RI� RUGHU� ]HUR� ZH� VHH� WKDW� ZLWK� F�LQGHSHQGHQW� RI� W\

�� W�$ÄX�� Y�� GD� A� F__L��__/LS��D�__0__MU-_L�__MI�����

7KXV� __�A�ÄN��I�__/LS��D�
��� F,0,MF��,0,�ª����6LQFH� &
����� LV� GHQVH�� 7KHRUHP� �� IROORZV�
'
3URRI� RI� 7KHRUHP� ���7KH�SURRI� RI�7KHRUHP� ��VKRZV�WKDW� IRU�X� J� &�

����� 0L©8��__MUL�D�U�L����FOO©ON
ZLWK� F� LQGHSHQGHQW� RI� X� DQG� V�� )RU� X� J� MI/�� FKRRVH� ZÄ�J� &��ZLWK� VXSSRUW� LQ� WKH
FRRUGLQDWH� � SDWFK� � DQG� ��XQ� �ª� X� � LQ� -I/�� ��%\� � ����� ��XQ�� LV� � D� � &DXFK\� � VHTXHQFH� � LQ
&�5�� ���������5������� VR� WKHUH� LV� IL�VXFK� WKDW� XÄ� �ª� IL�LQ� &�5�� ��+a����:������ 7KXV
XÄ��!� LL�LQ�A
�5���� VR�N� � IL��7KXV�X�H� &�5�� �����A�5
����� DQG������KROGV� IRU�X�
6LPLODUO\�� IRU� N��\�J� &���WKH�SURRI� RI�7KHRUHP� ��\LHOGV

O�A�©�©
!8��_O:3�����F__WW_NO+N�
ZLWK� F� LQGHSHQGHQW� RI� X��Y�DQG� V�� 8VLQJ� WKLV� LQ� WKH� VDPH� IDVKLRQ� DV� ������ WKH� VHFRQG
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3URRI� RI� 7KHRUHP� ���:LWK� WKH� DLG� RI� D�SDUWLWLRQ� RI�XQLW\� ZULWH� X� � ���P�  � /N
�
7KHQ

/X
�NI�/FXL[:PI��
,I� ZH� FDQ� ILQG� X
H�LQ� &
����� VXSSRUWHG� QHDU� VXSS� W\W��X
H�*�1� DW� �����DQG� X
F��� X
� LQ�-I/
�UHVS�� -9/��� WKHQ� OHWWLQJ� XH� � (X>� JLYHV� WKH� GHVLUHG� DSSUR[LPDWLRQ� IRU� X�� 7KXV�� LW
VXIILFHV� WR� FRQVLGHU� X� VXSSRUWHG� LQ� D� VPDOO� FRRUGLQDWH� SDWFK�� 7KH� LQWHUHVWLQJ� SDWFKHV
DUH� DW� �����3HUIRUPLQJ� D� FKDQJH� RI� LQGHSHQGHQW� YDULDEOH� ZH� DUH� UHGXFHG� WR� WKH� FDVH
��� � 5����VXSS� N�F� ^�_MF_��� ��DQG� [[�A� ���
8QGHU� D� FKDQJH� RI� GHSHQGHQW� YDULDEOH�� IL� � 0�[�aOX�� WKH� GLIIHUHQWLDO� HTXDWLRQ� LV

WUDQVIRUPHG� WR�/IL�  � 0I� ZKHUH

/Y� �<�0$MGM�0Z����0%0Z�

%\� K\SRWKHVLV�� $;�4��[
�� KDV� UDQN� LQGHSHQGHQW� RI� [
� VR� E\� D� /LSVKLW]HDQ� FKDQJH�
0�[
��� ZH�FDQ� WUDQVIRUP� $[����[
�� WR
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0XOWLSO\LQJ� RQ� WKH�OHIW�E\
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WUDQVIRUPV� WR� DQ� HTXLYDOHQW�� EXW� QRQV\PPHWULF�� V\VWHP� ZLWK
�������������

����� $[���[
��  �� �������������
�����������,�B

6LQFH� 1� '�NHUA� ZH� PD\� FKRRVH� D� /LSVKLW]� FRQWLQXRXV� XQLWDU\� 8�[
�� VXFK� WKDW� 8
OHDYHV� NHUAM� LQYDULDQW� DQG� 8�[
��1�[
��� LV�HTXDO� WR

����� ^©H&_©��� � Ŷ����  XN�  � �`�  1��

7KH� FKDQJH� RI� GHSHQGHQW� YDULDEOH� IL� � 8X� WUDQVIRUPV� WR� DQ� HTXLYDOHQW� V\VWHP� ZLWK
$[�XQFKDQJHG� VLQFH� 8$;8� � $[�DQG� ZLWK� WKH� ERXQGDU\� VSDFH� 1� UHSODFHG� E\� L9��
7KHVH� FKDQJHV� KDYH� VLPXOWDQHRXVO\� WUDQVIRUPHG� AM���� [
�� WR� WKH� IRUP� ����� DQG� 1� WR
1�� LQ� ������ ERWK� LQGHSHQGHQW� RI� [
�� :H� QRZ� GURS� WKH� WLOGHV� DQG� ZRUN� ZLWK� WKH
WUDQVIRUPHG� ERXQGDU\� YDOXH� SUREOHP�
6XSSRVH� N� *�MI/� DQG� X� J� 1��RQ� MF��  � ��� 7KH� DSSUR[LPDWLRQ� XH� LV� PDGH� LQ� WKUHH

VWHSV�� )LUVW� ZH� FRQVWUXFW� XH�*����A� Q� -I/�� XH�*�1��� XH��ª� N� LQ� -7/��7KH� FRQVWUXFWLRQ
XVHV� D� YDULDQW� RI� )ULHGULFKV
V� PROOLILHUV�� &KRRVH�� J� &�RF���_[_� �� ��DQG� [[� !� �`���� !� �
DQG� ���  � ���/HW

XH�  � -HX�  � M� X�[[HH\?� [
� �� H\
�M�\�G\�

7KH� QRYHOW\� KHUH� LV� WKDW� LQVWHDG� RI�[[� �� H\[�ZH�KDYH� [[HH\
�ZKLFK� LV� WKH� SRLQW� H�XQLWV
RI� WLPH� DORQJ� WKH� LQWHJUDO� FXUYH� RI� [[G�G[[� ZLWK� LQLWLDO� SRLQW� [[�� 7KH� JDLQ� LV� WKDW
XW?[� B�� LV� GHWHUPLQHG� E\� X?[�  �� DQG� WKH� ORVV� LV� WKDW� WKH� PROOLILHU� LV� QRW� FRPSOHWHO\
VPRRWKLQJ�� RQH� JDLQV� �[����� �
�� GHULYDWLYHV� EXW� QRW� 6[��$� UHODWHG� LGHD�� FRQYROXWLQJLicense or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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RQO\� LQ� WKH� [
� YDULDEOHV�� ZDV� XVHG� E\� /D[� DQG� 3KLOOLSV� >�@��)RU� WKDW� PHWKRG� LW� DSSHDUV
QHFHVVDU\� WR� VXSSRVH� WKDW� GLP�NHU�$�[�LV�FRQVWDQW� RQ� D�QHLJERUKRRG� RI�[[�  � ��

/HPPD�� ���� :LWK� ;�  � +�
A�� RU� ;�  � +VDQ�:��� DQG� W\�J� ;� ZLWK� FRPSDFW� VXSSRUW�
^-	� `�R�������LLV� D� ERXQGHG� VXEVHW� RI;�$VH� �ª� ���-H�W\�FRQYHUJHV� WR� W\�LQ�;�
�����=�  � �[[G[��������� ��-� DQG� W\�LV�DV�DERYH��WKHQ�=D-HW\�*�;�IRU� DOO�D� J� =��
���� 6XSSRVH� V� !� �� LV� DQ� LQWHJHU�� W\�J� ��W-DQ�5����ZLWK� FRPSDFW� VXSSRUW� DQG� $� *

&A��5��� ��+RP�&���� 7KHQ�LI?D?�  � ��WKH�IDPLO\�>$=D�� -H@W\���� �� H��� ���LV�ERXQGHG�LQ
+O�P�DQG� DV� H� ��� ���0=D�� �-�I!��� �� LQ���W-DQ�

3URRI� RI� /HPPD������)RU� W\�H� ;�ZLWK�FRPSDFW� VXSSRUW� ZH�KDYH

W\�[[H
\?[
� �� H\
�� *�;� �� IRU� _\?� �� ����� �� H��� ��

,Q� IDFW� WKH\� OLH� LQ� D� ERXQGHG� VXEVHW� RI� ;�� $V� -HW\�LV� D� FRQYH[� FRPELQDWLRQ� LW� LV
ERXQGHG� LQ� ;� XQLIRUPO\� LQ� H��� ���ZLWK� ERXQW/GHSHQGLQJ� RQO\� RQ� ??W\??�[�DQG� VXSS� W\�
$SSUR[LPDWLQJ� W\�LQ� ;� E\� HOHPHQWV� RI� &A5��� ZLWK� XQLIRUPO\� ERXQGHG� VXSSRUWV�
SDUW� ���� IROORZV� VLQFH� -HW\��!�W\�LQ� ;� IRU� W\�*�&A5A��

���� &RQVLGHU� ILUVW� [[G[��)RU� W\�J� &��:A��� -FW\�J� &A�:A�� DQG� GLIIHUHQWLDWLQJ� XQGHU
WKH� LQWHJUDO� VLJQ

[[G[-FW\� � I� [[H
\$�[[HA?� [
� �� H\
�M�\�� G\

 �^M�\�?AUL^W!�AA�[
� ��H\
��G\�

,QWHJUDWLQJ� E\� SDUWV� XVLQJ� WKH� IDFW� WKDW��  � ��ZKHQ� \[� � ��\LHOGV

 � �AI�W��;OHA�[
� ��H\
�A��\�G\�

0RUH� JHQHUDOO\� ZH�KDYH

=9HW\� � �Y�� ��� ^LHW\?� [
� ��H\
���M��\�� G\�

7KXV� IRU� H� DQG� D� IL[HG� DQG� .� F� 5���FRPSDFW� WKHUH� LV� &�  � &�H�� D�� .�� VR� WKDW
??]D-HW\??[�� F,,�W+,D��$SSUR[LPDWLQJ� W\�A� ;� ZLWK� FRPSDFW� VXSSRUW� E\� D� VHTXHQFH
�-!��J� &��������IROORZV�
���� :H� WUHDW� D�  � ������������ DQG� V�  � ��� 7KH� RWKHU� FDVHV� DUH� VLPLODU�� )RU� W\�J

&��:A��DQG� U�  � =D�ZH�KDYH

>��,?� -H@W\�  � �� �AO�[�� �� $�[[H
ª�� [
� �� H\
��M�\�AA��W\�[[HA�� [
� �� H\
��� G\�

1RZ� LQWHJUDWH� E\� SDUWV�� :KHQ� WKH�\� GHULYDWLYH� IDOOV� RQ� WKH�$� WHUP� ZH� ILQG

�� [[HAA�[[HA�� [
� �� H\
�M�\�W\�[[HA�� [
� �� H\
�� G\
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ZKRVH� Ŷ�"��5����QRUP� LV� ERXQGHG� LQGHSHQGHQW� RI� H� J� ����@� VLQFH� [[G$�G[[� LV
ERXQGHG�� :KHQ� WKH� \� GHULYDWLYH� IDOOV� RQ�M� ZH� ILQG

F� $�[�� �$�[[HH\?[
� �� H\
�� ����� �� ��������� �� �
��� � � � � �²AA�DA0����� � �©��� G\

ZKRVH� -"��5���� QRUP� LV� ERXQGHG� LQGHSHQGHQW� RI� H� J� ����@� EHFDXVH� WKH� GLIIHUHQFH
TXRWLHQW� LQ� WKH� LQWHJUDQG� LV� ERXQGHG� VLQFH� $� *� /LS�� 7KXV� >$7�� -H@�PDSV-6"��5���� WR
LWVHOI� ZLWK� QRUP� LQGHSHQGHQW� RI� H�J� ����@�� 6LQFH� AI��?LP>$7�� -H@W\� � �� IRU� W\�J
&AI:O��� D�GHQVH�VXEVHW�RI�	���SDUW� ����IROORZV��� �'
$SSO\LQJ� SDUW� ���� RI� WKH� OHPPD� ZLWK� ;�  � L"��5���� ZH� VHH� WKDW� XF�  � -FX� J� ��W�DQ�5����

3DUW� ���� ZLWK� ;�  � ����5���
�VKRZV�-H�/X�� �ª� /Z�LQ� +O�:��
�� )LQDOO\�� SDUW� ���� VKRZV
WKDW� /H�/N�� �� /�XH�� �!��� LQ��6"��5�����3XWWLQJ� WKLV� WRJHWKHU� ZH� VHH� WKDW� IRU� X�*�MI/�
NH� �ª� N� LQ� -I/�

6LQFH� $A�LV� LQGHSHQGHQW� RI� [
�� LW� LV� FOHDU� RQ� D� IRUPDO� OHYHO� WKDW� NH� J� $A�DW� MF��  � ��
7R� SURYH� WKLV�� ILUVW� REVHUYH� WKDW� IRU� W\�*� &�A�5����

ŶA8�R�  � <H��8�R��� � �<���� V� H�O
�9\L[
�H��� � �\�[
��  � M� M�[[�� [
�� G[[�

WKH� FRQYROXWLRQ� LQ� [
� YDULDEOHV� RQO\�� 'HILQH� 0��� &� �!� &N�1�� E\� WKH� FRPPXWDWLYH
GLDJUDP�

F�²!�F9LY�
?� � � � � � � �$[���[
�?� �0�W

AFN

6LQFH� $���DQG� $[�DUH� LQGHSHQGHQW� RI�[
� ZH�KDYH

.$L�I0[� R� �<��-0L8�R�!

WKH� FRQYROXWLRQ� LQ�[
� YDULDEOHV�� 8VLQJ� 7KHRUHP� ��ZH�VHH�WKDW� WKLV� LGHQWLW\� H[WHQGV� E\
FRQWLQXLW\� WR� W\�H� -7/�� WKH� HTXDOLW\� H[SUHVVHG� LQ� +a����5�a���� )RU� X� H� MI/� ZLWK
N� *�$��DW� �����$/MANA�  �� � �� VR� ZH� ILQG� WKDW� 0�$[XH� � ��� WKDW� LV� NH�J� $����DW
;L�  � ��
7KXV�� UHSODFLQJ� X� E\� NH� ZH� PD\� VXSSRVH� ZLWKRXW� ORVV� RI� JHQHUDOLW\� WKDW� X� *

25���
7KH� GLIIHUHQWLDO� HTXDWLRQ� DQG� X� J� ��A� LPSO\� WKDW� ���A��Z��J� Ä6"��5�����VR� ��M.�J

77A5A��� /HW� N��  � ������� ������ XO�O�����XN�� EH� WKH� SURMHFWLRQ� RI� X� RUWKRJRQDO� WR� $A�
6LQFH� 1��'� NH[�$[� ZH� VHH� WKDW� X�� J� ����5�����7KH� ERXQGDU\� FRQGLWLRQ�� WKRXJK
H[SUHVVHG� ZHDNO\�� LPSOLHV� X�� *�+O�:���� ([WHQG� X�� WR� EH� ]HUR� IRU� [�� �� ��� VR
X�� J� ����5����/HW0� � N� �� N�� DQG� IRUL"� *� ����@�

XY�[��  � X
�[�� �� X��[O�Y�[
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7KHQ� DV� W"��ª� ��� NÄ� �� X� �ª� �� LQ� �A�5������ VR� /N��� �!�/N� LQ�-63���5�����7KXV� NÄ� �ª� X� LQ
-I��� 5HSODFLQJ� N� E\� Z���ZH� PD\� VXSSRVH� ZLWKRXW� ORVV� RI� JHQHUDOLW\� WKDW� X��  � �� IRU
�� �� [[� �� 7-�
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:LWK� �� DV� EHIRUH� DQG� MH^[��  � H
�M��[[� �H�� [�H�� DQG� H� �� L��OHW� NH�  � �(��X� J� &�A�5
���
�XH�Q�  � �� IRU� [[� �� Y� �� H�� 7KXV� NH� J� 1�� DW� WKH� ERXQGDU\�� 7KDW� NH� �ª� X� LQ� �I��5?�
DQG� MH��/X� �!� /X� LQ� +��5���
� D[H� URXWLQH�� )ULHGULFKV
� FODVVLFDO� OHPPD� DVVHUWV� WKDW
MH��/X� �� /XF� �ª� ��LQ�-�"��5�����,Q� WRWDO�� XH��ª� N�LQ�-I/� DQG� WKH� SURRI� RI�7KHRUHP� ��IRU
-I�� LV�FRPSOHWH�� �R[-I/� RQH�PHUHO\� UHSHDWV� WKH� SURRI� UHSODFLQJ� -I� E\�-I� DQG� 7�A5A�

E\A��5����� ���Ƒ
3URRI� RI� 3URSRVLWLRQ� ��� ,I� X�J� MI]� ZLWK� N� J� 1� DW� ����ZH�PD\� FKRRVH� NH�J� MI/Q

&������NH�J� $A�DW� ����DQG� XI� �!� X�LQ-W/�� *UHHQ
V� LGHQWLW\� IRU� XW� \LHOGV

�����Z(��/Y�� G[�  � �/XH��Y�� �� >� � � �$QXH�� Y�� GR�

)RU� Y� J� /LS������ ZLWK� QH�Y� WKH� ERXQGDU\� WHUP� YDQLVKHV�� 3DVVLQJ� WR� WKH� OLPLW
H��!���\LHOGV�����

&RQYHUVHO\�� VXSSRVH� ���� KROGV� IRU� Z*MI��� 7KHQ� IRU� DQ\� W\�J� /LS������ ZLWK
W\�F �1� ZH� PD\� FKRRVH� G�J� /LS������ X_�D�  � W\�� 7KHQ� LGHQWLW\� ���� LPSOLHV� WKDW
�\�Ä0_DQ��A��  � ��� 7KXV� LI� WLQ�;��LV� WKH� RUWKRJRQDO� SURMHFWLRQ� LQ� &� RQWR� 1� ZH� VHH
WKDW� AÄN_�+� DQQLKLODWHV� WU1�Y� IRU� DQ\� Y�*� /LS������� 6LQFH� WWQ� LV� VHOIDGMRLQW�� WKLV� LV
HTXLYDOHQW� WR� Q1�$ÄX?DD��  � �� LQ� ��a���������� +HUH� ZH� KDYH� XVHG� WKH� IDFW� WKDW� LU1ª
PXOWLSOLHV� 73������WR� LWVHOI� IRU�DOO� _V_� �� ���6LQFH�1� ]]!�NH[$Q��ZH�KDYH� NH[LW1ª$Q� � 1
IRU� DOO� [� J� �����$Q� DUJXPHQW� OLNH� WKDW� LQ� 3URSRVLWLRQ� �� WKHQ� VKRZV� WKDW� IRU� X� *�;/�
X� J� 1� DW� ����� !�771�$QX?0� ��� LQ� ������������ :H�FRQFOXGH� WKDW� LI� ����KROGV� WKHQ
N� J� 1� DW� ����DQG� 3URSRVLWLRQ� ��LV�SURYHG�� ���Ƒ
3URRI� RI� 7KHRUHP� ��� ,I� N�J� MIIW� DQG� X�J� $
�DW� ����ZH� PD\� FKRRVH� NH�J� &�����

ZLWK� NH� J� 1� DW� ����DQG� NH� �ª� X� LQ� -LI/�� 7KHQ� �$QX��� ©(`_�D� !� �� DQG� �$QXW�� XI�� �!
�$QX�X�� LQ� /LS�����
�� 7KLV� LPSOLHV� WKDW� �$QX�� X�?DD� LV� D� SRVLWLYH� GLVWULEXWLRQ�
*UHHQ
V� LGHQWLW\� ����ZLWK� Y� � X�\LHOGV� HVWLPDWH� ������ DQG�� LQ� SDUWLFXODU�� XQLTXHQHVV�

7R� SURYH� H[LVWHQFH� OHW� ���EH� WKH� VHW� RI� Y� J� /LS����� ZLWK� Y� F]]�1� DW� �����6LQFH� 1� LV
PD[LPDO� SRVLWLYH� ZH� KDYH� D__\__BVH���IL���� __/X__BA��Q�� IRU� DOO� Y� J� A�� LQ� SDUWLFXODU� /� LV
D� ELMHFWLRQ� IURP� -��WR�#� � /��6��� 'HILQH� ��� A� �ª� &�E\

/Y�!�ª��� � X�G[�
�
D

7KH� HVWLPDWH� IRU� /� \LHOGV� D?O�Y�?� �� __�__A!������ 5LHV]
V� WKHRUHP� LPSOLHV� WKDW� WKHUH� LV� D
N� J� LA������ VR� WKDW� O�Z��  � �Z�� .�BA��D��IRU� DOO� WYHI�� 7KLV� LV� H[DFWO\� LGHQWLW\� ���� RI
3URSRVLWLRQ� ��� &RQVLGHULQJ� Z� � /Y�� Y� J� &�-������ZH� ILQG� /N�  ��� 3URSRVLWLRQ� �
VKRZV� N� J� 1� DW� ����VR�X�LV� WKH� GHVLUHG� VROXWLRQ�� ���Ƒ

���7DQJHQWLDO� UHJXODULW\�
3URRI� RI� 7KHRUHP� ���:H� EHJLQ� ZLWK� WKH� GHULYDWLRQ� RI� WKH� D� SULRUL� HVWLPDWH� �����

/HW��  � �/� �� ;�X�� &RYHU� ���E\� D� ILQLWH� IDPLO\� RI�RSHQ� VHWV� �!8M�VR� WKDW� HLWKHU� ��WF]�F� ��
RU� ��L�Q� ��� LV� &VO� GLIIHRPRUSKLF� WR� ^[�� !� �`� Q� ^_MF_� �� �`� ZLWK� ����PDSSLQJ� WR
�[��  � �`�� &KRRVH� D� ILQLWH� SDUWLWLRQ� RI� XQLW\� ^���`�VXERUGLQDWH� WR� WKLV� FRYHU� DQG� OHW
N�  � <�W\M8� � (N��� &KDQJLQJ� FRRUGLQDWHV� LQ� WKH� ERXQGDU\� SDWFKHV� \LHOGV� IXQFWLRQV
N�� ��;L�GHILQHG� RQ� ^[[� !� �`� Q� ^_[_� �� �`� ZKLFK� ZH� FRQWLQXH� WR� FDOO� P����(DFK� IXQFWLRQ
Z��VDWLVILHV� DQ� HTXDWLRQ� RI� WKH� IRUP

����� �/�� ��;�X��  � W\�I�;O� ��<�F�M�[�XM�
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ZKHUH� /�� LV� WKH� RSHUDWRU� H[SUHVVHG� LQ� WKH� QHZ� FRRUGLQDWHV� DQG� WKH� PDWULFHV� F��� DUH� RI
FODVV� &,B8�� 7DNLQJ� WKF6"�� VFDODU� SURGXFW� ZLWK� XL�\LHOGV

_�N���O�� ��$�N��_� �� F__©0__�/� �� ?�©__A� ��__N__A��

+RZHYHU�� DV� XL� VDWLVILHV� WKH� PD[LPDO� SRVLWLYH� ERXQGDU\� FRQGLWLRQ� N�� J� �9�[�� RQ
;M� � ���*UHHQ
V� LGHQWLW\� LPSOLHV� WKDW

5H�0Ä�/�����$�.���05H?�F�_N__��
6XPPLQJ� RQ� L��ZH�ILQG� FRQVWDQWV� X��� F��VR� WKDW

�5H;� �� Z��__.__A��D��� F�__�/� �� ;�X??VS?4��

:H� ZDQW� VXFK� DQ� HVWLPDWH� IRU� WKH� WDQJHQWLDO� GHULYDWLYHV� RI� X�� 7KH� EDVLF� LGHD� LV� WR
DSSO\� WKH� ���� HVWLPDWH� WR� WKH� WDQJHQWLDO� GHULYDWLYHV� RI� X�� 7KHUH� DUH� WZR� SUREOHPV�
ILUVW� WKH� WDQJHQWLDO� GHULYDWLYHV� \X� QHHG� QRW� VDWLVI\� WKH� ERXQGDU\� FRQGLWLRQV� DQG�
VHFRQG�� /\.� QHHG� QRW� KDYH� -�"��QRUP� GRPLQDWHG� E\� __N__ZL� �� 7R� RYHUFRPH� WKHVH
GLIILFXOWLHV� WKH� SUREOHP� LV�WUDQVIRUPHG� WR� D�FRQYHQLHQW� IRUP�
6LQFH� ND[�$[����[
�� F� 1�[
�� ZH�PD\� FKRRVH� D� XQLWDU\� PDWUL[� YDOXHG� IXQFWLRQ� 8W�RI

FODVV� &VO� VR� WKDW

8�1� � �NJ&�N��� � ���� �  XN�  � �` 1R�

8�NH[$[��  � ^�X� J� &�� XD���[� � ����Ŷ��  � XN�  � �`

ZLWK� D� �� ��� 7KHQ� IL�� � 8OP��VDWLVILHV� WKH� ERXQGDU\� FRQGLWLRQ� IL��J� 1��DQG� /�� �� $�LV
WUDQVIRUPHG� WR� /�� �� ;��ZKHUH

O�� �?W�X
$M8ILM���O�R�W�� �HP� ��%�
M

7KH� V\PPHWU\� RI�$[�VKRZV� WKDW

�� ����������

A� $[���[
� ?������-QRQVLQJ@����
ZKHUH� WKH� �N� ²�D�� ;��N� ²�D�� ORZHU� ULJKW�KDQG� EORFN� LV� LQYHUWLEOH�
:KDW� ZH� KDYH� GRQH� LV� WR� WUDQVIRUP� WKH� SUREOHP� VR� WKDW� 1� DQG� NHU� ������� [
�� DUH

LQGHSHQGHQW� RI� [
�� ,W� LV�ZRUWK� QRWLQJ� WKDW� RQH� FDQQRW�� LQ� JHQHUDO�� DUUDQJH� WKDW� 1� DQG
$[���� [
�� EH� FRQVWDQW�� 7R� VHH� WKLV� FRQVLGHU� $[�FRQVWDQW� DQG� 79�[
��ZKLFK� YDULHV� IURP
GLVVLSDWLYH� WR� FRQVHUYDWLYH� ZLWK� [
�
)RU� QRWDWLRQDO� VLPSOLFLW\� ZH�GURS� WKH� WLOGHV�� 1H[W� ZH�H[DPLQH� WKH� FRPPXWDWRU� RI

/�� ZLWK� WDQJHQWLDO� GHULYDWLYHV�� ,Q� ORFDO� FRRUGLQDWHV�� WKH� WDQJHQWLDO� YHFWRU� ILHOGV� DUH
JHQHUDWHG� E\� WKH� =���ZKHUH

�=;�=������=9��  � �MF������������Ä��

7KH� FULWLFDO� REVHUYDWLRQ� LV� WKDW� IRU� HDFK� =\�DQG� /�� WKHUH� DUH� PDWULFHV� 7S��W\� VR� WKDW

����� >A�]��@ � /� L!]
� ��OÄ
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ZKHUH� 7S�DQG� W\� DUH� RI� FODVV� &Va����RU� /���GHSHQGLQJ� RQ� ZKHWKHU� ��LV� JUHDWHU� WKDQ� RU
HTXDO� WR� RQH�� 7KH� FUXFLDO� FRPPXWDWRUV� DUH� >$[L�[��=I?�� )RU� �� !� ��� >$[G[��=I?�  
�=M$[�G[�� :ULWH� $[�[[�� [
��  � $[���� [
�� �� [[*�[[�� [
�� ZLWK� *�RI� FODVV� &-B8�� 7KHQ

�=-$O�GO�  � ^G-$O���[
��G[��G-*�=O

ZLWK� ��*�RI� FODVV� &Va��� �UHVS�� /����LI�V� !� ���UHVS�� A� � ���� %HFDXVH� RI� WKH� VSHFLDO� IRUP
�����ZH�KDYH

GM$[���[
��  � ������ [
�$[���� [
�

ZLWK� 7��RI� FODVV� &6a�-��7KXV�

�GM$[����[
��G[�  �+$IL�� �� +*=<�
1RZ� ������  � /�²�(\ �A�=� ²�%�� VR� >�������=@� KDV� WKH� GHVLUHG� IRUP� IRU\� !� ��� )RU
M�  � ��� >$�G���=[@� � $OGO� ²��G[$[�=[�� 5HSODFLQJ� $[G[�DV� DERYH� FRPSOHWHV� WKH� SURRI
RI������
:H� ZRXOG� OLNH� WR� DSSO\� WKH� HQHUJ\� LQHTXDOLW\� WR� =�8M�� 'URSSLQJ� WKH� VXEVFULSWV� ZH

KDYH

�/� �� ;�=N�  � =�/� �� ;�K� �>/�� =@X�

)RU� �*� 77��A�WKH� PLGGOH� WHUP� OLHV� LQ� -��� DV� GRHV� WKH� ODVW� WHUP� E\� YLUWXH� RI� WKH
FRPPXWDWRU� LGHQWLW\� ������ 7KXV� =�XW� *��9/��:H� QHHG� WR� NQRZ� WKDW� =�N�� J� 1�� RQ
[��  � ��� 6LQFH� N�� J� 1��DQG� 1��LV� LQGHSHQGHQW� RI� [
� WKLV� LV�REYLRXV� RQ� WKH� IRUPDO� OHYHO�
)RU� SURRI� FRQVLGHU� �HN��DV� LQ� WKH� SURRI� RI� 7KHRUHP� ��� 8VLQJ� WKH� OHPPD� IURP� WKDW
SURRI� ZH� VHH� �VXEVFULSWV� GURSSHG�� WKDW� �HN��ª� X� LQ� ���A� DQG� /-HN� �ª� /N� LQ� ��A�� ,W
IROORZV� WKDW� =\H.��!� =N� LQ� -LI/� DQG� WKHUHIRUH� WKH� HTXLYDOHQFH� FODVVHV� =7HN�PRG� �9T
FRQYHUJH� WR� =X� PRG� 1��LQ� ��a����5�B���� 7KXV�� LW� VXIILFHV� WR� VKRZ� WKDW� =7(Z�*�1��DW
[��  � ��� 6LQFH� $A� LV� LQGHSHQGHQW� RI� [
� D� VLPSOH� FDOFXODWLRQ� VKRZV� WKDW� IRU� X� J
&����5���

=�(.PRG� 1�  � \(�[
��ZPRG� 1���

ZKHUH� \H� � �Ha�\�[
�H�� DQG� \�[
��  � I]AL=-;[A� [
�� G[[�� 7KLV� LGHQWLW\� H[WHQGV� E\
FRQWLQXLW\� WR� DOO� X� J� ;O� ZLWK� HTXDOLW\� LQ� �������5�B���� ,Q� SDUWLFXODU�� LI� X� J� 1��� WKHQ
=-HX� J� 1��
7KH� SUHOLPLQDULHV� FRPSOHWH�� ZH� DSSO\� WKH� HQHUJ\� LGHQWLW\� WR� =�N�� WR� ILQG

�5H;� �� F��__=�._�__�VI���LU����� F�__�/�� �� ;�=OXL??A��5�-?=�XL??A��5���

:ULWH� �/�� �� ;�=N�  � =�/�� �� ;�N� �� >/�� =@N� DQG� XVH� ����� IRU� WKH� FRPPXWDWRU�� )RU
WKH� /�K� WHUP� ZKLFK� DULVHV�ZULWH� /�N�  � �/�� �� ;�N� �� ;N��7KLV� \LHOGV

__�/�� �� ;�=�XL?\LOW��� �� F�__�/�� �� ;�X??Ä/� �� ??X??+/���?;?�??X??M"!��

3OXJJLQJ� LQ� DQG� VXPPLQJ� RYHU� ��DQG� L�\LHOGV

�5H;� �� F��__N__���Ä� �� &�__.__��/�__�__Z�DQ� �__N__��/� �_;_� ??X??A��

7KLV� LV� WKH� GHVLUHG� HVWLPDWH� ����� IRU� V�  � ��
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)RU� KLJKHU� V�� RQH� QHHGV� KLJKHU� RUGHU� FRPPXWDWRUV�� 8VLQJ� ����� RQH� SURYHV� E\
LQGXFWLRQ� RQ� _D_� WKDW� IRU� HDFK� D� WKHUH� DUH� PDWULFHV� 7D�M�� W\D�A�VR� WKDW

>/L�]�@ � � (� UDL��]
���� ,� ��S]��
,�O©O©O� ?3?�?�?

,�A�©²_©F_²�������� LI� V� !� _D_
7D�3!��O�� RI� FODVV� IOO


>/� LI�V�  � ?D?�

7KHQ� UHDVRQLQJ� DV� DERYH�� RQH� SURYHV� WKH� D� SULRUL� HVWLPDWH� ����� E\� LQGXFWLRQ� RQ� V�
:H� QH[W� WXUQ� WR� WKH� SURRI� RI� UHJXODULW\�� $VVXPLQJ� QXPEHUV� ;V��FV�KDYH� EHHQ� IRXQG

VR� WKDW� ����� KROGV� DQG� WKDW�� J� +VOP�DQG� 5H� ;�!� ;V�ZH� PXVW� VKRZ� WKDW� WKH� VROXWLRQ� X
RI� �/� �� ;�N�  � ��� N�J� 1� DW� �����OLHV� LQ� ���A������7KH� SURRI� SURFHHGV� LQ� WZR� VWHSV�
)LUVW� ZH� SURGXFH� D� QXPEHU� $V� VR� WKDW� WKH� FRQFOXVLRQ� KROGV� SURYLGHG� 5H�;�!� $��
7KH� FRQWLQXLW\� PHWKRG� WKHQ� \LHOGV� WKH� GHVLUHG� UHVXOW� IRU� 5H� ;�!� ;A��
7KH� ILUVW� VWHS� SURFHHGV� E\� QRQFKDUDFWHULVWLF� UHJXODUL]DWLRQ�� &KRRVH� Q�[�� DV� DQ

H[WHQVLRQ� RI� WKH� XQLW� RXWZDUG� QRUPDO� WR� D� &-��� YHFWRU� ILHOG� RQ� ����([WHQG� �9�[��WR� D
&VO� PDS� GHILQHG� RQ� DQ� RSHQ� QHLJKERUKRRG� RI� �����DQG� FKRRVH� W\�*� &������� VXS�
SRUWHG� LQ� WKH� GRPDLQ� RI� GHILQLWLRQ� RI� 1� DQG� HTXDO� WR� RQH� DW� �����/HW� WU1O[;�EH� WKH
RUWKRJRQDO� SURMHFWLRQ� RI�&N�RQWR� 1�[��� DQG� VHW

9

8�  � /��� HW\WU1�<��©����
��� �L

)RU� /H�ZLWK� H� VPDOO�� ����LV� QRQFKDUDFWHULVWLF� DQG� $A�LV� D� PD[LPDO� SRVLWLYH� ERXQGDU\
VSDFH�� $FWXDOO\�� 1� LV� VWULFWO\� SRVLWLYH� LQ� WKH� VHQVH� WKDW� ����� KROGV� ZLWK� VWULFW
LQHTXDOLW\�� �$(QY��Y�� !� H_��_��IRU� Y�*�1�[��� $� VWUDLJKWIRUZDUG� DUJXPHQW� VKRZV� WKDW
WKHUH� LV� DQ� FR��VR� WKDW� 8� �� ;�LV� SRVLWLYH� IRU� DOO� 5H�;�!� Z��DQG� �� �� H� �� ��� /HW� XH�EH
WKH� VROXWLRQ� WR� �/H� �� ;�NH�  ��� ©(HL9DW� �����7KHQ� LW� LV� HDV\� WR� VHH� WKDW� DV� H� �ª� ��� XV
FRQYHUJHV� WR� X� LQ� �6"�������,Q� DGGLWLRQ�� LI� RQH� UHWUDFHV� WKH� GHULYDWLRQ� RI� WKH� D� SULRUL
��IDQ� HVWLPDWH� RQH� ILQGV� XV�� FV� VR� WKDW� X�� �� Z�� ©V� ������ DQG� IRU� DOO� X� J� �/W-DQ�ZLWK
/NH� J� +VODQ�DQGX*-9� DW� ����

����� �5H� ;��� �R��__N__ÄO� �� FV�??�8� �� ;�N__ÄO� �� _;_�__N__+_�����

)URP� WKLV� DQG� WKH� IDFW� WKDW� ����LV� QRQFKDUDFWHULVWLF�� ZH� ILQG� WKH� ��V�HVWLPDWH

�5H;� �� R21NRU�� �� A�__�/� ��;�X??+/Q�D����_;_�__N__Ä����!��

/HPPD�� 7KHUH� LV� DQ� HV�!� �� VR� WKDW� LI� 5H;� !� XV�� �� �� H� �� HV�� DQG� I� J� ��L������ WKH
XQLTXH�VROXWLRQ� WR��/(��� ;�X�  � I�� X�J� 1�DW� �����OLHV�LQ���L�����

5HPDUN�� 7KHUH� DUH� WZR� UHDVRQV� ZK\� ZH� FDQQRW� PHUHO\� DSSO\� WKH� UHVXOW� RI
7DUWDNRII� >��@�� )LUVW�� WKH� FRHIILFLHQWV� RI� 8� DQG� ����DUH� QRW� VXIILFLHQWO\� UHJXODU� DQG
VHFRQG�� 7DUWDNRII� SURYLGHV� D� $V�(�VR� WKDW� WKH� UHJXODULW\� KROGV� IRU� 5H;� !� $�(�� :H
QHHG� D�FRQVWDQW� $�LQGHSHQGHQW� RI�H�
:H� SRVWSRQH� WKH� SURRI� RI� WKH� OHPPD�� *LYHQ� WKH� OHPPD� DQG� 5H�;�!� XV�� HVWLPDWH

����� DOORZV� RQH� WR� SURYH� LQGXFWLYHO\� WKDW� �XH`� LV�ERXQGHG� LQ� ��W�DQ�IRU� D�  � �������� ���V�
6LQFH� X��!� X�LQA������� ZH�FRQFOXGH� WKDW� X�J� ���A�����
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)LQDOO\�� ZH� PXVW� SURYH� WKH� VDPH� FRQFOXVLRQ� DVVXPLQJ� 5H;� !� ;A�� ZKHUH� ;V
DSSHDULQJ� LQ� ����� PD\� EH� VPDOOHU� WKDQ� ZV��'HILQH� D�FORVHG� RSHUDWRU� /� RQ� ���Q�����E\

6�/� �XH� ��W-DQ����_/.�*���DQ�����DQG� X� J� $I�DW� ���`�

:H� KDYH� SURYHG� WKDW� ^5H� ;�!� XV`� OLHV� LQ� WKH� UHVROYHQW� VHW� S�/�� RI� /�� :H� PXVW� VKRZ
WKDW� 	� � ^5H� ;�!� ;V`� OLHV� LQ� S�/��� 1RZ� &LV� FRQQHFWHG� DQG� �� Q� S�/�� LV�RSHQ�� 7KXV�
LW� VXIILFHV� WR� VKRZ� WKDW� �� Q� S�/�� LV� D� FORVHG� VXEVHW� RI� 	��6XSSRVH� SN�*� �-Q� S�/�
DQG� �L$���ª� MX� LQ� ��� :H� PXVW� VKRZ� WKDW� �M��J� S�/��� ,QHTXDOLW\� ����� LPSOLHV� WKDW
=�[�� !� �5HMX� �� ;-�� IRU� DOO� [� *� ���ZKHUH� =�[�� LV� WKH� PDWUL[� DSSHDULQJ� LQ� ����� 7KXV�
IRU� DQ\� �� *���WVDQ������WKHUH� LV� D�XQLTXH� X�*�L"������ ZLWK� �/� �� �[�N�  � I�� X� �]]�1� DW� ����
:H�QHHG� WR� VKRZ� WKDW� X�J� ���A������1RZ

X A��OLP.$�� �������Z� � �/� �� �WM����

%\� K\SRWKHVLV� XN� J� ��WVDQ������7KH� D� SULRUL� HVWLPDWH� ����� VKRZV� WKDW� ^XN`� LV� ERXQGHG
LQ���A�� ,W� IROORZV� WKDW� X�J� ���A������WKH�GHVLUHG� FRQFOXVLRQ�
5HPDUN�� ,QVWHDG� RI� QRQFKDUDFWHULVWLF� UHJXODUL]DWLRQ� RQH� FRXOG� SURYH� WDQJHQWLDO

UHJXODULW\� GLUHFWO\� XVLQJ� RXU� PROOLILHUV� -F� LQ� D� SURRI� LPLWDWLQJ� WKDW� RI� 7DUWDNRII�
*LYHQ� 7DUWDNRII
V� WKHRUHP� WKH� SUHVHQW� SDWK� LV� VKRUWHU�

3URRI� RI� /HPPD�� )L[� H��:H� ZDQW� WR� DSSO\� 7DUWDNRII
V� WKHRUHP� WR� /��� EXW� WKH
FRHIILFLHQWV� ����DQG� 1� D[H�QRW� VPRRWK� HQRXJK�� /HW� $��� %� EH� WKH� FRHIILFLHQWV� RI� /H�
&KRRVH� $��� %N� J� &���IO��� $N�V\PPHWULF� VR� WKDW� DV� N� �!� RR��$�� �!�$S� DQG� %N� �!�%
XQLIRUPO\� ZLWK� ^$N`� DQG� ^%N`� ERXQGHG� LQ� &6
?4�� DQG� &aX������ UHVSHFWLYHO\�
7KLV� \LHOGV� RSHUDWRUV� /H�N�FRQYHUJLQJ� WR� 8�
1H[W� FKRRVH� ���F� ����LQFUHDVLQJ� WR����ZLWK������ª� ����LQ�WKH�&V���WRSRORJ\�
)LQDOO\� FKRRVH� ERXQGDU\� VSDFHV� 1N� GHILQHG� LQ� �����VPRRWK� DQG� FRQYHUJLQJ� WR� 1

LQ� WKH� &���� WRSRORJ\� �ZKLFK� PDNHV� VHQVH� LQ� D� XQLTXH� ZD\��� :H� PD\� FKRRVH� 1N
VWULFWO\� SRVLWLYH� DQG� VR� WKDW� WKH� VWULFWO\� SRVLWLYH� VPRRWK� SUREOHPV� /H�N������1N� VDWLVI\
+V��ON�� HVWLPDWHV� XQLIRUPO\� LQ� N�� 7KDW� LV�� WKHUH� DUH� FRQVWDQWV� XV� DQG� &V�VR� WKDW� IRU� DOO
N�DQG� X�J� 7/A5��

�5H� ;��� ZM__X__��
�F�� �� &��__�/��� �� ;�LL__K����� �� _;_�__P__K�!�R���

)RU� H��N� IL[HG�� WKH� SURRI� RI�7DUWDNRII
V� WKHRUHP� SURYLGHV� DKFN� VR� WKDW� LI�5H� ;�!� $FN�
WKHQ� WKH� VROXWLRQ� X(�N�WR�/FN� �� ;�XF�N�  � I�� XH�N�*�1N� DW� �����VDWLVILHV� XH�N�*� ��-�����
$� FRQWLQXLW\� DUJXPHQW� DV� WKH� HQG� RI� WKH� SURRI� RI� 7KHRUHP� �� LPSOLHV� WKDW� WKH� VDPH
FRQFOXVLRQ� KROGV� IRU� 5H� ;�!� ZV�
1RZ� VXSSRVH� WKDW� 5H;� !� �RU�7KHQ� __0H�__���R��LV� ERXQGHG� LQGHSHQGHQW� RI� N�

&KRRVH� H[WHQVLRQV� XHH[NW�XQLIRUPO\� ERXQGHG� LQ� +6�5���� /HW� XH� J� 77A5��� EH� D� ZHDN
OLPLW� SRLQW�� 2QH� VKRZV� HDVLO\� WKDW� XH?D� VDWLILHV� WKH� ERXQGDU\� YDOXH� SUREOHP� RI� WKH
OHPPD�� $JDLQ� D� FRQWLQXLW\� DUJXPHQW� \LHOGV� WKH� VDPH� FRQFOXVLRQ� IRU� DOO� ;� ZLWK
5H� ;�!� XV�� 7KLV� FRPSOHWHV� WKH� SURRI� RI� WKH� OHPPD� DQG� FRQVHTXHQWO\� RI� WDQJHQWLDO
UHJXODULW\�� ���Ƒ
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���0L[HG� LQLWLDO� ERXQGDU\� YDOXH�SUREOHPV�� :H�DUH� LQWHUHVWHG� LQ� VROYLQJ

�/X�  � )�W�� [�� LQ���� /�� ;����
����� �N���� Ŷ�� � J� LQ����

�8�W�[�� J� 1�W�� [�� ����IRU�W�[�� J� >���7@� ;�����

ZKHUH� 1�W�� [�� LV�D� /LSVKLW]� FRQWLQXRXV� PDS� IURP� >���7@� ;�����WR� WKH� VXEVSDFHV� RI�&?

/� � ����� <�$M�W�[�=M� ��%�W�[��
�� ��

$M�J� /LS�>���7@� ;������%�H� /���>����@� ;�����

DQG� � ���� LV� DVVXPHG� WR� EH� RI� FODVV� &��� :H� LQWURGXFH� WKH� QRWDWLRQV� �� � ����7�
�� � ����/�� ;����DQG�7� � ����7��;�����
7KRXJK� ��� KDV� FRUQHUV� LW� LV� /LSVKLW]HDQ� VR� WKDW� +��G	�� LV� ZHOO� GHILQHG� IRU� DOO

_FU�_��� ��� +LOEHUW� VSDFHV� -I/�� �WH/���I/���9/�DUH� GHILQHG� DV� LQ� ���ZLWK� �� UHSODFLQJ� ���
$JDLQ� &[���� LV� GHQVH� LQ� HDFK�� 7KH� QH[W� UHVXOW� LV� WKH� DQDORJXH� RI� 7KHRUHPV� ��DQG� ��
7KH� SURRI� LV�H[DFWO\� DV�EHIRUH�

7KHRUHP� ���7KH�PDS

&��&!��� NAWJA�������

OX� RQ�^7`� ;����
W � �� �X� �����RQ�^�`�;����

���ÄN� � � �RQ�7

H[WHQGV� XQLTXHO\� WR� D� FRQWLQXRXV� PDS� IURP� -I�� WR� +O���G	�
�� 7KH� PDS

&O����� ;�&?��� �� �X�� Y�� �!� S� JARF������

O�X�� Y�� RQ�^7`� ;����
S� � �� ��X�Y�� ������RQ� ���� ;����

����ÄN�� Y�� � � �R©�U

H[WHQGV� XQLTXHO\� WR� D� FRQWLQXRXV� PDS� IURP� ;/� ;��9/�WR� /LS����
�

)RU� X� *�MI�/����Q©_U� LV� D� GLVWULEXWLRQ� RQ� 7�ZKLFK� KDV� DQ� H[WHQVLRQ� WR� DQ� HOHPHQW� RI
����������� � +����:�
�� ,W� IROORZV� WKDW�$ÄX� J� +O���7�
�  � +�O���7��� ,I�1� ]]!�NHU��Ä
ZH� WKHQ� ILQG� WKDW� ZPRG� 79�LV� D� ZHOO� GHILQHG� HOHPHQW� RI� ������7� �� &N�1�
�� :KHQ
N�PRG� 1� YDQLVKHV� ZH� VD\� WKDW� X� J� 1� RQ� 7�� ,Q� WKH� VDPH� ZD\� WKH� UHVWULFWLRQV� RI� X� WR
^U�  � �`�;����DQG� ^��  � 7�� ;����DUH� ZHOO� GHILQHG� HOHPHQWV� RI� ���������
��1H[W�� ZH
LPSRVH� WKH� K\SRWKHVLV� WKDW� 7� LV� FKDUDFWHULVWLF� RI� FRQVWDQW� PXOWLSOLFLW\� LQ� WKH� VDPH
VHQVH� WKDW� GLP� NHU$Q� LV� FRQVWDQW� RQ� HDFK� FRPSRQHQW� RI�7�

7KHRUHP� ��� ,I� �7� LV�FKDUDFWHULVWLF� RI�FRQVWDQW� PXOWLSOLFLW\�� X� J� MI/� �UHVS�� MAO�� DQG
X� J� 1� RQ7�� WKHQ� WKHUH� LV�D� VHTXHQFH� XN�*� &[���� VXFK� WKDW� XN�*�1� RQ7� DQG� XN� �!� X�LQ
6I/��UHVS�� -I"/���,Q� DGGLWLRQ�� LI�X� � ��RQ� >W�  � ��� ;�����WKHQ� WKH� XN�PD\�EH�FKRVHQ�ZLWK
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2XWOLQH� RI� SURRI�� 7KH� SURRI� LV� E\� PROOLILFDWLRQ� DV� LQ� 7KHRUHP� �� EXW� RQH� PXVW
PROOLI\� LQ� [� DQG� W�� %\� D� SDUWLWLRQ� RI� XQLW\�� RQH� UHGXFHV� WR� X� RI� VPDOO� VXSSRUW�� ,I� X
YDQLVKHV� QHDU� >W�  � �`� ;����DQG� ^W�  � 7�� ;�����RQH� PROOLILHV� LQ� [� DV� EHIRUH� DQG� WKHQ
LQ� W�� )RU� X� VXSSRUWHG� QHDU� >W�  � �`� WKH� PROOLILFDWLRQ� LQ� WLPH� LV� SHUIRUPHG� ZLWK� D
NHUQHO�� VXSSRUWHG� LQ� W� !� ���1HDU� W�  � 7RQH� WDNHV� VXSS�� F� ^�� �� �`�� 6HH�>�����@�IRU� D
VLPLODU� FDOFXODWLRQ�
)RU� WKH� VHFRQG� SDUW� RI� WKH� WKHRUHP�� OHW� )�  � /X�� ([WHQG� WKH� FRHIILFLHQWV� RI� /� DQG

WKH� ERXQGDU\� VSDFH� 1� WR� ��RR�� 7@� ;����E\� WDNLQJ� WKHP� LQGHSHQGHQW� RI� W� IRU� W� �� ��
([WHQG� X�DQG� )� WR� EH� HTXDO� WR� ]HUR� IRU� W� �� ��� 'HQRWH� ZLWK� D� VXEVFULSW� H� WKH� H[WHQGHG
TXDQWLWLHV�� 6LQFH� X�  � ��ZKHQ� ��  � ��� ZH� ILQG� /HXH�  � )H�
9LHZLQJ� XH�DV� DQ� HOHPHQW� RI�-LI/I��RR�� 7�� ;�����ZH� VHH� WKDW� LW� FDQ� EH� DSSUR[LPDWHG

E\� HOHPHQWV� LQ� &����RR�� 7@� ;�����REWDLQHG� E\� PROOLILFDWLRQ�� 7KH� PDLQ� SRLQW� LV� WKDW
QR� VSHFLDO� DWWHQWLRQ� PXVW� EH� SD\HG� DW� ^�� � �`�� 2QH� PD\� PROOLI\� LQ� [� DQG� WKHQ� LQ� W
ZLWK� DQ\� NHUQHO�� &KRRVLQJ� D� NHUQHO� �� VXSSRUWHG� LQ� �� !� �� IRU� WKH� FRQWULEXWLRQ� QHDU
^W�  � �`� \LHOGV� DSSUR[LPDWLRQV� VXSSRUWHG� LQ� >W� !� �`����Ƒ
:H� QH[W� VXSSRVH� WKDW� 79�LV�PD[LPDO� SRVLWLYH�� WKDW� LV������� DQG� ����� KROG� RQ� 7��:LWK

IW� B_B���IW� �

\�L

ZH�KDYH� IRU� X� J� &?���� )�  � /X�

�U??X�W�??@"�^4�� �� ��X�� =X�D�  � �5H�X�)�� ��-� � � �$QX�X�GR�
DW� -G4

,I� N� J� 1� RQ� U� WKH� ERXQGDU\� LQWHJUDO� LV� SRVLWLYH�� :LWK� F�  � __=__ARF�&��� DQG� W\�W��  

OO©�2,,A����
M�WW\��W�� ��W\�W��??)�W�??AD�� �� FW\�W���

,W� IROORZV� WKDW

����� VXS� � W\�W�� �� F??)??A
�L�A:�� �� �������
R©U©U

����� W\�W��� �� W\�WO�� �� I
�� __)�R�_K���'�� �� FW\�R�� GR

ZLWK� QHZ� FRQVWDQWV� F� LQGHSHQGHQW� RI� X�� 7KHVH� HVWLPDWHV� VXJJHVW� WKH� IROORZLQJ
WKHRUHP�

7KHRUHP� �� ��"�� ZHOO� ��SRVHGQHVV��� )RU� DQ\� )A6H?O� ��A�������� J*LI������
WKHUH� LV� D� XQLTXH� X�*�\����� VDWLVI\LQJ� ������ ,Q� DGGLWLRQ�� X�*�&��� �� ��������DQG� ZLWK
W\�W��  � __©�2,,A��%���HVWLPDWHV������DQG������KROG�

3URRI� RI� 8QLTXHQHVV�� 7KH� GLIIHUHQFH� ��RI� WZR� VROXWLRQV� OLHV� LQ-LI/�� VDWLVILHV� WKH
ERXQGDU\� FRQGLWLRQ� RQ� 7�� DQG� YDQLVKHV� RQ� ^��  � �`�� 8VH� WKH� VHFRQG� SDUW� RI� 7KHRUHP
�� WR� FRQVWUXFW� DSSUR[LPDWLRQV� 6N�J� &[���� FRQYHUJLQJ� WR� 6� LQ� �A/�� (VWLPDWH� ����
LPSOLHV� WKDW� �N��!���LQ-6"������ KHQFH� �� � ��
3URRI� RI� ([LVWHQFH�� $� VLPSOH� DSSUR[LPDWLRQ� DUJXPHQW� VKRZV� WKDW� LW� VXIILFHV� WR

SURYH� WKH� H[LVWHQFH� RI� VROXWLRQV� X� ZKHQ� J� J� &���������)RU� VXFK� J�� VXEWUDFWLQJ� D
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VPRRWK� IXQFWLRQ� IURP� X� UHGXFHV� WR� WKH� FDVH� J�  � ��� ,I� ZH� FDQ� FRQVWUXFW� D� VROXWLRQ� WR
WKLV� SUREOHP� ZLWK� X�J� MII/�� WKHQ� WKH� IDFW� WKDW� X�J� &��� ��  �"�������DQG� VDWLVILHV
����������� IROORZV� E\� D� VLPSOH� DSSUR[LPDWLRQ� DUJXPHQW� XVLQJ� WKH� VHFRQG� SDUW� RI
7KHRUHP� ���7KXV�� LW� VXIILFHV� WR� FRQVWUXFW� X� J� M9O� ZLWK� /N�  � )�� N_� ��  � �� DQG� X� J� 1
RQ� U�
)L[� )� J� \��4��� 7KH� DGMRLQW� ERXQGDU\� VSDFH� 1�  � $A1���� LV� /LSVKLW]HDQ� VLQFH

U� LV�FKDUDFWHULVWLF� RI�FRQVWDQW� PXOWLSOLFLW\�� /HW

�6� � ^�Y�J� 8S�	�?Y� J� 79�RQ�7�DQG� Y?��7�  � ���

/HW� A�� � /�A��� $V� 1� LV� DOVR� PD[LPDO� SRVLWLYH� DQ� LQHTXDOLW\� DQDORJRXV� WR� ����
VKRZV� WKDW� /� LV� RQH�WR�RQH� RQ� ���DQG� WKDW� __Z__BA��D���� F__/Z__BV"�������ZLWK� F�LQGHSHQ�
GHQW� RI+�H$� 'HILQH� ���6W��!�&�E\

�W�� /Z��ª�� I� �YY���A�� � O�/Z��

7KHQ� IRU� DQ\� U�  � /Z� J� AZH� KDYH

_��U�O� �� __Z__LI����L�__���__LI����!���� F__U__M"�����__��__��!�����

,W� IROORZV� WKDW� WKHUH� LV� D� X� *L"����� VXFK� WKDW� O�U��  � �U�� X�AL�&��� IRU� DOO� U� H� �"�
&KRRVLQJ� U�  � /W\� ZLWK� W\�*�&R������ ZH� VHH� WKDW� /N�  � )� LQ� �� VR� X� J� M7W�� /HW
W� *� /LS����
� EH� WKH� GLVWULEXWLRQ� ZKLFK� LV� IRUPDOO\� HTXDO� WR� X�RQ� W�  � 7�� �X� RQ� W�  � �
DQG� ���ÄN�� N�� RQ� 7��7KH� LGHQWLW\� VDWLVILHG� E\�X�VKRZV� WKDW� 7�I_DD���  � ��IRU� DOO�Y�J� �'�
7KXV�� W����  � �� IRU� DOO� �J� /LS����� ZKLFK� YDQLVK� RQ� W�  � 7� DQG� OLH� LQ� 79�RQ� 7�
&KRRVLQJ�VXSSRUWHG� LQ� ^W�  � �`� ZH� VHH� WKDW� VXSS._� �� F� �����6LPLODUO\� FKRRVLQJ�
VXSSRUWHG� LQ� 7� ZH� ILQG� WKDW� VXSS�.� PRG� $���F� �7�� 1RZ� N_�B�� LV� DQ� HOHPHQW� RI
������������ DQG� X� PRG� 79�LV� DQ� HOHPHQW� RI� �������U� �� &N�1��� 7KH� RQO\� VXFK
GLVWULEXWLRQV� VXSSRUWHG� RQ� WKH� ERXQGDULHV� DUH� WKH� ]HUR� HOHPHQWV�� 7KLV� ZHOO�NQRZQ
IDFW� LV�SURYHG� E\� ORFDOL]LQJ� DQG� WKHQ� DSSO\LQJ� WKH� IROORZLQJ� OHPPD�

/HPPD������ J� J
�5Y�� Q� �������5���ZLWK�VXSS� 3D� ^[[� � �`��WKHQ6" � ��

3URRI�� /HW� P� A� �� EH� WKH� RUGHU� RI� 6� DQG� LQWURGXFH� WKH� QRWDWLRQ� [��  � �[[�� [
��
�� � �6[��
���7KHQ

7KXV� ��  � (�B�¼L���'�� ZKHUH�� J� &�2�5�����LV�JLYHQ�E\

2QH� HDVLO\� VKRZV� WKDW� LI�IP��
�� � ��� WKHQ� IRU� DQ\� U� !� �

,I� ?6�6�?��+��VG9GL[� � RR�
Ŷ
��������-?L
�L
?�U

8QOHVV� �V� �� �P� �� ���� %\� K\SRWKHVLV� WKH� LQWHJUDO� LV� ILQLWH� IRU� M�  � ����� VR�IP�PXVW
YDQLVK� LGHQWLFDOO\�� $� VLPSOH� UHFXUVLRQ� WKHQ� \LHOGV� �P�� �Ä�B� � ��Ŷ�  �R�  � �!
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:H� QH[W� VWXG\� WKH� UHJXODULW\� RI� VROXWLRQV�� )RU� V� J� =�� ZH� VHHN� VROXWLRQV� ZLWK
GHULYDWLYHV� XS� WR� RUGHU� V�� 7RZDUG� WKLV� HQG� ZH� VXSSRVH� WKDW� $M�� 79��DQG� ����DUH� RI
/LSVKLW]� FODVV� &�
��DQG� %� LV� RI� FODVV� &
a����� 2QH� ORFDOL]HV� DV� LQ� ��� VR� WKDW� 1� DQG
NHU���� DUH� LQGHSHQGHQW� RI� [
�� WKHQ� DSSOLHV� WKH� VWDQGDUG� HQHUJ\� PHWKRG� WR
����� [��[��� �[������ ��[Ä�DZ� ZLWK� FRPPXWDWRUV� FRQWUROOHG� DV� LQ� ���� /HWWLQJ

�� ��

RQH� ILQGV

����� VXS�� W\V�W����F�LW� SL)�+U�+	P����ª���O
��U�U� ?M R� ,

V

����� W\V�W����� W\V�K����FI
�� W\V�W�����(� SM)��OQXP� GW�

,Q� DGGLWLRQ� WR� UHJXODULW\� RI� )�� J� ZH� PXVW� LPSRVH� FRPSDWLELOLW\� FRQGLWLRQV� DW� WKH
FRUQHU� ^��  � �`� ;������7KHVH� FRQGLWLRQV� DUH� FRPSXWHG� LQ� WKH� XVXDO� IDVKLRQ�� )RU
�W�� [�� J� 7�� OHW� P�W�� [�� EH� WKH� RUWKRJRQDO� SURMHFWLRQ� RI� &� RQWR� 1�W�[���� 7KH
FRPSDWLELOLW\� FRQGLWLRQ� RI� RUGHU�� FRPHV� IURP� H[SUHVVLQJ� ���ZN�� DW� ^��  � �`� ;�����LQ
WHUPV� RI� J� DQG� )� DQG� UHTXLULQJ� WKDW� WKH� UHVXOWLQJ� H[SUHVVLRQ� YDQLVKHV�� )RU� H[DPSOH�
IRU��  � ���� ZH�ILQG� W� � �

��9N��  � 7UJ���������G`�YX��  � WU�)���� ���*J��� LUWJ�

ZKHUH� /�  � ����� *��7KH� FRPSDWLELOLW\� FRQGLWLRQV� RI� RUGHU� ]HUR� DQG� RQH� DUH

7UJ� � �����RQ������������WW�)���� ����� *J��� �U�J� � �����RQ�����

7KHUH� LV� D� VXEWOH� SUREOHP� ZLWK� WKH� FRPSDWLELOLW\� FRQGLWLRQV�� :H� LOOXVWUDWH� WKLV� E\
FRQVLGHULQJ� WKH� FRQGLWLRQ� RI� RUGHU� ]HUR�� ,I� RQH� VHHNV� X� *� 3O\ ��&?,� ����WDQ�������WKH� D
SULRUL� HVWLPDWHV� VXJJHVW

L
J�J�+?-6/���������)H� &?A�,�+A�4���� ������A�  ��A���

�� ��

DV� WKH� QDWXUDO� FRQGLWLRQV� RQ� WKH� GDWD�� +RZHYHU�� IRU� GDWD� DV� DERYH�� WKH� WUDFH� WUJ���D�LV
QRW� GHILQHG�� 7KLV� LV� HDVLO\� VHHQ� ZLWK� WKH� H[DPSOH� RQ� 5�� JLYHQ� E\� WKH� IXQFWLRQ
W\�[�?Q� [�� W\�*� &�A�5���� W\���� �� ���ZKLFK� OLHV� LQ� I?���DQ�5��� DQG� KDV� QR� WUDFH�� 2Q� WKH
RWKHU� KDQG� LI�X�J� U?� �&M���� ���A������ VDWLVILHV�/N� � )��ZKHUH�)KDV� WKH� UHJXODULW\
VXJJHVWHG� DERYH�� LW� IROORZV� WKDW� �WN������?]D� LV� ZHOO�GHILQHG� HOHPHQW� RI� �����������
3RVWSRQLQJ� WKH� GHPRQVWUDWLRQ� IRU� D� PRPHQW�� ZH� VHH� WKDW� LW� LV� QHFHVVDU\� WR� UHTXLUH
PRUH� WKDQ� J� J� ���A������ 7R� SURYH� WKDW� WUX���� ��� KDV� D� WUDFH�� RQH� ORFDOL]HV� ZLWK� D
SDUWLWLRQ� RI� XQLW\� DQG� FKDQJHV� DQG� LQGHSHQGHQW� YDULDEOH�� UHGXFLQJ� WR� WKH� FDVH
>���7@� ;�5����7KHQ� RQH� ILQGV� $[X�J� &��� ��+AQ�� DQG�� IURP� WKH� GLIIHUHQWLDO� HTXDWLRQ�
������N�� J� &��� ��LI��� VLQFH�)� J� :O?O� ��L"�������� 7KXV

���._DD*&���������������

DQG� LW� IROORZV� WKDW� �WN���� ��_�D� H� 7����������
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:H� DUH� QRW� DEOH� WR� GHVFULEH� WKH� SUHFLVH� VHW� RI� GDWD� J�� )� OHDGLQJ� WR� VROXWLRQV� LQ
I?6MB�&-�,� �� ��A������� +RZHYHU�� ZH� JLYH� DQ� LPSRUWDQW� VXEFODVV� E\� DVVXPLQJ� 7)
UHJXODULW\� LQ� SODFH� RI� ���A� UHJXODULW\� QHDU� W�  � ��

7KHRUHP� ��� �WDQJHQWLDO� UHJXODULW\��� 6XSSRVH� V� !� �� LV� DQ� LQWHJHU�� $\��79�����
DUH� RI� FODVV� &���� DQG� %� LV� RI� FODVV� &������ 6XSSRVH� WKH� GDWD� J� *�+V� DQG� G^)� *
	?O� �� ���A������ IRU� �� ��� �� �� DQG� LQ� DGGLWLRQ� WKHUH� LV� D� �� �� ��� �� 7� VXFK� WKDW
G�)� J� A?>��� 7
?� ��+6a-�4������� ���� �� V�� ,I� WKH�GDWD� VDWLVI\� WKH�FRPSDWLELOLW\�FRQGLWLRQV
XS� WR� RUGHU� V� �� ��� WKHQ� WKH� VROXWLRQ� X� WR� ����� OLHV� LQ'V- �&-���� ��A������ DQG� VDWLVILHV
WKH� HVWLPDWHV� �����������

5HPDUN�� :LWK� J�� )� DV�LQ� WKH� WKHRUHP� WKH�FRPSDWLELOLW\� FRQGLWLRQV� PDNH� VHQVH��:H
FKHFN� WKH� FDVHV� V�  � ��� ��� )RU� V�  � ��� WKH� FRQGLWLRQ� LV� L!\LJ_�D�  � �� DQG� ZH� KDYH
J� J� ��A���� VR� 771[J?VD�LV� D� ZHOO�GHILQHG� HOHPHQW� RI� ������������)RU� V�  � ���ZH� QHHG
WKH� FRQGLWLRQ� RI� RUGHU� �� ZKLFK� PDNHV� VHQVH� SURYLGHG� )���� ��_�D� DQG� *J_�D� PDNH
VHQVH�� +HUH� J� J� ��������VR� WKH� VHFRQG� WHUP� LV�RN�� )RU� WKH� ILUVW� ZH�REVHUYH� WKDW

)� *� :OO�O�� +O�4��� F� &��� ��+?8��

VR� WKH� WUDFH� RI� )� RQ� >W�  � �`� ;�����OLHV� LQ� ������������7KH� KLJKHU� RUGHU� FRQGLWLRQV� DUH
VLPLODU�
3URRI� RI� 7KHRUHP� ����$V� LQ� WKH� SURRI� RI�7KHRUHP� ��ZH�PDNH� D�QRQFKDUDFWHULVWLF

UHJXODUL]DWLRQ�� UHSODFLQJ� /� E\

8�  � /��� HW\A/QMA��

)RU� WKLV� RSHUDWRU� ����LV�QRQFKDUDFWHULVWLF� DQG� WKH� ERXQGDU\� VSDFH� LV�VWULFWO\� SRVLWLYH�
2QH� WKHQ� DSSUR[LPDWHV� 8� E\� RSHUDWRUV� 8�� ZLWK� VPRRWK� FRHIILFLHQWV�� ���E\� VPRRWK
GRPDLQV� ��F��DQG� $
�E\� VPRRWK� VWULFWO\� SRVLWLYH� ERXQGDU\� VSDFHV� 79(�VR� WKDW� HVWLPDWHV
KROG� XQLIRUPO\� LQ� H��)RU� WKH� PL[HG� SUREOHP� ZH� HQFRXQWHU� D� QHZ� GLIILFXOW\�� 7KH� GDWD
)�� J� ZLOO� QRW�� LQ� JHQHUDO�� VDWLVI\� WKH� FRPSDWLELOLW\� FRQGLWLRQ� IRU� WKH� UHJXODUL]HG
SUREOHP�� ,Q� DGGLWLRQ�� )� LV� QRW� VPRRWK� HQRXJK� WR� DSSO\� GLUHFWO\� WKH� UHVXOWV� LQ� WKH
OLWHUDWXUH�� 7R� VROYH� WKH� VHFRQG� GLOHPPD� FKRRVH� )F� J� &�IA���� VXFK� WKDW

G�)� �� G�)� ��LQ�/[�>���7
@� ��+
a-�4��� Q� /O�>��� 7@� �����A�����

IRU� �� �� �� �� L�� 7KH� ILQDO� DSSUR[LPDWLRQ� JH�*� &�UA�����PXVW� EH� GRQH� ZLWK� FDUH� VR�DV� WR
HQVXUH� WKDW� WKH� FRPSDWLELOLW\� FRQGLWLRQV� DUH� VDWLVILHG�

/HPPD�� 2QH� FDQ� FKRRVH� JH� J� &A�4�� VR� WKDW� JH� �!� J� LQ� ��A�����DQG� WKH� FRPSDWLELOLW\
FRQGLWLRQV� XS� WR� RUGHU� V� ²��� DUH� VDWLVILHG� E\� /H�� 1?� ��H��)F�� JH�

3URRI�� 7KH� FRQVWUXFWLRQ� LV�ORFDO��:H�ORFDOL]H� WKHQ� LQWURGXFH� FRRUGLQDWHV� LQ�5��DQG
&� VR� WKDW� ���� � ^[�� �� H`�� 1�  � ^XO�[�  � ŶŶŶ� � XN� � �`�� 7KHQ� VLQFH� 1H� G� NH[$H[�
WKH� ODVW� N� ²�,�URZV� RI�$�>� IRUP� D�PDWUL[� RI� UDQN� N�²�,��7KH� FRPSDWLELOLW\� FRQGLWLRQV
IRU� J�DUH

J� � ��PRG�1�
*J��� )� � ��PRG�1��������RQ�����

*�J���>*)��� )��� *�X@� � ��PRG�79
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,I� RQH� DSSUR[LPDWHV� J�E\� J>� LQ� ���RQH� ILQGV� WKDW

*J>� �� )�  � W\?�PRG� �9(�����QG�

ZLWK� �M!�J� &I��G4���W\
� � R�O�� LQ���V�����
����(��DV�H��!����:H�ZLOO�FKRRVH�J(� � J>� �
J_�� J_� FKRVHQ� ZLWK� LWV� ILUVW� �� FRPSRQHQWV� LGHQWLFDOO\� ]HUR�� 7KH� ILUVW� FRPSDWLELOLW\
FRQGLWLRQ� IRU� J(�UHTXLUHV� J_�  � �W\H��PRG� �9(�ZKLFK� GHWHUPLQHV� WKH� WUDFH� RI� J_� RQ� ���(�
*LYHQ� WKLV� WUDFH� WKH� VHFRQG� FRPSDWLELOLW\� FRQGLWLRQ� GHWHUPLQHV� WKH� WUDFH� RI� �J_��[�
VLQFH� WKH� ODVW� URZV� RI�$[�D[H�RI� PD[LPDO� UDQN�� &RQWLQXLQJ� ZH� VHH� WKDW� WR� VDWLVI\� WKH
FRPSDWLELOLW\� FRQGLWLRQV� ZH�PXVW� FKRRVH� J_� VR� WKDW

²� ���JL�  � AMPRG� �9(�� � RQ� ���(

ZLWK� W\�J� &UI����(���W\�� � R�O�� LQ� +6a-a����� �� ��� �� V� �� ��� 7KLV� FDQ� EH� GRQH� ZLWK
JI� *� &�A���(���J_�  � R�O�� LQ� ��-�����DQG� WKH� OHPPD� LV�SURYHG�� ���Ƒ
:H� QRZ� FRPSOHWH� WKH� SURRI� RI� WKH� WKHRUHP�� 7KH� UHVXOWV� RI� 5DXFK�0DVVH\� >��@

LPSO\� WKDW� WKH� VROXWLRQ� RI�8XH�  � )?� NH����  � JW�©�V)RQ3�� OLHV� LQ
6

I_� &-�,�+V�-�4H���
�� ��

$V� H�WHQGV� WR� ]HUR� WKH� ��V�QRUP� RI� Z(�QHHG� QRW� VWD\� ERXQGHG�� KRZHYHU�� WKH� WDQJHQWLDO
HVWLPDWH� ����� VKRZV� WKDW� ��NH� LV� ERXQGHG� LQ� &�,� ��7�WVDÄ����(����3DVVLQJ� WR� D� ZHDN� VWDU
FRQYHUJHQW� VXEVHTXHQFH� \LHOGV� D� VROXWLRQ� X� WR� ����� ZLWK� ��N� *©6IFF��� �� ��A������
(VWLPDWH� ����� DSSOLHG� WR� WKH� FRQYHUJHQW� VXEVHTXHQFH� VKRZV� WKDW� ��Z� J
&��� ����WVDQ�������DQG� LWVHOI� VDWLVILHV� ����� DQG� ������ %\� XQLTXHQHVV� WKLV� X� LV� WKH� VROXWLRQ�
'

5HIHUHQFHV
��� 5�� $JHPL�� 7KH� LQLWLDO� ERXQGDU\� YDOXH� SUREOHP� IRU� LQYLVFLG� EDURWURSLF� IOXLG� PRWLRQ�� +RNNDLGR� 0DWK�� -�

������������������
��� &�� %DUGRV� DQG� -�� 5DXFK�� 0D[LPDO� SRVLWLYH� ERXQGDU\� YDOXH� SUREOHPV� DV� OLPLWV� RI�VLQJXODU� SHUWXUEDWLRQ

SUREOHPV�� 7UDQV�� $PHU��0DWK�� 6RF����������������������
��� '�� (ELQ�� 7KH� LQLWLDO� ERXQGDU\� YDOXH� SUREOHP� IRU� VXEVRQLF� IOXLG� PRWLRQ�� &RPP�� 3XUH� $SSO�� 0DWK�� ��

�������������
��� .�� 2�� )ULHGULFKV�� 7KH� LGHQWLW\� RI� ZHDN� DQG� VWURQJ� H[WHQVLRQ� RI� GLIIHUHQWLDO� RSHUDWRUV�� 7UDQV�� $PHU�

0DWK��6RF���������������������
���� B�� 6\PPHWULF� K\SHUEROLF� OLQHDU� GLIIHUHQWLDO� HTXDWLRQV�� &RPP�� 3XUH� $SSO�� 0DWK�� �� �������

��������
��� � B�� 6\PPHWULF� SRVLWLYH� OLQHDU� GLIIHUHQWLDO� HTXDWLRQV�� &RPP�� 3XUH� $SSO�� 0DWK�� � ��� �������

��������
��� &KRD�+DR� *X�� 'LIIHUHQWLDEOH� VROXWLRQV� RI� V\PPHWULF� SRVLWLYH� SDUWLDO� HTXDWLRQV�� &KLQHVH� -�� 0DWK� �

����������������
���/�� +RUPDQGHU�� /LQHDU� SDUWLDO� GLIIHUHQWLDO� RSHUDWRUV�� 6SULQJHU�9HUODJ�� %HUOLQ�� �����
��� 3�� '�� /D[� DQG� 5�� 6�� 3KLOOLSV�� /RFDO� ERXQGDU\� FRQGLWLRQV� IRU� GLVVLSDWLYH� V\PPHWULF� OLQHDU� GLIIHUHQWLDO

RSHUDWRUV�� &RPP�� 3XUH�$SSO��0DWK�� �������������������
���� -�� /�� /LRQV� DQG� (�� 0DJHQHV�� 1RQ�KRPRJHQHRXV� ERXQGDU\� YDOXH� SUREOHPV� DQG� DSSOLFDWLRQV�� 6SULQJHU�

9HUODJ�� %HUOLQ� DQG� 1HZ�<RUN�� �����
���� $�� 0DMGD� DQG� 6�� 2VKHU�� ,QLWLDO�ERXQGDU\� YDOXH� SUREOHPV� IRU� K\SHUEROLF� HTXDWLRQV� ZLWK� XQLIRUPO\

FKDUDFWHULVWLF� ERXQGDU\�� &RPP�� 3XUH�$SSO�� 0DWK�� �������������������
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���� 5�� 0R\HU�� 2Q� WKH� QRQLGHQWLW\� RI� ZHDN� DQG� VWURQJ� H[WHQVLRQV� RI� GLIIHUHQWLDO� RSHUDWRUV�� 3URF�� $PHU�
0DWK��6RF���������������������

���� 7�� 1LVKLGD� DQG� -�� 5DXFK�� /RFDO� H[LVWHQFH� IRU� VPRRWK� LQYLVFLG� FRPSUHVVLEOH� IORZV� LQ� ERXQGHG� GRPDLQV
�WR� DSSHDU��

���� 6�� 2VKHU�� $Q� LOO�SRVHG� SUREOHP� IRU� D� K\SHUEROLF� HTXDWLRQ� QHDU� D� FRUQHU�� %XOO�� $PHU�� 0DWK�� 6RF�� ��
������������������

���� *�� 3H\VHU�� 2Q� WKH� GLIIHUHQWLDELOLW\� RI� VROXWLRQV� RI� V\PPHWULF� K\SHUEROLF� V\VWHPV�� 3URF�� $PHU�� 0DWK�
6RF���������������������

���� /�� 6DUDVRQ�� 'LIIHUHQWLDEOH� VROXWLRQV� RI�V\PPHWUL]DEOH� DQG� VLQJXODU� V\PPHWULF� ILUVW� RUGHU� V\VWHPV�� $UFK�
5DWLRQDO�0HFK��$QDO���������������������
���� B�� 2Q� ZHDN� DQG� VWURQJ� VROXWLRQV� RI� ERXQGDU\� YDOXH� SUREOHPV�� &RPP�� 3XUH� $SSO�� 0DWK�� ��

����������������
����5��6��3KLOOLSV��'LVVLSDWLYH�K\SHUEROLF�V\VWHPV��7UDQV��$PHU��0DWK�� 6RF���������������������
���B'LVVLSDWLYH� RSHUDWRUV� DQG� K\SHUEROLF� V\VWHPV� RI�SDUWLDO� GLIIHUHQWLDO� HTXDWLRQV�� 7UDQV�� $PHU�

0DWK��6RF���������������������
���� 5�� 6�� 3KLOOLSV� DQG� /�� 6DUDVRQ�� 6LQJXODU� V\PPHWULF� SRVLWLYH� ILUVW� RUGHU� GLIIHUHQWLDO� RSHUDWRUV�� -�� 0DWK�

0HFK���������������������
���� -�� 5DXFK� DQG� )�� 0DVVH\�� 'LIIHUHQWLDELOLW\� RI� VROXWLRQV� WR� K\SHUEROLF� LQLWLDO�ERXQGDU\� YDOXH� SUREOHPV�

7UDQV��$PHU��0DWK��6RF���������������������
���� 6�� 6FKRFKHW�� 7KH� FRPSUHVVLEOH� (XOHU� HTXDWLRQV� LQ� D� ERXQGHG� GRPDLQ�� ([LVWHQFH� RI� VROXWLRQV� DQG� WKH

LQFRPSUHVVLEOH� OLPLW�� SUHSULQW�
���� '�� 7DUWDNRII�� 5HJXODULW\� RI�VROXWLRQV� WR�ERXQGDU\� YDOXH�SUREOHPV� IRU� ILUVW� RUGHU� V\VWHPV�� ,QGLDQD� 8QLY�

0DWK�� -�����������������������
���� 0�� 7VXML�� $QDO\WLFLW\�RI�VROXWLRQV�RI�K\SHUEROLF�PL[HG�SUREOHPV�� -�� 0DWK�� .\RWR� 8QLY�� ����������

��������

'HSDUWPHQW� RI� 0DWKHPDWLFV�� 8QLYHUVLW\� RI� 0LFKLJDQ�� $QQ� $UERU�� 0LFKLJDQ� �����
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