Chapter 6. The Nonlinear Cauchy Problem

§6.1. Introduction.

Nonlinear equations are classified according to the strength of the nonlinearity. The key
criterion is what order terms in the equation are nonlinear.

A secondary condition is the growth of the nonlinear terms at infinity. When the functions
which enter the nonlinear terms are uniformly bounded in absolute value, the behavior at
infinity is not important.

Among the nonlinear equations in applications two sorts are most common. Semilinear
equations are linear in their principal part. First order semilinear symmetric hyperbolic
systems take the form

L(y,0y)u+ F(y,u) = f(y),  F(y,0) =0 (6.1.1)

where L is a symmetric hyperbolic operator, and the nonlinear function is a smooth map
from R'*¢ x CV — C¥ whose partial derivatives of all orders are uniformly bounded on
sets of the form R'*¢ x K, with compact K C CV. The derivatives are standard partial
derivatives and not derivatives in the sense of complex analysis. A translation invariant
semilinear equation with principal part equal to the d’alembertian is of the form

Ou+ F(u,us, Vyu) = 0 F(0,0,0) = 0.

More strongly nonlinear, and typical of compressible inviscid fluid dynamics, are the quasi-
linear systems,

where J
L(y,u,0y) = Y A;(y,u)0; (6.1.3)
J=0

has coefficients which are smooth hermitian symmetric matrix valued functions with deriva-
tives bounded on R'*? x K as above. A is assumed uniformly positive on such sets.

For semilinear equations there is a natural local existence theorem requiring data in H*(R%)
for some s > d/2. The theorem gives solutions which are continuous functions of time with
values in H*(R?). This shows that the spaces H*(R%) with s > d/2, are natural configura-
tion spaces for the dynamics. Once a solution belongs to such a space, it is bounded and
continuous so that F'(y,u) is well defined, bounded, and continuous. Nonlinear ordinary
differential equations are a special case, so for general problems one expects at most a local
existence theorem.

For quasilinear equations, the local existence theorem requires an extra derivative, that is
initial data in H*(R%) with s > 1 + d/2. Again the solution is a continuous functions of
time with values in H*(R?). The classic example is Burgers’ equation

ur +uu, = 0.
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We treat first the semilinear case. The quasilinear case is treated in §6.6. The key step
in the proof uses Schauder’s Lemma, which bounds the H*(R%) norm of the composition
F(y,u) in terms of the H*(R%) norm of w.

§6.2. Schauder’s Lemma and Sobolev embedding.

Consider the proof that u? belongs to H?(R?) as soon as u does. One must show that u?,
d(u?), and, 8%(u?) are square integrable.

Since u € L® and u € L?, it follows that u? € L?. For the first derivative, write d(u?) =
2udu, which is the product of a bounded function and a square integrable function and so
is in L2.

The second derivative is more interesting. Write

9*(u?) = ud*u+2(0u)?.

The first is a product L> x L? so is L?. For the second, one needs to know that du € L*.
The simplest such LP estimate for Sobolev spaces is the Sobolev embedding Theorem.

Theorem 6.2.1 Sobolev. If s > d/2, H*(R?) C L>°(R?) and

HwHLOO(Rd) < CHU)HHS(Rd)- (6.2.1)

Proof. Inequality (6.2.1) for elements of the Schwartz space S(R?) is an immediate con-
sequence of the Fourier Inversion Formula,

) —ix.£
wla) = (@m0 [ dg=@m [ S <ol de.
R ra < &>
The Schwarz inequality yields
< 1
@) < || g g, ol e

The first factor on the right is finite if and only if s > d/2.
For w € H®, choose w"™ € S with

’U}n —w in H? ) ||wn||Hs(Rd) S ||w||HS(Rd) .

Inequality (6.2.1), yields [[w" — w™||poora) < C|lw™ — w™| ga(ray. Therefore the w™
converge uniformly on R¢ to a continuous limit v. Therefore w™ — 7 in D'(R?%) with
Yz < Cjw] s

However, w™ — w in H® and therefore in D’, so w = ~. This proves the continuity of w
and the estimate (6.2.1). 1



For the more delicate L? estimates we will give two proofs.

Theorem 6.2.2 Schauder’s Lemma. Suppose that G(x,u) € C°(R? x CV; CV) such
that G(z,0) = 0, and for all || < s+1 and compact K ¢ CN, 8¢ ,G € L*(R?x K). Then

the map w — G(z,w) sends H*(R?) to itself provided s > d/2. The map is uniformly
lipschitzian on bounded subsets of H®(R%).

Proof of Schauder’s Lemma for integer s. Consider G = G(w). The case of G
depending on x is uglier but requires no additional ideas. The key step is to estimate the
H? norm of G(w) assuming that w € S, We prove that

VR, 3C=C(R), YweS®RY, lwlmmy<R = [G@)lu-@s <C(R).

This suffices to prove the first assertion of the theorem since for w € H?®, choose w™ € §
with

w' —w in H?, ||wn]|Hs(Rd) < HU)HHS(]Rd).
Then Sobolev’s Theorem implies that w” converges uniformly on R? to w, so G(w™)
converges uniformly to G(w). In particular, G(w™) — G(w) in D’(R?).
However, G(w™") is bounded in H® so passing to a subsequence we may suppose that
G(w"™) — v weakly in H®. Therefore G(w™) — v in D'(RY). Equating the D’ limits proves
that G(w) € H®.

For w € S, consider a derivative 02G(w(z)) with |a| < s. Leibniz’ rule implies that it is a
finite sum of terms of the form

G(w) T, 09w (6.2.2)

where |[y| =J < s,and a3 + -+ ay = a. This is proved by induction on |a|. Increasing
the order by one the additional derivative either falls on the G term yielding an expression
of the desired form with |y| = J increased by one, or on one of the factors in 119" w
yielding an expression of the desired form with the same value of ~.

Following [Rauch 1983] we use the Fourier transform to show that
IGY (W) T, 9wl < C(R). (6.2.3)
Sobolev’s Theorem implies that
IG (W)~ @ey < C(R).

The key is the following estimate which is applied to (6.2.3).

Lemma 6.2.3. If s > d/2 there is a constant C = C(s,d) so that for all w; € S(R?) and
all multiindices a; with s’ := ) |a;| < s,

I H}]:1a§jwj lr2@ey < C'szl lw;| s (ret) -
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Proof. By Plancherel’s theorem, it suffices to estimate the L? norm of the Fourier trans-
form of the product. Set
gi = <& >S_‘ai| f(afjlwl) ,

where < & >= (1 + [€]*)Y/2, so ||gillz2 < ¢||ws||m+. Denoting by F, the Fourier transform,

J a; . g1 g2 . gJ
f(szlax wlﬂ)<£1) o < é’ >S—|Ozll * < 5 >S—|052| * < 5 >S— ‘OLJ| <£1)
6.2.4
_ / 06 -6 o6 e o O
RA(J—1) < 51 _ 52 >S—|O¢1‘ < 52 _ 53 >S—‘O¢2| < 5] >S—‘Oz‘]| A J -
For each &, at least one of the J numbers < & — & >,..., < 5.1 — &5 >, < &5 > is

maximal. Suppose it’s the b*" number < &y — &p+1 > with the convention that €741 = 0.
Then since > |a;| < s,

(& — &) 7l > <§b—§b+1>zﬂ'¢blajl > (&5 — &)l

which implies that

T/ (€5 — &50) 7140 = (6 = Goan)* 71 T (€5 — §4)* 7199 > T (6 — €541)°
Thus the integrand on the right side of (6.2.4) is dominated by

9 (& — &j+1)

(& —&jr1)® (6.25)

96(& — Ep1) Tz

Thus for any & € R?, the integrand in (6.2.4) is dominated by the sum over b of the terms
(6.2.5). Hence

91 9641 9]
|7 (1057w, )|y < ||§j<£>5 ool x Zgssr e x Teaales
J
ZH ‘ gb—1 Hng 9b+1 H 97
— <§>S < E>sl L2ll< & > < €&>sll

where the last step uses Young’s inequality.
As in Sobolev’s Theorem, s > d/2 = < ¢ >7%¢ L?(R%) and the Schwarz inequality yields

gj
I Ze=slle = Cullgsllez < Collwsllare.
Plugging this in the previous estimate proves the lemma. 1
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To prove the Lipschitz continuity asserted in Schauder’s Lemma it suffices to show that
for all R there is a constant C'(R) so that

w; € S(RY) for j =1,2 and |w; || s (ray < R

imply
|G (w1) — G(w2) || gerey < Cllwr — wall ge(ray -

Taylor’s Theorem expresses
1
Glwy) — Glwy) = / G (ws + 0wy — ws)) dO (wy — ws).
0

The estimates of the first part show that the family of functions G'(wg + 6(wy — ws))
parametrized by 6 is bounded in H*®(R?). Thus

H /01 G'(we + 0(w1 — wy)) dOH < C(R).

Hs (R%)

Applying the Lemma to the expression for G(w;) — G(wz) as a product of two terms
completes the proof. |

The standard proof of Schauder’s Lemma for integer s uses the L? version of the Sobolev
Embedding Theorem. The general result of this sort is the following. Proofs can be found
in [Hérmander 1.4.5, Taylor I11.13.6.4] for example.

Sobolev Embedding Theorem 6.2.4. If 1 < s € R and o € N? is a multiindex with
0 < s — |a| < d/2, there is a constant C = C(«, s,d) independent of u € H*(R?) so that

[ 0yulloer < CIE[7A(E) [IL2(ray (6.2.6)
where od
= 2.
p(e) d —2s + 2|a| (6:2.7)

For s — |a| > d/2, 0ju is bounded and continuous and
10y ullLe < Cllull s (ra) -
For s — |a| = d/2, one has
10y ullLp ey < C(p,s,a)||ullgsgay
for all 2 < p < o0.

The formula for p(«) is forced by dimensional analysis. For a fixed nonzero ¢ € C§°,
consider uy(z) := 1(Ax). The left hand side of (6.2.6) then is of the form cA® for some a.
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Similarly the right hand side is of the form ¢/ A’ for some b. In order for the inequality to
hold, one must have A* < ¢\ for all positive A so it is necessary that a = b.

Exercise. Show that a = b if and only if p is given by (6.2.7).

Another way to look at the scaling argument is that for dimensionless u the left hand
side of (6.2.6) has dimensions length(¢=PIel)/P while the right hand side has dimensions
length(4=29)/2 The formula for p results from equating these two expressions.

Standard proof of Schauder’s Lemma. The usual proof for integer s uses the Sobolev
estimates. together with Holder’s inequality. Holder’s inequality yields

J
1
Z_ Y e Haglwll"'ag‘]le HL2 S Hi:lHagkwlk

D HLPk :
k=1

Since each factor 95%w;, belongs to L? it suffices to find ¢ so that

1
Oykwy, € L™ and Z 5

Let B denote the set of k € {1,...,J} so that s — |ag| > d/2. For these indices the factor
in our product is bounded, and so for k£ € B set ¢ := oc.

Let A C {1,...,J} denote those indices i for which s — |a;| < . For k € A, g is chosen

as in Sobolev’s Theorem,
2d

d—2s+ 2|ay|

gk =

If s — |ag| = g, the factor in the product belongs to L? for all 2 < p < oo and the choice
of gx in this range is postponed.

With these choices, the Sobolev embedding theorem estimates

107w | zax < Cllwll s ey -

Then since Y |a;| < s, and s > d/2,

Z Z Zd 23+2|0z1| Jd —2Js+2s

ieaup b ca di icA 2d
B Jd—2(J—1)s Jd—(J—1)d B 1
N 2d 2d 27

This shows there is room to pick large gi corresponding to the case s — |ax| = d/2 so that
> 1/qx < 1/2, and the proof is complete. |



Another nice proof of Schauder’s Lemma can be found in [Beals, pp 11-12]. Other argu-
ments can be built on Littlewood-Paley decomposition of G(w) as in [Bony, Meyer| and
presented in [Alinhac-Gerard, Taylor I11.13.10], or, on the representation

Glu) = / G(€) (™€ — 1) de

The latter requires that one prove a bound on the norm of €?*¢ —1 (see [Rauch-Reed 1982])
which grows at most polynomially in £&. The last two arguments have the advantage of
working when s is not an integer.

§6.3. Basic existence theorem.

The basic local existence theorem follows from Schauder’s Lemma and the linear existence
theorem.

Theorem 6.3.1 Schauder. If s > d/2 and f € L{ ([0,00[; H*(R?)), then there is

loc

a T €]0,1] and a unique solution v € C([0,T]; H*(R?)) to the semilinear initial value
problem defined by the partial differential equation (6.2) together with the initial condition

u(0,z) = g(x) € H(R?). (6.3.1)

The time T can be chosen uniformly for f and g from bounded subsets of L* ([0, 1] ; H*(R?))
and H*(RY) respectively. Consequently, there is a T* €]0, 00| and a maximal solution
ue C([0,T*[; H*(R)?)). If T* < oo then

Tim - [u(®)l| ey = 0o (6.3.2)

Schauder proved a quasilinear second order scalar version, but his argument, which is
recalled in §10 of chapter 6 in [Courant|, works without essential modification once you
add the linear energy inequalities of Friedrichs. The following existence proof is inspired by
Picard’s argument for ordinary differential equations. Note how Picard’s elegant bounds
(6.3.8) replace the usual contraction argument which is less precise.

Proof. The solution is constructed as the limit of Picard iterates. The first approximation
is not really important. Set

Vit ,x, ul(t,z) = g(x).

For v > 1, the basic linear existence theorem implies that the Picard iterates defined as
solutions of the linear initial value problems

Ly, 0y)u"™ + F(y,u") = fly), w7 (0)=yg
are well defined elements of C([0,00[; H*(R%)).
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Let C denote the constant in the linear energy estimate (2.2.2). Choose a real number

Schauder’s lemma implies that there is a constant B(R) > 0 so that
lwt, M@y <R = |Flt,w() @y < B.
Thanks to (6.3.3) one can choose T > 0 so that
T

C (lalluay + [ TN @l)do ) SR (634)

Using (2.2.2) shows that for all v > 1 and all 0 <t < T
|w” ()] e ray < R. (6.3.5)

Schauder’s Lemma implies that there is a constant A so that for all z,

[wjll s ey < R = ||F(t, 2, wi(x)) = F(t, 2, we (@) | e ma) < Allwr — w2l e (ra) - (6.3.6)

Then for v > 2, (2.2.2) applied to the difference u**! — u” implies that

t
a1 (8) = (@)l suay < CA / e (o) =N (0) ey do - (6:3.7)
0
Define
M; := sup ||U1(t>—uz(t)||Hs(Rd) and My := CAe°T.
0<t<T

An induction on v using (6.3.7) shows that for all v > 2

(M2t>1/—1

T (6.3.8)

lu"* 1 () = u’ (Ol e ray < M

Exercise. Prove (6.3.8).

Estimate (6.3.8) shows that the sequence {u”} is Cauchy in C([0,7]; H*(R%)). Let u be
the limit.

Exercise. Prove u satisfies the initial value problem (6.1.1), (6.3.1).

This completes the proof of existence.



Uniqueness is a consequence of the integral inequality

t
Jea(®) = va@lezoy < Cr [ e fur(o) = ua(o) vy dor (6.3.9)

which is proved exactly as (6.3.7). Gronwall’s inequality implies that ||u; — usz|| vanishes
identically. 1

Remarks. 1. Similar estimates show that there is continuous dependence of the solutions
when the data f and g converge in L} _(R; H*(RY)) and H*(R?) respectively.

2. Approximating the data by smooth data, and therefore the solutions by smooth solu-
tions of approximating problems, the finite speed of propagation from §2.3 extends to the

solutions just constructed.

Exercise. Prove these two assertions. Discussion. Concerning the first, more precise
results are presented in §6.6.

Exercise. Show that if the source term f satisfies OF f € L _([0,T*[; H*~*(R?)) for
k=1,2,...,s as in Theorem 2.2.2, then u € Ny Ck([O,T*[; Hs_k(Rd)).

§6.4. Moser’s inequality and the nature of the breakdown.

The breakdown (6.3.2) could in principal occur in a variety of ways. For example, the
function might stay bounded and become more and more rapidly oscillatory. In fact
this does not occur. Where the domain of existence ends the maximal amplitude of the
solution must diverge to infinity. To prove this requires more refined inequalities than
those of Sobolev and Schauder.

The Schauder Lemma implies that
1G(y, Wl zo@ay < Al gsra))
with a nonlinear function h which depends on G.

Theorem 6.4.1 Moser’s Inequality. With the same hypotheses as Schauder’s Lemma,
there is a smooth function h : [0, oo[— [0, 00| so that for all w € H*(R%) and t,

G w) e gty < Pl oo regy) ol e gy - (6.4.1)

This is proved by using Leibniz’ rule and Holder’s inequality as in the standard proof of
Schauder’s Lemma. However in place of the Sobolev inequalities one uses the Galiardo-
Nirenberg interpolation inequalities.

Theorem 6.4.2 Gagliardo-Nirenberg Inequalities. If w € H*(R?) N L>(R%) and
0 < |a| < s then
oy w € L*/1*I(RY)
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In addition, there is a constant C' = C(|«|, s, d) so that

a 1—|a|/s la|/s
0wl gy < C ool (3 10Pwllaqe) (6.42)

|Bl=s

Remarks. 1. The second factor on the right in (6.4.2) is equivalent to the L? norm of
the operator |0,|° applied to u where |0, |° is defined to be the Fourier multiplier by |£|°.
This gives the correct extension to non integer s.

2. The indices in (6.4.2) are nearly forced. Consider which inequalities

a — 0
10%wl Lo ey < Cllwlldga (D 10°w] L2 (ra))
|B|=s

homogeneous of degree one in w might be true. The test functions w = e**¢/€y)(x) with
e — 0 show that a necessary condition is |a| < sf. The idea is to use the L* norm as

much as possible and the s-norm as little as possible, which yields |«| = sf. Considering
w = (ex), or equivalently comparing the dimensions of the two sides forces p = 2s/a.

Proof. The following paragraphs lead you through the proof. The motor is a clever use
of integration by parts. To illustrate that, begin by proving the special case s = 2, p = 4,
which for real valued u € C$°(R?), is

1/2 1/2
|Dullzs < CllullZ | D%l 2
The centerpiece of the proof is the following case of the product rule for derivatives

D(u(pu)3) = (Duw)* + 3 (u) (Du)? (D).

Since u is compactly supported,

0 = /RdD<u(Du) (Du)Q) dx .

Combining these two observations yields

/ |Du|*dz = —3/ lu (D?*u) (Du)?| dx .
R R

Applying Holder’s inequality to estimate the right hand side yields

/ |Dul*dz < 3y|u||Loo(/ |D2uf? da) '/ (/ |Dul* dz)'"?.
R4 Rd Rd
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If u # 0 the last factor is nonzero so dividing both sides by this term yields,

(/ |Dul*dz)'? < 3||u||Loo(/ |D2u|? dz)"?.
R4 Rd

Equivalently,

1/2 1/2
IDul|ps < V3 |Jull 2 | D?ul|}s,

which is the desired estimate.

Exercise. Prove the general s =2, |a| = 1 estimate by a similar argument. Hint. Use
the primitive c,t[t|P~! of t¥ in a product rule argument.

To see how to go to higher derivatives, consider the case s = 3 in which case (6.4.2) asserts
that D?u € L3 and Du € LS. This is proved by appealing twice to Gagliardo-Nirenberg
estimates with s = 2. Namely, one estimates

1/2 1/2 1/2 1/2
IDulle < Cllull}2 ||ID%u]}s>  and  [|D%ullps < C||Dull}s | Dul}%?.

Using the second in the first yields the desired estimate for Du. Using that in the second,
yields the desired estimate for D?u. The second inequality is not a special case of (6.4.2).
One needs the more general inequality

2 1
IDulle < Cllull i [D*ull?,  where ==+ -

Exercise. Prove this Gagliardo-Nirenberg estimate
Exercise. Prove that (6.4.2) follows from these estimates. Hint. This takes artful index
juggling. An alternative way of using the basic integrations by parts is given in [Taylor

111.10.3].

Proof of Moser’s Inequality. For w € S(R?), G independent of z, and o := |a| < s,
the quantity 0% (G(w)) is a sum of terms of the form

GO (w) I, 927w (6.4.3)

where |y| = J, and o +- - -+ ay = «. The first factor in (6.4.3) is bounded with L> norm
bounded by a nonlinear function of the L*° norm of w.

For the second factor, Holder’s inequality yields
1052w 07w |2 < Ty [105%w]l o/,
provided the nonnegative A\ satisfy > A\p = 1.
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The Gagliardo-Nirenberg inequalities yield
1025 wl| 2o 1ot < [l D77 Jao 521
With these choices

Sa=X =1,

|07 w07 w2 < C(R) |wllas -

and one has

1
Exercise. Carry out the proof for G which depend on x.
Theorem 6.4.3. If T* < oo in Theorem 6.3.1, then
limsup ||u(t)||L~ = o0. (6.4.4)

t—T*

Proof. It suffices to show that it is impossible to have T* < oo and |u| < R < oo on
[0, T*[xR?. The strategy is to show that if |u(t,z)] < R < oo on [0, T*[xR?, then (6.3.2)
is violated.

Use the linear inequality for 0 <t < T,

t
lu@leey < € (16(0) 151+ eey + / |(Lu)(@) | proqaey do ) . (6.4.5)
Then use Moser’s inequality to give

|(E) @)ty = | F(0,2,u(0,2)) = F(@,0)leeey < CR) (a0 oquey +1)

(6.4.6)
Insert (6.4.5) in (6.4.6) to find
¢
Ol < € (1@l + [ (o) +1) do). (047
Gronwall’s inequality shows that there is a constant C” < oo so that for ¢ € [0, T%]
|w(t)| grsray < C". (6.4.8)
This violates (6.3.2), and the proof is complete. |

A mild sharpening of this argument (due to Yudovich) shows that weaker norms than L,
for example the BMO norm, must also blow up at 7.

12



Corollary 6.4.4. If the data f and g in Theorem 6.4 belong to Ny Li,.([0,00[; H*(R?))

loc

and Ny H*(R?) respectively, then the maximal solution belongs to C'([0, T*[; H*(R?)) for
all s.

Proof. For s > d/2 denote by T*(s) the time of exisitence of the maximal solution
constructed in Theorem 6.4 and by us (¢, z) the corresponding maximal solution. Suppose
that d/2 < s < §. By uniqueness of H*® valued solutions, one must have

Us = Uz for 0 <t <min{T*(s),T(5)}. (6.4.9)

It follows that 7 (s) is nonincreasing in s.

On the other hand if T*(s) > T it follows that u, € L°([0,T] x R?) so by (6.4.9),
uz € L>([0,T] x RY). Then Theorem 6.4.1 implies that 7*(3) > T. This proves that 7% (s)
is nondecreasing in s and is therefore independent of s. Equation (6.4.9) completes the
proof. |

§6.5. Perturbation theory and smooth dependence.

In this section the dependence of solutions on data is investigated. The first result yields
two versions of lipschitz dependence.

Theorem 6.5.1. i. If u and v are two solution in C([0,T]; H*(R%)), then there is a
constant C' depending only on supy, 7 max{[|u(t)||s, [[v(¢)s} so that

VO<t<T, [u@®)—v@)ls < Cllu(0)—v(0)s. (6.5.1)
ii. Ifu € C([0,T); H*(R?)) is a solution then there are constants C,§ > 0 so that if

|u(0) — h||s < & then the solution v with v(0) = h belongs to C([0,T]; H*(R?)) and
SUpg<s < |[v(t) —u®)|s < C6.

Proof. i. Choose A so that for w; and ws in H® with
lwjlls < sup max{{|u(t)]ls, [[v(t)]ls},
(0,77]
and 0<¢t<T
| (t, 2, wi(z)) — F(t, 2, we(x)) | o (rey < Allwr — wal| o (may -

Then subtracting the equations for u and v yields

[u(t) = v@) | rseey < [[u(0) —0(0)][s + A/O e u(o) — v(0)l| oy do-

Gronwall’s inequality completes the proof of i..
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To prove ii it suffices to consder § < 1. Write v = u 4+ w so the initial value problem is
equivalent to
Lw+ Fu+w)— F(u) =0, w(0) = h.

So long as

sup [lw(s)|| < 2,
[0.¢]

one estimates [|[F'(w 4+ u) — F(u)|s < K||w||s to find
t
[w(®)][s < [lblls + /0 K flw(o)lls do.

Gronwall implies that
lw(®)lls < Nhllse™*.

Choose C := eXT and consider only § so small that 6C' < 2. It follows that a local solution

w e C([0,t], H®) with t < T satisfies

sup [[w(t)||s < min {C4, 2} .
[0,2]

Therefore the maximal solution is defined at least on [0, 7], and on that interval satisfies
|lw(t)||s < 2]|h||s which completes the proof of ii. 1

Given a solution u we compute a perturbation expansion for the solution with initial data
u(0) 4+ g with small g. To simplify the notation, consider the semilinear equation

L(y,0)u + F(u) = 0, F(0)=0.

Consider the map, N : u(0) — u from H® to C([0,T]; H*(R%)). At the end we will
show that this map is smooth. For the moment we simply compute the Taylor expan-
sion, assuming that it exists. Assuming smoothness, the solution with data u(0) 4+ g has
expansion

N(u(0)+g) ~ u+M(g)+M(g)+... ~ > Mg), (6.5.1)
j=1

where the M; are continuous symmetric j-linear operators from H® to C([0,T]; H*(R?)).

To compute them, fix g and consider the initial data equal to u(0) 4+ dg. The resulting
solution has an expansion in ¢

N(u+38g) ~ u+duy + 6%ug + -+ - . (6.5.2)

However,

N(u+8g) ~ u+ My(dg) + Ma(g) +... ~ u+ Y & My(g).

=1
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Comparing with (6.5.2) one sees that

u;j = M;(g9,9,---,9), j copies of g.
To compute u; plug the expansion (6.5.2) into the equation
L(y,@)(u—l—Zéjuj) + F(u—i— Z(Sjuj) ~ 0.
j>1 j>1
The initial condition yields
u1(0) = g, u;j(0) = 0, j>2. (6.5.3)
Expanding the left hand side in powers of J, the terms u; are determined by setting the

coefficients of the successive powers of § equal to zero. Introduce the compact notation for
the Taylor expansion

Flv+h) ~ F(v)+ Fi(v;h) + Fa(v;h,h) + ...,

where for v € CV, Fj(v; -) is a symmetric j linear map from (CV)7 — C¥.

Also introduce the linearized operator
Lw = Ly, 0)w + Fi(u;w)
at the solution u. One has
L(u+ 6w) + F(u+éw) = 6 Lw+ O(6?),

so L(u + 6w) + F(u+ dw) = O(§?), if and only if Lw = 0. Setting the coefficients of 7
equal to zero for j = 1, 2, 3 yields the initial value problems

£U1 = 0, ul(O,a:) = g, (654)
Lus + Fy(ujug,ug) = 0, uz(0,2) = 0, (6.5.5)

Lous + Fo(u;ug,uy) + Fo(u;ug, ug) + Fa(u;ug,ug,up) = 0, wug(0,z2) =0, (6.5.6)

which determine u; for j = 1,2,3. The pattern is clear. The initial value problem deter-
mining u; is linear in u; with source terms which are nonlinear functions of uq, ..., u;_1.

Exercise. Suppose that the u; are determined by solving these initial value problems.
Then define uapprox(9) using Borel’s theorem so that

Uapprox(8) ~ Y & u;, in C([0,7]; H (RY)).

Jj=21
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Prove that for ¢ sufficiently small the exact solution of the initial value problem exists on
[0, 7] and Uexact)(8) — Uapprox(6) ~ 0 in C([0,T]; H*(R?)). Hint. Compute a nonlinear
equation for the error which has source terms O(6°°). Use the method of Theorem 6.5.1.ii.
Discussion. The key element is the stability argument at the end which shows that a
nonlinear problem with infinitely small sources has a solution which is infinitely small. In
science texts it is routine to overlook the need for such stability arguments.

The next result is stronger than that of the exercise.

Theorem 6.5.2. If u € C([0,T]; H*(R?)) is a solution then the map N from initial data
to solution is smooth from a neighborhood of u(0) to C([0,T]; H*(R%)). The derivative is
given by N1(u(0),g) = uy from (6.5.4). Derivatives of each order are uniformly bounded
on the neighborhood.

Proof. The preceding computations show that if A is differentiable then N7 (u(0), g) = uq
from (6.5.4). It suffices to show that this is the derivative of A" and that the map from u(0)
to N1(u(0),-) is locally bounded and smooth with values in the linear maps from H*(R¢)
to C([0,T]; H*(RY)).
To prove differentiability let u := N (u(0)) be the base solution and v := u+uy be the first
approximation. Then

Lu+F(u) = 0, Lv+ F(v) = Flu+u)— Fi(u,uq).
Schauder’s lemma together with Taylor’s theorem shows that

HF(U‘l‘Ul)_Fl(u7u1>HC([O,T];HS) - CHUlHQC([O’T];HS)

Since the initial values of u and v are equal, the basic linear energy estimate proves that

2
[Ju — ”HC([O,T] ey S ¢ HulHC([O,T];HS) .

This proves that N is differentiable and the formula for the derivative. The formula implies

that the derivative is locally bounded.

The derivative is computed by solving (6.5.4). Since u is a differentiable function of
u(0) with locally bounded derivative. Then F}(u,-) is differentiable with locally bounded
derivative. As in the proof of differentiability, it follows that N7(u(0),-) is a differentiable
function of u(0) with locally bounded derivative. The higher differentiability follows by an
inductive argument. 1

§6.6 The Cauchy problem for quasilinear symmetric hyperbolic systems.
Since most quasilinear systems which occur in practice are real, we will present only that
case. The equations have the form

d
L(u,0)u = Y Au(u)duu = f, (6.6.1)

n=0
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where the coefficient matrices A, are smooth symmetric matrix valued functions of u
defined on an open subset of R?. The leading coefficient, Aq(u), is assumed to be strictly
positive. The leading coefficient, Ag(u), is assumed to be strictly positive. One can almost
as easily treat coefficients which are function of y and w.

The existence theorem is local in time, and for small times the values of u are close to
values of the initial data. Thus for convenience we can modify the coefficients outside a
neighborhood of the values taken by the initial data to arrive at a system with everywhere
defined smooth matrix valued coefficients. Even more we may suppose that the coefficients
take constant values outside a compact subset of u space.

In contrast to the linear case, one cannot reduce to the case Ay = I. However, if one is
interested only in solutions which take values near a constant value u, changing variable
to v := Ag(u)'/?u one can reduce to the case Ag(u) = I. This is useful for quasilinear
geometric optics.

§6.6.1. Existence of solutions.

Local existence is analogous to Theorem 6.4, except that it is important that the coefficients
A, (u(x)) be lipschitz continuous functions of y. For this reason we work in Sobolev spaces
H*(R?) with s > 1+d/2. The importance of the Lipschitz condition is seen from the basic
L?(R%) energy law when f =0,

%(Ao(u) u(t),u(t)) - ((Z@H(Au(u))) u(t),u(t)), divA =Y 0,(Au(u)). (6.6.2)

m

To control the growth of the L? norm uses the lipschitz bound. It is not obvious but is true,
that the same bound suffices to control the growth of higher derivatives. The existence
part of the following Theorem is essentially due to Schauder [Sch].

Theorem 6.6.1. IfN> s > 1+d/2, f € L}, ([0,00[; H*(R?)), and g € H*(R?), then
there is a T' > 0 and a unique solution

u € Moo C7([0,T); H*~/(RY))
to the initial value problem
L(u,0)u = f, u(0,2) = g(z). (6.6.3)

The time T can be chosen uniformly for f,g belonging to bounded subsets of Llloc( [0, oo[;
H*(R%)) and H*(R?) respectively. Therefore, there is a T €]0,00] and a maximal solution
in N;CI([0, T.[; H*79(RY)). If T. < oo then lim; -7, |w()|| s (ray = 00. A more precise
result is

limsup [|u(t), Vyu(t)| peomsy = 00. (6.6.4)
t /T,

17



Remark. If we had not modified the coefficients to be everwhere defined and smooth,
the blow up criterion would be that either (6.6.4) occurs or, the values of u approach the
boundary of the domain where the coefficients are defined.

This is so since if one has a solution of the original system whose values are taken in
a compact subset K of the domain of definition of the coefficients, one can modify the
coefficients outside a compact neighborhood of K. Theorem 6.6.2 implies that there is a
solution on a larger time interval.

The standard proof of Theorem 6.6.1 proceeds by considering the sequence of approximate

solutions satisfying
L(u”,0)u*tt = f, u”“‘t:O =g.

The linear equation satisfied by u”*! has coefficients A, (u”) depending on u” for which
one has only H?® control. The key to the proof is to derive a prior: estimates for solutions
of linear symmetric hyperbolic intitial value problems with coefficient matrices having only
H? regularity (see [Metivier, Lax]).

Schauder’s approach was to approximate the functions A, by polynomials in v and the
data f,g by real analytic functions and to use the Cauchy-Kowalsekaya Theorem (see
[Courant-Hilbert]). A priori estimates are used to control the approximate solutions on
an fixed, possibly small, time interval. We solve the equation by the method of finite
differences. A disadvantage of this method is that it reproves the linear existence theorem.
An advantage is that the basic a priori estimate for the difference scheme allows one to
prove existence and the sharp blowup criterion at the same time.

Proof. For ease of reading, we present the case f = 0. The approximate solution u” is

the unique local solution of the ordinary differential equation in H*(R%)

Ap(w)o” + D A;wM) st =0,  W"0,2) = g(x). (6.6.5)

For each fixed A > 0, the map
w — Ag(u)™? ZAj(uh)éjhwh
J

from H*®(R?) to itself is uniformly lipschitzean on bounded subsets. It follows that there
is a unique maximal solution

uh e CL([0, T H5(RY)),  Th €0, q].

If T < oo, then limy ~gn [[u"(t)| s ray = co.

The heart of the existence proof are uniform estimates for v” on an h independent interval.
The starting point is an L?(R9) estimate,

d

£<A0(uh)uh(t),uh(t)) - ((8t(A0(uh)) uh,uh> + Z((Aj(s;u(Aja;l)*)uh,uh).
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Thanks to the symmetry of A; and the antisymmetry of 6;‘,
Ajo7 + (4;07) = [A;(u"), 7).
There is a constant, C' = C(A4,), so that

101 Ao (" ltom(zezyy + 14580 + (4388 ltom(zeay < C Vgt (Bl (rs) - (6.6.6)

For |o| < s and d = 0,,, compute

& (Aol (1), o (1)) = (Aol 0t o) +

(Ao(uh)aauh, aaatuh) + ((@Ao(uh))aauh, 80‘uh> (6.6.7)
= (Ao(uh)ao‘@tuh, 6O‘uh> + (Ao(uh)ao‘uh, aaatuh) VB,

beginning the collection of terms which we will prove are acceptably large.
The first term on the right of (6.6.7) is equal to

(8“Ao(uh)8tuh, 8%") - ([Ao(uh),ﬁa]atu",muh) — (8“A0(uh)8tuh, 80‘uh) B,
(6.6.8)
Analogously, the symmetry of Ay shows that the second term in (6.6.7) is equal to

<6°‘uh,A0(uh)8°‘6tuh> - (Bo‘uh,ﬁo‘Ao(uh)Btuh> + (Bo‘uh,[Ao(uh),Bo‘]ﬁtuh)

= <8O‘uh,8o‘A0(uh)8tuh> + B,
(6.6.9)

Using the differential equation, the sum of the nonerror terms in (6.6.8-9) is equal to the
sum on j of

(aauh L 9% A (u) 5;%uh) + (aaAj(uh) sl 80‘uh>

= (o, ;) o) + (Aj(uh)olout, 00ut) + By 66,10
_ ((Aj(uh)ay+(Aj(uh)ay)*)aauh,aauh> + By
= E5 + E47

where

By i= (070", [0°, A5 ()] 00u) + (10%, Ayt ohul, 9.

Denote by



Since Ay is strictly positive, there is a constant C' independent of w so that

1
= Y 0w ey £ E@) £ C Y (080l (66.11)

la|<s la|<s

Summing over all |o| < s yields

d€(u"(t)) B
— = > Ej. (6.6.12)

J=1

Lemma 6.6.2. For all R > 0,1 < j <5, and 0 < h < 1, there is a constant C(R)
depending only on L and R so that

2

[ (0. Yy O ) < B = 1B < CR) Y. 1056 (0)]- gy -

la|<s

Proof of Lemma. The cases j = 1 and j = 5 follow from (6.6.6). The remaining three
cases are similar and we present only 7 = 3 which is the worst. It suffices to show that

116, Ay (u")] 0 oy < C(R) S [l0%u" ()]

lor<s

e (Rd) - (6.6.13)

The quantity on the left of (6.6.13) is a linear combination of terms
O7(A;(uh) O ((Ag " A (o ut) . Bty =a, B#0.
Since 3 # 0 this is equal to

(07 Aj(u") — A;(0)) 07 ((Ag " A; (u") — Ag ' 4;(0))57 u”)
+ 07(A;(u") - A;(0)) (A5 " 4;)(0)07 5] u”.

Estimate
145 (u™) = Aj0) [ + (A5 A7) (") = (Ag1A;)(0)][= < C(R),
and from Moser’s inequality,

|45 (") = A0l + 1457 A) (") = (A A)(0)]lme < C(R) [lu" 32

The Gagliardo-Nirenberg estimates then imply (6.6.13). |
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The local solution is constructed so as to take values in the set
W o= {w e H*(RY) : E(w) < E(g) + 1} .
Choose R > 0 so that

weW = |lwllr= + [Vowllz= + | Y Aj(w)dfwlz= < R.

So long as u”(t) stays in W, one has

d€ (u"(t))

< CR)CEWM () < C’(R)C’(E(g)—i—l).

with C from (6.6.11) Therefore,
E(M(1) ~ E(g) < TOR)C (E(9)+1).

Define T by

TCO(R)C (5(9) + 1) - % .

If follows that for all h, u” takes values in W for 0 <t < T.

Using this uniform bound one can pass to a subsequence which converges weakly in
L>([0,T]; H*(R%)) and stongly in C7([0,T]; H*~I(R%)) for 1 < j < s.

The limit satisfies the initial value problem and also

w < C(R)E(ult)). (6.6.14)

This together with the uniform continuity of u implies that |[u(t)|| g(ga) is continuous. It

follows that u € C([0,T]; H*(R?)). That &/u € C([0,T]; H*~7(R%)) follows by using the
differential equation to express these derivatives in terms of spatial derivatives as in the
semilinear case.

Uniqueness is proved by deriving a linear equation for the difference w := u — v of two
solutions u and v. Toward that end compute

Ap(u)duu — Ap(v)duv = Ap(u)du(u—v) + (Au(u) = Au(v))uv .
Write A, (u) — A,(v) = Gu(u,v) (u—v), to find
A, (w)duu — Ay ()90 = A 0w + Buw,
Au(y) == Au(u(y),  Bu(y) := Gu(uly),v(y)) duv(y)-
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Therefore

Ly,d)w =0,  L(y,d,) ::Z(AH(?”JrBu). (6.6.15)

The energy method yields
d
E('AO w(t),w(t)) < C(Aow(t), w(t)), (6.6.16)

Since w|i—¢ = 0, it follows that w = 0 which is the desired uniqueness.

All that remains is the proof of the precise blow up criterion (6.6.4). This is immediate
since if the lipschitz norm does not blow up, then (6.6.14) implies that the H*(R?) norm
does not blow up. This completes the proof of Theorem 6.6.1. |

§6.6.2. Examples of breakdown.

In this section we exhibit a simple mechanism, wave breaking, for the breakdown of solu-
tions with v bounded and V,u diverging to infinity as ¢t /" T*. The method of proof leads
to two Liouville type theorems.

The classic example is Burgers’ equation
ur +uu, = 0. (6.6.17)

For a smooth solution on [0, T] x R the equation shows that u is constant on the integral
curves of 0; + u ... Therefore those integral curves are straight lines.

For the solution of the initial value problem with
u(0,z) = g(z) € Cy°(R), (6.6.18)
the value of u on the line (¢, 2+ g(x)t) must be equal to g(z). This is an implicit equation,
u(t,z +tg(x)) = g(z), (6.6.19)

uniquely determining a smooth solutions for ¢ small.

However, if g is not monotone increasing, consider the lines starting from two points
x1 < x9 where g(x1) > g(x2). The lines intersect in ¢ > 0 at which point the conditions
that u take value g(z1) and g(x2) contradict. Thus the solution must break down before
this time. While the solution is smooth, u(t) is a rearrangement of u(0) so the sup norm
of u does not blow up. The existence theorem shows that the gradient must explode.

That the gradient explodes can also be proved by differentiating the equation to show that
v := Opu satisfies
v+ udu+0v: = 0.

This equation is exactly solvable since

%v(t,x-l—g(x)t) = v tudy = —0v?.
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Therefore,

T, = —— . (6.6.20)

Proof. The preceding computations shows that 7, can be no larger than the right hand
side of (6.6.20). On the other hand, the implicit function theorem provides a smooth
solution of (6.6.18) so long as the map x — x +tg(z) is a diffecomorphism from R to itself.
This holds exactly for ¢ smaller than the right hand side of (6.6.20). 1

The method of proof yields the following results of Liouville type.

Theorem 6.6.3. i. The only global solutions v € C'(R'*%) of Burgers’ equation 6.6.5
are the constants.

ii. The only global solutions 1(x) € C3(RY) of the eikonal equation |V )| = 1 are affine
functions.

Proof. i. Denote g(z) := u(0,z). If there is a point with ¢’(z) < 0 the above proof
shows that u,(t,z + g(z)t) diverges as t / T™*. If there is a point with ¢’(z) > 0 then an
analogous argument shows that u,(t,z + g(z)t) diverges as t \, —1/¢’(z). Therefore g is
constant and the result follows.

ii. Denote by
Voi=2> 00,
a C! vector field. Differentiating > (9;1)% = 1, yields for each partial derivative 9,

Vo =0, 0=Vy + 2 (9;00)° > Vo2 + (0%)°. (6.6.21)
J

The first implies that V1 is constant on the integral curves of V. Therefore the integral
curves are stationary points or straight lines z + sV ().

If ¢ is not linear, there is a point x at which the matrix of second derivatives at x is not
equal to zero. The same holds on a neiborhood of z so we can choose z so that V¢ (z) # 0.
A linear change of coordinates yields 971 (z) # 0.

Then

h(s) = 0(z +25V,h(z)), satisfies 2—}; < —h(s)?.

If h(0) < 0 then h diverges to —oo at a finite positive value of s. Similarly if 2(0) > 0 then
h diverges to 4+o00 at a finite negative value of s. Thus v cannot be globally C?. |
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§6.6.3. Dependence on initial data.

Theorem 6.6.1 shows that the map from u(0) to u(t) maps H*(R?) to itself and takes
bounded sets to bounded sets. In contrast to the case of semilinear equations, this mapping

is not smooth. It is not even lipschitzean. It is lipschitzean as a mapping from H*(R9) to
Hs—l (]Rd> .

Suppose that v € C([0,T]; H*(R?)) with s > 1+d/2 solves (6.6.1). Denote by A the map
u(0) — u(-) from initial data to solution. It is defined on a neighborhood, U, of v(0) in
H3(RY) to M;C9([0,T] 5 H*~3(R4)).

Theorem 6.6.4. Decreasing the neighborhood U C H*(RY) if necessary, the map
USu(0) — u() € Nigrejotmazy CO0,T]5 B (R)
is uniformly lipschitzean.

Proof. The assertion follows from the linear equation (6.6.15) for the difference of two
solutions. The coefficients A, belong to C7([0,T] : H*9(R%)) for 0 < j < s. On the
other hand, the coefficients B, € C7([0,7] : H*=7~1(R%)) for 0 < j < s — 1 have one less

derivative. For this linear equation, the change of variable w = A, 120y reduces to the
case Ag = 1.

The estimate is proved by computing

d [ 04 [0
n > (0%b(t), 0%w).

lal<s—1

The restriction to s — 1 comes from the fact that B is only s — 1 times differentiable.
Exercise. Carry out this proof using the proof of Theorem 6.6.1 as model. 1

We next prove differentiable dependence by the perturbation theory method of §6.5. Sup-

pose that
L(v,0)v = 0,

and consider the perturbed problem
L(u,0)u = 0, ult=o = v(0) + g, (6.6.22)
with ¢ small. To compute the Taylor expansion, introduce the auxiliary problems
L(w,0)a = 0, |0 = v(0) + &g, @ ~ ug+0uy +0%uy+---.  (6.6.23)

Then L(u,0)u has expansion in powers of § computed from the expression

0= Z (Au(uo) + 6 A (ug)(ur) + 0° A (uo) (u1, ur) + - - ) 0, (Uo ¥ Suy + 62y + - - )

m

24



The O(6°) term yields
L(Uo,a)UO = 0, UQ|t=0 — U(O), (6624)

yielding, ug = v, is the unperturbed solution.
The O(6) term yields

ZAM(U>6MU1 + Z [AL(v)ul]Buv =0, Ulli—0 = ¢. (6.6.25)
1 I

Introduce the linearization of L at the solution v by

ZA )0 w + Z (A, (v (6.6.26)

The equation of first order perturbation theory becomes
Lu1 = 0, U1|t:0 = g. (6627)

In the zero order term of L, the coefficient depends on dv so in general u; will be one
derivative less regular than v.

The O(6?) terms yield

LUQ + Z A/ Ul (9 up + Z AH ul,ul)}ﬁuv = O, u2|t:O = 0. (6628)

There is a source term depending on duy so typically, us will be one derivative less regular
than u; and therefore two derivatives less regular than v.

Continuing in this fashion yields initial value problems determining u; as symmetric j-
multilinear functionals of g provided that v is sufficiently smooth.

Theorem 6.6.5. Suppose that s > 1+d/2, and v € C([0,T] : H*(RY)) satisfies (6.6.1).
Then the map, N, from initial data to solution is a differentiable function from a neigh-
borhood of v(0) in H*(R%) to C([0,T]; H*~1(R%)). The derivative is locally bounded. If
s —j > d/2 then N is j times differentiable as a map with values in C([0,T]; H*~7(R%)).
The derivatives are locally bounded.

Sketch of Proof. The linear equation determining u; has coefficient which involve the
first derivative of v. As a result u; will in general be one derivative less regular than v.
That is as bad as it gets. It is not difficult to show using an estimate as in Theorems 6.5.2,
6.6.4 that

[N +.9) = (MO + 0] sy Sl

This yields differentiability, the formula for the derivative, and local boundedness.
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Similarly, the calculations before the Theorem show that if A is twice differentiable then
one must have

NQ(U(O)7979) = u2,
where g is the solution of (6.6.28). It is straight forward to show that A3 so defined is a
continuous quadratic map from H® +— C([O, T]; HS_Q(Rd)).
A calculation like that in Theorem 6.5.2 shows that

[V (o) + 9) = (M((0) + w1 + ) ) < Clali e

HC([O,T] . Hs—2(R4)

This is not enough to conclude that N is twice differentiable. What is needed is a formula
for the variation of Ni(v(0),g) when v(0) is varied. The derivative N (v(0),g) = uy is
determined by solving the linear Cauchy problem (6.6.27) which has the form

L(v,0)u; + B(v,0v)u; = 0, u1(0) = g¢.

The map from v(0) to the coefficients in (6.6.26) is differentiable and locally bounded from
H® — C([0,T]; H*™1). Provided that s — 1 > d/2 + 1 it follows from a calculation like
that used to show that A is differentiable, that the map from v(0) to u; is differentiable
from H* to C([0.T]; H*~2(R%)), that A is twice differentiable, and the second derivative
is locally bounded. The straight forward but notationally challenging computations are
left to the reader.

The inductive argument for higher derivatives is similarly passed to the reader. |

We next show by example that the loss of one derivative expressed in Theorems 6.6.4 and
6.6.5 is sharp.

The example is Burgers’ equation, v; + v v, = 0, with initial data
v(0,2) = (z4)?%, x4 := max{z,0}.

Since the initial data is nondecreasing and C' it follows that there is a solution v €
C([0,00[xR). The data is piecewise smooth with jump in second derivative at z = 0.

The characteristic through the initial singularity is the ¢ axis. It follows from the descrip-
tion using characteristics, that v = 0 in {t > 0, x < 0}. And v is smooth up the the
boundary of the positive octant {t > 0, = > 0}. Thus, v is piecewise smooth in ¢ > 0 with
singularities confined to {x = 0} where v,, jumps.

In this case, equation (6.6.27) is

Oyur + vorur + vpur = 0, u1(0) = g. (6.6.29)
Consider a smooth initial function, for example a function g which is equal to one on a
neighborhood of x = 0. Since v € C! it follows that the solution is continuous. The

method of characteristics shows that u; is equal to one on the left side of the ¢ axis.
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On the other hand, differentiating with respect to x and letting x tend to zero from above
shows that the function

J(t) = Opui(t,0+) = i{% Opuq (t, )

satisfies

dJ
g Vg (04)

Therefore the first derivative of u; jumps across the ¢ axis. While the solution is piecewise
smooth with jumps in second derivatives, u; is piecewise smooth with jumps in the first
derivative. This is exactly the loss of one derivative in Theorems 6.6.4-6.6.5.

§6.7. Global small solutions for maximally dispersive nonlinear systems.

In dimensions greater than one, solutions of linear constant coefficient hyperbolic systems
with constant coefficients and no hyperplanes in their characteristic variety tend to zero
as t — oo. The maximally dispersive systems decay as fast as is possible, consistent with
L? conservation. Consider a nonlinear system

L@ u+G) =0, GO)=0, V,G(0)=0.

Solutions with small initial data, say u‘ .o = €[ are approximated by solutions of the
linearized equation
L(0,0)u = 0,

with the same initial data. On bounded time intervals, the error is O(e?). When solutions
of Lu = 0 decay in L*, G(u) is even smaller. There is a tendency to approach linear
behavior for large times. For G = O(|u|P) at the origin, the higher is p the stronger is the
tendency. The higher is the dimension, the more dispersion is possible and the stronger
can be the effect.

We prove that for maximally dispersive systems in dimension d > 4 with p > 3, the
Cauchy problem is globally solvable for small data. This line of investigation has been
the subject of much research. The CBMS lectures of Strauss present a nice selection
of topics. The important special case of perturbations of the wave equation was the
central object of a program of F. John in which the contributions of S. Klainerman were
capital. I recommend the books of Sogge, Hormander, Shatah-Struwe, and Strauss for
more information. The analysis we present follows ideas predating the John-Klainerman
revolution. A quasilinear version including refined estimates for scattering operators can
be found in [Satoh, Kajitani-Satoh]| . The sharp result in the spirit of John-Klainerman is
that there is global existence of small solution in d > 4 and p > 2. Estimates sufficient for
the sharp result are proved in [Georgiev, Lucente, Ziliotti].

The global existence result is in sharp contrast to the example

Ou Ou 2 o) d
T _ _ _
5 T pre u 0, u(0, ) ep(z), 0<¢peCPRY\O,
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for which solutions blow up in time O(e~!) independent of dimension. The associated
linear problem is completely nondispersive.

Assumtion 1. L(0) is a maximally dispersive symmetric hyperbolic system with constant
coefficients as in §3.4.

Assumption 2. G(u) is a smooth nonlinear function whose leading Taylor polynomial at
the origin is homogeneous of degree p > 3.

Theorem 6.7.1. Suppose that d > 4, p > 3, and o is an integer greater than (d + 1)/2.
For each §; > 0, there is a 69 > 0 so that if

1oy + 1 flweosey < G0, (Iflweres = 3 198 flp@n),  (67.1)

la| <o
then the solution of the Cauchy problem
Lu + G(u) = 0, u‘tzo = f, (6.7.2)
exists globally and satisifes for all t € R,
lu()ll @y < (B7@D26, and  Ju®)|go@sy < 6. (6.7.3)

There is a ¢ > 0, so that for §; small one can take oy = cd;.

Proof. We treat the case of t > 0. For simplicity we treat only the case of G equal
to a homogeneous polynomial. The modifications for the general case are outlined in an
exercise after the proof.

Decreasing 9; makes the task more difficult. If §; < 1 is given, choosing dg sufficiently
small, the solution satisfies (6.7.3) on some maximal interval [0,7[, T' €]0, oc]. The proof
relies on a priori estimates for the solution on this maximal interval.

Denote by S(t) := e " 25 Aidi the unitary operator on H*®(R?) giving the time evolution
for the linear equation Lu = 0,

1SN e@ay = [l s wa) - (6.7.4)
The Theorem in §3.4.2 yields the estimate

—(d—1)/2 - (d+1)/2 ¢
I50) flumqeey < Co @7 (Ml + 3 NIDID200) - o

< Oy (t)~d=D/2 5

Duhamel’s formula reads

u(t) = S@t)f + /0 S(t—s) G(u(s)) ds. (6.7.6)
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For the homogeneous polynomial G we have Moser’s inequality (Exercise. Verify.)
|G (W)l o may < C2 ||U||I£;1(Rd) lull o (®ay - (6.7.7)

Use this to estimate

t
|- < 6 + / Gy ((t — 5)-@D/2 )7 6, s
0

~ (6.7.8)
< 6o+ C3682,  Cs:= 02/ (t)~d=D/2 g
0
The L norm satisfies,
t
|u(®)|[pe < Cy (£)47D/25, + / 1S(t — ) G(u(s))]| . ds- (6.7.9)
0
Use the dispersive estimate (3.4.8-3.4.9) to find
[S(t = 5) G(u(s))]|, < Co(t—s)" " D/2|G(u(s))|wer . (6.7.10)
Lemma 6.7.2. There is a constant C' so that for all u one has
G lwer < Cllull7 ullFe - (6.7.11)

Proof of Lemma. Leibniz’ rule shows that it suffices to show that if |a1+.. .4, =s <o
then

[0 uosu - 0%, < OB [l DIl
Both sides have the dimensions £¢~%.

Define 0, := |a;|/s so > 6; = 1. The Gagliardo-Nirenberg estimate interpolating between
u € L and |D|*u € L? is

—0, _ -0, 0 0.
e < Ol |1D[*ul|%s - 4 _51'

0%u -
I T = T3

Define 6 := 1/(p — 1) and interpolate between 0%u € LPi and % wu € L? to find

1 1—-60 0
oY < oY 1—6 oY 0 i i
[0 ullzre < 0% ulln? 0% ulfa, - — 3
Therefore,
o 1-6;)(1-6 1-6;)0 s 0; .
0% ullpre < Jull S0 Jull S0 DS, 1= 1
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Holder’s inequality implies
Jomud - 0%ull,, < W [0%uller < Clullh=? ulloe [[1DI ] 2.

which completes the proof. |

Estimates (6.7.10-11) together with the hypothesis that p > 3 yield

. t/2
—(d=1)/2 J \—(p—2)(d—1)/2 52
/0 1S5(t = ) G(u(s))|| oo ds < 07/0 (t = s) 7TV ()" @mRD2 62 ds (6.7.12)

IA

Cis ()~ (@=1/2 52

Combining yields
lu@lz < (Crdo +Csd3) (=17

Decreasing d; if necessary we may suppose that

) )
C362 < =, and (87 < —.
2 2
Then, choose g > 0 so that
2 01 2 01
(50 + 03(51 < 5, and 0150 + 0851 < ?

With these choices, the estimates show that on the maximal interval [0, T'[, one has

—(d—1)/2 0 J
()| e ray < ()~ 1)/251, and [lu(t)[| s rey < 51 (6.7.13)

If T were finite, the solution would satisfy (6.7.3) on the interval [0, T'+¢] for small positive €
violating the maximality of T'. Therefore T' = co. The estimate (6.7.13) on [0, T'[ completes
the proof. |

Exercise. For the case of G which are not homogeneous show that there are smooth
functions H, and functions GG, homogeneous of degree p so that

Glu) = Z Ga(u) Ha(u),

the sum being finite. Modify the Moser inequality arguments appropriately to prove the
general result.

§6.8. The subcritical nonlinear Klein-Gordon equation in the energy space.

§6.8.1. Introductory remarks.
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The mass zero nonlinear Klein-Gordon equation is
hyqu + F(u) = 0. (6.8.1)

where

FeC'(R), F(0)=0, F'(0)=0. (6.8.2)

The classic examples from quantum field theory are the equations with F'(u) = u? with
p > 3 an odd integer. For ease of reading we consider only real solutions.

The equation (6.8.1) is Lorentz invariant and if
G'(s) = F(s), G(0) = 0, (6.8.3)
The local energy density is defined as

'LL2 U2
e(u) = # + G). (6.8.4)

Solutions u € HZ _(R'*?) satisfy the differential energy law,
e — div(ue Vou) = w (Du + F(u)) =0. (6.8.5)
The corresponding integral conservation law for solutions suitably small at infinity is,

2 2
at/ w + Gu) dr = 0, (6.8.6)
Rd

is one of the fundamental estimates in this section. Solutions are stationary for the La-

grangian,
T 2 _ 2
/ / e = WVetl” ) dtda.
0 Rd 2

When F' is smooth, the methods of §6.3-6.4 yield local smooth existence.

Theorem 6.8.1. If F € C*, s > d/2, f € H*(RY), and g € H*"*(R?), then there is a
unique maximal solution

u € C([0,T.[; H*RY) n C*([0,T.[; H*'(RY)).
satisfying
w(0,z) =f, w(0,2)=g.
If T, < oo then

limsup |u(t)]|foe(rey = 00

t—T,
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In favorable cases, the energy law (6.8.6) gives good control of the norm of u,u; € H' x L?.
Controling the norm of the difference of two solutions is, in contrast, a very difficult problem
for which many fundamental questions remain unresolved.

An easy first case is nonlinearities F' which are uniformly lipschitzean. In this case, there
is global existence in the energy space.

Theorem 6.8.2. If F satisfies F’ € L*(R), then for all Cauchy data f,g € H' x L? there
is a unique solution

ueC(R; H(RY) n C'(R; L*(RY).

For any finite T, the map from data to solution is uniformly lipschitzean from H' x L? to
C([-T,T; HYNCY[-T,T]; L?). If f,g € H*> x H' then

u € L*(R; H*RY), w € L®(R; H'(RY).
If f,g € H* x H5"! with 1 < s < 2, then

u € C(R; H*(RY)), w € C(R; H'(RY).

Sketch of Proof. The key estimate is the following. If v and v are solutions then
O(u—v) = F(v) = F(u),  |F(u) = F(@)] < Clu—v|.
Multiplying by u; — v; yields

d
pm (ut—vt)Q_f_\Vx(u—v)Pda: = 2/(ut—vt) (F(v)—F(u)) de < C Hut—th%g Hu—vH%Q.

It follows that for any 7' there is an a priori estimate

sup  (llu(®) = v(®)llm + e —willz2) < CT)(u(0) = v(O)lm + ue(0) = v (0)]lz2)

[t|<T

This estimate exactly corresponds to the asserted Lipschitz continuity of the map from
data to solutions.

Applying the estimate to v = u(x + h) and taking the supremum over small vectors h,
yields an a priori estimate

swp  ([u@lle + luelsz) < OO (@)l + Ju©)lem).

[t|<T
which is the estimate correponding to the H? regularity. |

Higher regularity for dimensions d > 10 is an outstanding open problem. For example,
for d > 10, smooth compactly supported initial data, and F' € C§° or F' = sinw, it is not
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known if the above global unique solutions are smooth. For d < 9 the result can be found in
[Brenner-vonWahl 1982]. Smoothness would follow if one could prove that u € LS. What
is needed is to show that the solutions do not get large in the pointwise sense. Compared
to the analogous regularity problem for Navier-Stokes this problem has the advantage that
solutions are known to be unique and depend continuously on the data.

§6.8.2. The ordinary differential equation and nonlipshitzean F.

Concerning global existence for functions F'(u) which may grow more rapidly than linearly
as u — 00, the first considerations concern solutions which are independent of x and
therefore satisfy the ordinary differential equation,

uy + F(u) = 0. (6.8.7)

Global solvability of the ordinary differential equation is analysed using the energy con-

servation law

2
Uy

(? + G(U)>/ = Ut<utt+F(U)> = 0.

Think of the equation as modeling a nonlinear spring. The spring force is attractive, that
is pulls the spring toward the origin when

F(u)>0 when u>0 and, F(u) <0 when u<0.

In this case one has G(u) > 0 for all u # 0. Conservation of energy then gives a pointwise
bound on w; uniform in time

1/2
up(t) < ui(0) +2G(u(0),  |u(t)] < (uf (0) +2G(u(0))) .
This gives a pointwise bound
1/2
[u®)] < [u(0)] + [¢](uf (0) + 2G (u(0))) .
In particular the ordinary differential equation has global solutions.
In the extreme opposite case consider the replusive spring force F'(u) = —u? and G(u) =

—u3/3. The energy law asserts that u?/2 — u3/3 := E is independent of time. Consider
solutions with
u?(0)

u(0) >0, wu(0)>0 so E>-— 3

For all ¢t > 0,

At t = 0 one has




Therefore u increases and u®/3 + E stays positive and one has for t > 0

wi(t) = (@JFE)W > 0.

Both u and wu; are strictly increasing.

Since

du

(e 457 “
3

u(t) approaches oo at time

> du
T = / ——
wo) (24 E)?

Exercise. Show that if there is an M > 0 so that G(s) < 0 for s > M and

ds < o0

vl
M V/I]G(s)
then there are solutions of the ordinary differential equation which blow up in finite time.

Proposition 6.8.3 [J.B. Keller 1957]. If

o0 3
a,d >0, d<3, E:=6%/2 —d®/3, T::/ }%JFE\‘ du,

and ¢, € C°(R?) satisfy
p>a and P> for |z| < T,
the the smooth solution of
Oipqu — u?, u(0) =@, u(0) =1
blows up on or before time T'.

Proof. Denote by u the solution of the ordinary differential equation with initial data
u(0) = a, u,(0) = 0.

IfueC® ([O, t] x Rd), then finite speed of propagation and positivity of the fundamental
solution of O; 44 imply that

u > u on {\x|§T—§}.
Since u diverges as t — T' it follows that ¢t < T |
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In the case of attractive forces where G > 0 one can hope that there is global smooth
solvability for smooth initial data. This question has received much attention and is very
far from being understood. For example even in the uniformly lipschitzean case where
solutions H? in x exist globally, higher regularity is unknown in high dimensions.

§6.8.3. Subcritical nonlinearities.

In the remainder of this section we will study solvability in the energy space defined by
w,ug € H' x L?. This regularity is suggested by the basic energy law. For uniformly
lipschitzean nonllinearities the global solvability is given by Theorem 6.8.2. The interest
is in attractive nonlinearities with superlinear growth at infinity.

A crucial role is played by the rate of growth of F' at infinity. There is a critical growth rate
so that for nonlinearities which are subcritical and critical there is a good theory based on
Strichartz estimates. The analysis is valid in all dimensions.

To concentrate on essentials, we present the family of attractive (repulsive) nonlinearities
F = ufuP™! (F = —u|u[P™!) with potential energies given by + [ |u[P*/(p + 1)dz. Start
with four natural notions of subcriticality. They are in increasing order of strength. One
could expect to call p subcritical when

1. HY(R?) c L?(RY) so the nonlinear term makes sense for elements of H'!.
2. HY(RY) c LP*1(R?) so the potential energy makes sense for elements of H'.

3. H'(RY) is compact in Lfotl(Rd) so the potential energy is in a sense small compared to
the kinetic energy.

4. HY(RY) c L?’(RY) so the nonlinear term belongs to L?*(RY) for elements of H1.

The Sobolev embedding is
HYR?Y) c LYRY), for, ¢ = —. (6.8.8)

The above conditions then read (with the values for d = 3 given in parentheses),

Lp<2/(d-2), (p<6),
2. p+1<2d/(d—2), (equiv. p < (d+2)/(d—2)), (p <5),
3.p<(d+2)/(d-2), (p<5),

4. p<d/(d-2), (p<3).

The correct answer is 3. Much that will follow can be extended to the critical case p =
(d42)/(d —2). The case 1 in contrast is supercritical and comparatively little is known.
It is known that in the supercritical case, solutions are very sensitive to initial data. The
dependence is not lipschitzean, and it is lipschitzean in the subcritical and critical cases.
The books of Sogge, and Shatah-Struwe and the orignal 1985 article of Ginibre and Velo
are good references. The sensitive dependence is a recent result of Lebeau.
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Notation. Denote by L{L~([0,T]) the space L{L.([0,T] x RY), Denote with an open
interval
L{Ly([0,T() = Uo<r<r L{L([0,T7]).

Theorem 6.8.4. i. If p is subcritical for H', that is p < (d + 2)/(d — 2), then for any
f € HY(R?) and g € L?(R?) there is T, > 0 and a unique solution
we C(0,T.] HY(RY)) n C*([0,T.[; L*(RY) n LPLP([0, T]) (6.8.9)

of the repulsive problem

Ou — uuP~! = 0, uw(0)=f, w(0)=g. (6.8.10)
If T, < oo then
htI}lTI*lf Vi ulp2gay = 00. (6.8.11)

The energy conservation law (6.8.6) is satisfied.

ii. For the attractive problem
Ou + uuP~' = 0, u(0) = f, w(0)=g. (6.8.12)

one has the same result with T, = oo and with u € LYL?P(R). For any T' > 0, the map
from Cauchy data to solution is uniformly lipschitzean

H'x1?* — C(-T,T]; H") n C(-T,T); L*) n LYL([0,T))).

In the proof of this result and all that follows a central role is played by the linear wave
equation and its solution for which we recall the basic energy estimate

t
IViau(®)lp2@a)y < [Vieu(0)|rz@a) + / I0u(®)l| L2 ray dt -
0
This is completed by the L? estimate
t
u®llaey < [ Tue®llaeo de.
0

In particular, for h € Li, (R; L*(R%)) there is a unique solution

loc
u e C(R; HY(RY) n CY(R; L2(RY),
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to

This solution is denoted
0 'h.

In order to take advantage of this we seek solutions so that

Fy(u) := +ululP™ € LiL2.

Compute

T 1/2

1Eslses = [ ([P ds)” ar,

0

where 1/2 12
p1p
(e )™ = [(f ) ™) = bl

SO

T
[Ep(u)llpire = [wllforga dt = lull}s, 20 - (6.8.13)
0 L?PRd LPL2
The above calculation proves the first part of the next lemma.

Lemma 6.8.5. The mapping u — F,(u) takes LY L?P([0,T] to L{ L2([0, T)). It is uniformly
Lipshitzean on bounded subsets.

Proof. Write

Fv) = Fyw) = Gow)(v-w), [Gow)| < (™ + ).

Write
HG(v,w)(v—w)Hii = /|G|2 lv —w|? dx .

p—1)

Use Holder’s inequality for Lg/ ( x LP to estimate by

< ( / \G(v,w>|2p/<f’—1>dx)p771( / v~ w*da)

-1
1Fp(0) = Fp(w)llze < Cllv,wll7zy lv—wlgz-

S =

Then

Finally estimate the integral in time using Holder’s inequality for LY /=1 LY. |
It is natural to seek solutions u € LYL2P([0,T]). With that as a goal we ask when it is
true that

o '(L;L2) C LYL?.
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This is exactly in the family of questions addressed by the Strichartz inequalities. The
next Lemma gives the inequalities adapted to the present situation.

Lemma 6.8.6. If

1 d d
q>2, and -4+ - = =-=1, (6.8.14)
q T 2

then there is a constant C' > 0 so that for all T > 0, h, f,g € L}(L2) x H' x L? the solution
of
Ou = h, u(0) = f, w(0) = g,

satisfies

H“HL;JL;([O,T]) = C(HhHL%Li([O,T]) + HwaHLz(Rd) + HgHL2(Rd))' (6.8.15)

Proof. 1. Rewrite the wave equation as a symmetric hyperbolic pseudodifferential system
motivated by D’Alembert’s solution of the 1 — d wave equation. Factor,

O —A = (9, +i|D]) (9, —i|D|) = (8 +i|D]) (8; —i|D]).

Introduce
vt = (at:FZ|D|>uv Vo= (U+7U—>7

1 0 . h
Vi + (0 _1)Z|D|v - (h)

Lemma 3.4.8 implies that for o0 = d — 1, ¢ > 2, (¢,7) o- admissible, and h, f, g with
spectrum in {R; < || < Ry} one has

SO

lulis; < ClVesullzzzy < CIVlegy < C(Whllizze + WDz + lollze)

2. Denote by ¢ the dimensions of ¢t and x. With dimensionless u , the terms on right of
this inequality have dimension ¢%/2 1,

The dimension of the term on the left is equal to
(eda/r )M = 77

The two sides have the same dimensions if and only if

d

r

1 d
- = =-—1. 6.8.16

+ o= 3 (6.5.16)

Under this hypothesis it follows that the same inequality holds, with the same constant C'

for data with support in AR; < [£] < ARs.
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Comparing (6.8.16) with o-admissibility which is equivalent to

_|_

RS
Q|

DO

=

shows that (6.8.16) implies admissibility since r > 2.
3. Lemma 6.8.6 follows using Littlewood-Paley theory as at the end of §3.4.3. |

We now answer the question of when 0! maps L}L2 to LYL?P. This is the crucial
calculation. In Lemma 6.8.6, take » = 2p to find

1 N d d-2
g 2p 2
S0,
1 d-2 d _ p(d—2)—d B 2
q 2 2 2p B T )
We want ¢ > p, that is
2 d+2
—_ > 1 —-2)—d <2 < -
pa——a =1l ¢ pd=2-ds2 e ps o

The critical case is that of equality, and the subcritical case that we treat is the one with
strict inequality. For d = 3 the critical power is p = 5 and for d = 4 it is p = 3. In the
subcritical case the operator has small norm for 7' << 1.

The strategy of the proof is to write the solution u as a perturbation of the solution of the
linear problem, at least for small times. Define ug to be the solution of

Oug = 0, ug(0) = f, %(0) =g. (6.8.17)

Write
u = uy + v (6.8.18)

with the hope that v will be small at least for ¢ small.

Lemma 6.8.7. If u = uy + v with v € LYL?P([0,T)) satisfying

v = 0 'F,(ug +v). (6.8.20)
then
u € C([0,T]; H'(RY)) n C*([0,T); L*(RY)) n LPL?*([0,T)) (6.8.21)
satisfies
Ou + Fy(u) = 0, u(0)=f, wu(0)=g, (6.8.22)
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Conversely, if u satisfies (6.8.21)-(6.8.22) then v := u — ug € LYL?P([0,T)) and satisfies
(6.8.21)

Proof. The Strichartz inequality implies that ug € LY L2 and by hypothesis the same is
true of v. Therefore ug + v belongs to LYL?P so F,(ug 4+ v) € L; L2.

Therefore v = +071F), is C(H') N C1(L?). The differential equation and initial condition
for v are immediate.

The converse is similar, not used below, and left to the reader. |

Proof of Theorem 6.8.4. For K > 0 arbitrary but fixed, we prove unique local solvability
with continuous dependence for 0 < ¢ < T with T uniform for all data f, g with

Il + llglle < K.

Choose R = R(K) so that for such data,

<

R
luoll ppp2e o,y = 55 -

Define
B = B(T) = {veLfgLip([o,T]) ol e oryy gR}.

We show that for T = T(K) sufficiently small, the map v — O 'F,(u) is a contraction
from B to itself.

This is a consequence of three facts.

1. Lemma 6.8.5 shows that F, is uniformly lipschitzean from B to L} L2([0,7T]) uniformly
for0< T <1.

2. Lemma 6.8.6 together with subcriticality shows that there is an » > p so that O~ ! is
uniformly lipshitzean from L} L2 to L} L2? uniformly for 0 < T < 1.

3. The injection L} L2? +— LY L2 has norm which tends to zero as T — 0.
This is enough to carry out the existence parts of Theorem 6.8.4.

If there are two solutions u, v with the same initial data, compute
O(u—v) = Gu,v)(u—nv).
Lemma 6.8.6 together with subcriticality shows that with 7 slightly larger than p,
o= vlzze < ClG(0) =)l < Cllu=vlgprz.
Use this estimate for 0 < t < T << 1 noting that Holder’s inequality shows that for 7" — 0,
l|lu — UHLfLi” < CT* ||u— U”L;Li” < CT?||u— UHLfLi” , p>0,

to show that the two solutions agree for small times. Thus the set of times where the
solutions agree is open and closed proving uniqueness.
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To prove the energy law note that F,(u) € L; L2 so the linear energy law shows that

2 \V4 2
[l Vel

t

t
= :F/ /ut Fy(u) dxdt. (6.8.23)
t=0 0

Now
ug € LY°L2, and F,(u) € L;L2.

Holder’s inequality shows that
[ 1w Bywlds < Ju®lo 1F@]:
The latter is the product of a bounded and an integrable function so
VT, uy Fy(u) € L'([0,T] x RY).

Let
[Pt

 op+41-

Since p is subcritical, one has for some 0 < ¢,

lw@®)lly < Cllu®)]lgr-cey € LZ([0,T7]).

1
loc*

In particular w € L'([0,T] x R?) and the family {w(t)};c[0,7] is precompact in L
Formally differentiating yields

wy = uFy(u) € LY[0,T] x RY). (6.8.24)

Using the above estimates, it is not hard to justify (6.8.24).
It then follows that w € C([0,T]; L*(R%)) and

t=T -
/w(t,az) dx = / /ut F,(u)dxdt.
t=0 0

Together with (6.8.23) this proves the energy identity.

Once the energy law is known, one concludes global solvability in the attractive case since
the blow up criterion (6.8.11) is ruled out by energy conservation. |
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