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A Priori Estimates for Two-Dimensional Water

Waves with Angled Crests
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We consider the two-dimensional water wave problem in the case
where the free interface of the fluid meets a vertical wall at a pos-
sibly non-right angle and where the free interface can be non-C'*
with angled crests. We assume that the air has density zero, the
fluid is inviscid, incompressible, irrotational, and subject to the
gravitational force, and the surface tension is zero. In this regime,
only a degenerate Taylor stability criterion —g—i > 0 holds, with
degeneracies at the singularities on the interface and at the point
where it meets the wall if the angle is non-right. We construct a
low-regularity energy functional and prove an a priori estimate.
Our estimate differs from existing work in that it doesn’t require
a positive lower bound for —g—i.
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1. Introduction
1.1. Water wave problems

A class of water wave problems concerns the dynamics of the free surface
separating an incompressible fluid, under the influence of gravity, from a
zero-density region (air).

Let Q(t) be the fluid region, ¥(¢) be the free surface between the fluid
and the air, and Y, if it exists, be the fixed rigid boundary of Q(t), for
time t > 0; thus 9(Q(t)) = X(¢) UY. We assume that the fluid is inviscid,
incompressible and irrotational, and we neglect surface tension. Assume that
the fluid density is 1. If the gravity field is —j, the governing equations of
motion are

(1) vi+v-Vv=—j—VP on Qt),

(2) divv=0, curlv=0 on Q(t),

(3) P=0 onX(t),

(4) (1,v) is tangent to the free surface (¢, X(t)),

(5) v is tangent to the fixed boundary Y (if it exists),

where v is the fluid velocity and P is the fluid pressure. There is an important
condition for these problems:

oP
>

— g 2

(6) 0

pointwise on the interface, where n is the outward unit normal to the free
interface X(¢) [32]; it is well known that when surface tension is neglected
and the Taylor sign condition (6) fails, the water wave motion can be subject
to the Taylor instability [32, 17, 6].

The study of water waves dates back centuries. Early mathematical
works include Stokes [31], Levi-Civita [26] and G.I. Taylor [32]. Nalimov [28],
Yosihara [39], and Craig [14] obtained local in time existence and uniqueness
of solutions for the 2-D water wave problem for small Sobolev data. In 1997
Wu [33] showed, for the infinite depth two-dimensional water wave problem
(1)-(4) with T = 0, that the strong Taylor stability criterion

-
(7) n/60>0,
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always holds for C1*¢ interfaces and that the problem is locally well-posed
in Sobolev spaces H®, s > 4, for arbitrary data. In [34] Wu proved a similar
result in three dimensions. Since then, there have been numerous results on
local well-posedness in both two and three dimensions, under the assump-
tion (7), for the water wave equations with nonzero vorticity, with a fixed
bottom, and with nonzero surface tension, cf. [10, 20, 5, 25, 27, 13, 30, 41].
Alazard, Burq & Zuily [1, 3] proved local well-posedness of the problem in
low regularity Sobolev spaces where the interfaces are only in C3/2. Hunter,
Ifrim & Tataru [19] obtained a low-regularity result that improves on [1] for
2-D water waves. In addition, in the past several years Wu [35] [36], Germain,
Masmoudi & Shatah [18], Ionescu & Pusateri [21] and Alazard & Delort [4]
have proved results showing almost global or global well-posedness in two
and three dimensions for sufficiently small, smooth and localized initial data.
See [9] for other related developments.

All these works either prove or assume the strong Taylor condition (7),
and assume either no fixed boundary or else a fixed boundary a positive
distance away from the free interface. And the lowest regularity considered
are C3/2 interfaces.

Consider the water wave equation (1)-(5) in two space dimensions. In the
case where the fixed boundary T is a vertical wall, by Schwarz reflection,
the water wave problem (1)-(5) can be reduced to the one without fixed
boundary in the expanded symmetric domain. Assume for example that the
fluid is in a region in {x > 0}, bounded by the fixed boundary Y : z = 0
and the free surface. We define, for v = (vy,v2) and x > 0, that

(8> v(—:r,y,t) = (—1)1(%,2/,15),’1)2(%,3/,15)), P(_xvyat) = P(xa%t)'

Notice that (5) implies that vi(-,t) = 0 on Y. It is easy to check that
equations (1)-(4) continue to hold in the expanded domain. Assume that
the interface makes an angle v with the vertical wall. When v # 7 the
extended interface is non-C', with an angled crest in the middle; see Figure
1. In [2] Alazard, Burq & Zuily studied the case where the strong Taylor
sign condition (7) holds and the angle v = 7. We investigate in this paper
the question of whether the water wave problem (1)-(5) admits non-right
angles v at the wall, and more generally, whether equations (1)-(5) admit
non-C' interfaces.!

IThe reflection/periodization procedure described here dates back to [7]. In [2]
it was shown that in order for the strong Taylor sign condition (7) to hold, it is

necessary that the angle v = 7.
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Figure 1: Under a Schwarz reflection, a non-right angle at a vertical wall
corresponds to a symmetric angled crest in the middle of surface.

To set up our problem we consider a fixed rigid boundary consisting
of two vertical walls at x = 0,1, with water of infinite depth in between
the walls. We assume that the fluid region Q(¢t) C [0,1] x (—o0,¢) for
some ¢ < oo. Using Schwarz reflection we expand € (t) across the y-axis,
arriving at a symmetric fluid domain Q(¢t) C [-1,1] x (—o0,c¢). We shall
henceforth study the water wave equation (1)-(5) in Q(¢), with fixed walls
T at z = —1,1. We denote the angle at x = 1 by v, and refer to the corner
of the free surface at the wall x = £1 as the corner. We assume that

9) v(z,y,t) =0 as y — —oo.

Qv

x=-1 x=0 x=1

Figure 2: The fluid domain (¢) has solid walls at x = 0,1. The figure
shows the reflected domain Q(¢) under a Schwarz reflection across © = 0,
with a symmetric free surface ¥(t). We denote the angle at © = 1 by v.

We note that the extended fluid satisfies the periodic boundary condition

(10) v(-L,y,t) =v(l,y,t), P(-1,y,t) = P(1,y,t).



A Priori Estimates for Two-Dimensional Water Waves 99

A serious challenge in allowing non-C'! interfaces with angled crests and
non-right angles at the wall is that in this case, only a degenerate Taylor
stability inequality —g—ﬁ > 0 holds, with a degeneracy —g—ﬁ = 0 occuring
at the singularity on the interface and at the wall when the interface meets
the wall with a non-right angle.? From existing work (cf. [33, 34, 25, 27, 1]
etc.) we know the problem of solving the water wave equation (1)-(5) can

be reduced to solving a quasilinear equation of the interface z = z(«, t), of
type

(11) OPu+ aVau = f(u, ),

where a = —3-, and Vy, is the Dirichlet-to-Neumann operator; when the
strong Taylor sign condition (7) holds, equation (11) is of the hyperbolic type
with the right hand side consisting of lower order terms, and the Cauchy
problem can be solved using classical tools. In our case, however, only the
degenerate Taylor sign condition (6) holds, with the second term on the left
hand side of (11) being degenerate at the singularities; it is not clear if the
right hand side of equation (11) is still of the lower order, and what the type
of the equation is. This is the main difficulty of the problem.

In this paper, we construct an energy functional and prove an a priori
estimate for solutions of the water wave equation. The novelty is that our a
priori estimate does not require a positive lower bound for —g—ﬁ. We follow
the general approach of Wu'’s earlier work [33, 34] and [35], in reducing the
water wave problem to an equation on the free surface, and analyzing the
free surface equation in the Riemann mapping variable. As an immediate
consequence we obtain that, provided that the acceleration is finite, the
water wave equation (1)-(5) only allows for angles at the wall v < § and,
similarly, it only allows for interior angles at angled crests to be no more
than 7. Using the Riemann mapping we obtain a precise characterization of
the singularities of the interface. Two elements played significant roles in the
construction of our energy: one is an interface-dependent weight function,
which is zero at the singularities; and the other is the convection-driven
self-similar solutions constructed in [37], which has an angled crest type
singularity. Our energy is finite for all interfaces and velocities in Sobolev
spaces H%(R), s > 3; it is also finite for interfaces making non-right angles
at the wall, and for interfaces with angled crests. Most importantly, it is
finite for the self-similar solutions constructed in [37].

The a priori estimate obtained in this paper holds for general periodic
water wave equations (1)-(4)-(10). An analogous energy functional can be

2We assume the acceleration is finite.
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constructed and the a priori estimate can be proved for the whole line case
using a similar approach.

Our energy inequality is a crucial step towards proving local existence,
uniqueness and stability in this framework. This will be the content of an
upcoming paper.

Remark: This paper was first written and posted on arXiv in June 2014
[24]. Since then, Wu has proved the local existence in the energy class con-
structed in this paper and posted the work on arXiv in February 2015 [38].
Most recently, in December 2016, Thibault de Poyferré [16] obtained an a
priori estimate for the water wave equations (1)-(5) with an emerging bot-
tom that interacts with the free surface. One of the important assumptions
in [16] is that the strong Taylor sign condition (7) holds.

1.2. Outline of the paper

In the next subsection, §1.3, we present some of the notations and conven-
tions and introduce the function spaces and norms to be used in the paper.
Then, in §2 and §3, we derive the free surface equations of the water wave
problem (1)-(5) in Lagrangian and Riemann mapping coordinates, following
[33] and [35]. The derivation in §2 and §3 is carried out under the assumption
that the interface, velocity and acceleration are smooth. In §4, we define the
energy (in §4.1) and state our main result, the a priori inequality (in §4.2)
for solutions of the free surface equations. We begin the proof in §4.3, and
then in §4.4 we outline the remainder of the proof, which takes up sections
§5 through §10.

In §11 we give a characterization of the energy in terms of the velocity
and position of the free surface, and we discuss the types of singularities
allowed when our energy is finite.

The derivation of the free surface equations and the proof of the main
result rely on understanding the boundary behaviors, the holomorphicity,
and the means of various quantities; we leave these, as well as some basic
identities and inequalities used in the proof of the main result, to appendices
§A-§B. The reader may want to read these appendices before certain sections
in the main text. We have two additional appendices that might be useful to
the reader. In §C, we provide an overview of the notation used in the paper,
with cross references to where everything was initially defined. In §D, we
list various quantities controlled by the energy, again with cross references.
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1.3. Notations, conventions and function spaces

We will define most of our notations throughout the text, as we introduce our
various quantities. Here we only list some general conventions and notations.

Since we are in two dimensions, we will often work in complex coordi-
nates (z,y) = x +iy. We will use Rz := z and 3z := y to represent the real
and imaginary parts, respectively, of z = x + iy.

Compositions are always in terms of the spatial variable. For example,
for f = f(a,t), g = g(a,t), we define fog = fog(a,t) := f(9(a,t),t).
An expression f,(x,y) means 9, f(x,y); we occasionally use the notation f’,
which is always the spatial derivative in whatever coordinates we are using.

Once we have reduced the water wave equations to an equation on the
interface, we will primarily be working with the spatial domain I := [—1,1].
We will often refer to the “boundary”; this refers to what happens at +1.
We write f|y:= f(1) — f(—1). We will use

(12) fr=g [roa=3 [ swas

for the mean of a function f. Here, and elsewhere for other integrals, when
there is no risk of ambiguity, we will often drop the subscript I.
We define

(13) [A, B] :== AB — BA.

We will use the following notation as an abbreviation for a type of higher-
order Calderon commutator:

_ 7 [ f@) = f(B) g(e) —9(B) ,
4 | sin(Z(a’ — ")) sin(Z(/ — B))

(14) [f, g h)(e) - (8")dp’.

We will often deal with 1-d singular integrals of the type [ k(/, ') df’ where

k(o 8| = |ao,£1,§,|; in this case, the integral [ k(c/,’)df’ is defined to be
the principal value of the integral.

We will use C' as a placeholder to refer to a universal constant, possibly
varying from line to line. We will also often use the notation f < g, which
means that there exists some universal constant C' such that f < Cg.

We will at several points have long series of identities or inequalities.
When we say “on the RHS” of an equation block with a string of multiple
equalities or inequalities, we mean all the terms on the right hand side of
the last equality or inequality sign in the string. Similarly, when we say “on
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the LHS,” we mean all the terms to the left of the very first equality or
inequality sign in the string of equalities and inequalities. We have tried
to avoid saying “on the nth line” when any of the mathematical formulas
splits into more than one typographic line, but if we have, “line” refers to
the mathematical, not typographic, line.

We have tried to give extensive cross references for each time we use
a result or estimate. We tend to refer to equation numbers, rather than
propositions, since it seems that these will be easier to find as cross refer-
ences. When we refer to an equation number as part of a proposition, we
are of course referring to the whole proposition, including any conditions
assumed.

When we are deriving estimates, we sometimes use the cross references
within our equations, e.g.:

<y
1
(15) <h
and
hSi+f
(16) S+ (15)
<j+h.

This means (15) is used to obtain (16). We hope this will help the reader
locate the previous estimate or estimates.

In several of our more complicated estimates, we will split terms up
f=1+1I and then I = I1 + I, I) = I;; + 112, etc. Such notation will
be local to each section. There is an ambiguity between the use of I as a
placeholder, its use as the identity operator, and its use as I := [—1,1]. It
should be clear from the context which one is being used.

We now introduce the function spaces and norms we will use. We will
work with functions f(-,t) defined on I = [—1,1]. Except when neces-
sary to avoid ambiguity, we neglect to write the time variable; when it is
not specified, function spaces and norms are in terms of the spatial vari-
able.

We say f € C*(J), J = (—1,1) or [~1,1], if for every 0 < < k, d.f is
a continuous function on the interval J. We say f € C*(S!) (i.e., periodic
C*) if for every 0 <1< k, OLf € C9[—1,1] and 0% f(1) = OLf(—1). (OLf at
the endpoints 1 or —1 is the derivative from the left or right, respectively.)
Note in particular that saying f € C°(S') implies that f|, = 0.
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For 1 < p < 0o, we define our LP spaces by the norms

1/p
(17) 1Al = 1l = ( / \frp) |

and we define L analogously. We will sometimes deal with weighted LP
spaces. We write

1/p
18) 1l = 1 ooy = (/ )Pl )

for weights w > 0. Whenever we write LP, we will be referring to LP(I),
in the spatial variable. For weighted LP spaces, we always write LP(w) or
LP(wdx), where w is the weight function.

We now define the periodic Sobolev space H¥(S'). L
f be the periodic extension of f to the whole line: f (
z €R, and f(z) := f(x) for x € I. We say f € H*(S!
and we define

! € LY(I), and

) f(x) for all
H*

et f
2
ffe (—3,3));

x +
)i
1/2

k
(19) T Z/ya;;f@)ﬁdx
j=0"1

By Sobolev embedding, we know H**1(S1) ¢ C*(Sh), for k >0
We define the homogeneous half-derivative space H'/2 by the norm

1/2
. o) = FE
(20) £l ._< /] L (T B/))dadﬁ> |

Through the remainder of the paper, when we say the boundary value of
a function G defined on the fluid region Q(t) (resp., on P~ := I x (—00,0]),
we mean the value of G on the free surface (resp., on I x {0}); we do not
include the value on vertical boundaries x = 1. Except when there’s a risk
of confusion, we will slightly abuse notation and say that a function f on
the free surface (resp., on I x {0}) is “holomorphic” (or “antiholomorphic”);
what we mean, precisely, is that it is the boundary value of a function that
is holomorphic (or antiholomorphic) in the fluid region (¢) (resp., on P7).

In the next two sections, §2 and §3, we assume the interface, velocity,
acceleration and their time derivatives are sufficiently smooth.
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2. The free surface equation in the Lagrangian coordinate

Let z(a,t) = z(a,t) + 1y(a,t), a € I = [—1,1] be a parametrization of the
free surface X(t) in the Lagrangian variable «, i.e., zi(a,t) = v(z(a,t),t)
is the velocity and zy is the acceleration of the particle occupying position
z(a, t) at time ¢. Along the free surface, the Euler equation (1) is zy + i =
—VP. By equation (3), we know VP is orthogonal to the free surface. Since
1Z4 1s normal to the free surface, we can rewrite our main equation as

(21) zZi + 1 = iazq,
where
oP 1
22 =———€R
(22) T on [z

for g—ﬁ := n-V P the outward-facing normal derivative. The incompressibility
and irrotationality condition (2) and the periodicity (10) imply that the
conjugate velocity Vv is periodic holomorphic; therefore Z; is the boundary
value of a periodic holomorphic function in the fluid region.

2.1. The quasilinear equation

We henceforth focus on the equations on the free surface.> As in [33] and fol-
lowing works, we differentiate (21) with respect to time and take conjugates,
turning it into the quasilinear equation®

(23) Zitt + 1021 = —10: 20,

where we continue to have Z; the boundary value of a periodic holomorphic
function. This is the basic equation we will work with throughout the paper.

3We may solve for the velocity on Q(t) from its boundary values (including the
condition that it goes to zero as y — —o0), and then solve for the pressure from the
velocity. The free surface equations are equivalent to the water wave system (1)-(5)
in the smooth regime.

4We call it “quasilinear” because in the classical situation [33], this equation is
quasilinear with the RHS the lower-order term. However, in our setting, due to
the degeneracy of —g—ﬁ we do not know a priori that this is still the case; only by
our proof do we show that the RHS is, indeed, lower-order and that (23) is in fact
quasilinear. All references to (23) and related equations being “quasilinear” should
be interpreted with this in mind.
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The holomorphicity of Z; implies that ilz—la‘f)aft = VnZt, where V, is the
Dirichlet-to-Neumann operator. We know V,, is a positive operator.

In [34] and [35], coordinate-independent formulas for the RHS were de-
rived, using the holomorphicity of Z; and the invertibility of the double-layer
potential. We will instead follow the original approach of [33], relying on the
Riemann mapping version of the equation to derive the RHS. We do so in

§3.3.3.
2.2. A special derivative

We introduce a special derivative
(24) D, = —0,.

If g(a,t) = G(2(v, t),t), and G is holomorphic, then d,g = (G, 0 2)z4, and
Dyg = (0:G) 0 z = —i(0yG) o z.

So DFg is the boundary value of holomorphic function 9*G, provided G is
holomorphic. DEg is in addition periodic for any k > 1, so long as G is
periodic and holomorphic.

We may therefore conclude from the fact that z; is the boundary value
of the periodic holomorphic function ¥ that D¥Z; is the boundary value of
the periodic holomorphic function 9%¥ in Q(2).

We will use D, as the spatial derivative in constructing higher-order
energies. In addition to preserving holomorphicity and periodic boundary
behavior, it transforms well under the Riemann mapping, to be discussed in
the next section.

3. The Riemann mapping version
We now analyze the water wave equations (21), (23) using the Riemann

mapping that flattens out the curved free interface.” The Riemann map-
ping version of the equations offers a key advantage, because the Hilbert

°To the best of our knowledge, [33] was the first paper that used the Riemann
mapping to analyze the quantities A;, . A; and h; o h~! in the water wave equations
and prove the wellposedness of 2-d water waves in Sobolev spaces. Using the Rie-
mann mapping, [19] later carried out a similar analysis as in [33, 35] and re-derived
the formulas for the quantities A, hy o h~!. Here we follow the approach of [33, 35]
to analyze the quantities A;, A; and hy; o h~!. The Riemann mapping is a common
tool in the study of 2d potential flows. In water waves, Ovsjannikov [29] used the
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transform associated to the periodic domain P~ is

(25) (o)) = 5 [ cotGlel = B £

i
Since Hf € iR for f real-valued, this allows us to invert the operator (I —

H) on purely real (resp., purely imaginary) functions by taking real (resp.,
imaginary) parts.

3.1. The Riemann mapping variables and notations

Let
(26) O:Q() » P :={(z,y) : x€[-1,1],y < 0}.

be the unique Riemann mapping that takes the two upper corners of the
interface at the walls x = —1,1 to (—1,0) and (1,0), and oo to co. We know
O takes the free surface X(t) to I x {0} and the wall to the wall; &, is
periodic: ®,(—1,y,t) = ®,(1,y,t), and

(27) lim ®,(z,t) = 1.
Jz——00

Let

(28) o =h(a,t) == 0(2(a,t),t): I — 1

be the change of coordinates taking the Lagrangian variable « to the Rie-
mann mapping variable o/, and let h~! be the spatial inverse of h, defined
by h(h=1(c/,t),t) = o/. We define

(29) Z(d t) == zoh N t) = 2(h7 (1), 1).

7Z = Z(d/,t) is a parametrization of the free surface X(¢) in the Riemann
mapping variable o/. We write

Zy=zoh 'y Zy:=zyoh

(30)
Z@I ::80/2; Zt,a' = c%/Zt; Ztt,a’ = aa/Ztt; etc.

Riemann mapping to justify the shallow water equation from equations (1)-(4) in
the analytic class; Zakharov et al. [40] used the Riemann mapping to carry out
efficient numerical computations for the water waves.
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and
(31) A= (ahy) o h™Y A = (atha) o h7L.

Observe that Z = z o h™! = &=L, Therefore

1
7o

(32) Z (o t) = 0y (@71, 1)), and =&,07,
s0 Z o (o, t) and %(a’ ,t) are boundary values of the periodic holomorphic
functions (<I>_1)Z (-,t) and D,(-,¢t).

Observe also that under the change of variables (Dq f)oh™! = 2104/ (fo
h~1). We define

;o

(33) Da’ = —80/.

3.2. An assumption at the spatial infinity

For the derivation of the water wave equations in the Riemann mapping
variable, besides assuming all the quantities involved are sufficiently smooth,
we assume that the Riemann mapping & satisfies

(34) lim ®;0®(z,t) = 0.

[z——o00

In [33] analogous assumptions were made to derive the quasilinear equa-
tion in the Riemann mapping variable for the whole line case; it was then
shown that the quasilinear equation is well-posed in Sobolev spaces and
the solutions of the quasilinear equation give rise to solutions of the water
wave equation (1)-(4). Similar results can be proved for the periodic case as
considered in this paper.

3.3. The water wave equations in the Riemann mapping
variable

We now derive the water wave equations in Riemann mapping variable. We
follow the approach of [33], although we work with the real and imaginary
parts together instead of separating Z;, = X; 4+ 1Y} into real and imaginary
parts.
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Beginning with the conjugated form of our equation (21) and with (23),
we precompose both sides with h~! to get the free surface equations in the
flattened Riemann mapping coordinate:

(35) Zy—i=—iAZ o;

(36) Zttt + Z..A7t7a/ = —iAt7’a/,

where Z; is the boundary value of the periodic holomorphic function vo o1
By the chain rule, the quantities Zy, Zy; are related to Z; by

Zy = (0 + baa’)Ztv Zyy = (0 + bBa')27t,
where
(37) b:=hoh '

The following proposition gives a characterization of the boundary value
of a periodic holomorphic function on P~.

Proposition 1. a. Let g € L'(I). Then g is the boundary value of a holo-
morphic function G on P~ satisfying G(—1 +iy) = G(1 +iy) for ally <0
and G(z +iy) — ¢y as y — —oo if and only if

Moreover, cy = f{ g.
b. Let f € L'(I). Then Py f := %(I + H)f is the boundary value of a
periodic holomorphic function F on P~ , with F(x+iy) — %Jﬁl fasy — —oo.

Proposition 1 is a classical result, which can be proved by the Cauchy
integral formula; see [22]. As a consequence, Z; satisfies

(39) (1 -7 =0,
and by (27), ;- satisfies

1

=1.
Z o

(40) (I — H)

We define the following projection operators:

(I +H)
2

(I — H)
2

(41) Pyf = fi Paf:= I
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We will refer to Py as the “holomorphic projection” and P4 as the “an-
tiholomorphic projection”. These operators are, indeed, proper projections
when interpreted modulo a constant.

We now seek formulas for A, A; and b. For derivations here we will rely
on the technicalities given in appendix §A.

3.3.1. A and the quantity A;. We first derive a formula for A. Histori-
cally, in [33], this derivation showed that the strong Taylor stability criterion
would automatically hold. There is now [34] a direct proof of this via ba-
sic elliptic theory without using the Riemann mapping. For our purposes,
though, this original derivation here will be crucial because it introduces a
quantity, Ay, that compares the degeneracy of —g—ﬁ directly with that of the
Riemann mapping and therefore the geometry of the free surface.

We begin with (35). The key observation is that Z . is periodic holo-
morphic and that Zy —i is in some sense close to periodic holomorphic, since
Z, is periodic holomorphic; therefore Z o (Zy — i) is close to periodic holo-
morphic; and by (35), Z o (Zs — i) is purely imaginary. Applying (I —H) to
this, using Proposition 1 and taking imaginary parts, we shall get a formula
for A.

Multiplying both sides of (35) by Z ./, we get

(42) Zor(Zyy — i) = —iA|Z |
We now expand out Z. Let
(43) F(Z(Oé,t),t) = Et(a’t)a

where F' = ¥, a periodic holomorphic function in €(¢). We will use this
expansion several times in the sequel, always with this definition of F'. By
the chain rule,

(44) 2y = %F(z(a,t),t) C(F.o)m+ (Fo2).

Recall from §2.2 that 9, = D, for holomorphic functions. Therefore, F,0z =
Zeand thus zy = 2=z + Fy o 2. We precompose with h—L:

Zt,a’
Z o

)

(45) Zy = < > Zi+ Fyo Z.

We can now write our equation (42) as

(46) ZraZi+ 2o (FroZ) —iZo = —iA|Z o).
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We apply (I — H) to both sides. By (304), (302) and (298), writing (I —
H)(ZtZt@/) = [ZtaH]Zt,o/; we get

(47) (2, H|Zs o — i = (I — H) (—iA |Z o \2) .

We now take imaginary parts of both sides. This gives us the new quantity
A12

(48) A= A Z o =S (~[Z0, H] Zp o) + 1.

This is the same A; as that in [33]. It’s easy to see that & (—[Z;, H]Zyq) is
non-negative, by integration by parts. Indeed, if Z; = X; + iY;, then

20 W7 ) = —%% @) - z) cot(%(o/ )i d =

23 (-
/ 5 {05 [(Xule) — Xu(8)” + (Yila') — Vi(8)*]} cot(& (of — B))df

:_/(X( o) = Xi(8)? + (Vi(o) = Yi(6))*
4 sin (g(a —-5")

dg’
> 0.

Here, there is no boundary term in the integration by parts because Z; 8=
0. Therefore

(49) A > L
Combining (42) and (48) we get

1 Zap—i
(50) 7o i A

3.3.2. Degenerate Taylor stability criterion and the singularity of
the free surface. We can draw a few important conclusions from the
derivations in §3.3.1. For the sake of exposition, we will in this section focus
on the angle v at the wall, and we will move the corner from +1 to 0; angled
crests and other singularities in the middle of the surface can be handled
similarly.

Let v be the angle at the corner. By Christoffel-Schwarz Theorem, the
Riemann mapping ®(z) =~ 2" at the corner, where rv = 5. By (32), Z o =
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(®~1),.. Therefore,
(51) Zor =00 ® = (o)}

at the corner.

We observe from (49)-(50) that if the acceleration |Zy| < oo, then Z o #
0. This implies 7 > 1 and v < 7/2. Similarly, this implies that an angled
crest has interior angle < .

In this paper we work in the regime where the acceleration |Zy| < oo.

Now, because

a|2q
and
8P Al o h
(53) - 8_1’1 - |Zoé‘ |Z ‘
__ 0P

—3n = 0 always holds. In the regime where the free surface is CY and
makes a right angle at the corner (v =7/2), 0 < ¢ < [(®71).
This together with the estimate A; > 1 gave [33] a strictly positive lower
bound for the Taylor coefﬁc1ent —aP In our situation, % — 0 at the

corner if v < §; similarly, Z -0 at an angled crest if the interior angle is

< m. If Ay is in addition bounded from above—which will be true when our
energy is finite—we know that the degeneracy of — ap . corresponds precisely

We note that our spatial derivative D, = %80/ is less singular, in a
sense, than d,. We know % — 0 at singularities, which indicates that
the weight function ZL has some “regularizing” effect. Indeed, we have

Do Zy, Dy Zy € L™, but Oy Zy, OaZy are only in L? in our energy space,
for example; see §5.1.

3.3.3. The quantities .A; and 7t o h~!. Now we seek a formula for
the quantity on the RHS of (36), 4;. As in §3.3.1, we start by multiplying
both sides of (36) by Z o to get a purely imaginary and almost holomorphic
quantity, then apply (I — H) to both sides and take imaginary parts to get
a formula for A;. We have

(54) Zoo(Zit +iAZ o) = —i AL | Zor|?
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We once again carefully expand the LHS. As before, let F(z(a,t),t) =
Zi(a, t). Again, we have

(55) Ett = (_P’ZOZ)Zt—‘—FWtOZ7
S0
(56) Zut = (Fuz 0 z)zt2 +2(F,02)z+ (Fyo2)zy + Fyo 2.

We now solve for F, oz, F,, o z and F}, o z. Since 0, = D, on holomorphic
functions,

(57) F.oz=D.%, F..oz=Dz.

We solve for Fy, o z by applying 9, = D, to (55):

(58) Fi. 02 =Dy (Zy — (DoZt)2t) -

Therefore, by substituting (57) and (58) into (56), we get

(59)  Zw = (D*Z)22 4 22¢ Dy, (st — (DaZt)2t) + (DoZt) 20t + Fyg 0 2.
Precomposing with h~!, we have

(60) Zus = (D2 Z)Z2 + 22D oy (Zts — (D Z1) Zt) + (Do Zt) Zis + Fy 0 Z.
We now go back to (54), substituting in (60) to get

Z o (D2Z4)Z} + 22 Do (Zy — (Do Zt) Zt) + (Dar Z4) Zit + Fyy 0 Z)

(61) . .
+ Z,a’ (Z-AZt,o/) = —ZAt ’Z’QIE .

We simplify, distributing the Z  and then using the identity Zy+i = i AZ
on the last term:
(0w Do Z1)Z} + 22100/ (Ztt — (Dow Z4) Zt) + 221 o0 Zoy + i Z4

©2 Zn)+
+Z o (FoZ) = —iA | Z o]

We now apply (I —H) to both sides. Various terms will disappear on the LHS
and others will turn into commutators, due to holomorphicity; specifically,
we use (304), (305), and (303). We get

(22, H]Ou/ Do Zt + 2[Z4, W00/ (Ztr — (D Z1) Zt) + 2[Z11, H] Z o

(63) = (1~ 1) {~iA| Zal?}.
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We could continue working with this equation, but two integrations by parts
will give us a nicer equation to work with. We take the first term and the
second part of the second term and integrate by parts both terms, noting
that we have no boundary terms. We get

(22 H] 0w Doy Z4—2(Z4, H)0os ((Dov Z1) Zt)

(64) _ . m (Zi(a) — Zt(/B,))Q = (al\ Rl
=5 G - gy DA

This is a type of higher-order Calderon commutator, which we write as
—[Zt, Zy; Doy Zy) (see (14)). We therefore can rewrite (63) as

(65) —i(/—H) {At |Z,a”2} = 2[Z,H] Z 0 +2[Z14, H| Z 10— [ Zt, Z; Dow Zy).
Taking imaginary parts, we get

(66) At Zw|* = =S (2[Z, H] Ztor + 2[Z1t, H) Zt o — [Zt, Zt; D Z4)) -
Observe that dividing (66) by (48) we have

@ 4 A —S (Q[Zt,H]Ztt,a’ +2[Zu, H) Z 100 — [Zs, Z; Da/zt])
1

3.3.4. The quantity b := hyoh™!. Here we derive a formula for b := h;o
h~1, following [33]. We recall (28): h(a,t) = ®(2(a,t),t) = ® o 2. Therefore
ha = (P, 0 2)24, and

ha
(68) ht — (ét 9] Z) + (@Z o Z)Zt = ((pt e} z) _|_ — 2.

o

We precompose with h~1:

1
(69) (hto h™ 1) (/) t) = B0 Z + =

’
O

Apply (I —H) to both sides, then take the real parts. By (299), we get

(70) b= (hy o h~1)(o/,t) = R(I — H) (zl ,zt> .

In what follows we will also use the following evolution equation for Zi,
or equivalently in the Riemann mapping variable, % We have
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1 1
(71) Oy— = ——D,z, and

R Zo

ha _ 1
(72) <at2> oh™t = (9 + bOw) <Z,a/) = E(aa,b — Do Zy).

4. The main result

Observe that the system of free surface equations (35)-(36)- (48) (67)-(70)-

(39)-(40)-(72) is a closed system for the quantities Z;, Zy and . In what
follows we will focus on this system and construct an energy that allovvs for
Zl = 0, i.e., singularities on the interface and at the corner, and prove an
a’;)riori estimate.

’

4.1. Definition of the energy

We consider a general equation of the form
(73) (0% +iady)0 = Gy

with the constraint that 6 is the boundary value of a periodic holomorphic
function on Q(t). Precomposing with h~! and using (52), we obtain the
equation in the Riemann mapping variable

Ay

(74) (0760) o bt +i Z.P

O (00 h™") =Ggoh™l.

There are two mutually related basic energies. One is

16,0 b1
Eog(t) = | H—r—da’
1179( ) /1: Al «Q

2
. 1 N (1 . /‘Qoh—l‘ ,
—i—/lz@a/ (Z,O/ (Ooh )) <Zo/ (Boh )) do’ + A do/,

for (74) in the Riemann mapping variables, another is

(75)

(76)  Epe(t) ;:/1|9t12da+/(iaae)§da+/M;eﬁda
Ia I I a
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for (73). A form of Ep(t) has appeared in [35]. Upon changing to the Rie-
mann mapping coordinates, and by (52), we have

Z oloh™t
Eyg(t /uda —i—/(&lﬂoh H(@oh1 Dda'
Ay I

/|z 9o | da.

In E, ¢ and Ej g, the first two terms are from the LHS of the equations, the
last terms are of lower order. Because # o h~! and % are holomorphic, the

(77)

second terms in E,(t) and Epg(t) are nonnegativé and equal to || A (6 o
W s/ and 16 0 R0,
Notice that the primary difference between the two basic energies E, g

respectively; see §B.4.

and Ejpg is either to multiply or to divide by the weight function ZL&, In
the classical case where |Z o Y
real difference between the two energies. However it does make a difference
if we want to allow Z%y/ — 0.

We now construct our energy functional, by applying the two basic en-
ergies to our equations. We begin with equation (23) (equivalently (36), by
a change of the coordinates.):

(78) (0% +1004)Z: = —i0;Zq.
Applying weighted derivatives D¥ to (78) we get
(0F +i0da)DEZ, = Gprs,
with
(79) Gprs, = DE(—iayZa) + [0} + 100y, DAZ,
Our total energy consists primarily of F, pzz, and Ejp p,_z,. In addition, we

will include one other term in our total energy: |Z4(ap, t) — | for some fixed
ag € 1. Our total energy therefore is

(80) E = E(1) := Eo,pzz,(t) + Ep,p,z,(1) + [Zu(a0, 1) — 1]

We henceforth abbreviate notation and write E, := Fy p2z, and Ep :=
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Eb,DaEf, . We know

E, = a,D27%,
2

81 1 _
(81) 7,

— H((?tDiEt) o hil”éu/m) + HZ

2
+ HDi’ZtHLQ(l/Al)

EH1/2
and
(82) Ey:= Eyp,z = [10:DaZl|12(1) + 1D Ze |52 + | Zter | 2 -

; this
together with the last term |Zy (o, t) — i| in the energy E gives us control
of HZtt(t) - iHLm. The inclusion of the last term in FEj gives us an upper
bound for A;; see (103).

After developing all necessary tools, in §11 we will show that our energy
FE is equivalent to the following

As we will see in §5.1, the first term in Ej, [|[0pDaZi|[ 22y &

1

Et) = Zealize + HD?yZH% + 1100 — HL2 + D2 Z. —— Iz

(83)

+ | =— D2 Z,

Z o HHl/z + ”DO/ZtHHl/z + ” HL‘X’

that is, there are universal polynomials P; and P, such that E(t) < P1 (&),
and £(t) < Py(E(t)). One may now get a glimpse of this fact by (50).
Notice that there is no control of ||Z . by our energy E or £. So in
the regime where £ < oo, we do allow Z%, — 0. We will discuss what

types of singularities are allowed by a finite énergy F in §11.2. In particular
we will show that our energy class E(t) < oo allows for non-right angles
at the corner with angle < 7 as well as angled crest type interfaces with
interior angles at the singularities < 7, which coincides with the angles of
the self-similar solutions constructed in [37]. The Stokes extreme waves have
interior angle = %” at the singularity, hence they are not in our energy class
E(t) < .

The lack of control of || Z o

[y
lower bound for —?)—ﬁ, is an obstacle we need to circumvent in the proof of

our a priori estimate, Theorem 2.

in F, or equivalently the lack of a positive

4.2. The main result

We now state our main result.
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Theorem 2. There exists a polynomial p = p(x) with universal coefficients,
such that for any solution of water wave equations (35)-(36)-(48)-(67)-(70)-
(39)-(40)-(72), with (Z, Zy) € CY([0,T), H*=1(SY) x HFL(S1)) for 1 =0,1
and k > 4,

(84) —E@) <p(EQ))

for all t € [0,T].

Observe that the quantities A, A; and hy o A1 in equations (35)-(36)
are given by formulas (48), (67) and (70). By (318), (322) and (50), the
assumption in Theorem 2 implies, for [ = 0,1, k > 4,

LA hon B e oo, ), BE(SY).

(85) 7 y

Remark: 1. Observe that in Theorem 2 no regularity assumptions are
made on Z. This is because by substituting (50), (48), (67) and (70) into
(36), we see that the quasilinear equation (36) is an equation of the velocity
Z; and acceleration Zy; the quantity Z itself doesn’t appear explicitly. The
assumption of Theorem 2 is consistent with this fact.

2. It appears that there is an oo - 0 ambiguity in the definition of Fj if
we allow Z, — oo. This can be resolved by expanding out (82),

‘Ztt a’ T Zt o/Doz’?t
86) Ey = : :
6) By = [ ( -

}2

+ iaa/(Da/Zt)Da/Zt + ’775’0/ ‘2> do/,

using the RHS of (86) as the definition for Ej and directly taking derivative
to t to the RHS of (86). We opt for the current version (82) for the clarity of
the origin and the more intuitive proof associated with this definition. The
same remark applies to §5.1, 89, §10 and §11, where the 32 ambiguity can
be resolved by using some different algebraic identities.

3. The existence of solutions to the Cauchy problem in the class where
E(t) < oo is obtained by mollifying the initial data and taking the limit
of the sequence of approximating solutions. In the proof for the existence
theorem we will apply Theorem 2 only to the approximating sequence which
satisfies in addition that Z, € L°°; see [38]. What’s important is that the
inequality (84) doesn’t depend on any ||Z o ||~ bound.
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4.3. The proof

In the proof we will switch freely between Lagrangian and Riemann mapping
variables: we will use Lagrangian coordinates when we need to take a time
derivative, but use Riemann mapping variables when we need to estimate
terms, since that gives us access to the easily invertible (I —H) operator. We
choose the initial parametrization of the interface such that h(«a,0) — o €
C*(S%).5 By basic ODE theorey and (85): hy o h=t € C*([0,T], H*(S')), we
know h(a,t) —a € C([0,T],C(S1)).

We start with writing the energy FE,¢ in Lagrangian coordinates. We
use (52) to calculate

oo (o) (o)
o ) ()

(87)
_m/ ‘aemm+%/<%%u—>mitm
Za
—m/ﬂwew}lcz+®/c—a@)wyhm
I “ Al h Za
SO
/|0t zaa )0 ho hda
(88) :

h
00— ) 10)? hod 91> - _da.
+%Z<%Ja%>u a+l||moha

We prove (84) by differentiating each component of E(t) in time. For
the two main energies, F, and Ej, we then integrate by parts to arrive at a
term 020 + iad,0 and use the basic equation 9260 + iad.0 = Gy to replace
it with Gy. What remain to be estimated will be Gy, along with several
ancillary terms. We control those quantities in §5 through §10 in terms of a
polynomial of the energy.

4.3.1. The estimate for E,. We begin by differentiating £, with respect
to ¢.

SNotice that the a priori estimate (84) is independent of the initial parametriza-
tion.
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We will work initially with general 0 satisfying 6|, = 0, (I—H)(foh™1) =
0, and the basic equation (73), and then we will specialize to the § = D27z,
in our energies. The periodicity ensures that there is no boundary term in

the integration by parts.
We differentiate (88) with respect to ¢ and use the fact that Aoh) A o) =

|Z |2 (by (52) or equivalently the definition for A and A;) in the following
calculation.

d Re
—Eq6(t) = /(ettet +9t9tt)A hda—i—/\et Ohda

dt
(A10h) / h2, 5
Ldo+ R 0,0d
/‘ t| Aloh Aloh + |Zo¢|2 ¢ @
A
+ §R/ 9ta9da +9‘E/i—o‘|29a9tda
Zow
R [ ( ’2‘2) 0.0do+R [ 50,70, da

1 o
9 —) |0\2hada+8%/i (E—aa@> (0:0 + 60, hada

(L
Oé Ot ZOC
<1

ha

1°

+§R/ )|9 hmda+/(9t§+§t0)A
(89)
2 hta / ha (Ai1oh);
+/‘0 Al ’9‘ Aloh Aloh da
, he
:/2&3 (B +i0,)81) o
2 2\ (o (Aroh) ha
+/<‘9t| +|H‘)<ha Aoh ) Aont@
+§R/i (_iaah—“> |0\2hada+8%/i <_ia @> (68 + 66 hda
Z Za )y Za 2o
2 hta
+§R/ < )|9 hda+2%/¢9t

2
—§R/ < ho‘2> 9t§da+§ﬁ/i< ha2> 0,0do.
|2a | |24/ t

«

hda

Now we show how we control each of these terms.
For the first, we replace 0y +iaf, with the RHS Gy by the main equation
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(73) and then use the Cauchy-Schwarz inequality:

ha,
/2% ((Gtt—i-iaﬁ )915) Al hd

<(fme ) ([ )

The first factor, which involves the RHS of the basic equation, is the main
term to control. For § = D2z,

(90)

(91) Gy = D2 (—it;Zs) + [0? + iad,, D2)Z

We estimate these terms in §10.
In §6, we will control

(92) ‘?R/z (_iaah—“> 10| hodor
Za Za ¢

Because Zi@af;—“ = DQZ—“ = (Da«%) o h, we estimate

< (164).

o 1
(93) }9%/ ( —> (0:0 + 00 hoda N}DQ,Z [ A1l = E.
2o ' || [0
Similarly, we estimate
h 1 h
2 o to
'?R/ ( ) 6] T —h da‘ < HDO/ Zarl - T . | A1)l o Eap-
We observe that
(h_) . .
|2al®
4 - Ja o X 2 D()é/— N
(9 ) ha 0, ’Zo/ 2 ’ Za’ e
) Lo ’
Loo
so, using the Cauchy-Schwarz inequality, we have
[ hZ - 1
(95) —R ] 03 Htﬁda S ”A1HL°° Ea’g.
|Za‘ @ ,a! || [,00

In §7 we control

(96) %/z( hgg) 0o0da < (187).

|24
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We estimate the remaining two terms of (89) by the Cauchy-Schwarz in-
equality and Hélder’s inequality.

We now combine these estimates and specialize to § = D?z;. Each of
the remaining factors we will control in §5; we list the location of the final
estimate for each quantity of the following in the subscripts. We get

d h (Aj0h)
a < e h E1/2 Mo A1 2 Ea
dt HGD HL2 o ) Al oh Loo
<(249) (136) 138)
hm 1
+(1+ |41l g || D B + Eq
(97) L Zo |l e
<1+(136) <(148)
h2 —
—i—?)%/ ( > 01> h da—i—%/ < a2> 0n0dox .
|2l t
~(164) 5@%7)

4.3.2. The estimate for E;. Now we consider our second term Eb Once
again, we work first with general 0 satisfying 0|, =0, (I —H)(foh™ 1) =

and the main equation (73). Then we specialize to § = D,Z;. The perlod—
icity ensures there is no boundary term when we integrate by parts. We
differentiate (76) with respect to ¢:

d
—F
g Bvo(t)
1 — — a; 1 2 . — =
= E(Gt,ﬁt + 9t9tt)doz - ;E ’975‘ doa + zﬂtaeda + 2009tdo¢
N——

+/<A Oh)(etmoat)dw/iml;h)t ]0|2da—/c:f(Aloh) 0 da

_2%/—9tda—/ﬁ1\9t12da

+/ h(9t9+99t)da+/<% a) iok) 0] dar.

By Hoélder and the Cauchy-Schwarz inequalities, we conclude that

d !
) Eb,g.

S Evo(t)

e (i o 2, [ Gyl
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For § = D,z;, we control H@ in §9, at (228). We control ||A1||L~ at

Aloh

(103), | (4 oh)

at (138).

a¢
a |l [Lee

at (123) and H

4.3.3. The estimate for |z (ap,t) — ¢|. Finally, we show that we can
control % |Zet (v, t) — i|. By differentiating with respect to t, we have, by
the basic equations (36)-(35),

d

p [Zee (o) — 1]

Zu(a0) — 1] < [Furlao)] = ‘— o h(ao) + Dazi(ao)

< (1%

1 below at (123) and || DaZ¢| -~ at (105).

(99)

T HDmLm> Zu(a0) — ]
Lao

We control H %

4.4. Outline of the remainder of the proof

In sections §5 through §10, we complete the proof of the a priori inequality
(84).

In §5, we control various quantities that are necessary for our proof. In
§5.1, we carefully list the basic quantities controlled by our energy. In §5.2-
§5.6, we estimate various other quantities that are listed above in §4.3. In
appendix §D, we list and give references to all the quantities controlled in
85, which we then use, sometimes without citation, in §6 through §10.

In §6 and §7 we estimate the terms from (92) and (96) in the estimate
of %Ea above. Finally, in §9 and §10 we conclude the estimates for %Eb
and %Ea, respectively, by controlling the Gy terms, completing the proof of
Theorem 2.

The basic approach for many of the estimates is to try and use the fact
that certain quantities are purely real-valued and others are holomorphic to
express the terms in question as commutators involving the Hilbert trans-
form, and then use the commutator estimates from §B.3 to avoid loss of
derivatives. Because our estimates are very tight, we have to take care in
using different estimates for different terms, including treating certain terms
as commutators while keeping others in (I — H) form. Very often we have to
carefully expand the quantities, and then decompose the factors and regroup
the terms to make sure no further cancellations are possible and the desired
estimates can be obtained. We will give enough details to facilitate reading.

We use C(E) to indicate a universal polynomial of E, which may differ
from line to line.



A Priori Estimates for Two-Dimensional Water Waves 123

Throughout the remaining derivations, we will repeatedly rely on the
identity (52).

5. Quantities controlled by our energy
Here we collect together many quantities that are controlled by our energy.
5.1. Basic quantities controlled by the energy
In this section, we present a list of basic quantities controlled by our energy.
Because conjugations and commutations of 9; with D, add complexity, we
take care to list some of those estimates as well. We list all of the basic terms

controlled here at (121) below.
We start with (81) and (82). E, and Ej directly control

(100) 122+ 60a) D& Zi o D22 o sy < B,
_ 1 _

(101) A, HZ_Q«DE“Zt <
do 1 2 o

(102) </ IDaZi? — > <| < B

where we used A; > 1 (49) in (102). By (48), using the commutator estimate
(331), and then (102), we have

(103) 1ALl e S 1 Zearll7s +1 S By + 1.

Thanks to (103), we can now control HD?JEL‘HLz = HD§,7t by a

(hodo) Iz
polynomial of our energy F.

Now we control || DaZ¢|| ;- = HDQIZ ¢ H - We work in Riemann mapping
variables and use the weighted Sobolev inequality (314) with weight w =

\Zl ¥ (and £ = 1). Note that f(Dy Z¢)? = 0 by (312). This gives

[ D Zi |
o ) 1/2 .1 1/2
(104) S; (/}Da’Zt‘ ’Z,a’ O[/> + (/‘3a/Dath‘ md@/)
= |Zeall 2+ 102 Zel| 2 < B + A2 By

S C(E).
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‘We conclude that

(105)  [IDaztll e = II1DarZtll L~ = [1DaZtll e = || Do Zt | oo S C(E).

I =

Now we use the commutator identity (337) to move the 9; inside the
first term in Ej:

</|DaZtt|2 da>1/2
dOé 1/2 dOé 1/2
(106) </ Rl > </ 00, Dol - )

do\ /2
LT LR
S C(E)
by (105) and (102). By changing variables and by (52), we conclude from
(106) and (103) that
da\ /2
||1/2 </|D Ztt|2 a)

< C(B).

(107) Iz

Note that ‘Di f’ #* ’Diﬂ Nevertheless, for generic f, we can control
D2 f by D?f in L?(hoda) norm, at the expense of some lower-order terms.
For notational convenience, we define here

o
—D,.

EX

RPN

|2al

(108) |Dg| :=

We expand:

par = () b 4 L2l 10y Bl

Oé Oé

07 = (=Y 1pue7 4 el (1, e 1o 7

a

(109)

Therefore,

‘Za|

(110) |D2f| < |DLf \+2‘|D|

|Daf]
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and so

(/ 5 12 >1/2
D2 f|? hoda

(111) ) 12 2l I 1/2
- - (6%
< </|D§f\ hada> +2||Daf]| /‘Daz— hodo | .
(6%
By (316) and then (315), (21), (52), and the fact A; > 1,
|Za| 2 Ztt —1 2
Do— ha = ‘Da|_ | ha
(112) Fa S . . ,
< |DaZul” —2 — = |DaZu|® 5 *— < |DaZul
Ze — il a2 |za|

Plugging this into (111), and using (106), we get

1/2 1/2
(113) (/|D§f\2hada> 5(/\D§7|2hada> + || Daf| ;. C(B).

We now apply (113) to f = z;, using (105) to control || DyZ;||; and

(101) and (103) to control || D2 Z,||, ,:

1/2
(114) ID2.2]|,. = (/ \Dizt\zhada> < CO(EB).
We now control HD?yEttH L2 (hoda)’ We use the commutator identity (338)
to get )
HDi’7tt|’L2 = HDizttHLZ(tha)
S HatD?lEtHL?(hada) +2 H(Dazt)DithLQ(hada)
(115) + H(Dgézt)DaEtHLz(hada)

1/2 _
<1412 BY? + 2| Dozl 1 | D22 121

Dozl S C(B).

)
2

+ HDaZtHL2(hada

We will also need to control D2, Z;; we delay doing this until later, after we

control || DaZtl| 7o -
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We will also at one point need to control

||DaatDC¥EtHL2(hada) < ||8tDOéDaEt||L2(hada) + ||[8t7 Da]DaEtHLQ(tha)
1/2 =
<ALlIF2 B2 + [ Dozl g ||D2Z1]| 2 o
S C(E).

~

We now control ||Zy — @]~ = H?tt - z” - Recall from our definition
of the energy (80) that the energy includes |Zy(ap,t) —i| for some fixed
ap € I. Let afy = h(ag,t). Then, by the fundamental theorem of calculus,
for arbitrary o’ € I,

‘7tt(al7t) - Z‘ S./ ‘Ztt(afht) - Z‘ + H7tt7a/|
< | Zu(a, t) — i + (107).

(116) L

We conclude that

21t +ill oo = 1 Zet +illpoe = 206 — il e = Hz“f - i”LOO

(117) < o(E).

Because of (50) and (49), we can also conclude that

(118) H ! < O(B).

Z

)

L=
We use this to control || DaZs]|; -, using the weighted Sobolev inequality

(313) in Riemann mapping variables with weight w = ﬁ (and € = 1):7

IDazitl|p~ = Do Zitl| 1o = | DaZitll oo = || Do Zit | ;

. . o 1/2
SN Zreals + 102 2l + ([ 1D Zef* )

(119)

S (U4 11/Zallp) [|Zrer [l 2 + | D& Z]| 1
< (1 + (118)) (107) + (115)
< C(B).

"Note that unlike our proof for HDa/Zt || Lo
have that f (Da17tt)2 is zero, so we get a third term in the Sobolev inequality.

at (104) above, we don’t necessarily
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Finally, we use (113), (115), and (119) to control D?z; and D2, Zy;:
2 2
HDa’ZttHL2 = HDOlzttHLQ(hada)
(120) S HDglzttHL2(hada) + ”‘DO&EttHLOQ C(E)
S (115) + (119)C(E) S C(E).

To sum up, we have the following quantities and their counterparts in
Lagrangian coordinates controlled by universal polynomials of the energy E:

1D& Zutll 2 1P Ze | 2 s 1 D& Zell 2+ 1 D& Ze| 2
| Da0eDaZt| 21 der) » %Diit i NDParZut|| ;o s |1 Dev Zit ||
D2 1w 2l 2 JET
[zl % |zl Al 5 o)
o |

5.2. Controlling H HLw

using (67). Because A; > 1 (49),

it suffices to control

(122) 12[2e, M) Zt,or + 2[Zet, M Z 1o — [Zt, Zt; Do Z4) || .o -

We control the first two terms by (331), and the last term by Holder’s
inequality and then Hardy’s inequality (317). We have

az) |2 <1z Ml + 122 | Do Ze] | S CCB).
5.3. Controlling Haa, | s

Recall from (50) that ZLQ/ = 172—;1 Therefore,

(124) O — :z’Z’f’“'—z’Zt_iaa,Al.

Zo | A A2

Because A1 > 1 (49), we can control the first term by Hittva/HL?' Now we
address the second term.
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We recall that A1 =S (—[Z¢, H]Zt,ar) + 1 (48). Therefore,

Ot =051 [ (Z4la!) = 28 cotG (o — 7)) 7105

sz, s oL [T -2
(125) = 82l + 3 2 | 2 sin?(g(a/ — ")) "

gL [T 25
22 SIDQ(g( 8) Zyp (87)dp’,

where the first term disappears because H7t,a’_ = Zt’a/ and so Zt,a/H7t7a/ is
purely real. Therefore, multiplying (125) by ‘Ztt(oz) — z‘ and splitting into
two parts, we have

| Z1y — i O A1 =

o [T =T o e
\5/41 sin2(Z(a/ — ) (‘Ztt( ) | ‘Ztt(ﬂ) !)thg(ﬁ)dﬁ’

x (Zt(a/) Zy (ﬁ = y ,
+\$/4_i sin?(Z(o/ — ') }Z“ _Z’Zt,ﬂ'(ﬁ )dp

=I+1I.

(126)

We need to control ||I||,. and ||I1||;.. By (328),

127) g2 SN Zeell e |Zetor

o [ Zoer |,

| Zearll e = [ Zeer

For I1, we replace |7tt(,6”) - z‘ by ‘%’ (50) and use estimate (321),

noticing that ﬁftﬁ/ = DB/ZtZ

(128) |12 S 1Zeall 2 [|[A1 Do Zt|| o < N 20l | D Ze || e 1A e -
We conclude that

H (Zt - Z) OorAn|,

(129) 2 -
1Ztar |32 + 11 Ztar 2 | Do Zi| o ALl e S C(E)
and
1 7 7 .
(130) ‘aa’za,H S Zuarll e+ 1(Zee = 1) 0w Au]

S C(B).
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% and related

5.4. Controlling Haa,(z — H)Zz_t .

L’
quantities

o

Observe that by the assumption of Theorem 2, the quantities %, Z; and
- are in C1([0,T],C?(S)). We begin with computing

Z

’
,

30,/(1 - H)

1
= (I — H)Dath + (I - H) Z1Ou
(131) { 7ol }

1
=2Dq Z; — (I + H)Da’Zt + (I — H) {Ztaa/ 7 } .
7a/

Now we use (306), (308), and the fact that H is purely imaginary to rewrite
the second and third terms on the RHS above into commutators, and use
(331) to control

1 1
(132) "(I+H)Da/Zt|’Lm - H [T,H} Zt,a’ ‘80/Z , HZt,a’ 2>

e Lo o |l 2

1

H(I —H) {Ztaa, }
Z,oz’ Lo
(133) 1 !
= |[Z;, H] O S Zearll 2 || Oar 5—
H[ " ] Z,o/ Lo ~ H b HL Z,o/ L2
Therefore
Iy 1
(134) |0a (I — H)— S Do Ztl g + |0 1 Ztorll 2 S C(E).
' || [ ol |12
Observe that
htao 1 _ 1y
(135) h_ oh = 804’(ht oh ) = aa/b,
so by (70) and (134),
hta
(136) ol = 32| <o
ha || 1
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(A;0h),
(A]_ Oh)

5.5. Controlling H

Recall that A; oh = ulfl—‘jz (52). Therefore,

d
Aioh
zi(Aioh) =% hea + 2RD, 2.

1 ar: -~ 7
( 37) A1 oh a ha

We have controlled each of the terms on the RHS in L in the previous
sections. We conclude that

(Al © h hta
Daztl|; - S C(E).
as9) || STl R 1Peslee s 0B
5.6. Controlling HDW% L and related quantities

Recall from (50) that — = = jZy=i Sy ¢, Therefore,

1 D Zy Ly —i D Zy  (Zy —i)?
139) D = - Dy Ay = O A
(189) Doz ===~ 1= T T b

Because we can control the first term on the RHS by || Dqs Zy|| ; , it suffices
to focus on the second term. We start from (125), and then use a similar
idea to (126):

|Zu — i|” 0w A1 =

(A TN e
J/ﬂan%w ) (Ze(@) = il" = |Zu(8) i) e (85

I Y
+\s/4l sin?(Z(a/ — B')) |Zu(B') =i Zep(8)dP
=1+11.

(140)

To control ||I|| -, we use the mean value theorem and the periodicity of Zy
to estimate
= . (2
|Ztt(0/) — Z‘ |Ztt 5/ — 2‘
sin(3(a’ = 8'))
SN(Zw =)0 Zyl| . S WAL~ ||Dar Zut]| . -

(141)
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From the Cauchy-Schwarz inequality and Hardy’s inequality (317), we get

(142) 1) e S Zeee 3 1AL L || Do Ziat | -

For I1, observe that ‘Ztt(o/) - i‘QZt’a/ (o)) = 7‘4? Dy Z; and ?A—?Dalzt‘a —
0. We integrate by parts as in (319): Y '

_ ot 7 (Zy(a') — ( 9 o
II = 35 QSIHQ(%( \Ztt ) —i|" Zep (B)dp

At - A -
=SH( Zio =D Z; ) — (2, H|0w | =L D Zy | -
Y7 Z o

2
Ou ( A D, Zt>
7 o

We expand the first term, using the conjugate of (308), noticing that

2
(Zta’ A Da/Zt> = 0.
Z

706

AQ
SH <Zt7 LD, Zt>

,a

(143)

We estimate the second term by (331):

wa [ izmo, (£10,7)

,(1’

S Zearll
Lo

L2

A2 A2
(145) = (Zta Z —LDuZ; + [

’
FIe &

Da’Zt; H:| Zt,oc’)

’

A2
:_\g[ LD, Zt,H} i

,Oé

We estimate the RHS by (331):

A2
(146) H [7 L Da,Zt,H] Zs o
,CM/

A2
O (Zl D, Zt>

Lee L?
Now,
Aj 2 (m2 T
Ou ~ Dy 74 S A1l 7 HDoc’ZtHH
(147) o L p
AR IDu ], + H_—laa/Al 1D Zi,
12 Zo/ 12
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Combining the above calculations and using (129), (130), the estimates
in §5.1, and the fact A; > 1, we conclude

1 — _
10| < UPaZule 1~ 970
a |,
(148) S|P Zu e + 1 Zear 2 | A2 || D Zo |
A2
Hlzialis |ow (FE002)| s ciE)
Z o 2

We record here the estimate for two related quantities, which we will use in
later sections:

— . 1 1
) |Ze - on < 14l - < C(B)
& || oo o || 1,00
and
Ly +1 )
(150) 80/ < HDa’ZttHLoo + (Ztt + Z) o < C(E)
7a, Loe L=

6. Controlling R [ i (£8a") |6]° hada
(o2 (o2 t

In this section, we control from (97) the term

éR/ < 9, h_> 101 hoda = —§R/ 2o <_iaah_a> 1012 hoda
Za Za \Za Za
+§R/ ( ) at—> 102 hoda

for § = D2z;. We can control the first of these terms by

Zta 1 ha
‘—&e/f} (_—aa—> 10]? hoda
Za \Za  Za

1 _
S Dozl || Doe — H |D2Z.
,a || [,00

(151)

(152)
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Therefore, it suffices to focus on the second term on the RHS of (151). We
expand it out:

)]9| hado

ofi(50i:
1 hta o
=i (5 (5 )) e
1 hia Zta 2
— — | |0]° had
/ (Za > <hfa Zoa) | | “
h (0% (0%
+ §R/ L — 22 10)? hada.
|Za|2 Ra
We can estimate the first term on the RHS by
1 . ha hia o
‘%/i <_—aa—> (L _ i) 0] hada
Za  Za ha Za
1 Pt —
Slow] (3] +12ant- ) 122205
Loc

ha
Therefore, it suffices to focus on the second term on the RHS of (153).
Observe that because h is real-valued,

gk <|za|2 <hta—%))l9l2hada
= [ 2550 (22) ) 10 ot

We now drop R and the 4, write D2%Z; = 6, and switch to Riemann mapping
variables. For consistency with the quantities we’ve controlled elsewhere, we
will take a conjugate. We have

1 Tt —
(156) /<|Z |28a, (7'5 )) ‘Di,Zt‘Qda/.

We want to take advantage of the holomorphicity and antiholomorphicity
of various of these factors. To do this, we first use the identity

1 Zto 1 7to/> —( 1 1 >
Ou | = = On : + Dy Zi | Doyy=— — Dy
‘Z,oe”Q ’ <Z,a’) 720/ : <Z,a’ e e Z o 7

(153)

(154)

Lo

(155)
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to replace the first factor to make it closer to holomorphic:

1 Z
/ —28a/ ( 4o’ > ‘D Zt‘zdo/
|Z o Z o
1 - —
(157) :/(?aa,pa/zt> |D2.Z,|" do’
Z7a/
WA 1 =1 277 12 5.0
+ | DuZi{ Dwz— —Du |D2Zy|" do'.
,C!, ,Oé,

We can estimate the second term by

_ 1 — 1
Do Zi | Doy——— D,
‘/ « t<aZ7a/ aZa

1 _
Du+ H D273, S C(EB).
o' || e

)

> ‘Dg/7t‘2 dOé/

(158)
SN De Ze| e

It therefore remains only to control the first term on the RHS of (157). Now
we take advantage of holomorphicity. We rewrite this as

/ (%aa,Da,ZJ |D2.Z,| do!
Z ’

e’

- (errmn (o) (Em

where we have used (307) to insert Py in front of the D?,Z; and decomposed
the first factor into the antiholomorphic and holomorphic projections. Now
we use the adjoint property (291) to turn the Py into a P4 on the opposite
factors, and control using the Cauchy-Schwarz inequality:

(160)
1 — —
)) ( 2, )PHDg,tha’
Z o

‘/ (P”PH (Z
[Paf (@arem (ﬁaﬂa’z)) (z-2:7)}

It now remains only to control this first factor.

(159)

> Py D2 Zdo/,

o

1DeZel| -

L2

First we consider the term with the Pz. In this case, we can rewrite this
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as a commutator:

(161) =

Here, the mean term appears because of (290). We now use commutator
estimate (327) for the first term and Holder’s inequality for the second term,
to conclude that

1 _ 1 . —
P Py | =—08,DyZ D?,7Z
o (7 (1 000) ) (2, 0)}

L2

| _ 1 _
5” D27, Py <_ 8Q/Dalzt>
Z,o/ H1/2 ZO/ L2
(162) . L
—D%Z — 0y Do Z
+ ‘Z@/ 't Lo Z,a/ o' oLt o
_ 1 _ _
siopzl,, (| ooz || ez,
o H/2 o || o0

Finally, we consider the P4 term in the first factor on the RHS of (160).
By the L? boundedness of P4, it suffices to control

1 _ 1 _
D2, 7Z,(I —H <_—8 D ,Z>
HZ@/ “ t( ) Z,a’ ot

L2

<

— 1 1 —
D27, [Z— H] - O Doy Zy
,o

’
O

L2
_ 1 _
- HDi,Zt(I — IHI)7 D27,

’

(163) o L2

S 1Pa 2]

1 1 —
[Z’H] 7, 0 Do

L:)Q

+ HD?X'ZﬁHLz

1 —
[7—, H] D27,
,Oé/

1

= 112
SDe 7 | —
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where we’ve used (307) to get the second commutator and used commutator
estimate (331).
We now combine our estimates, concluding that

%/i <§iaah—“> 1012 hada < (152) + (153)
@ t

(164) < (152) + (154) + (158) + | D2 Z,

S C(E).

||L2 - ((162) + (163))

7. Controlling R [ ¢ <|h§i2) 0.0da
Za t

We now show that we can control the following term from the RHS of (97):

2 2
165 i WOdo = i 22 —2RD,z | —256,0da.
R ha2 0a0da = R Mo _omp h 50,0d
‘Za| t ha |Za‘

Here, all results will be expressed in terms of general energy E,q for 6
satisfying (I—H)(foh™!) = 0 and 6|, = 0, rather than specifying § = D2%,.%
We begin by rewriting this as

2

FR/ (2%—23‘%D zt> |h’ 0,0do

Zo
hta hO‘
— = Da =
(166) = [ 2 < ! Zt) < < )) a
— ﬂ%/ <hﬂ — %Dazt> <§—8 00do
ha Za  Za

=I+1I.

IT is easy to control, via Holder’s inequality and change of variables to
Riemann mapping variables:

rta
(167) IS (’ .

(67

1
+ ||Dazt||L°°> HDQ/Z—

’
e’

1ALl E
L

Lo

Therefore, we can focus on I from (166). We introduce the following nota-

8D27%, satisfies (I —H)D2z, 0 h~! =0, Diftb = 0; see (307).
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tions:
ha —1 —1
)= 20 oh™; ©:=0oh 7
(168) h"
B = < htoc %Dazt> o} h,_l = (ht (¢] h_l)a/ - %Da/Zt-
We know (I —H)© =0, ©|, =0, and
(169) Bly =0, %|y=0,
(170) (I —H)yp =0,
~1/2 1/2
(171) 19002 + ALY 1O S EoVy

where (169) follows from the assumption of Theorem 2 and (85); (170) fol-
lows from (40), (I — H)© = 0 and principle no.2 in §A.2 (and for § =
D2z, specifically from (309)); and (171) is immediate from the definition
of E,p and change of variables. Upon changing variables, we can write
I =R [2iB(0y)hdd.

Step 1. Green’s identity. We now show that we can control I from
(166). The main idea is to use Green’s identity to move the derivative from

Y = (h—“9> o h~! onto B. We note that id,1 = i0,Hy by (170), and

Za
that the operator i0,H = V,,, here V,, is the Dirichlet-Neumann operator.?
Letting 9" and B" be the (periodic) harmonic extension of ¢ and B to P~
respectively, we have

(172) 1_%/223 ) hda _%/23 Vah)dS = /Bv w}y

By Green’s identity,'”

[ B9 as = [ampias+ [ BhaqePav
=11+ Is.

(173)

9Recall that the Dirichlet-Neumann operator is defined by V,f := V,, f", the
outward-facing normal derivative of f", where f" is the extension of f that is
harmonic and periodic in P~ and tending to a constant at infinity. For f real-
valued, we can derive this by noting that (I+H) f is holomorphic, so 0, (I+H) f =
V(I +H)f. Taking real parts gives the identity.

10Here, to justify Green’s identity, we can map (biholomorphically) the space P~
to the unit disk minus the slit, and then use the periodicity of all of the functions

involved to consider the harmonic extensions of these functions to the whole unit
disk.
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We control the second term, I, by

1| = ‘/P BhA(\«/;h}Q)dv' - 2‘/}) Bh\vwhfdv‘
< 2B, [ (vt av = |8, [ Aur v
= 1Bl [ Ty = 2Bl % [ i@y

hta

=208l 0 % (|
(0%

(174)

2
; uDathHLw) 1130
LOQ

by the maximum principle and another application of Green’s identity.
Step 2. Controlling I;. We are left from Step 1 with controlling

I = /(VnB) [ dS = %/(i@a/HB) [|? do

(175)
:éR/(z‘H(’?a/B)M?da’:éR/ Zl

(iHOw B)Ovdd/ .

We commute the -~ factor inside the H, and then apply the adjoint
property (291):

(176)
Q o }33>@wa+m/ ((:Maﬂﬁ)@aw
=% [ q ]%g)@md-@/ﬂé%%g H (67F) do!
=5 [4 ([ ]aﬂg>@amy+q{/i(zl

_%/Z(Z o >EH@da,—1—11+I12+h3-

o’

)
>mm@w

Observe that because HO = 0O,

1
(A77) Ty = —§R/i (Z,a/ »

since B € R. It remains to control I1; and Iys.

) $Oda’ = —ére/i(aa,B) [b|* da’ =0,
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We use the Cauchy-Schwarz inequality and then the H'/2 x L? commu-
tator estimate (327) to control I;s:

(178) 12| < || Da B 12 ||[¥0, H]O)|

L2 ~ ||D ‘BHL2 HwHHlﬁ H@HL2 .

We have controlled ||1|| ;... and [|©]|» at (171), we will control || Dy Bl|
by (186) in Step 3 below.

It remains to control I1; from (176). Here we use Proposition 5, identity
(293). Because (I —H)2— =1 (40) and § 9o B = 0 by (169), we can rewrite

o [ () o

We plug (179) into I11, and then use adjoint property (291):

o (] ) ) oo
[ ([0 et {4 o) )

To control the first term, we use the Cauchy-Schwarz inequality, and then
control the first factor with the L? x L estimate (318) and control the
second factor by rewriting it as a commutator by (170) and then using the
HY? % L? estimate (327). We use (50) to rewrite % = —i%ﬁ in the

second term.

[ <
H [L’H] OB L [Pa (©9)]|,. + '(%][ Da/B> /i@Eda’
<| |2 m] o], 1[@}@

Ly +1
1w Bl [ 74
1

1Bl o WHHW 1©1] -
L2

+ Do Bll 2 [ Zet + ill o E

(180) Lz

~ ‘

We have controlled all the quantities on the last line, except for || Dy Bl| 2.
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Step 3. Controlling ||Dys B|| ;.. We must control ||Dy B||;2, where B is
as defined by (168). By (70) and (131), rewriting the second and third terms
n (131) as commutators, we have
1
Zo |

Therefore, noting that |0y Rf| < [0 f| and so | Dy Rf| < | Do f|,

= (hoh™ Vo —RDy Zy
(181)

1
= §RDoz’Zt + %{ |:Z—7H:| Zt,a' + [Ztv]HI]aa’
a

”DO/BHL2 < HDg/ZtHL2

(182) 1

l

1
Der [Z’H] Grer

+ HDa/ [Z, H] Oy

L2 al || 12

We’ve controlled HDi, ZtHLZ’ so it suffices to focus on the second and third
terms. In what follows, we work on D/ [f, H]d, g for general functions f and
g satisfying f|; = g5 = 0. Once we have an appropriate estimate, We will

apply it to f = 1,, g = Z; for the second term, and f = Z;, g = »— for
the third term.
We know
Do [f,H]Ouwg
1 1

sy =zt | U SO oGl 80l

(8a/f)Haa/g — Z’la, 2iz / 5 Slng(;( f( )))8,3’9(5,)(16,

Via the boundedness of the Hilbert transform, we control the first of these
terms by ||Do fl|;« ||Oargll ;2. Therefore, it suffices to focus on the second
term. We commute the % inside, getting

Z o

x [ JeO-18)

sin(5 (o’ — B'))

39(8)ds’

) - s (7@ - 7 -
4i/81n(( —8))  sin(Z(a’ — B)) 9prg(6)dp
We control the first term by (321):
asy T [ LDTE)p g IDale

4 ) sin(Z(a/ — §')) L
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We control the second term by (328):

x G-y (e - A )
4i / sin(§(a/ = p'))  sin(F (o = F)) Ipg(B)dp )
1
S Haa,fHLz 8a' Z,a' L2 Ha&’g”L2 .

We conclude that

HDa’[fa H]aa’ng = HDa’f

| 1009l 2 + 1 Dar gl oo 100 1l 12

(185) 1
00w Sl ||| ol
a’ || 12
We can conclude from (182) and (185) that
1
||Da’B||L2 S HDzv’ZtH]} + 80"2— ||Da’Zt||Loo
a1l 2
(156) 1 e
Ziollre | || Do 5— Ou .
+ | Ztor |l (H aZ,a’ Loc+‘ aZ@/ L2>

Step 4. Conclusion. We now combine our various estimates. We have

2
§R/z< haz) 0,,0do
|za t

< |11+ |11] < |0 + |l + (167)

(187)
< [T+ [he| + (174) + (167)
< (180) + (178) + (174) + (167),

where we use (186) to control || Dy Bl| ..
In particular, by specifying § = D2z, we have

2
(188) |afe / z< haz) 6.dd
|2l t

8. Controlling (I — H)((8; + b8)?0 + 1.A0,.0O)

< C(B).

~

We are left with controlling the Gy terms in F, and Ej. Before we do so,
we first study the quantity (I —H)((0; + b0a)?0© + A0, ©) for a general ©
satisfying (I — H)© = 0. We have
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Lemma 3. Assume that ©, (9; + b0,)© € CY([0,T], H=Y(SY)) for 1 = 0,1,
k> 2, and (I-H)© = 0. Assume further that the assumptions of Theorem 2
hold. Then

(189) ([ — H)((@t + b@a/)G — ZtDa/@) = 0;

(I = H)((0; + b0x)*© + iADwO) = [Z7, H] D20

190
(190) + 2[Zy, H] Do (8¢ + 500/ )O — Z Doy ©) + 2[Zyy, H] Do O;
and
(1 = H)((; + bIa)*O + iAW O) |,
(191)

C]
<c®) (10l + 10+ el + | 5

/
Ne%

)
Proof. By (70),

Zt Zt Zt 7t Zt
192 =P P — = P _— —
( ! ) b A(Z,a’>+ H<Za’> Z,Oé’ - H<Z,a’ Z,a’>7

SO

Z Z
(8t + b@a/)@ =00+ Z; DO + Py <_ t_ 2t ) O ©;
Z,Oé, Zva/

as a consequence of the dominated convergence theorem and principles no.1
and no.2 in §A.2, we have

(193) (I — H)((@t + b@a/)G) — ZtDa/@) = 0.

Now since U := (0 + b0y )0 — Z; DO satisfies (I — H)¥ = 0, applying
(193) yields

(194) (I —H)((0 + b0y )V — Z; Doy V) = 0.
We compute

(O 4+ 004)V — Z; DoV = (9; + b0y )?©

— (8 + 000 )(Z: Dy ©) — Zy Doy (8 + 000/)O + Z; Doy (Z: D ©)
= (04 4 b0y )*0 — Zy Dy ©

27Dy (04 + 000/)© — Z, Dy ©) — Z2D2,0,

(195)
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and by (35),
(196) iA@a/@ = (Ztt + i)Da/@;

and we know by principles no.l and no.2 in §A.2 that (I — H)D, 0 = 0.
(194)-(196) then gives

(197) (I —H)((9; + 69a )20 + iAW ©) =

(I —H)(2ZyDo© + 27 Do ((0; + 000/)O — Z; Dy ©) + Z2D2,0);
using the holomorphicity of the factors to rewrite the right hand side of
(197) as commutators yields (190).

While (190) is sufficient to give us control of the Gy term in Ej, we need
(191), which is the result of some further analysis of (197), to control the
Gy term in E,.M

We begin with (197), rewriting, using the product rule and the identity

7 =Ba () +Pu (£).

,a

Z:D%0 =
(198) Z Z: \\* . Z2 1
<PA <Z7a/> + Py (Z@/)) 8a,@ + Z7o/ <8¢Z> O ©,

and

ZtDa/((at + b@a/)@ — ZtDa/@)

Z Z

= (]P’A <Zt > + Py (Z—t> Ao (04 + 684)O — Z; Dy ©)
(199) Zt7 | Zy Zy

e (2 ) ou (100 w000~ (a2t 1)) )

+ Py (ZZt ) O (8 + 604)O — Zy Doy O).

Observe that, by (193) and principles no.1 and no.2 in §A.2, the last quantity
on the RHS of (199) is holomorphic with mean zero. Expanding further the
right hand sides of (198) and (199) and summing up, observe that certain

2
terms cancel out with others, and the quantity (]P’H (ZZ*,>) 02,0 in (198)

HYWe can also use (191) to control the Gy term in Ej,.
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is holomorphic with mean zero, by principles no.1 and no.2 in §A.2. We have

(I —TH)(2Z; Dy ((0; + b0a)© — Z; Do ©) + Z2D?2,0)
t o

= (I -H) (m (ZZt )aa, ((8t+b8a/)@ — P4 <ZZt )aa,@»
(2000 _ (7 _ <2PA (ZZt> (]PH <Zt“> +Py (Ztaa, Zl >) aa,@>
+(I-H)((P Zt 282®+ Z (9. o0
N\ Zao Tz \M 2z, )T )

We analyze further the RHS of (200). Observe that

Z 1
(I — H) (2]P’H <Z;> Py (Ztﬁa/z> aa/@) -0

by principles no.1 and no.2 of §A.2; we add this to the second term on the
RHS of (200). Observe further that

7 1 72 1 7 1
201) —2=—"""Pgy ( Z,0. L Do =— H( Z,04
(201) Z o H( t aZ,a/>+Z,a/ T Zw ( t “Za,>’

) )

and

Zy 1
——H Z o o -
ot (2100 ) 0o
(202) ! !

1 (C) 1 1
- 4l (Zfaa’z) ot (z—) " (Zfaa/ z,o) H (Zfaa/ z,a/> o

and by straightforward expansion,

1 1
(203) (20, 20, H)) 0 — = —2Z,H (ztaa, ~

’
Ne%

and

1 1
Z 6 / —H Z 6 ’ =
tVa Z,a/ < tVa Z}w)

1 2 1 2
(e (207 )} e (007 )}

(204)
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Now beginning with (197), combining the calculations in (200)-(204) and
using principles no.1 and no.2 in §A.2, we get

(I — H)((9y + 60 )20 + A0 ©) = (I — H) <2 <Z§j ’) aa,@>

e o (£ (s () )
- (s (£) 0 (52
+ (I - H) ((PA <%>>2a§,@ - {PA (Ztaa/ ZL)}Q @)
o o (2))

Using the holomorphicity of the factors to rewrite all, except for two, terms
on the right hand side of (205) as commutators gives

(I —H)((9; + 69y )?O + 1Ay ©) = 2 {ZZ—I— i

1] 0,0

’
Yo%

+2 [IPA <ZZL> ,H] Do ((at +b0,)0 — P4 (ZZD aa,@>
(206) — (I —H) <QIF’H (Do Z4) Pa < ZZ:> aa,@>
(er(2))" oo (s ) )

s o (2).

By the identity'?

+

(207) — 2[g1, H]0a (9192) + 97, H]O g2 = —[91, 915 92],

we combine part of the second term and the fourth term on the RHS of
(206):

12This identity is an easy consequence of integration by parts.
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Zy Zy
-2 Pyl —=— ) ,H|{Oy [P N
[ A<Z,a’>7 ]5 ( A<Zya’)8 @>+
Z \\’ 2o Z Z \ |
(]P)A <Z’a/)> ,H 0a/@ - — l:PA (Z ,PA Z ,80/6 .

Observe that, using the identity P4 +Py = I and the fact that (I—H)d,© =
0,

(208)

(I — H) <21P>H (Do Zy) Po (ZZt ) aa/(a)

a

(209) = (I —H) (]P’H (Do Zy) [IP’A ( ZZ;> ,]HI] aa,@>

)

+ (I - H) (2}P>H (Do Zt) Py {IP’A (ZZ;> aa@}) ;

by (292) the second term equals the mean

(I —H) <21P’H (Do Z4) Py {]P’A <ZZt ) aa,@}>
_ 1 / Zt /
10 (o) (fra (2 owoar
1 Z
=3 ( Do Zy do/> < OwP s (Z;> @do/> .

We can now conclude, from (206)-(210) and using (322), (323) and (334),
that

ey
Z

1Ol -

(1 = H)((8; + b0 )*O + A0 ©)| 1 S ’
L
1(0s + 680 ) O 2

Zy
oz’]P
0, A<Z7a/> -

(211) + ‘ aa’{[Zta[Zt,HHao/i}

Z o
Z
+ <‘ aa/PA (Zy;,>

+ (IPr Do Zill e + [ D Zil| 1<)

.
G}

L2 Z,a’ H1/2

1 2
P (2005 ) Lw) el

Z
outa (7| lel-

Loo

2

+\

Loo
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We have estimated all the factors on the RHS of (211), except for

Y

aa,{[zt, (Z, H]|Ow Zl }

o 12
which can be controlled by (332):
1 ) 1
(212)  ||0ar | [Z1; [Z1, H]) 0w S 1Ztall7e || Oor S C(E).
Zo )l ’ Zar e
This proves (191). O
9. Controlling Gy of E,
By (98), we must control
1 ) 1/2
(213) </ " | Do (—itiZa) + [0F + 100, Do) Z] da> :

We control the commutator via (341):

1 ) 1/2
(214) ( / 107 + 00, Dol da)

2 —
S (IDazitll e + [|1Daztllz<) [ DaZtll 12 2 da)

where we have controlled all the quantities on the RHS in §5.1. We are left
1/2

with the term (f%\Da(—iatEa)\zda> . Since a|zq|* = (A1 0 h)he (52),

A; >1(49), and (a:Z4) o h™1 = A Z o we have

1 1/2 1 1/2
([ 2ipaciazaan) < ([ - utiaza)aa
1/2
([ ntciazapa)”,

where in the second step we changed to Riemann mapping variables. We
write —tA;Z o as %(—iAZ,a/) and apply 0. Since Zy — i = —iAZ o
(35), we have

(215)

— Lt o
1 +.A tta

(216) O (1A Z o) = (—1AZ o) (ﬁ> Ay
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Therefore,

, 1/2
([ liciszotan)
1/2
- AN, Ay
< 0 | — hihid
\(/‘AZ@,@Q <.A> doz) +HA

We controlled the factors in the second term on the RHS in (107) and (123).
We can therefore concentrate on the first term.

We seek a way of writing AZ o O (%) The idea is to take advantage of
the fact that 0, (%) isreal, | f| < |(I—-H)f| for f real, and AZ o = i(Z—1)
is controllable to bound the term AZa,aa/ (%) by a sum of controllable
terms and commutators.

Starting from (216), we replace the LHS by the derivative of the LHS of
our quasilinear equation (36), and then apply (I — H) to the equation. We
get

Lz:

1Zeo|
Loo

(I — H) {(—mza,)aa, A }

A
Ai

(218)
= (I —H)0u (Zwt +iAZ1 o) — (I — H) {j&ﬂtt} :

We next commute the factor —iAZ , outside of (I — H) on the LHS,

Ay

(~iAZ o) (I = H)0 . = (I = H)0us (Zus +iAZ 1)
(219) 4 B 4
— (I -H) {jaazztt} + [1AZ 0, H)O 5

§ |(I - H)aoz’%

Now % is real and H is purely imaginary, so ’80/%
Taking absolute value on both sides, we have

— Ay
Za/ a/
20,4

< | =H)0uw (Zut + iAZ¢ )

(220)
Ai = e A
+ ’(I — H) {f@a/Ztt} — [Z.AZ@/,H]aa/ ,At .

We can easily control the L? norm of the second and third terms. By
the L? boundedness of H and Hélder’s inequality for the second term and
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estimate (318) for the third term, and since iAZ o = —(Zy — i),

A
A

A=

(221) H(I —H) { 1 Zn a,} — [iAZ o, H]Ou a

A

S Wi |l 2

L2 Lo

We can now focus on controlling
(222) ||(I —H)Oo (Zust +iAZ1 )| 2 = |00 (I —H) (Zest + iAZ1 o) || 12 5

where we used (7ttt + iA?ta/) € C2(SY), which follows from equations (36),
(35), (67) and the assumption of Theorem 2, to commute 0, outside (I —H).

By (190), taking © = Z;, we have

(I —H) (Zw +iAZ o)

223 _ _ _ _
(223) = [Z2,H|D? Z; + 2(Z;,H|Do (Zt; — (Doy Z1) Zs) + 2| Zst, H| Doy Zy.

Therefore, by (222) and (223), we have to control the L? norm of

O [Z2 HID% Z; + 200 [ Zs,H| Doy (Zst — (Dov Z4) Zy)

(224) _
+ 200 [ Zyt, H| Do Zs.

We use the identity

fle) = (8

2z - gy O

(225) Ow[f, H]g = f'Hg — / 2 sin

to expand out each term in (224), and use (307) and (311) to remove the
Hs from the RHS. We get

(224) = 22,74 oo D2/ Z1 + 221 00 Doy (Z1y — (Do Z4) Z4) + 2Z41.0 Do Zy
ZE (o)) = ZE(B) 1o Zu(') — Zu(B')
T4 /sm( (o ﬁ/))Dﬁ’thﬁ _7/sm2(g( ))D g Zudfy

21 / b?;l((%)( Zt(ﬁﬂ,))) Dﬁ' (71515 - (Dﬁ’7t)Zt)dﬁ/

We expand out the RHS. We note that certain terms cancel out with others,
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and we further observe the following identity:
f2( )= 2B o g (f(o/) — f(B))f(B)
dpg’ —2
sin ( B’))g(ﬁ) P / sin (%(al - A)

(
N -

‘We have
(224) =27 o (Daq Ty — (Do t)D 1 Zt) + 224 o Dq 7y

g(B"dp’

(Zi(a ) ( ))2 Zu(a ) Ztt(/Bl) _
~5t | St = PR =5 | sty Do
22 sitlg(%)(a 0 ))) (Dg Zip — (Dﬁ’Zt)Dﬁ'Zt)dﬁ

We now apply Holder’s inequality to the first two terms, (328) to the third
term, and (321) to the last two terms. We get

H(I —H)0or (Zut + iA?t,a’)HL2 = [[(224) || .-
(226) S Ztorll e (| Do Zit| oo + || D Z1t :

2)
+ ”Ztt,a’”Lz Da’l7tHLao + ”Zt,o/H%p

Di/?t

2

We now combine our various estimates. We have

(227) HAZa,aa/ﬁ < (221) +(226) S C(E)
L2
and
1 A 2 . _ 2 1/2
/a {Da(—zatza) + [0F + 100y, Da]zt’ da < (214) + (217)
(228)

< (214) + (227) + H% |Zito || 12 S C(E).

We can now conclude that %Eb is bounded by a polynomial of E.
We record here the estimate

At o »At
229 Dy < Dy < O(E),
(229) 0o <|4zaon| e
which holds because }.AZO/ = ‘ZAl | > |Z ‘, we will use this in §10.
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10. Controlling G¢4 of E,

From (97), we must control

1/2
(230) </|D2 —i;Zq) + [0 + 100y, D?) zt‘ 1 Ohda> )

Recall that A; > 1 (49). We control the commutator via (342) and
Holder’s inequality:

107

S 1Dzl e HDgEth

H[@t +'La8a,D Zt‘

Q> ’m —da) L2 (hda)

(hada) T ||Dazt||L°° HD?IEtHLQ(tha)
(281)  + [ Dazillpw 1 DadeDaZiell 2 (h,aa) + 1 Dazeel] 12, gy 1Pt L
+ HDath%m HDithLZ(hada) + HD(QIZ'?HB(MCY) [1DaZst]| oo

+ [ Dozt po HDiEtth(tha) :

We have controlled all quantities on the RHS in §5.1. We are left with the
1/2
term (f ’Dg (aﬁa)’2 ﬁda) .
We know

h 1/2 1/2
</‘D atza Zh > </’D atza’hdoz>
1/2
_ ( 102 (AZ.a)f do/) ,

where we changed to Riemann mapping coordinate in the second step. We

(232)

will now focus on estimating

(233) (/|D )| da>1/2.

Our plan is to first turn the task of controlling HDi, (AtZa’)H 12 tO
controlling H (I —H) (D2 (.At_ )) HL2 We will use the same idea as in the
previous section, §9, that is, to take advantage of the fact that t is real-
valued and R(I — H)f = f for real valued f. We will then use (191) to
control ||(I —H) (D2, (AZ.o)) ||,
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We begin by writing A Z o = (%) AZ .. By the product rule,

D% (AZ o)
@34 _ (Dg, <“jf>>AZ + 2D, (“ﬁ) Do/ (AZ o) + “ijQ (AZ a)-

We can handle the second and third terms directly, using AZ o = i(Zy — i)
(35):

Hzp <“jf>Da,(AZa) AtDz(AZ )

A

Ay

Dy | —

(),
where we have controlled all the quantities on the RHS in §5.1 and in (123)
and (229). It therefore suffices to focus on the first term on the RHS of
(234), (D% (&) AZ o = i(Zu — i) D2, ().

We now rearrange this term so that we can apply (I — H) in a way so
that we will be able to invert the operator by taking real parts. Note that

“i{ is purely real. However, our derivative Dy = Zl Oq 18 not purely real.

L2

1DaZul

(235)
<2|

= A
Do)+ |5

L‘Z’

To get around this, we factor the derivative into a real derivative and a
complex modulus-one weight. Recall our notation |D, L9, . Since

= 21
Do = ('Z |) Dy

Zol\?
(236) D2, = <Z—“> | Doy
,&,

2 |Za’|
=l D
(7)) (2

Therefore,
e . 2 -At ’Za’ 2 2 -At
Z(Ztt — Z)Da/ A ’L(Ztt — Z) Z7 ’Dal j
(237) o
= . ’Z,a’ |Z,a’| At
+’L(Ztt—2) < 7 ‘Da/’ 7 |Da/‘ .A
We use

o emi (52 (o (52
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to denote the second term, which we will control directly, below at (243).
We now apply (I — H) to both sides of (237):

(I —H) {z'(zt — i)Dg,%}

T { G ()

j)}ﬂl—ﬂ)e.

Observe that the first term on the RHS is purely real, except for the control-

_ 2

lable factor i(Zu=2 2| . We commute that part outside the (I — H).
‘Z ’ Z o

We get

- {sz - a0 5}

 Zu—i) (121N, Ay
(240) =1 ’Z,o/| Z,o/ (I H)aa’ ‘DO/‘ A
(Zu—1i) (12]\° Ay B
9 7. 7. JH| 0o | | Do | i + (I — H)e.

By taking absolute values, we have

(241) 'i%@a/ (]Da/] %) ‘ < ‘(I — H) {i(Zt - i)D?,éH

(Zu—1i) (12]\* Ay -
Il JH| O \Da/\A + (I —H)e

_|_

_l’_

)

Now we may begin controlling these terms. Recall that what we needed
to control was the L? norm of (237). We can estimate this by

= ) Ay (Zy —1) Ay

—i(Z,, — i) D3> ~————0u | | Dar| — 2

iZn-002 5| 5|15 (15| + el
< AD)],e + el

(242) o H(I _H) {z‘(Zt - z')Diﬁ}
A 2

(Zy—i) (|Za]\ A

+ 7 |Z7a/‘ Z,a/ ,H 80(’ ‘DO/’ A L2+H€HL2.

Thus, it suffices to focus on these three terms.
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First we check the error term, e (238). We control

— , Z o A
N Lee L?
(243) 1 A,
< (Zy — )0 D, —
where in the second step we used a/%‘ < IfT\ (315). We have controlled

both factors on the RHS in (149) and (229).
Now we estimate the second term on the RHS of (242). We have, by
L™ x L? commutator estimate (322),

(Zy—1) (|Zw] 2 Ay
’ H| 0, |Dy
H ' ‘Z,a’| Z,oc’ ' 0 ‘ A

L2
7 2
) g o (L= (2D o, 2
ol \Zo " Al
— . 1 A
s(nDathtan+H<ztt—z>aaf— )HDj ,
@ [l Lee L2

where in the second step we used (315). We have controlled all factors on
the RHS in (119), (149) and (229).

We're left with the first, main term of the RHS of (242). Observe that
by (234), our main equation Zy; + iAZt o = —iAiZ o (36), and the L?
boundedness of H,

r-nfim-2),

S| - ( o (A )HLz (235)
= H(I - (Zttt +Z.AZt,a HL2 (235).

We have then reduced things to controlling H (I -H)D2,(Z
Observe that

(245)

D2, (Zys + iAZt o)

246 _ —
(246)  _ ((0¢ + 60a)? +iADn) D% Zy + [D2/, (0¢ + b0ar)* + i A0 | Z

We have controlled the second term on the RHS in (231). Applying (I — H)
and using (191) on the first term then gives
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(247) |(I =H)DZ (Zyt + iAZy o) || 1o S C(E).
We can now conclude that
(248) | D2 (A Zar)|| 12 S C(E).

and therefore

(249) |G D2z,

Ly < (231) + (282) < (21) + (248) S C(B).

We have now shown that %Ea is bounded by a polynomial of E. This
completes the proof of Theorem 2. O

11. A characterization of the energy

Our energy is expressed in terms of not only the free surface Z, the velocity
Zy, and their spatial derivatives, but also time derivatives of these quantities.
In this section, we give a characterization of our energy in terms of the free
surface Z, the velocity Z;, and their spatial derivatives. In §11.2, we discuss
which crest angles are allowed by a finite energy FE.

11.1. A characterization of the energy in terms of position and
velocity

In this section, we translate the terms of our energy involving time deriva-
tives into terms depending only on the free surface Z, the velocity Z;, and
their spatial derivatives. We do this using the basic equation (50), (48), (70)
and the holomorphicity of Z; and ﬁ These basic equations allow us to
show that quantities involving Z;; can be controlled by analogous quantities
involving %’ along with various lower-order terms.'?

The estimate we prove is

— — 1
(250) E(t) < C<Hzt,a’| L2 HD(Q)/ZtHLza aOz'Z— )
a’ || 12
2 U Ly 2l L
ez N e L e WO

13We remark that for these estimates we do not ever rely on (high order) H'/?
parts of the energies.
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where the constant depends polynomially on its terms. We remark that
this inequality can be reversed: each of the factors on the RHS of (250) is
controlled by the energy. That is,

(251) || Zto Oer 77— DZ, "7

o

|D%Z,

w20 1P Ze 2

)

|
1

Zar

)

S C(E()).
Lo

1 —
HZ—a’Di,Zt HH1/2 )

H1/2

Therefore, these quantities fully characterize our energy. In the proof of our

2
‘Da Zor || g2
which we never had a need to control. One can adapt the argument in §11.1.3

below to show that HD?"/ %‘ .

a priori estimate, we have shown (251) for every term except

can be controlled by the energy.!*

We remark because both Z; and % are the boundary values of peri-
odic holomorphic functions, the Weightéa derivative D, corresponds to the
complex derivative d,, or the gradient of the corresponding quantities in the
spatial domain P~. We also note that Z, = (®71), is a natural geometric
quantity well-suited to this problem: it captures the geometry of the free
surface directly through the Riemann mapping ®~!: P~ — Q(t).

14To do this, it comes down once again to estimating HL D? AlH ,» except

. That de-

this time we need to do this without the dependence on HDO‘ 'z

1

Oé_Z/’ m

pendence comes from estimate (275). (It also comes from using ‘

L2

the Sobolev inequality for HDa/ s H ; this is not a problem, since HDO/Z—
Ja! oo sal || oo

is controlled by the energy.) To handle (275), we take advantage of the fact that

(I —H) {aa/Da/ %M} = 0 (this is due to (40) and the second principle in §A.2) to

rewrite the term in question as a commutator and then use commutator estimate

(318):
A 1 — 1
H(I—H){ L 90 Doy } —H[Ztt,H] Oor D
(252) Z,o/ Z,a’ L2 ,al || 12
_— 1
/S ||Ztt,o<’ L2 D Z,a’ 'Lmv

both of which are controlled by the energy.
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11.1.1. The proof. Throughout the following proof we will rely on the
fact that A1 > 1 (49), the estimate (103)

(253) [All S

the Sobolev estimate (104)

(254) Do Zt| oo S (1 Z || 2 + D2 Z0 | 2
and the estimate

1 9 1
@ o], slerz] ezl

which holds by Sobolev inequality (314).15

We begin by noting that it suffices to control only the first terms of E,
and Ep, since the remaining terms of the energy are (up to a factor of A;)
already on the RHS of (250).

For the first term of E,, by the commutator identity (338),

/ |0.D2z

2— a 21— 12 hoz
(256) ’5/“)‘”“‘ —d“/“a“Da]zt‘ Aloh

do

S |1Da Z“Hm /|2D 2)D2%Z, + (D2 %) A h
S|P3 Zul|5. + | Dazill2e ( HDE"ZtHL2+HDc2>/ZtHL2 _
By (110) and (315),
= 1
@57) D22 S NDEZul o+ D Bl |||
We conclude that
2
/‘atD t| Al hda
(258) B B B 1
SC(HDi,ZttHLm Zoat o | DEZ] 1o || 0o >
a’ |[ 1,2

2
5Note that f (Da/ %) = 0 by the same argument that was used at (312) to
show (Do Z1)? = 0.
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For the first term of Ej, we use the commutator identity (337) to get

1 1 1
/\8tDaEt|Qada§/|Daftt|2ada+/|[6t,Da]Et25da

_ 2 (A10h) _ 5 (A1 0h)
(259) §/|Daztt’ Tda+/(DaZt)Dazt| Tda

2
_112
2o HD?x'ZtHLz)'

S| Zitor ig + || Dozt | Z¢ .0
<O Zue| o |20

All that remains to do from (258) and (259) is to estimate HZtt,a/ I
and HDE/ZHHLQ in terms of Z; and %, which we now do, in §11.1.2 and
§11.1.3. ’

11.1.2. Controlling || Z 4,/

72+ Using (50), we estimate

Doy

(260) 100 Zu|| 12 S 1ALl e

1
D /A 2 .
Z,Oﬂ L2 + || “ 1||L

To control ||Dy Aill;., we follow a similar procedure to what we did in
(125)-(126), except instead of using Zy; — i, we use »— and estimate things

in terms of % We get

= 2 1 _
(261) 1Da Al 12 S | Zt || 8“'Z—afHL2 +11Ztar |l 12 || D Zit | . -
Combining (260) and (261) we conclude that
_ _ 1 5 =
@) lonZaly <€ (el aZ_HL DA71|).
11.1.3. Controlling HDi,?tth. From (50), we have
R , 1 11,
(263) iD%Zy = AyD2, —— + 2(Doy A1) Doy —— +—— D2, Ay.
Z. o Zo  Zu

€1

We estimate HDg/Ztt H 1 » through the following procedure. First we note that
the only challenging term to control on the RHS of (263) is the last one,
%Di,Al. We observe that this is almost real, modulo factors of % and
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its derivatives. Therefore, we will be able to use the R(I — H) trick and,
through a series of commutators, reduce the estimate for ZLQ,Di,Al to an
estimate of (I — H)(D?, ZA;) = (I —H)(iD2 Zy). Since Z; is holomorphic,
we will be able to rewrite (I — H)(iD2,Zy) in terms of commutators and
obtain desirable estimates. We now give the details.

We first estimate the error term e; in (263):

lellze S Al DQZ I XA X
' || [
1
(264) A+ | Zeer ) DQ “ 7.
261 Oa 5 .
o ([t o], )

It remains to control H%Di,/hum. We want to use (I — H) to turn
our quantity into commutators, but to do so we need to factor D, into a
real-weighted derivative |Dy/| 1= ﬁ@a/ so that we may invert (I — H).

From (236), we have

1 (2]
/A — D A
Z7a/ “ 1 Z7a/ < Z7a > ’ a | 1
(265) 1 |Za |Za |
D Dy A
+ Z,a’ Z}a | a| a ‘ Oé’ 1-

€2

,(1/

Zow \° 1
’ —D /A
<’Z,a"> Zya/ o
Zo \> 1 (1Za]\? Zo \°
= (= ’ Dy|* A .
<\Z,a'> Z,af<Z,ou Dol A+ Zal)

Now we apply R(I —H) to each side, and conclude from the fact that A; € R
that

3
We multiply both sides by ( j“' > so that the first term on the RHS is

purely real:

(266)
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Jon(z) )
- H){<ézl|>3 H

We conclude from (265) and (267) that

Zo \* 1
v H){<rzw|> ZD“'AI}

[1Dar Atz S
L

Lco

3
ZC\/I
”‘H){(m> Zla'Di““l}

commutator estimate, we first rewrite this as

Zo\° 1
(I— H){QZ ’> 7 Dg,Al}

o’ 7a/ 12
< |l(z —m) Za \' 1y (1

‘Z Za/ o Za/ o’ 411

9 9 L2

Zo\° 1 1
I-H . , DA
( >{<|Za‘> <aaZ,a’> “ 1}

We estimate the second term on the RHS of (270) directly:

Zo \° 1 1
I-—H ) Oy Dy, A
( ){< ,af\) Zm(”&w) “ 1}
1

|Da' 2

Z
(267)

(268) H_D2 Al < lealls +

L? L2

By (315) and (261) we estimate

@9 el 5 Doy (255)(261).

’
%

It remains to estimate . To get the right

L2

(270)

L2

(271) L2

[1Dar Al S
L

Loo

(255)(261).

~

a
3

For the first term on the RHS of (270), we commute the factor (é—")

outside the (I — H), bringing along —— to ensure that the commutator is

controllable, and then bringing the — back inside:
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Zo\° 1 1

I—-H - » D, A
( ){<|Z,a/|> 7 (2, >}
Zo \2 1 1
(725) 78] o (7,00)

1 1
o[z ()

Z,a’ Z,a’ L2

1 1
le-mizee )il
Ne% % L2

We estimate the first two terms on the RHS of (272) using commutator

estimate (318):
Zo\° 1 1
: H| Oy | =—Do A
“ <|z,a,|> Zo | (z . )

L2

~

(272) 12

L2
1 1
(273) + | 8] on (Do)
2o 2o L2
1 1
< |0 — Do/
Z,oc’ L2 Z,o/ Lo

We will postpone estimating H%Da/z‘h HL until the end of this series of
calculations. For the moment, we take the last term from the RHS of (272):

1 1
(I —H) {Eaa' <ZD’”’A1>} y

fr-mot (o)l e (ane22)

We estimate the second term by

fr=m {on (arez))

<

~

(274)

L2

L2
1
(275) SHD?W T ‘Da, 1D A -
Z,a’ L2 Z,o/ [
1 — 2
’SHD?*/Z (1+ || Zto || ;) + (255)(261).
a' || 12

Finally, for the first term on the RHS of (274), we use (50) to replace -— 4,
by i(Zy —1), and apply (I —H)D?, to this, and then use (189): (I —H)(Zy —
ZyDo Z;) = 0, (40) and principles no.1 and no.2 of §A.2. We get
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1 —
(I —H)D?, <Z A1> = H(I - H)Di/(ZtDa/Zt)HB
o L2

(276) < ||(I —H) {(D2 Z)DarZ}| . + ||(I — H) {(Dar Z:) (D2 Z0) }

7 _
+ H(I—H) {Zt » a,Zt}

We estimate the first two terms directly by

L2

(I —H) {(D3 Z))Dor Zi } || 2 + ||(I = H) { (Do Z:) (D2 Z1) } || .2
@7) S |DaZil - (102 + |D2Z
< (254)(|| D2 Z4)| 1. + (257)).

1)

e+

We are left with the last term on the RHS of (276). We first decompose

ZZf/ into its holomorphic and antiholomorphic projections. The term with

the holomorphic projection disappears by (310). With what remains, we use
(308) to get a commutator, which we control by commutator estimate (322):

|o-m{Zomi|,
=i\<f—H>{< )a naf|,

278
(278) . . .
Paz— ), H| da /D2, < ||0arPa | D2 Z4||
a’ L2 Z, ’ oo
_ 1 —
< (uDz/ztuLz + 121l (1 tlee=| )12z,
o || 12
by (134) and (254).
We now give the estimate for %DalAlHL ]Z%(%IAI in
« oo ol Lo

(273). We do so using (125). We have

IZ: 70 1
= (Zt /) 7 / /
(279) N 2Z 2 n % o — ﬁ/ <| |2> Zt,ﬁ' (6 )dﬂ
m (Zy(o') — Z:(8) 1 /
¥%i ] 2 sin?(Z (o’ )) 7 Dg:Zy(B)dB

=I+1I.
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From Holder’s inequality, Hardy’s inequality (317) and the mean value the-
orem,'% we have

(280) Ml S 12t 72 S 12t 72 (255).

al || [ee

We rewrite I1 using integration-by-parts identity (319):

™ (Zi(a') = Z4(8) 1

2 | 2 SIHQ(%(OZ -8 Z DB/Zt(B) dp
(281) = —[Zt,H]Ba/ < o ) H <Zt o = Da/Zt>
= —[Z¢, H]00 <Z Dy Zt> [ ! ] Zior + | D Zi|?.

Using (331) on the first two terms on the RHS of (281), we get

1 _ _
115 S 120l [0 (- DuZ) |+ D07
o L2
— 1 —
B2 Wl (1022l + o | 1207,
7a L2
+ Dol

Combining (279), (280), (282), (255), and (254), we have

1
Waa’Al g HIHL“’ + HII”LOO
(283) o L=
— — 1 1
O (el ND2 2o | 2| )

We now sum up these estimates. From (268), and using (283) to estimate

HZ /Da’AlH , we have
1
HZ—Dg,A1 < (269) 4 (271) 4 (273) + (275) + (277) + (278)
(284) 1L .
coorat], et iz ], )
7o, 1D 2l Zo .

6Note that

1z |2 is periodic.
ol
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Combining (264) and (284) we conclude that

1% Zu
(285) (
<c

Zt,a’

D2 74|

o

)

1
2 aOA’Z—

o

1
Di/f‘

)

L)

)

11.2. Singularities and the angle of the crest

In §11.1 at (250) and (251) we characterized our energy in terms of various
L? and H'/? norms of quantities in Riemann mapping variables (as well as
a single quantity, ZLQM in L°°). When there is a non-right angle v at the
corner, or when there is a singularity in the middle of the free surface, the
Riemann mapping will have a singularity. In this section, we discuss what
this suggests about the angle v or the interior angle of an angled crest in
the middle of the free surface, continuing the discussion from §3.3.2.

As in §3.3.2, we will move the corner at the wall to 0, and phrase our
discussion in terms of a singularity at the corner, but it applies more broadly
to singularities in the middle of the free surface.'” We thus henceforth focus
on the angle v at the corner.

We first observe that our energy is finite in the regime when the interface
and velocity are smooth and the angle v = 7, so we can focus on the case
where v < %.18

If v is the angle the water wave makes with the wall, the Riemann
mapping ®(z) should behave like 2" at the corner, where rv = 5. For v < 7,
we have r > 1.

Recall from (250) and (251) that among the quantities that characterize

the energy, 80/%“, Lo ‘Di’ZLQIHLz and “%w“Lm are the terms purely

related to the surface. We will see through the following calculation what

1 2 1 1
Ou 7o ‘ Dz, Zor || and H 7o

non-right angles v are allowed if
finite.

Note that Z(a/) = @ H(/) ~ (/)7 50 Z o = 0o (®71) m (/)M
and

are
Lo

r2’

—a @) ey

o ~ /z(a')_l/r (r #1).

(286)

17The angled crests in the middle of the free surface don’t have to be symmetric.
18Recall from the discussion in §3.3.2 that we cannot have v > 5 in our energy
regime.
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1
7o

v < 7. Similarly, Di,% € L? so long as r > 2.19

Therefore, assuming r > 1, Oy € L? if and only if » > 2 if and only if

We conclude from this discussion that our energy will be finite only when
v < T (or when v = 7). This coincides precisely with the angles in the self-
similar solutions of [37].2 For singularities in the middle of the free surface,
this suggests that the interior angle must be less than %'21

Now let’s consider the behavior of the angle v over time. This angle
is determined by &ln z, at the corner. Therefore, the behavior of D,z =
0¢ (In z,) at the corner should determine how the angle changes. Since Z; o, =
(Dazt)oh™Z o and Z o = (o/)/7~1, we must have D,z — 0 at the corner
if Zy o € L%, as our energy assumes. This suggests that if initially v < e
the angle would not change while the energy remained finite. This holds true

also for interior angles at the angled crests.
Appendix A. Holomorphicity and mean
A.1. The Hilbert transform H

Recall that in §3 we introduced the Hilbert transform H associated to the
periodic domain P~:

1 T

(287)  Hf(o)) = E/lcot(§(o/ _ANFBAE,  for o € [-1,1]
We know from Proposition 1 that a function g € L? is the boundary value
of a periodic holomorphic function on P~ if and only if (I —H)g = fI g, and
that for any function f € LP, (I + H)f is the boundary value of a periodic
holomorphic function on P~, with (I —H)(I+H)f = f f. Recall also that we
defined at (41) the holomorphic and antiholomorphic projection operators

([-H) ..

(288) Paf =

YWe remark that, even though E, (which roughly includes HDi,%‘

Do ZLM HL2)
of derivatives, the two energies are comparable in the sense that they allow precisely
the same angles.
20We recall that our energy is finite for these solutions.
2I'We note that our energy does not apply to Stokes waves of maximum height
2

(interior angle = = ).

L2) is

in terms of the number

higher-order than Ej, (which roughly includes ‘
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Here we gather some basic properties of the Hilbert transform H that will
be used in this paper:

Proposition 4. a. Let 1 < p < 0o. Then there exists C), < oo such that for
all f € LP

(289) Ef e < Cp Il s -

b. Let f € LP for somep > 1. Then
1
@90)  Ef=f-ffi  Pabuf=PuPal=f .

c. Let feLP, ge LY, where%+%:1,1<p,q<oo. Then

ey [rmg-- [@ng  [@ing= [ 1Eag).

d. Let f € LP,g € LY forp>1,¢>1, 2+ L <1. Then

(292) Pal®unEan) = (1) (f9)

Parts a., b., and c. are classical results. We know the product of periodic
holomorphic functions is periodic holomorphic. Part d. is an easy conse-
quence of Proposition 1, parts b. and c., and the fact that (Pgf)(Pgg) is
the boundary value of a periodic holomorphic function on P~.

We will also need the following proposition.

Proposition 5. Let f € L, g € L for some p > 1. Suppose (I —H)f =
ff. Then

@3 B =0+ m (L - 3 f o+ 5 (1) (fa).

Proof. We begin by observing that

(294) [f,H]g = f(I +H)g — (I + H)(fg)-

Because (I — H)f = f f, by Proposition 1, [f,H]g is the boundary value of
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a periodic holomorphic function on P~. Therefore,

(1 - E)((7,E)g) = { (£, By = [ 71+ )y f fg

—fw-mne-fua=(f1)(fo) - fuo

by (291). 0

(295)

A.2. Periodic holomorphic functions

In this section, we note which of the functions we are dealing with are
the boundary values of periodic holomorphic functions—and which, further,
have mean zero. From Proposition 1 we know that, to show that (I — H) of
various functions disappears, assuming they are in LP, p > 1, it suffices to
show that they are boundary values of periodic holomorphic functions and
that their means are zero.

We start with the following basic facts. Assume that the quantities in-
volved are sufficiently smooth, and that the assumption (34) holds.

First, we have that the complex conjugate velocity is periodic holomor-
phic, and goes to zero as y — —oo by (9), so

(296) (I-H)Z; =0.
Then we have three identities about the Riemann mapping. Recall that

1

(297) Z o = 00 ® () 1); =307

’
fyes

Both of these are clearly periodic holomorphic. Therefore by (27) we have

1

(298) (I~ H)

=1, ([-H)Z, =1

The mean § Z o = 1 can also be checked directly by the fundamental theo-
rem of calculus, since Z(1,t) =1, Z(—1,t) = —1 for all time.
Finally, we have

(299) (I-H){®,0Z} =0

by (34). Here, we have ®; o ®~! is holomorphic because it is the limit of
holomorphic functions, and we know that ®; is periodic by the periodicity
of our domain Q(t).
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From these facts, we will be able to deduce everything else that we need
in the derivation of the free surface equations, from the following principles:

1. Assume that f € C°(S') with 9, f € LP, p > 1. If (I —H) f = ¢, then
(I —H)Oy f =0.

This is straightforward by taking derivatives. One may also use the corre-
spondence between periodic holomorphic functions on P_ and holomorphic
functions on the unit disc, and take a derivative to conclude.

2. Assume that f € P, g € L9 and fg € L" with p, ¢, » > 1. If
(I-H)f =0and (I —H)g = c then (I —H)(fg) =0.

This is because the product of periodic holomorphic functions is periodic
holomorphic. If one of the factors goes to 0 as y — —oo, then the product
goes to 0 as y — —oo0.

3. Assume G(z,t) is a periodic holomorphic function on Q(t) going to
zero as y — —oo, G is continuous differentiable with respective to ¢, and
GioZ € LY, GoZ € CO(8Y), 00 (Go Z) € LP, q,p > 1,50 (I-H)(GoZ) = 0.
Then (I —H)G; o Z = 0.2

It is clear that Gy o Z is periodic holomorphic, since it is the limit of
periodic holomorphic functions. It remains to show that f Gy o Z = 0. Note
that f Go Z = 0 for all time. Also, since ®(®~1(a/,t),t) = o, we have
(®,02) - (®71); + P 0 Z =0, and therefore

(300) (@) = (—Za)Po Z
Therefore, using (300) and the fact Z = ®~!, we have

= % G(Z(a/7t)7t) :][Gt(Z(O/,t)’t) +][Gz ° Z(‘I)_l)t(a/,t)

_][Gt o7 —][(30/(Go Z)) Py 0 d L.

0
(301)

The second integral is zero by principles no.1 and no.2 above.

Let F =¥ be the complex conjugate velocity. Note that F; o Z = Z;; —
(Da/7t)Zt as shown in §3.3.3. As immediate consequences of the basic facts
and the three principles above, we have the following statements:

(302) (I-H){(Zw)(F,oZ)} =0, forj=0,1
(303) (I -H){(Zw) (FuoZ)} =0, for j = 0,1

22Note that this argument does not apply to ®; o Z itself, because ® is not
periodic.
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(304) (I -H)(&,DEZ) =0,  forjk=0,1
(305) (I —H)Ou (Zy — (Do Z4)Zy) = 0.
A.2.1. Some identities used in the proof of Theorem 2. In this

and the following subsection §A.2.2, we assume only that the assumption in
Theorem 2 and its consequence (85) hold. From (39) and (40):

_ 1

(I-H)Z, =0, (I—H) =1,

Z o
and the above principles no.1 and no.2, we have
1
(306) (I —H)dy =0
(307) (I-H)D*Z; =0, for0<k<3
(308) (I —H )0y DY Zy =0, for0<k<2
1 _

(309) (I—IHI){Z Dg,zt}: ,  for0<k<2

Il
o

i 12 7\ ql Z \"
(310) (I —H) ((Q)/Di’zt)aa’ <<PH Z,a1> ))

for j =1,2,k=1,2,1=0,]1.

By (189), (I —H)(Zy — ZDo Z) = 0. This then gives, by an application of
principles no.1 and no.2 above,

(311) (I —H)D*,(Zyy — (Do Z4)Z;) =0, for 0 < k < 3.

A.2.2. Mean conditions. We have implicitly in the preceding section
shown that various quantities are mean-zero, but we don’t use that fact
other than in those identities. We will at one point require an explicit mean-
zero condition, to use a variant of the Sobolev inequality. This is that

(312) ][(DQ,Z)%a’ =0.

We note that because (I —H)D. Z; = 0 (307), Do Zy is the boundary value
of a periodic holomorphic function going to 0 as y — —oo, so its square will
also be the boundary value of a periodic holomorphic function going to 0 as
Yy — —00.
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Appendix B. Useful inequalities and identities

We present here assorted inequalities and identities that we need in our
paper. None of the results here are original, so we omit the proofs in most
cases. We refer the reader to [23] for details of the proofs.

B.1. Sobolev inequalities

We present here the one-dimensional Sobolev inequality we use in our proof.

Proposition 6 (Weighted Sobolev Inequality with €). Let € > 0. Then for
all f € CY(—=1,1) N L3(—1,1),

1
(313) [fll e < z [fll a2y +€ Hf/HL2(w) + 11 fll 2
for any weight w > 0.
Furthermore
1
(314) ][f2 =0=|fllp= = - 1fll 22y +€ Hf,HL2(w) :

We omit the proof since it is fairly standard.
B.2. Derivatives and complex-valued functions

Because our functions will be complex-valued, and we will often be looking
at derivatives of angular and modular parts of these functions, we note here
a few elementary facts about such functions.

Let f(a) = 7(a)e@) | where r, § are real-valued functions. Then

/
(315) Bulfll < |7 aai‘ <|£].
If] |f]
From —g—ﬁ > 0, we have a > 0 and
(316) et Fa
|21t + 1] Za|

We will use this fact in this paper to replace the angular part of the spatial
derivative z, with the angular part of the time derivative z + 1.
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B.3. Hardy’s inequality and commutator estimates

We present here the basic estimates we will rely on for this paper. Several of
these estimates control quantities of the form [f, H]g’ by something involving
f' and g; they thus reduce the amount of regularity required on g, at the
expense of further regularity on f.

For many of these estimates, we must pay close attention to the boundary
conditions. Recall that f € C°(S') implies that f|, = 0. Many of these
estimates do not hold if this periodic boundary condition is removed. To
save space, we have not always explicitly cited these boundary conditions
when we quote these estimates, but they are always met, by our assumption
of Theorem 2 and its consequence (85).

Proposition 7 (Hardy’s Inequality). Let f € C°(S'Y) n C'(—1,1), with
f' € L?. Then there exists C > 0 independent of f such that for any o/ € I,

/\)2
/I( ( % /ffﬁ)) d/Bl gCHfIHiT

(317)

sin®(5(a/ — B'))

Proposition 8 (L? x L™ Estimate). There exists a constant C > 0 such
that for any f € C°(SH)NC(—1,1) with f' € L?, g € C°[—1,1] with ¢’ € LP
for some p > 123 (so f|, =0, though possibly g|, # 0),

(318) ILf, H]Oargll 2 < C ||| 12 lgll o -

Proof. This result is the periodic modification of a result from [35], which
in turn is a consequence of the 7'(b) theorem [15].
We begin by integrating by parts,

H(f'g) - / 2 smg(/)(a f_(ﬁ/)))g(ﬁl)dﬁ

%
1 , m
+ (@) = £(8) cot(S

(319)
(@' = B)g(8)

i

0

where we have a boundary term because we didn’t place periodic boundary
assumption on g. We control the first term by the L? boundedness of H and
Holder. We control the last term by Hardy’s inequality (317).

We handle the second term by using the identity

T 2 1 1
(320 ) & ~ @

23We require this only to ensure that [f, H]g’ is well-defined.
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and reducing it to the real line version, Proposition 3.2 in [35]. For details,
see [23]. O

Proposition 9 (L? x L™ Estimate Variant). There exists a constant C > 0
such that for any f € CO(SY) N CY(—1,1) with f' € L?, g € L*®[-1,1] (and
50 flg =0 but possibly g|y # 0),

(321) H / S(ifl ga/)(_ f_(ﬁ /,))))9(5’)d5’

This is just the second term on the RHS of (319).

<O L gl -
L2

us
20[

Proposition 10 (L>* x L? Estimate [8]). There exists a constant C' > 0
such that for any f € C'—1,11n C°(St), g € C°(SY) N CY(—-1,1) with
g € LP for some p > 1?4,

(322) 11, Mgl o < C[f] o gl 2

To prove Proposition 10, we begin with the integration-by-part formula
(319), noting that the third term, the boundary term, is zero since f|, =
gls = 0. We handle the first term by the L? boundedness of H and Holder,
and the second term by identity (320), reducing it to the classical result on
R by [8].%

Proposition 11. There exists a constant C' > 0 such that for any f,g €
Cl(-1,1) N C°(SY) with f' € L? and g’ € LP for some p > 1,

(323) I1f, HOar gl Lo < C{|£]] 12 Ngllgrase -
Proof. We integrate by parts, first rewriting 9g g(3") = 9p (9(8’) — g(&)):

0ug = 55 [ Fr(8) ot (G(e’ = B)9(8) - gl

1 (7 fle)) = f(B)
2i/2sin2(g(o/—5’))

(324)

(9(8') —g(a))dp,

where there is no boundary term because of the periodic boundary condi-
tions.

24We assume ¢’ € LP only to ensure [f,H]g’ is well-defined.
2The result was later extended by [11].
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For the first term, we apply the Cauchy-Schwarz inequality:

[ 1@t = o) - ate)
1/2

<N [ latel) = 9050 ? eor G = ] a)

Taking L? of this in o and using the boundedness of cosine to replace cot?
with 2, we get the desired estimate.
For the second term, we use the Cauchy-Schwarz inequality:

H/sm (o _5,))(9(6') — g(a/))dB’

2

(325)

2,
<</ (/) = SO 4 [ lole) w')\gdﬁ,da,)”
S\ G- ) sl - p) |

and then we use Hardy’s inequality (317) to f to get our inequality (323). O

(326)

Proposition 12. There exists a constant C > 0 such that for any f €
Y2, g€ 12,

(327) |

[fH]gll > < C NSl s gl 2o -

Proof. This is immediate by the Cauchy-Schwarz inequality and the bound-
edness of cosine. O
Proposition 13. There exists a constant C' > 0 such that for any f,g €
CH{-1,1)nC°SY) with f',¢g' € L? and h € L?,
Bl fe) = f(B) g(e) —g(8)
”[fvga ]HL"’ T E sin(ﬂ(a’ — 6/)) SID(E(CM — ,3,))
2 2
<O Al Mgl e 1Pz -

h(B')ds’

(328) L

Proof. By the Cauchy-Schwarz inequality,

(329) '/Sma f(B) g(a’) —g(8) h(8)

(5(a/ = p"))sin(5(a/ = B'))
< ( /

[+)" (71

)
fle) = f(8)
)

sin(g (o — B’

9 1/2
dﬁ) .

o)~ g(8) , .,
G 7y )
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Now we take the L? of this in the o/ variable. By Hardy’s inequality (317),
we control the f factor by || f'[|;., and are left with

) 1/2
(330) < / / dﬁ/dd) .

Applying Fubini’s Theorem and then using Hardy’s inequality (317) once
more gives the result. O

Q(O/) - 9(5/) ’
s - )"

Proposition 14. There exists a constant C' > 0 such that for any f €
Cl(-1,1) N C°(SY) with f' € L?, g € L?,

(331) 11, Hlgll e < C ]

L2 ||g||L2 ’

Proof. Estimate (331) holds by the Cauchy-Schwarz inequality and Hardy’s
inequality (317). O

Proposition 15. There exists a constant C > 0 such that for any f,g €
Cl(—=1,1)nCOSY) with f',¢g' € L?, and h € L?,

(332) 10 [f, [g. HIAll 2 < C || o |9 || o 1M e

Proof. We differentiate:

1
(333) Dy [ (Fla') = FED(ale') ~ (8 cotl (o’ = ()
l/[(f(o/) — fB)g() —g(5),
2 ] 2 sin2(%(0/ —A")
We control the first two terms by Hélder’s inequality and then (331). We
control the last term by (328). O

= f'lg, H]h + ¢'[f, H]h — (8)dp'.

Proposition 16 (Higher-Order Calderon Commutator [11]). There exists
a constant C > 0 such that for any f € C1(—1,1) N CO(S*) with f' € L*,
h e C°(SY) N CY(—1,1) with ' € LP for some p > 1,

(334) 1L f3 00 e < C | f |5 1] e -

Proof. The proof is entirely analogous to the proof of (322), and now follows
from the work of [11], which extends the original result of [8] used for (322)
to allow two difference quotient factors, instead of one. To move from R to
our compact domain, we do the same infinite summation argument, with
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the only difference being that instead of (320), we use (%)Q&/W =
1
B.4. The H'/2 norm

We present here the following proposition.

Proposition 17. Let f € C1(—1,1) N C°(SY) with f' € L%. Then

(335) (1 =1)f = £ = 151 = [ 100 Fae

(335) holds because for f satisfying the assumption of Proposition 17,
(336) / i(Ou f) fda! = / (O Hf) fda!,

and i 9, Hf = |D|f, where |D| is the positive operator satisfying |D|? =
—02,. Tt is easy to see that [i(0u f)fdd’ is real-valued by integration by
parts.

B.5. Commutator identities

We include here for reference the various commutator identities that are
necessary.

(337) [0, Do) = —(Dozt) Do
(338) [0k, D2] = [0r, Da]Da + Da[04, Do) = —2(Dyozt)DZ — (D22:) Das

(07, Do) = ¢ [0, Do) + (01, Da] O

(339) )
= (_Daztt)Da + 2(Do¢2t> Da — 2(Dazt)Da8t.

To calculate [ia0y, Do), we use iaz, = zy+i (21) to rewrite ia0, = 10z Do =
(24t + 1) D, Therefore

(340) [i0a0, Do = [(2t+ +7) Do, Do) = —(Daztt) Da.
Adding (339) and (340), we conclude that

341 9?2 4100y, Do| = (—2Do2t) Do + 2(Dozt)? Dy, — 2(Do2) Do ;.
t
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Because [(0? + ia0,), D2] = [(0? + ia0a), Do) Da + Do [(0? +iady), Dy,
we have

(07 + iada), D2]
(342) = (=4Dy24t) D2 + 4(Doz)?D? — 2(Dy2t) D0 Do — (2D 244) Dy
+ 4(Dazt)(D22) Do — 2(D22)Do0; — 2(Dgzt) D20,

Appendix C. Summary of notation

We list here the various notations we’ve introduced in the paper. See also
§1.3 for a discussion of the conventions used.

b f|8 = f(]-’t) - f(_lat)‘

e v is the angle the water wave makes with the wall. See Figure 2.

o ] :=[—1,1] (except when it’s used for the identity or as an abbreviation
for a quantity to be controlled).

e Rz, {2z are the real and imaginary parts of a complex number z. .

e Function spaces C*(—1,1), C*[—1,1],C*(Sh), Hk(sl) L?, and Hl/2
are defined in §1.3. We define || f]| ;./» := ( If el )15 da’dﬁ’)

o ff=Fff=3 f[ p)ds'.

e z(a,t) is the Lagrang1an parametrization, and z(«,t) = v(z(a,t),t)

is the velocity. z; = Oz, etc.
[Zee—i] _ _ 0P 1
lza] " On Tzl

the outward-facing normal to X(¢).

e h:aw d is defined by h(a) = ®(z(a,t),t) and gives the Riemann
mapping variables, where ® is the Riemann mapping defined in §3.1.
b:=hioh ™t Oy(foh )= % oh™1. da/ = hyoda. Full details are in
§3.1 and §3.3.

e « and 3 are our variables in Lagrangian coordinates; o’ and 3’ are our
variables in Riemann mapping coordinates.

e H is the Hilbert transform in Riemann mapping variables, defined by

° a= We refer to ——n as the Taylor coefficient; n is

(343) Hf(W) = 5 [ cot(G(a’— 9 (a8

tJr

o We define Py := (I;H) and Py = (I;H) as the antiholomorphic and
holomorphic prOJectlons

o [f,g:hl(e)) = L[ (o’ )Slr{(?/)()o(f(_%/)ﬁgw,))h(ﬂ')dﬁ’, the higher order

Calderon commutator.
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o We use F(z(a,t),t) := Zi(c, ) at several points (and do not use F for
any other purpose).

o Z:=z20h7Y,Z = z0h™  Zy = zpoh ™ Z 0 = O (20h7Y), Zy o =
Ou' (2t 0 K1), ete.

e Compositions and inverses are always with respect to the spatial vari-

able.
o A:=(ahy)oh™t A := (athy) o h™t.
e D, = %805, |Dg| = ‘;—a|8a, Dy = ﬁ@a«, | Do/ | := ﬁ@a/ and
D—a/ = %80/.
o A = .A|Z,a/\2 = iZ o (Zy — i) € R (48). On changing variables, we
have
2
(344) Ay oh = 2zl
ha

originally derived at (52); we use this repeatedly without citation. We
often use A; > 1 (49), and also use Z%l, = i%;i (50).

e We define our energies in §4.1. We define generic energies F, g and Ey g,
and then specialize to E, := Fy p2z, and Ey, := Ep p_z,. We use Gy to
describe the RHS of the equation (07 + iad, )0 = Gy. For § = DFz,
Gy = DF(—iayZ,) + [0} + ia0,, DE]Z;.

e ©:—foh L B:= (’Z— - %Da,zt> ohL: o= (h—a) o h~! (168).

e See §1.3 for a discussion of how broadly I, 11, I, I1o, etc., are defined.
In short, they are unambiguous within each section, but ambiguous
between sections.

e We use C(F) to represent a polynomial of the energy FE.
Appendix D. Main quantities controlled

We list here the various quantities that are controlled by our energy, for ease
of reference. We don’t list every single quantity we have controlled, but we
do include any quantities that we give at the end of a concluding inequality
without further explanation.

e In §5.1, we controlled

/(9 + b0ar) D2, Z4|

D2, Zy|

D3 Zu)

D2, Zy|

L27 L‘Z) L2’ L27

022

Ize |DeZit| o

1 _
'TDi'Zt

. N Dad:DaZt|| 12 (1. dar) »
Hl 2
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|1Dev Zut|| . + || Dev Zit| ;  + | Daa ZtHLoo 11z

d d
/D zt\Q a /|D ztt]2 a

[ = H% 7~ is controlled at (123) in §5.2.

Ff
aa,%’ L is controlled at (130) in §5.3.
hy
h

|Z1o|

L27 LQ’

N2t + il oo s | A1l oo -

a:

=, is controlled at (136), ||(I +H)Dy Zt|;~ is controlled at
(132) in §5.4.

Do 7 ‘ is controlled at (148) in §5.6. H(Ztt 1) ‘ __and
Oy ZZ“J” ; are also estimated there.

6a/IP’AZ /HLOO is controlled at (134) in §5.4. We estimated at (133)

the related term HIP’A (th)a v )
| Do Bl| ;- is controlled at (186)

o
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