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Abstract We consider the problem of global in time existence and uniqueness of solutions
of the 2-D infinite depth full water wave equation. It is known that this equation has a
solution for a time period [0, T /ε] for initial data of the form ε�, where T depends only
on �. In this paper, we show that for such data there exists a unique solution for a time
period [0, eT/ε]. This is achieved by better understandings of the nature of the nonlinearity
of the full water wave equation.

1 Introduction

The mathematical problem of n-dimensional water wave concerns the motion of the inter-
face separating an inviscid, incompressible, irrotational fluid, under the influence of gravity,
from a region of zero density (i.e. air) in n-dimensional space. It is assumed that the fluid
region is below the air region. Assume that the density of the fluid is 1, the gravitational
field is −k, where k is the unit vector pointing in the upward vertical direction, and at time
t ≥ 0, the free interface is �(t), and the fluid occupies region �(t). When surface tension is
zero, the motion of the fluid is described by

vt + v · ∇v = −k − ∇P on �(t), t ≥ 0, (1.1)

div v = 0, curl v = 0, on �(t), t ≥ 0, (1.2)

P = 0, on �(t) (1.3)

(1,v) is tangent to the free surface (t,�(t)), (1.4)

where v is the fluid velocity, P is the fluid pressure. It is well-known that when surface
tension is neglected, the motion of the interface between an inviscid fluid and vacuum can
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be subject to Taylor instability [2, 3, 36]. Assume that the free interface �(t) is described by
z = z(α, t), where α ∈ Rn−1 is the Lagrangian coordinate, i.e. zt (α, t) = v(z(α, t), t) is the
fluid velocity on the interface, ztt (α, t) = (vt +v ·∇v)(z(α, t), t) is the acceleration. Let n be
the unit normal pointing out of �(t). The Taylor sign condition relating to Taylor instability
is

−∂P

∂n
= (ztt + k) · n ≥ c0 > 0, (1.5)

point-wisely on the interface for some positive constant c0. In previous works [38, 39],
we showed that the Taylor sign condition (1.5) always holds for the n-dimensional infinite
depth water wave problem (1.1)–(1.4), n ≥ 2, as long as the interface is nonself-intersecting.
In other words, the motion of infinite depth water wave is not subject to Taylor instabil-
ity. Furthermore we showed that the initial value problem of the full nonlinear water wave
system (1.1)–(1.4) is uniquely solvable locally in time in Sobolev spaces, for any initially
nonself-intersecting interfaces and incompressible irrotational velocities. Earlier Nalimov
[27], and Yosihara [40] obtained the existence and uniqueness of solutions locally in time
in Sobolev classes, for two dimensional water wave of infinite and finite depths, under the
assumption that the initial interface and velocity is a small perturbation of the still water,
and the bottom is a small perturbation of the flat horizontal one. There has been much work
recently concerning water waves with additional effects such as a nonzero surface tension,
a bottom, and a bounded nonzero vorticity in the fluid region [1, 6, 7, 14, 24, 26, 28, 31,
41]. Energy estimates were established and local in time existence in Sobolev spaces were
proved for water wave motion with these additional effects. However the question concern-
ing the solution behaviors globally in time remains open.

We study the global in time behavior of solutions of the infinite depth water wave sys-
tem (1.1)–(1.4), assuming that the initial velocity and acceleration are small.

Notice that for given initial velocity and acceleration of the form ε�(·), where ε is small,
� is a smooth vector-valued function decay fast at spatial infinity, the same energy estimates
and analysis in [38, 39] gives a long time existence of classical solutions for a time period
[0, T /ε], with T depending only on � . Indeed this is also one of the key elements used
in justifying asymptotic models of the water wave equation. In [11, 29], Craig [11] and
Schneider and Wayne [29] proved the existence of classical solutions up to time T/ε3 for
rescaled initial data ε2�(ε·) in the case of 2D finite depth water wave, but most importantly
they gave a rigorous justification of the KdV equation as a long wave limit of the full 2D
water wave equation. Justification of some other asymptotic models can be found in [15, 17,
18, 25, etc.].

Therefore for initial velocity and acceleration of the form ε�(·), where ε is small, the
question remains to be answered is what happens to the classical solution during the time
period [T/ε,∞)? Notice that in previous works [38, 39] we used the Lagrangian coordi-
nates. We approach the question of global well-posedness with two novel ideas. One idea is
to explore the possibility of a better coordinate system. Another idea is to use the dispersive
aspect of the water wave equation that hasn’t been used so far.1

We focus on the infinite depth 2D water wave in this paper. We will study the 3D case
in an upcoming paper, since it requires some different treatments in certain parts of the
calculations.

1A preprint [5] on the local smoothing effect of surface tension appeared recently after the submission of this
manuscript.
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The main results of this paper are that we find some quantities �, that are the traces on
the interface �(t) of some holomorphic or almost holomorphic functions in the air region
�(t)c , and a new coordinate system, such that in this coordinate system, these quantities
satisfy equations of the form

∂2
t � − i∂α� = G,

where G consists of nonlinear terms of only cubic and higher orders. Using these equations
we are able to show that for data of the form ε�(·), there exists a unique classical solution
for a time period [0, eT/ε] for the 2D water wave system (1.1)–(1.4), with T depending only
on � . We give some more detailed explanations in the following.

We first recall some of the main ideas in proving the local in time well-posedness of
the water wave system (1.1)–(1.4) [38, 39], while doing so we give a brief derivation of a
quasilinear system that is equivalent to (1.1)–(1.4). This derivation is somewhat different
from that in [38] but is the same as that in [39], while in [39] we only derived in the context
of the 3D water wave.

Let z = z(α, t) = (x(α, t), y(α, t)), α ∈ R, be the equation of the free interface �(t) at
time t in Lagrangian coordinates α. In what follows, we regard the 2D space as a complex
plane and use the same notation for a complex form z = x + i y and a point z = (x, y). So
z̄ = x − i y. We write [A,B] = AB − BA.

As we know it is difficult to solve (1.1)–(1.4) directly since it is defined on moving do-
mains. The first step used in [38, 39] in solving (1.1)–(1.4) was to reduce it to an equivalent
equation defined on the moving interface �(t). This was done based on the following ob-
servations. First notice that (1.2) implies that the complex conjugate of the velocity field v̄
is holomorphic in �(t). Therefore (1.2) is equivalent to z̄t = Hz̄t , where

Hf (α, t) = 1

πi
p.v.

∫
f (β, t)zβ(β, t)

z(α, t) − z(β, t)
dβ (1.6)

is the Hilbert transform on �(t) associated with the parameterization z = z(α, t). Now (1.3)
implies that on �(t), ∇P points in the direction normal to �(t), therefore −∇P = iazα ,
with a = − ∂P

∂n
1

|zα | . So (1.1), (1.3) is equivalent to ztt + i = iazα , and the system (1.1)–(1.4)
is equivalent to the following system on the interface �(t):{

ztt + i = iazα,

z̄t = Hz̄t .
(1.7)

However (1.7) is fully nonlinear. To solve (1.7), we further reduced it into a quasilinear
equation [38, 39], on which the classical energy method could be applied. This was done
by taking one derivative to t to the first equation in (1.7). Taking derivative to t to the first
equation in (1.7), we got {

zttt − iaztα = iat zα,

z̄t = Hz̄t .
(1.8)

Using the fact that z̄t = Hz̄t , we deduced

(I − H)(−iat z̄α)

= (I − H)(z̄ttt + iaz̄tα)

= [∂2
t + ia∂α,H]z̄t

= 2[ztt ,H] z̄tα

zα

+ 2[zt ,H] z̄t tα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

z̄tβ dβ. (1.9)
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Further using the fact that a and at are real valued gave

(I + K
∗)(at |zα|)

= Re

(
izα

|zα|
{

2[zt ,H] z̄tα

zα

+ 2[zt ,H] z̄t tα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

z̄tβ dβ

})
(1.10)

here Re z indicates the real part of z,

K
∗f (α, t) = p.v.

∫
Re

{−1

πi

zα

|zα|
|zβ(β, t)|

(z(α, t) − z(β, t))

}
f (β, t) dβ (1.11)

is the adjoint of the double layer potential K in L2(�(t), dS). Notice that I +K∗ is invertible
on L2(�(t), dS). From (1.10) we see that at |zα| has the same regularity as that of z̄t t and z̄t .

After proving the Taylor sign condition (1.5) holds, i.e. a > 0 [38, 39], we rewrote (1.8)
as ⎧⎨

⎩
zttt − iaztα = ztt + i

|ztt + i|at |zα|,
z̄t = Hz̄t .

(1.12)

Using (1.10) for at |zα|, we see that (1.12) is a weakly hyperbolic quasi-linear system with the
right hand side of the first equation in (1.12) consisting of terms of lower order derivatives
of zt .

Let u = zt . The system (1.12)–(1.10)–(1.11) is the 2D version of the quasi-linear system
(5.21)–(5.22) derived in [39]. The local in time wellposedness of (1.12)–(1.10)–(1.11) in
Sobolev spaces (with (u,ut ) ∈ C([0, T ],H s+1/2 ×Hs)) was proved by energy estimates and
iterative scheme. Through establishing the equivalence of (1.7) with (1.12)–(1.10)–(1.11),
we obtained the local in time well-posedness in Sobolev spaces of the full water wave equa-
tion (1.7) [38, 39].

Let’s now take a look at a possible change of variables. For f = f (α, t), g = g(α, t), we
use the notation Ugf (α, t) = f ◦g(α, t) = f (g(α, t), t). For fixed t , let k = k(α, t) : R → R

be a diffeomorphism and kα > 0. Let k−1 be such that k ◦ k−1(α, t) = α. Define

ζ = z ◦ k−1, u = zt ◦ k−1 = u ◦ k−1, and w = ztt ◦ k−1 = ut ◦ k−1. (1.13)

Let

b = kt ◦ k−1 and A ◦ k = akα. (1.14)

By a simple application of the chain rule, we find

w = ut + buα and U−1
k (∂2

t − ia∂α)Uk = (∂t + b∂α)
2 − iA∂α. (1.15)

In this new coordinate system, (1.12) becomes

{
(∂t + b∂α)

2u − iA∂αu = (at |zα|) ◦ k−1 w+i
|w+i| ,

ū = Hū
(1.16)

with
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(I + K∗)((at |zα|) ◦ k−1)

= Re

(
iζα

|ζα|
{

2[w, H] ūα

ζα

+ 2[u, H] w̄α

ζα

− 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

ūβ dβ

})
(1.17)

and

Hf (α, t) = 1

πi
p.v.

∫
f (β, t)ζβ(β, t)

ζ(α, t) − ζ(β, t)
d β, (1.18)

K∗f (α, t) = p.v.

∫
Re

{−1

πi

ζα

|ζα|
|ζβ(β, t)|

(ζ(α, t) − ζ(β, t))

}
f (β, t) dβ. (1.19)

Notice the remarkable similarities between the terms in (1.12)–(1.10)–(1.11) and in (1.16)–
(1.17)–(1.19). In particular, the structures of the terms in (1.6), (1.10), (1.11) do not change
under the change of variables. This makes it convenient for us to work in another coordinate
system and to choose a different coordinate system when there is advantage to do so. In
fact, using (1.16)–(1.17) one can prove the local in time well-posedness of the water wave
problem in this arbitrarily chosen coordinate system using the same analysis as in [38, 39].

We now discuss the dispersive aspect of (1.12)–(1.10)–(1.11). Let u = zt . Linearize
(1.12)–(1.10)–(1.11) about the zero solution (the still water), we obtain the free equation

ut t + |Dα|u = 0, (1.20)

where |Dα| =
√−∂2

α . The system (1.12)–(1.10)–(1.11) can be rewritten as

ut t + |Dα|u = F(z,u,ut ,ut t ,uα) (1.21)

with F consisting of the nonlinear terms. Notice that F contains both quadratic and higher
order nonlinear terms. As we know, for small solutions, it is in general the most difficult
to handle the lowest order nonlinearity. In (1.21), the most difficult terms are the quadratic
nonlinear terms in F . Using the method of stationary phase [34], we find that the free so-
lution u of the linear equation (1.20) for 2D water wave has a L1 − L∞ time decay rate2

1/t1/2. Such slow decay rate coupled with the quadratic nonlinearity in (1.21) doesn’t give
us a much longer existence time period than already obtained by the energy estimates and
the standard Sobolev embedding. This motivates us to explore possible cancellations in the
quadratic nonlinearity in F . One possible method is the method of normal form. The idea
of the method of normal form is to make a nonlinear change of unknowns (if it exists)

v = u + K(u)

2Let |D| = √−�, � the Laplacian on Rn. If u ∈ C∞((x, t) ∈ Rn+1) is a solution of

ut t + |D|u = 0, u(·,0) = u0, ut (·,0) = u1,

and vanishes rapidly as |x| → ∞, we have by an application of the method of stationary phase,

|u(·, t)|L∞(R) ≤ c

(t + 1)n/2

1∑
j=0

∑
|k|≤n+1

∫
|∂k

xuj (x)|dx.

We do not give detailed derivations of this estimate, since we will not use it in this article. Instead we will use
the decay estimate in Proposition 3.1.
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so that v satisfies an equation

vt t + |Dα|v = F1(z,u,ut ,ut t ,uα)

with F1 consisting of only cubic and higher order nonlinear terms, and ‖v‖ ≈ ‖u‖ in various
norms ‖ · ‖ involved in the estimates. However there are difficulties in carrying out this
method on our system (1.12)–(1.10)–(1.11), since we do not know a priori whether such a
transformation exists; and we do not know the form of the transformation if it indeed exists.
In [30], Shatah extended Poincaré’s method of normal forms for the ordinary differential
equations to the study of the nonlinear Klein-Gordon equations. Using a transformation of
the type v = u + B(u,u), where B is a bounded bilinear form, he successfully reduced
a quadratic nonlinear Klein-Gordon equation ∂2

t u − �u + u = f (u,Du,D2u) for u into
a cubic nonlinear Klein-Gordon equation for the new function v = u + B(u,u). He then
proved the global in time existence of classical solutions for small initial data in dimensions
n > 2. The bounded-ness of the bilinear form B(u,u) is crucial for his method to work,
as it implies that ‖v‖ ≈ ‖u‖ when ‖u‖ is small. (We note that the bilinear form B(u,u) in
Shatah’s work is only explicit in its Fourier symbol, and the time decay rate3 for the Klein-
Gordon equation in n-D is 1/tn/2. See also Simon [32] and Simon and Taflin [33] where
they gave a different transformation for the nonlinear Klein-Gordon equation cancelling out
quadratic terms.)

We therefore tried a transformation of the type v = u + B(u,u), where B(u,u) is bilin-
ear. However, this type of transformation works only partially for our system (1.12)–(1.10)–
(1.11). There are three difficulties: firstly, not all of the quadratic nonlinear terms in (1.21)
(or equivalently (1.12)) can be transformed into cubic and higher orders through a transfor-
mation v = u+B(u,u) with a bounded bilinear form B(u,u). Secondly, even with the partial
transformation that transforms only those quadratic nonlinear terms that can be transformed
into cubic and higher orders with a bounded bilinear form B(u,u), the result is still unsatis-
fying: the partial transformation destroys the structure of (1.12) and the resulting terms are
not in favorable forms for us to have good decay estimates. For example, the estimates for
the new nonlinearity depend now on the estimates of the function u itself. While one may
use Lp–Lq estimates to get a time decay estimate for u, it would be slower than the rates (di-
rectly obtainable from the equation) for ut and |Dα|1/2u. Therefore the existence time period
of classical solutions one may obtain for the new nonlinearity depending on the estimates
of u would be shorter than the case when the estimates don’t depend on the estimates of u.
Thirdly, the structures of the partial transformation and the resulting equation are no longer
coordinate invariant and are too complicated to be understood.4

Nevertheless the idea of the method of normal form is the one we employ in this paper.
Starting from the partial transformation, and with much further analysis and efforts in un-
derstanding the nature, relations and possible cancellations of the terms in the equation, we
find that the quantities

 = (I − H)(z − z̄), and v = ∂t (I − H)(z − z̄) = (I − H)u + [u,H] z̄α − zα

zα

(1.22)

3See [13, p. 151, Corollary 7.2.4].
4The Fourier symbol of the partial bilinear transform is not of the types [8] for which satisfactory estimates of
their corresponding bilinear forms are known. It becomes necessary for us to find its structures in the physical
space. In 2D it is relatively easy to find the structures of the partial bilinear transform in the physical space,
while in 3D it is quite difficult to find it. A more natural and understandable transformation for the 2D water
wave will be helpful for finding the one for the 3D water wave, and will be useful for studying other questions
on water waves.
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satisfy the equations

(∂2
t − ia∂α) = −2

[
zt , H̄

1

z̄α

+ H
1

zα

]
ztα

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(zβ − z̄β) dβ (1.23)

and

(∂2
t − ia∂α)v = ∂t {(∂2

t − ia∂α)(I − H)(z − z̄)} + iat ∂α(I − H)(z − z̄). (1.24)

Notice that both the right hand sides of (1.23) and (1.24) are consisting of only cubic and
higher order nonlinear terms, while the left hand sides of (1.23) and (1.24) still involve
quadratic nonlinear terms. We resolve this difficulty by looking for a better coordinate sys-
tem. (Notice that both the structures of , v and (1.23), (1.24) are coordinate invariant.5)

Let �(·, t) : �(t) → P− be the Riemann mapping from the fluid domain �(t) to
the lower half plane P−, satisfying limz→∞ �z(z, t) = 1 and �(z(0, t), t) = 2x(0, t). Let
h(α, t) = �(z(α, t), t) and

k(α, t) = 2x(α, t) − h(α, t). (1.25)

We find that both b = kt ◦ k−1 and A − 1 = (akα) ◦ k−1 − 1 are consisting of only quadratic
and higher order nonlinear terms in w = ut + buα and u, here u, w are as defined in (1.13).
Therefore the quantities

v = v ◦ k−1 and χ = U−1
k (I − H)(z − z̄) (1.26)

satisfy equations

(∂t + b∂α)
2v − iA∂αv = U−1

k (∂t {(∂2
t − ia∂α)(I − H)(z − z̄)}

+ iat ∂α(I − H)(z − z̄)) (1.27)

and

(∂t + b∂α)
2χ − iA∂αχ = −2

[
u, H̄

1

ζ̄α

+ H
1

ζα

]
uα

+ 1

π i

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζβ − ζ̄β) dβ (1.28)

and they are of the form

∂2
t v − i∂αv = G1(w,u), ∂2

t χ − i∂αχ = G2(w,u) (1.29)

with G1, G2 consisting of only cubic and higher order nonlinear terms in w and u. Fur-
thermore, since u and v = (∂t + b∂α)χ are equivalent in the various norms involved in our
estimates, we can directly obtain estimates for u from (1.28). The finding of this change of

5We will see in later sections, in particular in Propositions 3.2, 3.3, 3.4 and (3.12), (3.14) that the structures
of , v and the terms in (1.23), (1.24) and (1.27), (1.28) are of the types for which we can obtain satisfactory
estimates.
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variables k is inspired by the formula for ht ◦h−1 in our previous work (see [38, the formula
for b at the bottom of p. 50]).

Notice that the quantity  or χ is the boundary value of a holomorphic function in the
air region �(t)c and v or v is almost holomorphic in �(t)c (from (1.22), we see that it is
a holomorphic term plus a quadratic or higher order term). We remark that the initial value
problem for the equation

∂2
t � − i∂α� = G

is ill-posed for a general complex valued unknown function �. However it is well-posed if
the unknown function � is the boundary value of a holomorphic function in {�(t)}c and
in this case ∂2

t � − i∂α� = ∂2
t � + |ζα|∇n�, where ∇n is the Dirichlet-Neumann operator

(see [39] for a definition). Therefore when viewed in terms of its real or imaginary part
separately, the left hand sides of the equations in (1.29) are in fact non-linear and contains
quadratic nonlinearity. However when viewed as a complex valued term, ∂2

t � − i∂α� is
linear.

We now see that the nonlinearity of the infinite depth 2D water wave system (1.1)–(1.4)
is essentially consisting of only nonlinear terms of cubic and higher orders when we work
with the right quantities in the right coordinate system. To study the global wellposedness of
the 2D water wave system (1.1)–(1.4), we use the method of invariant vector fields to (1.27)
and (1.28). The advantage of this method is that it gives a better L2–L∞ type time decay
estimate (with decay rate 1/t1/2 for 2D water wave). Klainerman developed the method of
invariant vector fields for the nonlinear wave equations [20–23]. The invariant vector fields
for ∂2

t − i∂α are

∂t , ∂α, L0 = 1

2
t∂t + α∂α, and �0 = α∂t + 1

2
t i. (1.30)

However the inhomogeneity of �0 makes it difficult to use it to get estimates for terms such
as �0v, �0χ directly from (1.27), (1.28). We notice that

�0∂α = L0∂t − 1

2
t (∂2

t − i∂α). (1.31)

Therefore we resort to use only ∂t , ∂α , and L0, and resolve the problems from the absence
of �0 by finding one more quantity of one time derivative less than χ satisfying an equation
of the form (1.29). We find the quantity

λ = U−1
k (I − H)ψ, (1.32)

where ψ(α, t) = φ(z(α, t), t), φ the velocity potential, satisfies an equation of the
form (1.29). Using (1.27), (1.28), and the equation for λ, and the method of invariant vector
fields, we are able to derive a priori estimates for solutions of the 2D water wave equation
that hold for a time period [0, eT/ε], as long as the initial energy is no more than H 2ε2.
Using the local existence result and a continuity argument, we arrive at the following almost
global existence result for the 2D water wave.

Let the initial interface be a graph z(α,0) = α + i εf (α), the initial velocity zt (α,0) =
εg(α), α ∈ R, f and g are smooth and decay fast at infinity, and ḡ = H0ḡ, here H0 is the
Hilbert transform associated with the initial interface z(·,0).
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Theorem There exist ε0 > 0, T > 0, depending only on f and g, such that for 0 < ε < ε0,
the initial value problem of the 2-D water wave system (1.7) (equivalently (1.1)–(1.4)) has
a unique classical solution for a time period [0, eT/ε]. During this time period, the solution
has the same regularity as the initial data and remains small, and the interface is a graph.

For precise assumptions on f and g and the precise statement of the above Theorem, see
Theorem 5.5. See also the discussion on initial data following the proof of Theorem 5.5.

For the rest of this paper if not otherwise mentioned, z = z(α, t) = x(α, t) + i y(α, t)

indicates a solution of the water wave system (1.7), H is as defined in (1.6), k indicates the
change of variable given in (1.25). ζ , u, w, b, A and H, K∗ are as defined in (1.13)–(1.19) for
this particular k. , v and v, χ , λ are as defined by (1.22), (1.26), (1.32). � = (I − H)ψ =
λ ◦ k.

The equations for the quantities v, χ and λ (equivalently v,  and �), as well as the
relations between the transformed quantities v, χ and λ and untransformed quantities w, u

and ζ will be derived in details in Sect. 2. In Sect. 3 we present some basic analytic tools
that will be used in deriving a priori estimates. In Sect. 4 we construct the energy from the
equations for v, χ and λ and derive the energy estimates. In Sect. 5 we present and prove
the almost global wellposedness result of the 2D water wave system (1.7).

2 The derivation of the main equations

In this section, we give a derivation of the equations for v, χ and λ.6 As noted in the in-
troduction, to find possible cancellations in the quadratic nonlinearity of the water wave
system, we started from a partial transformation of the type u + B(u,u) with a bounded bi-
linear form B(u,u), and finally arrived at the quantity v through much further analysis and
understandings of possible cancellations involved, and through choosing a better coordinate
system. Because of the impossibility of getting estimates for such quantities u, �0u, v, �0v

from the equation and because of (1.31), we find further the quantities χ and λ. However for
the sake of clarity we do not go over this process. Instead we give a derivation of the equa-
tions assuming we have already found the quantities v, χ , λ and the change of variables k

as introduced in the introduction.
We know H2 = I in L2. We use the convention H1 = 0.
We start from the equivalent water wave system (1.7):

ztt + i = iazα, (2.1)

z̄t = Hz̄t , (2.2)

where a is a real valued function determined by the system (2.1)–(2.2). Let z = z(α, t) be
a solution of (2.1)–(2.2), with zt ∈ C([0, T ],H s+1/2) ∩ C1([0, T ],H s), s ≥ 4 as obtained
in [38]. We have the following identities.

Lemma 2.1 Assume that f ∈ C1(R × (0, T )) satisfies fα(α, t) → 0, as |α| → ∞. We have

[∂t ,H]f = [zt ,H]fα

zα

, (2.3)

[∂2,H]f = [ztt ,H]fα

zα

+ 2[zt ,H]ftα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

fβ dβ, (2.4)

6The physical meanings of v, χ , and λ are unknown at the time of writing. It is desirable to have good
understandings of these quantities from the physical point of view.
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[a∂α,H]f = [azα,H]fα

zα

, ∂αHf = zαH
fα

zα

, (2.5)

[∂2
t − ia∂α,H]f = 2[zt ,H]ftα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

fβ dβ, (2.6)

(I − H)(−iat z̄α) = 2[ztt ,H] z̄tα

zα

+ 2[zt ,H] z̄t tα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

z̄tβ dβ. (2.7)

Remark In fact, (2.3) to (2.5) hold for a generally given z = z(α, t) that defines a non-
selfintersecting curve for each fixed time t , with zt , zα − 1 ∈ C1([0, T ],H 1(R)), and its
associated Hilbert transform H.

The proof of (2.3) to (2.5) is straightforwardly integration by parts, we omit the proof.
(2.6) is a straightforward consequence of (2.4), (2.5) and (2.1). (2.7) is basically (1.9), in
which the last step is explained by (2.4), (2.5) and (2.1).

We record in the following some basic facts on holomorphic functions that will be used
in this paper. Let � be a C1 domain in the complex plane. Assume that the boundary of � is
parametrized by z = z(α), α ∈ R, oriented in the clockwise sense, and there exist constants
μ1, μ2 > 0, such that μ1|α − β| ≤ |z(α) − z(β)| ≤ μ2|α − β| for all α, β ∈ R. Let

Hf (α) = 1

πi
p.v.

∫
zβ(β)

z(α) − z(β)
f (β)dβ

be the associated Hilbert transform. We have

Lemma 2.2 1. f (·) = F(z(·)) ∈ L2(∂�) is the boundary value of a holomorphic function F

in � if and only if f = Hf .
2. If f = Hf , g = Hg, then [f,H]g = 0.
3. For any f,g ∈ L2(∂�), we have [f,H]Hg = −[Hf,H]g.

The first statement above is a consequence of the Cauchy integral formula. The second
statement follows from the fact that the product of holomorphic functions is holomorphic.
Applying the second statement to f + Hf and g + Hg, we get

[f + Hf,H](Hg) = −[f + Hf,H](g). (2.8)

Notice that −H is the Hilbert transform associated with the domain �c . Applying the second
statement to f − Hf and g − Hg gives

[f − Hf,H](Hg) = [f − Hf,H](g). (2.9)

Summing up (2.8), (2.9) we arrive at the third statement.
We now derive the three main equations that will be used to obtain a priori estimates and

prove the almost global wellposedness of the water wave equation (2.1)–(2.2). Since we are
concerned with small solutions in this paper, the order of smallness in the nonlinearity is
important. We understand that zt , ztt and zα − 1 each is of order one in smallness.
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Let φ be the velocity potential, i.e. v = ∇φ, and let ψ(α, t) = φ(z(α, t), t).7 The main
point of the following proposition is to show that the quantities (∂2

t − ia∂α){(I −H)(z− z̄)},
(∂2

t − ia∂α)∂t {(I − H)(z − z̄)} and (∂2
t − ia∂α){(I − H)ψ} are each consisting of only cubic

and higher order nonlinear terms. Furthermore, efforts are made to ensure these nonlinear
terms are in formats on which we are able to carry out the (optimal) estimates.

Proposition 2.3 Let z = z(α, t), with zt ∈ C([0, T ],H s+1/2) ∩ C1([0, T ],H s), s ≥ 4 be a
solution of (2.1)–(2.2). Let  = (I − H)(z − z̄), v = ∂t, and � = (I − H)ψ . We have

(∂2
t − ia∂α) = −2

[
zt ,H

1

zα

+ H̄
1

z̄α

]
ztα

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(zβ − z̄β) dβ,8 (2.10)

(∂2
t − ia∂α)v = ∂t {(∂2

t − ia∂α)} + iat ∂α(I − H)(z − z̄), (2.11)

(∂2
t − ia∂α)� = −

[
zt ,H

1

zα

+ H̄
1

z̄α

]
(z̄αztt ) + [zt , H̄]

(
z̄t

ztα

z̄α

)
+ zt [zt ,H] z̄tα

zα

− 2[zt ,H]zt · ztα

zα

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

zt · zβ dβ. (2.12)

Proof Let’s first prove (2.10). We have

(∂2
t − ia∂α){(I − H)(z − z̄)}
= (I − H){(∂2

t − ia∂α)(z − z̄)} − [∂2
t − ia∂α,H](z − z̄)

= (I − H)(−2z̄t t ) − 2[zt ,H]ztα − z̄tα

zα

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(z − z̄)β dβ

= −2[zt ,H]ztα

zα

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(z − z̄)β dβ

= −2

[
zt ,H

1

zα

+ H̄
1

z̄α

]
ztα + 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(zβ − z̄β) dβ. (2.13)

Here in the second step we used (2.1), (2.6), the third step we used (2.2) and (2.3), and in
the fourth step we inserted the term [zt , H̄

1
z̄α

]ztα to make it an at least cubic nonlinear term.

[zt , H̄
1
z̄α

]ztα = 0 because both z̄t and z̄tα

zα
are boundary values of some holomorphic functions

in �(t) and because of the part 2 of Lemma 2.2. (2.11) is obtained by taking a derivative to
t to (2.10). We see from (2.7) that at is consisting of terms of quadratic and higher orders.

7Notice that in general, the velocity potential ψ does not decay at the spatial infinity. Therefore here we do

not assume ψ decay at the spatial infinity. The case we consider is that the spatial L2 norms of ∂t�, ∂α�

etc., where � = (I − H)ψ , are finite, this is roughly equivalent to asking the amplitude of the wave and the
velocity etc. being in L2.
8The right hand side of (2.10) is consisting of cubic and higher order terms, since it has an expansion as that
in (2.27).
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Now let’s derive (2.12). We know the velocity potential φ satisfies the Bernoulli equation:
φt + 1

2 |∇φ|2 + P + y = constant in �(t), therefore we may choose the φ so that

φt + 1

2
|zt |2 + y = 0 on �(t), (2.14)

and we have

ψt = φt + ∇φ · zt = φt + |zt |2 = −y + 1

2
|zt |2,

ψtt = −yt + zt · ztt , (2.15)

ψα = ∇φ · zα = zt · zα = Re{z̄t zα}.
Using (2.1) we get

ψtt − ia∂αψ = zt z̄tt − iz̄t . (2.16)

Now from (2.16), (2.2), (2.6), and (2.15),

(∂2
t − ia∂α){(I − H)ψ}
= (I − H)(ψtt − iaψα) − [∂2

t − ia∂α,H]ψ

= (I − H)(zt z̄tt ) − 2[zt ,H]ψtα

zα

+ 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

ψβ dβ

= (I − H)(zt z̄tt ) − 2[zt ,H]−yα + zt · ztα

zα

+ 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

zt · zβ dβ.

(2.17)

In order to show that the term (I − H)(zt z̄tt ) + 2[zt ,H] yα

zα
is in fact consisting of only cubic

and higher order terms, we manipulate further

(I − H)(zt z̄tt ) = [zt ,H]z̄t t + zt [∂t ,H]z̄t = [zt ,H]z̄t t + zt [zt ,H] z̄tα

zα

and

[zt ,H]z̄t t + 2[zt ,H]yα

zα

= [zt ,H]
(

z̄t t + 2yα

zα

)
= [zt ,H]

(−z̄αztt

zα

)

= −
[
zt ,H

1

zα

+ H̄
1

z̄α

]
(z̄αztt ) + 1

2
[zt , H̄](ztt − H̄ztt )

= −
[
zt ,H

1

zα

+ H̄
1

z̄α

]
(z̄αztt ) + 1

2
[zt , H̄][z̄t , H̄]ztα

z̄α

.

In the second step above we used (2.1), the third step we used the fact that both zt and
ztt + H̄ztt are boundary values of anti-holomorphic functions in �(t) and the part 2 of
Lemma 2.2. In the last step we used (2.3). Further using the fact that H

z̄tα

zα
= z̄tα

zα
(see (2.5)

and (2.2)), (2.2) and the third statement of Lemma 2.2, we rewrite

1

2
[zt , H̄][z̄t , H̄]ztα

z̄α

= 1

2
[zt , H̄]

(
z̄t

ztα

z̄α

− H̄

(
z̄t

ztα

z̄α

))
= [zt , H̄]

(
z̄t

ztα

z̄α

)
.

This gives us (2.12). �
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We now show that after applying the change of variables k as given in (1.25),9 the non-
linearities in the left hand sides of (2.10)–(2.12) will be consisting of only cubic and higher
order terms.

Let �(·, t) : �(t) → P− be the Riemann mapping from the fluid domain �(t) to
the lower half plane P−, satisfying limz→∞ �z(z, t) = 1 and �(z(0, t), t) = 2x(0, t). Let
h(α, t) = �(z(α, t), t),

k(α, t) = 2x(α, t) − h(α, t). (2.18)

We know k(0, t) = 0. Assume that k(·, t) : R → R is a diffeomorphism and kα(·, t) > 0. (We
consider the question of when the function k(·, t) is a diffeomorphism in Sect. 5. As shown
in Lemma 5.3 part 2, a smallness in zα(·, t)−1 is sufficient for k(·, t) to be a diffeomorphism
from R to R and kα(·, t) > 0.)

Let the notations introduced in (1.13)–(1.19) relating to change of variables be for this
particular k. In particular, b = kt ◦ k−1, and A = (akα) ◦ k−1. We know

U−1
k HUk = H, U−1

k ∂tUk = ∂t + b∂α, U−1
k a∂αUk = A∂α. (2.19)

In the following proposition we show that b and A − 1 are consisting of only quadratic and
higher order terms.

Proposition 2.4 Let b = kt ◦ k−1 and A = (akα) ◦ k−1. We have

(I − H)b = −[zt ◦ k−1, H] ζ̄α − 1

ζα

, (2.20)

(I − H)A = 1 + i[zt ◦ k−1, H] (z̄t ◦ k−1)α

ζα

+ i[ztt ◦ k−1, H] ζ̄α − 1

ζα

. (2.21)

Proof We know ht = �t + �zzt , hα = �zzα , �t , �z are holomorphic in �(t), and
limz→∞ �z − 1 = 0. We have

z̄t − kt = ht − zt = �t + (�z − 1)zt , z̄α − kα = hα − zα = (�z − 1)zα. (2.22)

Therefore

−(I − H)kt = (I − H)(z̄t − kt ) = (I − H){(�z − 1)zt } = [zt ,H](�z − 1)

= [zt ,H] z̄α − kα

zα

. (2.23)

Applying the change of variable U−1
k to (2.23) gives (2.20). Now using (2.22), (2.1), and the

fact that �z − 1 is holomorphic, we have

(I − H)(iaz̄α − iakα) = (I − H)(iazα(�z − 1)) = [ztt ,H](�z − 1)

9The basic requirements on k are that b = kt ◦ k−1 and A − 1 = (akα) ◦ k−1 − 1 must be consisting of
quadratic and higher order terms. However we also need them to have “good” structures for optimal estimates.
For this article, being “good” includes being coordinate invariant, being invariant under the application of the
invariant vector fields, see (3.14). Also see Propositions 3.2, 3.3, 3.4 for some examples of structures that
posses satisfactory estimates. The one given by (2.18) is a good one, but certainly it is not necessarily the
unique one.
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therefore from (2.1), (2.2), (2.3), (2.22),

−(I − H)(iakα) = −(I − H)(iaz̄α) + [ztt ,H](�z − 1) = −i + [zt ,H] z̄tα

zα

+ [ztt ,H] z̄α − kα

zα

.

Again with the change of variable U−1
k we arrive at (2.21). �

Now let

P = (∂t + b∂α)
2 − iA∂α, (2.24)

v = v ◦ k−1, χ =  ◦ k−1, and λ = � ◦ k−1 (2.25)

and as defined in (1.13),

ζ = z ◦ k−1 = x + iy, u = zt ◦ k−1 and w = ztt ◦ k−1. (2.26)

We have from (2.10) to (2.12) (by the chain rule)

Pχ = −2

[
u, H

1

ζα

+ H̄
1

ζ̄α

]
uα + 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζβ − ζ̄β) dβ

= 4

π

∫
(u(α, t) − u(β, t))(y(α, t) − y(β, t))

|ζ(α, t) − ζ(β, t)|2 uβ dβ

+ 2

π

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

yβ dβ, (2.27)

Pv = (∂t + b∂α)(Pχ) + at

a
◦ k−1iA∂αχ, (2.28)

Pλ = −
[
u, H

1

ζα

+ H̄
1

ζ̄α

]
(ζ̄αw) + [u, H̄]

(
ū

uα

ζ̄α

)
+ u[u, H] ūα

ζα

− 2[u, H]u · uα

ζα

+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

u · ζβ dβ. (2.29)

(2.20) and (2.21) give

(I − H)b = −[u, H] ζ̄α − 1

ζα

, (I − H)A = 1 + i[u, H] ūα

ζα

+ i[w, H] ζ̄α − 1

ζα

(2.30)

and from (2.1) and (2.7), we have

w + i = iAζα, and (2.31)

(I − H)

(
−i

at

a
◦ k−1Aζ̄α

)

= 2[w, H] ūα

ζα

+ 2[u, H] w̄α

ζα

− 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

ūβ dβ. (2.32)

Notice that (2.27) to (2.29) are of the form ∂2
t � − i∂α� = G with G consisting of only

cubic and higher order terms. These equations together with (2.30) to (2.32) and the relations
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among the quantities u, ζ , v, χ and λ:

χ = (I − H)(ζ − ζ̄ ), v = (∂t + b∂α)χ, and λ = (I − H)(ψ ◦ k−1) (2.33)

will be the main equations we use to derive our estimates on the solution z of the water wave
system (2.1)–(2.2). In what follows we record some further relations consequent to (2.33).

Proposition 2.5 Let χ , λ, v and ζ , u be as defined in (2.25), (2.26). We have

∂αχ =
(

I − ζα H
1

ζα

)
(ζα − ζ̄α), (2.34)

v = (∂t + b∂α)χ = 2u − (H + H̄)u − [u, H]ζα − ζ̄α

ζα

, (2.35)

ūζα = ∂αλ̄ + 1

2

(
ζα H

1

ζα

+ ζ̄α H̄
1

ζ̄α

)
(ūζα). (2.36)

(2.34) is straightforward by applying (2.5) to the definition χ = (I − H)(ζ − ζ̄ ). (2.35)
is a straightforward consequence of the definition of v, by applying (2.3):

v = ∂t (I − H)(z − z̄) = (I − H)(zt − z̄t ) − [zt ,H]zα − z̄α

zα

= 2zt − (H̄ + H)zt − [zt ,H]zα − z̄α

zα

(2.37)

we used (2.2) in the last step above. Applying the change of variable U−1
k gives us (2.35).

Now taking derivative to α to the definition of λ, we get

∂αλ =
(

I − ζα H
1

ζα

)
∂α(ψ ◦ k−1) =

(
I − ζα H

1

ζα

)
Re{z̄t ◦ k−1ζα}

= −i

(
I − ζα H

1

ζα

)
Im{z̄t ◦ k−1ζα}. (2.38)

Here we used (2.5), (2.15) and again (2.2). Im z indicates the imaginary part of z. Therefore
from the fact that Re{z̄t ◦ k−1ζα} is real valued, we have

Re{z̄t ◦ k−1ζα} = ∂αλ + ζα H
1

ζα

Re{z̄t ◦ k−1ζα}

= Re{∂αλ} + 1

2

(
ζα H

1

ζα

+ ζ̄α H̄
1

ζ̄α

)
Re{z̄t ◦ k−1ζα} (2.39)

and similarly from the last equality of (2.38)

Im{z̄t ◦ k−1ζα} = Re{i∂αλ} + 1

2

(
ζα H

1

ζα

+ ζ̄α H̄
1

ζ̄α

)
Im{z̄t ◦ k−1ζα}. (2.40)

(2.39), (2.40) together gives us (2.36).
Notice that ζα − ζ̄α is pure imaginary. Similar to (2.39), we get from (2.34) that

2iyα = ζα − ζ̄α = ∂αχ + ζα H
1

ζα

(ζα − ζ̄α)

= iIm{∂αχ} + 1

2

(
ζα H

1

ζα

+ ζ̄α H̄
1

ζ̄α

)
(ζα − ζ̄α). (2.41)
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To get the relations of w vs. ∂αχ and w vs. (∂t + b∂α)v, we take derivative to t to (2.37) and
apply ∂tkαUk to (2.36).

We first take derivative to t to (2.37). We get

∂tv = 2ztt − [z̄t , H̄]ztα

z̄α

− [zt ,H]ztα

zα

− (H̄ + H)ztt

− 1

πi

∫
ztt (α, t) − ztt (β, t)

z(α, t) − z(β, t)
(zβ − z̄β) dβ − 1

πi

∫
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)
(ztβ − z̄tβ ) dβ

+ 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(zβ − z̄β) dβ. (2.42)

Here we used (2.3) in the first step. Applying the coordinate change U−1
k gives us

(∂t + b∂α)v = 2w − [ū, H̄]uα

ζ̄α

− [u, H]uα

ζα

− (H̄ + H)w

− [w, H]ζα − ζ̄α

ζα

− [u, H]uα − ūα

ζα

+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζβ − ζ̄β) dβ. (2.43)

To get the relation between w and ∂αχ we first rewrite (2.36) as

ūζα = ∂αλ̄ + 1

2
(ζα − ζ̄α)Hū + 1

2
ζ̄α

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ūζα)

= ∂αλ̄ + 1

2
(ζα − ζ̄α)ū + 1

2
ζ̄α

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ūζα). (2.44)

Applying kαUk to (2.44) gives us

z̄t zα = ∂α�̄ + 1

2
(zα − z̄α)z̄t + 1

2
z̄α

(
H

1

zα

+ H̄
1

z̄α

)
(z̄t zα).

Now taking derivative to t to both sides we get

z̄t t zα + z̄t ztα = ∂α∂t �̄ + 1

2
(ztα − z̄tα)z̄t + 1

2
(zα − z̄α)z̄tt + 1

2
z̄tα

(
H

1

zα

+ H̄
1

z̄α

)
(z̄t zα)

+ 1

2
z̄α

(
H

1

zα

+ H̄
1

z̄α

)
(z̄tt zα + z̄t ztα)

− z̄α

π

∫
Im

(
zt (α, t) − zt (β, t)

(z(α, t) − z(β, t))2

)
z̄t zβ dβ. (2.45)

For convenience in obtaining estimates in the later part of the paper we further rewrite ∂α∂t �̄.
First we know from the definition and (2.3) that

∂t� = (I − H)ψt − [zt ,H]ψα

zα

= (I − H)

(
−y + 1

2
|zt |2

)
− [zt ,H]Re{z̄t zα}

zα

= i

2
 + 1

2
[zt ,H]

(
z̄t − 2

Re{z̄t zα}
zα

)
= i

2
 − 1

2
[zt ,H]zt z̄α

zα

. (2.46)
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Here we used (2.15) in the second step and (2.2) in the third step. Applying the change of
variable U−1

k then take derivative to α to both sides of (2.46), we obtain

∂α(∂t + b∂α)λ = i

2
∂αχ − 1

2
[uα, H]uζ̄α

ζα

− 1

2
[u, H]∂α(uζ̄α)

ζα

+ 1

2πi

∫
(u(α, t) − u(β, t))(ζα − ζβ)

(ζ(α, t) − ζ(β, t))2
uζ̄β dβ. (2.47)

Now applying the change of variable U−1
k

1
kα

to (2.45), move the second term on the left to

the right, replace ∂α(∂t + b∂α)λ̄ with (2.47) and canceling out cancelable terms using (2.2),
we arrive at a relation between w and ∂αχ . We record this relation and (2.41), (2.43), (2.46)
(with the change of variables k−1) in the following proposition.

Proposition 2.6 We have

2iyα = ζα − ζ̄α = iIm{∂αχ} + 1

2

(
ζα H

1

ζα

+ ζ̄α H̄
1

ζ̄α

)
(ζα − ζ̄α), (2.48)

(∂t + b∂α)v = 2w − [ū, H̄]uα

ζ̄α

− [u, H]2uα − ūα

ζα

− (H̄ + H)w

− [w, H]ζα − ζ̄α

ζα

+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζβ − ζ̄β) dβ, (2.49)

w̄ζα = − i

2
∂αχ̄ + 1

2
H̄

(
ūα

ūζα

ζ̄α

)
− 1

2
[ū, H̄]∂α(ūζα)

ζ̄α

− 1

2πi

∫
(ū(α, t) − ū(β, t))(ζ̄α − ζ̄β)

(ζ̄ (α, t) − ζ̄ (β, t))2
ūζβ dβ + 1

2
(ζα − ζ̄α)w̄ − 1

2
uαū

+ 1

2
ζ̄α

(
H

1

ζα

+ H̄
1

ζ̄α

)
(w̄ζα + ūuα)

− ζ̄α

π

∫
Im

(
u(α, t) − u(β, t)

(ζ(α, t) − ζ(β, t))2

)
ūζβ dβ, (2.50)

(∂t + b∂α)λ = i

2
χ − 1

2
[u, H]uζ̄α

ζα

. (2.51)

From (2.35), (2.36), (2.48) to (2.50), we see that the differences:

v − 2u, u − ∂αλ, 2yα − Im ∂αχ, 2w − (∂t + b∂α)v and w − i

2
∂αχ

are each at least of quadratic order. In the next section, after developing some basic analytic
tools, we will use the relations (2.35), (2.49), (2.31) to derive estimates of the L2 norms of
derivatives of the quantities u, w and ζα − 1 via the L2 norms of derivatives of (∂t + b∂α)χ

and (∂t + b∂α)v; and we will use (2.36), (2.48), (2.50) to derive estimates of the L∞ norms
of derivatives of u, w and ζα − 1 via the L∞ norms of derivatives of ∂αλ and ∂αχ .

We record in the following one more identity.
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Proposition 2.7 We have

(I − H)(∂t + b∂α)b = [u, H]∂α(2b − ū)

ζα

− [w, H] ζ̄α − 1

ζα

+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ. (2.52)

We prove (2.52) from (2.23). Taking derivative to t to (2.23) and using (2.3), we have

−∂t (I − H)kt = −(I − H)∂tkt + [zt ,H]∂α

zα

kt = ∂t [zt ,H] z̄α − kα

zα

= [ztt ,H] z̄α − kα

zα

+ [zt ,H] z̄tα − ktα

zα

− 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(z̄β − kβ) dβ. (2.53)

Recall b = kt ◦k−1, so (∂t +b∂α)b = ktt ◦k−1. Making the change of variables U−1
k to (2.53)

we get (2.52).

3 Basic analysis preparations

In this section we first present and develop some necessary analytic tools. We then give
the estimates of the L2 and L∞ norms of the derivatives of the quantities u, w and ζα − 1
respectively via the L2 norms of the derivatives of (∂t + b∂α)χ and (∂t + b∂α)v and the L∞
norms of derivatives of ∂αλ and ∂αχ .

For a function f = f (α, t), we use the notation

‖f (t)‖2 = ‖f (t)‖L2 = ‖f (·, t)‖L2(R), ‖f (t)‖∞ = ‖f (t)‖L∞ = ‖f (·, t)‖L∞(R).

We use C, c to indicate universal constants, while c(F,‖H ′‖L∞), c(L,μ), c(M) etc. indicate
constants depending on F,‖H ′‖L∞ , or L,μ, or M respectively. Constants c(F,‖H ′‖L∞),
c(L,μ), c(M) and C, c etc. appearing in different contexts need not be the same. [a] indi-
cates the largest integer ≤ a.

We know the invariant vector fields for ∂2
t − i∂α

10 are consisting of (see [4, 35])

∂t , ∂α, L0 = 1

2
t∂t + α∂α and �0 = α∂t + 1

2
t i (3.1)

with the commutativity relations:

[∂t ,L0] = 1

2
∂t , [∂α,L0] = ∂α, [∂t , ∂α] = 0 and (3.2)

[∂t ,�0] = i

2
I, [∂α,�0] = ∂t , [L0,�0] = 1

2
�0. (3.3)

10Notice that ∂2
t − i∂α is the Schrödinger operator with t , α interchanged.
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In what follows, we let

∂t , ∂α and L0

be denoted respectively by �i , i = 1,2,3. At times we shall suppress the subscript. If k =
(k1, k2, k3) is a multi-index, we shall write

�k = �
k1
1 �

k2
2 �

k3
3 .

For a nonnegative integer k, we shall also use �k to indicate a k-product of �i , i = 1,2,3.
We have the following generalized Sobolev inequality.

Proposition 3.1 Let f ∈ C∞(R1+1) vanish as |α| → ∞. We have for t > 0,

(1 + t + |α|)1/2|f (α, t)| ≤ C

(∑
|k|≤2

‖�kf (t)‖2 +
∑
|k|≤1

‖�0�
kf (t)‖2

)
, (3.4)

where C is a constant independent of f .

Proof Notice that

αL0 − t

2
�0 = α2∂α − t2

4
i. (3.5)

Therefore

α2∂α(e
i t2

4α f ) = ei t2
4α

(
αL0f − t

2
�0f

)

and we have

|f (α, t)| ≤
∫ ∞

|α|
|∂β(e

i t2
4β f )|dβ +

∫ −|α|

−∞
|∂β(e

i t2
4β f )|dβ

≤
∫ ∞

|α|

1

β2

∣∣∣∣βL0f − t

2
�0f

∣∣∣∣dβ +
∫ −|α|

−∞

1

β2

∣∣∣∣βL0f − t

2
�0f

∣∣∣∣dβ

≤ 2

|α|1/2
‖L0f (t)‖2 + t

|α|3/2
‖�0f (t)‖2. (3.6)

On the other hand, (3.5) implies that

t2i

4
f = −αL0f + t

2
�0f + α2∂αf.

So from the standard Sobolev embedding and (3.6), we have

t2

4
|f (α, t)| ≤ |α||L0f | + t

2
|�0f | + α2|∂αf |

≤ |α|(‖L0f (t)‖2 + ‖∂αL0f (t)‖2) + t (‖�0f (t)‖2 + ‖∂α�0f (t)‖2)

+ 2|α|3/2‖L0∂αf (t)‖2 + t |α|1/2‖�0∂αf (t)‖2. (3.7)
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We obtain (3.4) by applying the standard Sobolev embedding to the case that t + |α| ≤ 2,
applying (3.6) to the case that |α| ≥ t and |α| ≥ 1, and (3.7) to the case that |α| ≤ t and
t ≥ 1. �

We now record some commutativity relations. We note that these relations hold for oper-
ators P with general coefficients b, A, and for general surfaces ζ and its associated Hilbert
transform H.

We have the following commutativity relations between ∂t +b∂α and the vector fields �i ,
i = 1,2,3,

[∂t , ∂t + b∂α] = bt∂α, [∂α, ∂t + b∂α] = bα∂α,

(3.8)

[L0, ∂t + b∂α] =
(

L0b − 1

2
b

)
∂α − 1

2
(∂t + b∂α).

For any positive integer k, and any operator P ,

[�j ,P ] =
j∑

k=1

�j−k[�,P ]�k−1. (3.9)

Between P = (∂t + b∂α)
2 − iA∂α , and �i , i = 1,2,3, we have

[∂t , P] = (∂t + b∂α)bt∂α + bt∂α(∂t + b∂α) − iAt∂α

= {∂t (∂t + b∂α)b − btbα}∂α + bt {(∂t + b∂α)∂α + ∂α(∂t + b∂α)} − iAt∂α,

[∂α, P] = (∂t + b∂α)bα∂α + bα∂α(∂t + b∂α) − iAα∂α

= {∂α(∂t + b∂α)b − b2
α}∂α + bα{(∂t + b∂α)∂α + ∂α(∂t + b∂α)} − iAα∂α,

(3.10)

[L0, P] = −P + (∂t + b∂α)

(
L0b − 1

2
b

)
∂α +

(
L0b − 1

2
b

)
∂α(∂t + b∂α) − i(L0A)∂α

= −P +
{
L0(∂t + b∂α)b −

(
L0b − 1

2
b

)
bα

}
∂α

+
(

L0b − 1

2
b

)
{(∂t + b∂α)∂α + ∂α(∂t + b∂α)} − i(L0A)∂α.

Between H and �i , i = 1,2,3, we have

[∂t , H]f = [ζt , H]fα

ζα

, [∂α, H]f = [ζα, H]fα

ζα

, and

(3.11)

[L0, H]f = [L0ζ − ζ, H]fα

ζα

for f ∈ C1, f , fα vanish as |α| → ∞. Define �′, such that

�′ = �, for � = ∂t , ∂α; and �′ = � − I, for � = L0.

We can rewrite (3.11) as

[�, H]f = [�′ζ, H]∂αf

ζα

. (3.12)
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Notice that

∂α�
′ = �∂α. (3.13)

Let

Kf (α, t) = p.v.
∫

K(α,β; t)f (β, t) dβ,

where either K or (α − β)K(α,β; t) is continuous and bounded, and K is smooth away
from the diagonal � = {(α,β) |α = β}. We have

[∂t ,K]f (α, t) =
∫

∂tK(α,β; t)f (β, t) dβ,

[∂α,K]f (α, t) =
∫

(∂α + ∂β)K(α,β; t)f (β, t) dβ, (3.14)

[L0,K]f (α, t) =
∫ (

α∂α + β∂β + 1

2
t∂t

)
K(α,β; t)f (β, t) dβ + Kf (α, t)

for f ∈ C1(R1+1) vanish as |α| → ∞.
The proof of (3.8) to (3.14) are straightforward. We omit them.
Let H ∈ C1(R;Rd), Ai ∈ C1(R), i = 1, . . . ,m, F ∈ C∞(Rd). Define

C1(H,A,f )(x) = p.v.

∫
F

(
H(x) − H(y)

x − y

)∏m

i=1(Ai(x) − Ai(y))

(x − y)m+1
f (y)dy. (3.15)

Proposition 3.2 There exist constants c1 = c1(F,‖H ′‖L∞), c2 = c2(F,‖H ′‖L∞), such that

1. For any f ∈ L2, A′
i ∈ L∞, 1 ≤ i ≤ m,

‖C1(H,A,f )‖L2 ≤ c1‖A′
1‖L∞ . . .‖A′

m‖L∞‖f ‖L2 . (3.16)

2. For any f ∈ L∞, A′
i ∈ L∞, 2 ≤ i ≤ m, A′

1 ∈ L2,

‖C1(H,A,f )‖L2 ≤ c2‖A′
1‖L2‖A′

2‖L∞ . . .‖A′
m‖L∞‖f ‖L∞ . (3.17)

(3.16) is a result of Coifman, McIntosh and Meyer [9, 10].
We prove (3.17) by the Tb Theorem [12]. Without loss of generality, we assume f ≥

1
3‖f ‖L∞ , for otherwise we consider f +2‖f ‖L∞ and 2‖f ‖L∞ respectively. Furthermore for
simplicity, we assume m = 1, and we let a = A′

1. The general case can be proved similarly.
We know

C1(H,A,f )(x) =
∫ ∫ x

y

F

(
H(x) − H(y)

x − y

)
f (y)

(x − y)2
a(z) dz dy =

∫
k(x, z)a(z) dz,

where

k(x, z) =
⎧⎨
⎩

∫ z

−∞ F(
H(x)−H(y)

x−y
)

f (y)

(x−y)2 dy, for z < x,

− ∫ ∞
z

F (
H(x)−H(y)

x−y
)

f (y)

(x−y)2 dy, for z > x.
(3.18)
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Let

T (a) =
∫

k(x, z)a(z) dz = C1(H,A,f ).

It is easy to check that the kernel function k in (3.18) satisfies the standard estimates:

|k(x, z)| ≤ c(F,‖H ′‖L∞)‖f ‖L∞
1

|x − z| ,

|∂zk(x, z)| + |∂xk(x, z)| ≤ c(F,‖H ′‖L∞)‖f ‖L∞
1

|x − z|2

for some constant c(F,‖H ′‖L∞) depending on F and ‖H ′‖L∞ . Now

T (1) =
∫

F

(
H(x) − H(y)

x − y

)
f (y)

x − y
dy ∈ BMO

with ‖T (1)‖BMO ≤ c(F,‖H ′‖L∞)‖f ‖L∞ (this is a consequence of (3.16) and the Theorem
in [16, p. 49]), and

〈T ∗(f ), a〉 = 〈f, T (a)〉

=
∫∫

f (x)F

(
H(x) − H(y)

x − y

)
A1(x) − A1(y)

(x − y)2
f (y)dy dx = 0, ∀ a.

This implies that T ∗(f ) = 0. What remains to be checked is that f T satisfies the weak
bounded-ness property.

Take η,ς ∈ C∞
0 (R), with supp η, supp ς ⊂ Q for some interval Q. Let δ = ∫

ς . Take
ρ ∈ C∞

0 (R), such that ρ(x) = 1 for x ∈ 3Q, ρ(x) = 0 for x �∈ 4Q, and 0 ≤ ρ(x) ≤ 1. Here
mQ is the interval with the same center as Q, of length |mQ| = m|Q|. We have

〈f T (ς), η〉 =
∫∫

f (x)η(x)F

(
H(x) − H(y)

x − y

)
δ(x) − δ(y)

(x − y)2
f (y)dx dy

=
∫∫

f (x)η(x)F

(
H(x) − H(y)

x − y

)
δ(x) − δ(y)

(x − y)2
f (y)ρ(y) dx dy

+
∫∫

f (x)η(x)F

(
H(x) − H(y)

x − y

)
δ(x) − δ(y)

(x − y)2
f (y)(1 − ρ(y)) dx dy

= I + II.

Now from (3.16) we have

|I | ≤ c1‖f η‖L2‖ς‖L∞‖fρ‖L2 ≤ 2c1‖f ‖2
L∞|Q|‖η‖L∞‖ς‖L∞ .

On the other hand,

|II | ≤
∫∫

|x−y|≥|Q|

∣∣∣∣f (x)η(x)F

(
H(x) − H(y)

x − y

)
δ(x) − δ(y)

(x − y)2
f (y)

∣∣∣∣dx dy

≤ c(F,‖H ′‖L∞)‖f ‖2
L∞‖ς‖L1

∫∫
|x−y|>|Q|

|η(x)|
(x − y)2

dx dy

≤ c(F,‖H ′‖L∞)‖f ‖2
L∞|Q|‖ς‖L∞‖η‖L∞ ,
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where c(F,‖H ′‖L∞) is a constant depending on F and ‖H ′‖L∞ . Therefore |〈f T (ς), η〉|
≤ c‖f ‖2

L∞|Q|‖ς‖L∞‖η‖L∞ for some constant c. This proves that f T is weakly bounded.
Therefore from the Tb Theorem [12], we have (3.17).

Now let H , Ai , F satisfy the same assumptions as in (3.15). Define

C2(H,A,f )(x) =
∫

F

(
H(x) − H(y)

x − y

)∏m

i=1(Ai(x) − Ai(y))

(x − y)m
∂yf (y) dy. (3.19)

We have the following inequalities.

Proposition 3.3 There exist constants c3 = c3(F,‖H ′‖L∞), c4 = c4(F,‖H ′‖L∞), such that

1. For any f ∈ L2, A′
i ∈ L∞, 1 ≤ i ≤ m,

‖C2(H,A,f )‖L2 ≤ c3‖A′
1‖L∞ . . .‖A′

m‖L∞‖f ‖L2 . (3.20)

2. For any f ∈ L∞, A′
i ∈ L∞, 2 ≤ i ≤ m, A′

1 ∈ L2,

‖C2(H,A,f )‖L2 ≤ c4‖A′
1‖L2‖A′

2‖L∞ . . .‖A′
m‖L∞‖f ‖L∞ . (3.21)

Remark (3.16), (3.20) hold for m = 0 as well. In this case, ‖A′
1‖L∞ . . .‖A′

m‖L∞ is replaced
by 1.

Using integration by parts, one can easily convert the operator C2(H,A,f ) into a sum
of operators of the form C1(H,A,f ). (3.20) and (3.21) then follow from (3.16) and (3.17).
We omit the details.

Let C1(H,A,f ) be as defined in (3.15). We have the following L∞ estimate.

Proposition 3.4 There exists a constant c = c(F,‖H ′‖L∞ ,‖H ′′‖L∞), such that for any real
number r > 0,

‖C1(H,A,f )‖L∞ ≤ c

(
m∏

i=1

(‖A′
i‖L∞ + ‖A′′

i ‖L∞)(‖f ‖L∞ + ‖f ′‖L∞)

+
m∏

i=1

‖A′
i‖L∞‖f ‖L∞ ln r +

m∏
i=1

‖A′
i‖L∞‖f ‖L2

1

r1/2

)
. (3.22)

Remark (3.22) holds for m = 0 as well. In this case,
∏m

i=1(‖A′
i‖L∞ + ‖A′′

i ‖L∞) and∏m

i=1 ‖A′
i‖L∞ are replaced by 1.

Proof For simplicity, we assume m = 1. The general case can be proved similarly. We have

C1(H,A,f ) = p.v.

∫
|x−y|≤1

+
∫

1<|x−y|<r

+
∫

|x−y|≥r

F

(
H(x) − H(y)

x − y

)
A1(x) − A1(y)

(x − y)2
f (y)dy

= I + II + III.
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Now

|I | =
∣∣∣∣
∫

|x−y|≤1

(
F

(
H(x) − H(y)

x − y

)
− F(H ′(x))

)
A1(x) − A1(y)

(x − y)2
f (y)dy

+ F(H ′(x))

∫
|x−y|≤1

A1(x) − A1(y) − A′
1(x)(x − y)

(x − y)2
f (y)dy

+ F(H ′(x))

∫
|x−y|≤1

A′
1(x)

x − y
(f (y) − f (x)) dy

∣∣∣∣
≤ 2‖F ′‖L∞‖H ′′‖L∞‖A′

1‖L∞‖f ‖L∞ + 2‖F‖L∞‖A′′
1‖L∞‖f ‖L∞

+ 2‖F‖L∞‖A′
1‖L∞‖f ′‖L∞ ,

|II | ≤ ‖F‖L∞‖A′
1‖L∞‖f ‖L∞ ln r,

and

|III | ≤ ‖F‖L∞‖A′
1‖L∞

∫
|x−y|≥r

|f (y)|
|x − y| dy ≤ ‖F‖L∞‖A′

1‖L∞‖f ‖L2
1

r1/2
.

This proves (3.22). �

For referencing convenience, we record the following standard Sobolev inequality.

Proposition 3.5 There exists a constant c > 0, such that for any f ∈ C∞(R),

‖f ‖L∞ ≤ c(‖f ‖L2 + ‖f ′‖L2). (3.23)

3.1 Estimates between the quantities u, w, ζα − 1 and v, χ , λ

Before moving onto proving a priori estimates of the solutions of the water wave sys-
tem (2.1)–(2.2), we establish estimates of the L2 and L∞ norms of the �-derivatives of the
quantities u, w and ζα −1 respectively via the L2 norms of the �-derivatives of (∂t +b∂α)χ

and (∂t + b∂α)v and the L∞ norms of the �-derivatives of ∂αλ and ∂αχ .
We make the following assumptions on the solution for the rest of this section.
Let l ≥ 2, z = z(α, t), t ∈ [0, T ] be a solution of the water wave system (2.1)–(2.2).

Assume that the function k(·, t) : R → R defined by (2.18) is a diffeomorphism and kα > 0
for t ∈ [0, T ]. Assume

�j (ζα − 1), �ju, �jw ∈ C([0, T ],L2(R)), for all |j | ≤ l.

Let t ∈ [0, T ] be fixed. Assume that at this time t ,

∑
|j |≤l

(‖�j (ζα − 1)(t)‖2 + ‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ M < ∞ and (3.24)

|ζ(α, t) − ζ(β, t)| ≥ 1

2
|α − β| for α, β ∈ R. (3.25)

We have the following Propositions and Lemmas.
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Proposition 3.6 There exists a constant M0 > 0, independent of t , such that

1. For M ≤ M0, 0 ≤ j ≤ l − 1,

∑
|k|≤j

‖�k(ζα − ζ̄α)(t)‖∞ ≤ c(M)
∑
|k|≤j

‖�kIm∂αχ(t)‖∞ (3.26)

∑
|k|≤j

‖�ku(t)‖∞ ≤ c(M)

(∑
|k|≤j

‖�k∂αλ(t)‖∞ + ‖∂αχ(t)‖∞
)

. (3.27)

2. For M ≤ M0, and 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�kw(t)‖∞ ≤ c(M)

(∑
|k|≤j

‖�k∂αχ(t)‖∞ +
∑

|k|≤[ j
2 ]+1

‖�k∂αλ(t)‖∞
)

(3.28)

here c(M) is a constant depending only on M and j .

To prove (3.26), we rewrite (2.48) as

ζα − ζ̄α = iIm{∂αχ} + 1

2
(ζα − ζ̄α)H

ζα − ζ̄α

ζα

+ 1

2
ζ̄α

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ζα − ζ̄α).

We have for any 0 ≤ j ≤ l − 1,

‖�j(ζα − ζ̄α)(t)‖∞ ≤ ‖�j Im{∂αχ}(t)‖∞

+ c
∑
|k|≤j

‖�k(ζα − ζ̄α)(t)‖∞
∑
|k|≤j

∥∥∥∥�k H
ζα − ζ̄α

ζα

(t)

∥∥∥∥
∞

+ c(M)
∑
|k|≤j

∥∥∥∥�k

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ζα − ζ̄α)(t)

∥∥∥∥∞
.

Now using Proposition 3.5, (3.9), (3.12), (3.14) and Proposition 3.3, we get

∑
|k|≤j

∥∥∥∥�k H
ζα − ζ̄α

ζα

(t)

∥∥∥∥∞

≤ c
∑

|k|≤j+1

∥∥∥∥�k H
ζα − ζ̄α

ζα

(t)

∥∥∥∥
2

≤ c
∑

|k|≤j+1

(
k∑

m=1

∥∥∥∥�k−m[�′ζ, H]∂α

ζα

�m−1 ζα − ζ̄α

ζα

(t)

∥∥∥∥
2

+
∥∥∥∥H�k ζα − ζ̄α

ζα

(t)

∥∥∥∥
2

)

≤ c(M)
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2.

While
(

H
1

ζα

+ H̄
1

ζ̄α

)
f = − 2

π

∫
y(α, t) − y(β, t)

|ζ(α, t) − ζ(β, t)|2 f (β)dβ,
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using Proposition 3.5, (3.14), Proposition 3.2, we have

∑
|k|≤j

∥∥∥∥�k

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ζα − ζ̄α)(t)

∥∥∥∥
∞

≤ c
∑

|k|≤j+1

∥∥∥∥�k

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ζα − ζ̄α)(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�k(ζα − ζ̄α)(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2.

Therefore

‖�j(ζα − ζ̄α)(t)‖∞ ≤ ‖�j Im{∂αχ}‖∞ + c(M)M
∑
|k|≤j

‖�k(ζα − ζ̄α)(t)‖∞.

Taking M0 sufficiently small and M ≤ M0, we obtain (3.26).
The proof of (3.27) and (3.28) follows similar argument. To prove (3.27), we first rewrite

(2.44) as

ū = ∂αλ̄ + ū(1 − ζα) + 1

2
(ζα − ζ̄α)ū + 1

2
ζ̄α

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ūζα).

Using Proposition 3.5 to estimate ‖�k(ζα − 1)(t)‖∞; and using Proposition 3.5, (3.14), and
Proposition 3.2 to estimate

∑
|k|≤j

∥∥∥∥�k

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ūζα)(t)

∥∥∥∥
∞

≤ c
∑

|k|≤j+1

∥∥∥∥�k

(
H

1

ζα

+ H̄
1

ζ̄α

)
(ūζα)(t)

∥∥∥∥
2

≤ c(M)
∑

|k|≤j+1

‖�k
yα(t)‖2

∑
|k|≤j

‖�ku(t)‖∞ + c(M)
∑

|k|≤j+1

‖�k(uζ̄α)(t)‖2‖yα(t)‖L∞ ,

we have for 0 ≤ j ≤ l − 1,

‖�ju(t)‖∞ ≤ ‖�j∂αλ(t)‖∞ + c(M)M
∑
|k|≤j

‖�ku(t)‖∞ + c(M)‖yα(t)‖∞.

Using (3.26) to estimate ‖yα(t)‖∞. So for sufficiently small M we have (3.27).
To prove (3.28) we use (2.50) and assume 0 ≤ j ≤ l − 2. The argument is similar as

above. We expand

1

2πi

∫
(ū(α, t) − ū(β, t))(ζ̄α − ζ̄β)

(ζ̄ (α, t) − ζ̄ (β, t))2
ūζβ dβ

= ζ̄α

2πi

∫
(ū(α, t) − ū(β, t))

(ζ̄ (α, t) − ζ̄ (β, t))2
ūζβ dβ − 1

2πi

∫
(ū(α, t) − ū(β, t))ζ̄β

(ζ̄ (α, t) − ζ̄ (β, t))2
ūζβ dβ

and estimate it term by term. Using Propositions 3.2, 3.3 and 3.5, we arrive at
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‖�jw(t)‖∞ ≤ ‖�j∂αχ(t)‖∞

+ c(M)
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2

∑
|k|≤j

‖�kw(t)‖∞

+ c(M)
∑

|k|≤j+2

‖�ku(t)‖2

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞ + c(M)‖yα(t)‖∞.

Using (3.26), (3.27) to estimate
∑

|k|≤[ j
2 ]+1 ‖�ku(t)‖∞ and ‖yα(t)‖∞. Therefore for suffi-

ciently small M > 0 we have (3.28).

Proposition 3.7 1. There exists a constant M0 > 0, independent of t , such that for M ≤ M0,
1 ≤ j ≤ l,

∑
|k|≤j

‖�ku(t)‖2 +
∑
|k|≤j

‖�kw(t)‖2 ≤ c(M)

(∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�kv(t)‖2)

)
.

(3.29)

2. For 1 ≤ j ≤ l,

∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�kv(t)‖2) ≤ c(M)

(∑
|k|≤j

‖�ku(t)‖2 +
∑
|k|≤j

‖�kw(t)‖2

)
.

(3.30)

Here c(M) is a constant depending only on M and j .

The proof of Proposition 3.7 uses (2.35) and (2.49).
From (2.35), rewriting

(H + H̄)u = H
(ζα − ζ̄α)u

ζα

+
(

H
1

ζα

+ H̄
1

ζ̄α

)
(ζ̄αu) (3.31)

and using (3.9), (3.12), (3.14) and Propositions 3.5, 3.2, we have for 1 ≤ j ≤ l,

2‖�ju(t)‖2 ≤ ‖�jv(t)‖2 + c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤j

‖�k(ζα − 1)(t)‖2.

On the other hand, from (2.49), rewriting (H + H̄)w as in (3.31), then applying Proposi-
tions 3.5, 3.3, 3.2. In the process using (3.9), (3.12), (3.14). We have for 1 ≤ j ≤ l,

2‖�jw(t)‖2 ≤ ‖�j (∂t + b∂α)v(t)‖2

+ c(M)
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤j

‖�k(ζα − 1)(t)‖2

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤max{j,2}

‖�ku(t)‖2.

Sum up these two inequalities and using (3.24), we have

2(‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ ‖�jv(t)‖2 + ‖�j (∂t + b∂α)v(t)‖2

+ c(M)M(‖�ju(t)‖2 + ‖�jw(t)‖2).
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Therefore for sufficiently small M we have (3.29).
A small modification of the above argument gives us (3.30).
We derive the L2 and L∞ estimates of the �-derivatives of ζα − 1 in turns of that of v,

χ and λ as a consequence of (2.31) and Propositions 3.6, 3.7. This requires us to obtain the
L2 and L∞ estimates of the �-derivatives of A − 1.

We first present the following Lemma.

Lemma 3.8 Let f be real valued such that

(I − H)f = g.

Then

1. For all 0 ≤ j ≤ l, we have
∑
|k|≤j

‖�kf (t)‖2 ≤ c(M)
∑
|k|≤j

‖�kg(t)‖2. (3.32)

2. There exists M0 > 0, such that for M ≤ M0, and 0 ≤ j ≤ l − 1,

∑
|k|≤j

‖�kf (t)‖∞ ≤ c(M)

(∑
|k|≤j

‖�kg(t)‖∞ + ‖yα(t)‖∞
∑

|k|≤j+1

‖�kg(t)‖2

)
. (3.33)

Here c(M) is a constant depending only on M and j .

Remark We remark that Lemma 3.8 in fact holds for a general family of curves ζ = ζ(·, τ ),
τ ∈ [0, T ], satisfying �j(ζα − 1) ∈ C([0, T ],L2(R)), and at the time t ,

∑
|j |≤l ‖�j(ζα −

1)(t)‖2 ≤ M and

|ζ(α, t) − ζ(β, t)| ≥ ν|α − β| for all α, β ∈ R

for some constant ν > 0.

Proof Using (3.12) and (3.9), we have

(I − H)�jf =
j∑

k=1

�j−k[�′ζ, H]∂α

ζα

�k−1f + �jg. (3.34)

From the fact that f is real valued, we obtain

(I − K)�jf = Re

{
j∑

k=1

�j−k[�′ζ, H]∂α

ζα

�k−1f + �jg

}
, (3.35)

where K = 1
2 (H + H̄) is the double layered potential operator. We know the operator (I −

K)−1 is L2-bounded, with its L2 → L2 operator norm ‖(I − K)−1‖2,2 ≤ c(M) for some
constant c(M) (see [19], [37, Theorem 2.1.5]).11 From an inductive argument, (3.14) and
Propositions 3.3, 3.5, we obtain (3.32).

11Theorem 2.1.5 in [37] in fact states that for the double layered potential operator K defined by the arc-

length parametrization, ‖(I −K)−1‖2,2 only depends on the Lipschitz constant of the domain. This certainly
implies that ‖(I − K)−1‖2,2 ≤ c(M).
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Now we prove (3.33). Let 0 ≤ j ≤ l − 1. We know from (3.32) that∑
|k|≤j ‖�kf (t)‖∞ < ∞ provided

∑
|k|≤j+1 ‖�kg(t)‖2 < ∞. Rewriting (3.35)

�jf = 1

2
(H + H̄)�jf + Re

{
j∑

k=1

�j−k[�′ζ, H]∂α

ζα

�k−1f + �jg

}

and using Propositions 3.5, 3.3, we have

‖�jf (t)‖∞ ≤ 1

2
‖(H + H̄)�jf (t)‖∞

+ c(M)
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2

∑
|k|≤j

‖�kf (t)‖∞ + ‖�jg(t)‖∞.

Therefore there exists M0 > 0, such that for M ≤ M0,

∑
|k|≤j

‖�kf (t)‖∞ ≤ c(M)
∑
|k|≤j

(
‖�kg(t)‖∞ + 1

2
‖(H + H̄)�kf (t)‖∞

)
.

To estimate ‖(H + H̄)�jf (t)‖∞, we use Propositions 3.5, 3.2, and rewriting H + H̄ as
in (3.31), we get

‖(H + H̄)�jf (t)‖∞ ≤ c‖(H + H̄)�jf (t)‖2 + c‖∂α(H + H̄)�jf (t)‖2

≤ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�kf (t)‖2

≤ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�kg(t)‖2.

In the last step we used (3.32). This proves (3.33). �

We know from (2.30) that

(I − H)(A − 1) = i[u, H] ūα

ζα

+ i[w, H] ζ̄α − 1

ζα

, (3.36)

since H1 = 0. Notice that A is real valued. Using Lemma 3.8 (3.32), and using (3.14) and
Propositions 3.5, 3.2, 3.3, we have for 1 ≤ j ≤ l,

∑
|k|≤j

‖�k(A − 1)(t)‖2 ≤ c(M)
∑
|k|≤j

∥∥∥∥�k

(
[u, H] ūα

ζα

+ [w, H] ζ̄α − 1

ζα

)
(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤max{j,2}

‖�ku(t)‖2

+ c(M)
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤j

‖�k(ζα − 1)(t)‖2.

Therefore for M sufficiently small,
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∑
|k|≤j

‖�k(A − 1)(t)‖2 ≤ c(M)
∑
|k|≤j

‖�kw(t)‖2 + c(M)
∑
|k|≤j

‖�ku(t)‖2

(3.37)

and ‖(A − 1)(t)‖∞ ≤ 1

2
.

Now (2.31) gives

ζα − 1 = w

iA
− A − 1

A
. (3.38)

From (3.38), (3.37) and Proposition 3.7 (3.29), we get

Proposition 3.9 There exists a constant M0 > 0, independent of t , such that for M ≤ M0,
1 ≤ j ≤ l,

∑
|k|≤j

(‖�kw(t)‖2 + ‖�ku(t)‖2 + ‖�k(ζα − 1)(t)‖2)

≤ c(M)
∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�k(∂t + b∂α)χ(t)‖2), (3.39)

where c(M) is a constant depending on M and j .

Before deriving the L∞ estimates of the �-derivatives of ζα − 1, we give the following

Lemma 3.10 Assume that f , g are smooth and decay fast at infinity. Then for 0 ≤ j ≤ l −1,
∥∥∥∥�j [f, H] g

ζα

(t)

∥∥∥∥∞
≤ c(M)

∑
|k|≤j

‖�kf (t)‖∞
∑

|k|≤j+1

‖�kg(t)‖2

+ c(M)‖g(t)‖∞
∑

|k|≤j+1

‖�kf (t)‖2. (3.40)

Proof Lemma 3.10 is a consequence of (3.14) and Propositions 3.5, 3.2. Precisely it is
obtained by rewriting

�j [f, H] g

ζα

=
(

�j [f, H] g

ζα

− [�jf, H] g

ζα

)
+ �jf H

g

ζα

− H
g�jf

ζα

and estimating each term using Propositions 3.5, 3.2:
∥∥∥∥
(

�j [f, H] g

ζα

− [�jf, H] g

ζα

)
(t)

∥∥∥∥∞

≤ c
∑
|k|≤1

∥∥∥∥�k

(
�j [f, H] g

ζα

− [�jf, H] g

ζα

)
(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�kf (t)‖∞
∑

|k|≤j+1

‖�kg(t)‖2,

∥∥∥∥�jf H
g

ζα

(t)

∥∥∥∥∞
≤ c(M)‖�jf (t)‖∞

∑
|k|≤1

‖�kg(t)‖2
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and

∥∥∥∥H
g�jf

ζα

(t)

∥∥∥∥
∞

≤ c(M)
∑
|k|≤1

‖�k(g�jf )(t)‖2

≤ c(M)

(
‖�jf (t)‖∞

∑
|k|≤1

‖�kg(t)‖2 + ‖g(t)‖∞
∑

|k|≤j+1

‖�kf (t)‖2

)
.

�

We now derive the L∞ estimates of the �-derivatives of ζα −1. We first have from (3.36),
Lemma 3.8 (3.33) and then Propositions 3.5, 3.2 and 3.3, Lemma 3.10 that for M sufficiently
small, 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(A − 1)(t)‖∞

≤ c(M)

( ∑
|k|≤j+1

∥∥∥∥�k[u, H] ūα

ζα

(t)

∥∥∥∥
2

+
∑
|k|≤j

∥∥∥∥�k[w, H] ζ̄α − 1

ζα

(t)

∥∥∥∥∞

+ ‖yα(t)‖∞
∑

|k|≤j+1

∥∥∥∥�k[w, H] ζ̄α − 1

ζα

(t)

∥∥∥∥
2

)

≤ c(M)
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑

|k|≤j+2

‖�ku(t)‖2

+ c(M)
∑
|k|≤j

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2

+ c(M)‖(ζα − 1)(t)‖∞
∑

|k|≤j+1

‖�kw(t)‖2.

Therefore

∑
|k|≤j

‖�k(A − 1)(t)‖∞ ≤ c(M)

{ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞ +
∑
|k|≤j

‖�kw(t)‖∞
}

+ c(M)‖(ζα − 1)(t)‖∞
∑

|k|≤j+1

‖�kw(t)‖2.

Now (3.38), (3.37) give that for M sufficiently small, 0 ≤ j ≤ l − 1,

‖�j(ζα − 1)(t)‖∞ ≤ c(M)
∑
|k|≤j

(‖�kw(t)‖∞ + ‖�k(A − 1)(t)‖∞).

Putting the above two inequalities together we have that for sufficiently small M > 0, and
0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(A − 1)(t)‖∞ ≤ c(M)

{ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞ +
∑
|k|≤j

‖�kw(t)‖∞
}
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therefore

‖�j(ζα − 1)(t)‖∞ ≤ c(M)

{ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞ +
∑
|k|≤j

‖�kw(t)‖∞
}
. (3.41)

Estimating the right hand side of (3.41) by Proposition 3.6, we record the result in the
following

Proposition 3.11 There exists a constant M0 > 0, independent of t , such that for M ≤ M0,
0 ≤ j ≤ l − 2,

‖�j(ζα − 1)(t)‖∞ ≤ c(M)

(∑
|k|≤j

‖�k∂αχ(t)‖∞ +
∑

|k|≤[ j
2 ]+1

‖�k∂αλ(t)‖∞
)

(3.42)

for some constant c(M) depending on M and j .

In next section we construct the energy of the water wave system from (2.27)
to (2.29). The energy we construct contain terms such as ‖(∂t + b∂α)�

jχ(t)‖2
2 and

‖(∂t + b∂α)�
jv(t)‖2

2. This gives us control of such terms. However the right hand side
of (3.39) is in terms of ‖�j(∂t + b∂α)χ(t)‖2 and ‖�j(∂t + b∂α)v(t)‖2. So we derive in
the following the estimate of ‖�j(∂t + b∂α)χ(t)‖2 and ‖�j(∂t + b∂α)v(t)‖2 in terms of
‖(∂t + b∂α)�

jχ(t)‖2 and ‖(∂t + b∂α)�
jv(t)‖2. For this purpose we use (3.8), (3.9). But

before we do that we need the estimates of the L2 norms of the �-derivatives of b.
We have from (2.30) and Lemma 3.8 (3.32) that for 1 ≤ j ≤ l,

∑
|k|≤j

‖�kb(t)‖2 ≤ c(M)
∑
|k|≤j

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥
2

.

Using Propositions 3.2, 3.5, we know for 1 ≤ j ≤ l,

∑
|k|≤j

∥∥∥∥�k

(
[u, H] ζ̄α − 1

ζα

)
(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

∑
|k|≤j

‖�ku(t)‖2.

Therefore for 1 ≤ j ≤ l,

∑
|k|≤j

‖�kb(t)‖2 ≤ c(M)
∑
|k|≤j

‖�ku(t)‖2. (3.43)

Notice that (3.43) holds without any smallness assumptions on M . We state the following
Lemma in terms of a generally given function b.

Lemma 3.12 Assume that �kb ∈ C([0, T ],L2(R)) for |k| ≤ l. We have for 1 ≤ j ≤ l,

‖[∂t + b∂α,�
j ]f (t)‖2 ≤ c

∑
|k|≤j

‖�kb(t)‖2

∑
|k|≤max{j−1,1}

‖�k∂αf (t)‖2

+ c
∑

|k|≤j−1

‖(∂t + b∂α)�
kf (t)‖2, (3.44)



Almost global wellposedness of the 2-D full water wave problem 77

‖[∂t + b∂α,�
j ]f (t)‖2 ≤ c

∑
|k|≤j

‖�kb(t)‖2

∑
|k|≤max{j−1,1}

‖�k∂αf (t)‖2

+ c
∑

|k|≤j−1

‖�k(∂t + b∂α)f (t)‖2, (3.45)

where c is a universal constant.

Proof We have from (3.9) that

[�j , ∂t + b∂α]f =
j∑

k=1

�j−k[�,∂t + b∂α]�k−1f.

(3.44) and (3.45) follow from (3.8) and Proposition 3.5. �

We now want to use (3.8), (3.9) and (3.43), (3.44) to show that ‖�j (∂t + b∂α)f (t)‖2 can
be dominated by ‖(∂t + b∂α)�

jf (t)‖2 for f = χ and v. To estimate the term ‖�k∂αχ(t)‖2

in (3.44) for f = χ , we apply Propositions 3.2, 3.3 to (2.34), we have for 1 ≤ j ≤ l,

∑
|k|≤j

‖�k∂αχ(t)‖2 ≤ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2. (3.46)

Applying (3.39) to the right hand side of (3.46), inserting the estimates (3.43) and (3.46)
to (3.44), we get for 2 ≤ j ≤ l,

∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�k(∂t + b∂α)χ(t)‖2)

≤ c(M)M
∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�k(∂t + b∂α)χ(t)‖2)

+ c
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2).

From (3.30) we know
∑

|k|≤j (‖�k(∂t + b∂α)v(t)‖2 +‖�k(∂t + b∂α)χ(t)‖2) < ∞. Therefore
for sufficiently small M , and 2 ≤ j ≤ l, we have

∑
|k|≤j

(‖�k(∂t + b∂α)v(t)‖2 + ‖�k(∂t + b∂α)χ(t)‖2)

≤ c(M)
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2). (3.47)

Apply (3.47) to Proposition 3.9, we arrive at the following

Proposition 3.13 There exists a constant M0 > 0, independent of t , such that for M ≤ M0,
2 ≤ j ≤ l,
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∑
|k|≤j

(‖�kw(t)‖2 + ‖�ku(t)‖2 + ‖�k(ζα − 1)(t)‖2)

≤ c(M)
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2) (3.48)

for some constant c(M) depending on M and j .

Remark A more careful argument with a further estimate of the term ‖�k∂αv(t)‖2 in (3.44)
would show that (3.48) holds for 1 ≤ j ≤ l. However since we are only concerned with
solutions of higher regularities, we are not making efforts to lower the range of j .

We present in the following the estimates of the L2 norms of the �-derivatives of ∂αχ ,
∂αλ, v, and v1, where v1 = (I − H)v, in turns of the type of L2 norms as in the right hand
side of (3.48), and the estimates of the L∞ norms of the �-derivatives of ∂tχ , v, and v1 in
turns of the L∞ norms of the �-derivatives of ∂αχ and ∂αλ. We derive the estimates of v1

here, because we will use v1 instead of v to construct part of the energy functional in the
next section.

Let

v1 = (I − H)v, v1 = v1 ◦ k−1 = (I − H)v. (3.49)

We know

v1 = (I − H)v = (I − H)∂t (I − H)(z − z̄).

From (2.3) and the fact that (I − H)2 = 2(I − H), we have

v1 = 2∂t (I − H)(z − z̄) + [zt ,H]∂α

zα

(I − H)(z − z̄)

= 2v + [zt ,H]∂α

zα

,

and with the change of variable U−1
k ,

v1 = 2v + [u, H]∂α

ζα

χ. (3.50)

Proposition 3.14 There exists a constant M0 > 0, independent of t , such that

1. for M ≤ M0, 2 ≤ j ≤ l,
∑
|k|≤j

(‖�k∂αλ(t)‖2 + ‖�k∂αχ(t)‖2)

≤ c(M)
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2) and (3.51)

∑
|k|≤j

(‖�kv(t)‖2 + ‖�kv1(t)‖2)

≤ c(M)
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2); (3.52)
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2. for M ≤ M0, 0 ≤ j ≤ l − 1,

∑
|k|≤j

(‖�kv(t)‖∞ + ‖�kv1(t)‖∞ + ‖�k∂tχ(t)‖∞)

≤ c(M)
∑
|k|≤j

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞). (3.53)

Here c(M) is a constant depending on M and j .

Proof From (2.38), we know

∂αλ = −i

(
I − ζα H

1

ζα

)
Im{ūζα}.

Using Proposition 3.2 and (3.9), (3.12), we get for 1 ≤ j ≤ l,

‖�j∂αλ(t)‖2 ≤ c(M)
∑
|k|≤j

‖�k(uζα)(t)‖2 ≤ c(M)
∑
|k|≤j

‖�ku(t)‖2. (3.54)

(3.46) and (3.54) with an application of Proposition 3.13 gives us (3.51).
Using Proposition 3.2 and (3.9), (3.12), we have for 1 ≤ j ≤ l,

∑
|k|≤j

‖�kv1(t)‖2 ≤ c(M)
∑
|k|≤j

‖�kv(t)‖2.

From (3.47), we get (3.52).
To prove (3.53), we use (2.35) and (3.50). First we have by using (3.43) and Proposi-

tion 3.5 that for 0 ≤ j ≤ l − 1,

‖�j∂tχ(t)‖∞ ≤ ‖�j(∂t + b∂α)χ(t)‖∞ + c(M)
∑
|k|≤j

‖�k∂αχ(t)‖∞. (3.55)

Now from (2.35), using Proposition 3.5, rewriting H + H̄ as in (3.31) and using Proposi-
tion 3.2 and Lemma 3.10, we have

∑
|k|≤j

‖�kv(t)‖∞

=
∑
|k|≤j

‖�k(∂t + b∂α)χ(t)‖∞

≤ 2
∑
|k|≤j

‖�ku(t)‖∞ + c
∑

|k|≤j+1

‖�k(H + H̄)u(t)‖2 +
∑
|k|≤j

∥∥∥∥�k[u, H]ζα − ζ̄α

ζα

(t)

∥∥∥∥
∞

≤ 2
∑
|k|≤j

‖�ku(t)‖∞ + c(M)

(
‖yα(t)‖∞

∑
|k|≤j+1

‖�ku(t)‖2

+
∑
|k|≤j

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k
yα(t)‖2

)
. (3.56)
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From (3.50), using Lemma 3.10, we have for 0 ≤ j ≤ l − 1,

‖�jv1(t)‖∞ ≤ 2‖�jv(t)‖∞ +
∥∥∥∥�j [u, H]∂α

ζα

χ(t)

∥∥∥∥
∞

≤ 2‖�jv(t)‖∞ + c(M)
∑
|k|≤j

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k∂αχ(t)‖2

+ c(M)
∑

|k|≤j+1

‖�ku(t)‖2‖∂αχ(t)‖∞. (3.57)

Sum up (3.55)–(3.57), further using (3.46) and Proposition 3.6, we get (3.53). �

The following Lemma will be used to obtain estimates concerning the quantity at

a
◦ k−1.

Lemma 3.15 Let f be a real valued function satisfying

(I − H)(f Aζ̄α) = g.

There exists a constant M0 > 0, such that

1. for M ≤ M0 and 0 ≤ j ≤ l,

∑
|k|≤j

‖�kf (t)‖2 ≤ c(M)
∑
|k|≤j

‖�kg(t)‖2. (3.58)

2. for M ≤ M0 and 0 ≤ j ≤ l − 1,

∑
|k|≤j

‖�kf (t)‖∞ ≤ c(M)
∑
|k|≤j

‖�kg(t)‖∞ + c(M)(‖w(t)‖∞

+ ‖yα(t)‖∞)
∑

|k|≤j+1

‖�kg(t)‖2. (3.59)

Here c(M) is a constant depending on M and j .

Proof The proof of (3.58) is similar to that of Lemma 3.8 (3.32). Let

K∗ = −Re

{
ζα

|ζα| H
|ζα|
ζα

}

be the adjoint of the double layered potential operator as defined in (1.19). We know the op-
erator (I + K∗)−1 is L2-bounded, with its L2 → L2 operator norm ‖(I + K∗)−1‖2,2 ≤ c(M)

for some constant c(M) depending on M (see [19], [37, Theorem 2.1.5]). Using (3.12),
(3.9), we have

(I − H)(Aζ̄α�
jf )

=
j∑

k=1

�j−k[�′ζ, H]∂α

ζα

�k−1(f Aζ̄α) + �jg − (I − H)(�j (f Aζ̄α) − Aζ̄α�
jf ). (3.60)



Almost global wellposedness of the 2-D full water wave problem 81

Multiplying (3.60) by ζα
|ζα | and using the fact that f , A are real valued, we obtain

(I + K∗)(A|ζα|�jf ) = Re

{
ζα

|ζα|
j∑

k=1

�j−k[�′ζ, H]∂α

ζα

�k−1(f Aζ̄α)

}

+ Re

{
ζα

|ζα|�
jg − ζα

|ζα| (I − H)(�j (f Aζ̄α) − Aζ̄α�
jf )

}
.

Using an induction argument and (3.24), (3.37), using Propositions 3.3, 3.5, we ob-
tain (3.58).

We now prove (3.59). Let 0 ≤ j ≤ l − 1. From (2.31) we have

Aζ̄α = iw̄ + 1.

Therefore

(I − H)f = −i(I − H)(w̄f ) + g.

We know from (3.58) that
∑

|k|≤j ‖�kf (t)‖∞ < ∞ provided
∑

|k|≤j+1 ‖�kg(t)‖2 < ∞. Now
using Lemma 3.8 (3.33), we get

∑
|k|≤j

‖�kf (t)‖∞ ≤ c(M)
∑
|k|≤j

(‖�kg(t)‖∞ + ‖�k(I − H)(w̄f )(t)‖∞)

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

(‖�kg(t)‖2 + ‖�k(I − H)(w̄f )(t)‖2).

Further using Propositions 3.5, 3.2, we have

∑
|k|≤j

‖�kf (t)‖∞ ≤ c(M)
∑
|k|≤j

‖�kg(t)‖∞ + c(M)
∑

|k|≤j+1

‖�k(w̄f )(t)‖2

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

(‖�kg(t)‖2 + ‖�k(w̄f )(t)‖2)

≤ c(M)
∑
|k|≤j

‖�kg(t)‖∞ + c(M)‖w(t)‖∞
∑

|k|≤j+1

‖�kf (t)‖2

+ c(M)
∑

|k|≤j+1

‖�kw(t)‖2

∑
|k|≤j

‖�kf (t)‖∞

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

(‖�kg(t)‖2 + ‖�kf (t)‖2).

Using (3.58) to estimate
∑

|k|≤j+1 ‖�kf (t)‖2. We conclude that (3.59) holds for sufficiently
small M and 0 ≤ j ≤ l − 1. �

Finally, we give two technical Lemmas that will be used in Sect. 4.

Lemma 3.16 Assume that f , g are smooth and decay fast at infinity. Then
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1. for 0 ≤ j ≤ l − 2,
∥∥∥∥�j [f, H] g

ζα

(t)

∥∥∥∥∞
≤ c(M)

∑
|k|≤j+1

‖�kf (t)‖∞
∑

|k|≤j+1

‖�kg(t)‖∞ ln(t + e)

+ c(M)
∑
|k|≤j

‖�kf (t)‖∞
∑
|k|≤j

‖�kg(t)‖2
1

t + 1
. (3.61)

2. for 0 ≤ j ≤ l,
∥∥∥∥�j [f, H] g

ζα

(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�kf (t)‖∞
∑
|k|≤j

‖�kg(t)‖2. (3.62)

3. for 0 ≤ j ≤ l,
∥∥∥∥�j [f, H] g

ζα

(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�kf (t)‖2

∑
|k|≤max(j,1)

‖�kg(t)‖2. (3.63)

Proof (3.61) is a consequence of (3.14) and Proposition 3.4, by taking r = (t + 1)2. In
particular, such terms [�pf, H]�qg

ζα
are expanded

[�pf, H]�
qg

ζα

= (�pf )

(
H

�qg

ζα

)
− H

(
�pf

�qg

ζα

)

and estimated term by term using Proposition 3.4.
(3.62), (3.63) are direct consequences of (3.14) and Propositions 3.2, 3.5. �

Lemma 3.17 Assume that f , g are smooth and decay fast at infinity. We have for 0 ≤ j ≤ l,
∥∥∥∥�j [f, H] g

ζα

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�kf (t)‖∞

∑
|k|≤j

‖�kg(t)‖2

+
∑
|k|≤j

‖�kf (t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�kg(t)‖∞ ln(t + e) +
∑

|k|≤[ j
2 ]

‖�kg(t)‖2
1

t + 1

)]
, (3.64)

∥∥∥∥�j [f, H]∂αg

ζα

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]+1

‖�kf (t)‖∞
∑
|k|≤j

‖�kg(t)‖2

+
∑
|k|≤j

‖�kf (t)‖2

( ∑
|k|≤[ j

2 ]+2

‖�kg(t)‖∞ ln(t + e) +
∑

|k|≤[ j
2 ]+1

‖�kg(t)‖2
1

t + 1

)]
. (3.65)

Proof (3.64) is obtained by using (3.14) and Propositions 3.2 and 3.4, taking r = (t + 1)2.
(3.65) is by using (3.14) and Propositions 3.3, 3.4. We omit the details. �
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4 A priori estimates

In this section, we construct the energy functional using the expanded set of vector fields
� = {∂α, ∂t , L0} and derive the energy estimates for the water wave system (2.1)–(2.2). We
use all three equations (2.27) to (2.29), where the part of energy connecting to (2.28) for v

gives estimates for the highest order derivatives and the part connecting to (2.29) for λ gives
estimates for the lowest order derivatives.

Let Ḣ 1/2(R) = {f | |D|1/2f ∈ L2(R)}, where |D| = √−∂2
α . In this section we make the

following assumptions on the solution.
Let l ≥ 11, z = z(α, t), t ∈ [0, T ] be a solution of the water wave system (2.1)–(2.2). As-

sume that the function k(·, t) : R → R defined by (2.18) is a diffeomorphism and kα(·, t) > 0
for t ∈ [0, T ]. Assume

�j(ζα − 1), �ju, �jw, �j (∂t + b∂α)w, �j∂αu, �j∂αw ∈ C([0, T ],L2(R)) (4.1)

for all |j | ≤ l, and

�j(∂t + b∂α)λ ∈ C([0, T ],L2(R)), �jλ ∈ C([0, T ], Ḣ 1/2(R)) (4.2)

for all |j | ≤ l − 2; Assume

|ζ(α, t) − ζ(β, t)| ≥ 1

2
|α − β|, for all α, β ∈ R, t ∈ [0, T ], (4.3)

and

sup
[0,T ]

∑
|k|≤l

(‖�k(ζα − 1)(t)‖2 + ‖�ku(t)‖2 + ‖�kw(t)‖2) ≤ M, (4.4)

where M ≤ M0, M0 is the constant such that the inequalities (3.37), (3.47) and Proposi-
tions 3.6, 3.7, 3.9, 3.11, 3.13, 3.14, Lemmas 3.8, 3.15 hold. The assumptions (4.1)–(4.3)
ensure that the energy functional E defined later in this section is in C1([0, T ]).

We first present the following basic energy equality.

Lemma 4.1 (Basic energy equality) Assume that � satisfies the equation

((∂t + b∂α)
2 − iA∂α)� = G (4.5)

and � is smooth and decay fast at spatial infinity. Let

E0(t) =
∫

1

A(α, t)
|(∂t + b(α, t)∂α)�(α, t)|2 + i�(α, t)∂α�̄(α, t) dα. (4.6)

Then

dE0

dt
=

∫
2

A
Re((∂t + b∂α)�Ḡ) − 1

A

at

a
◦ k−1|(∂t + b∂α)�|2 dα. (4.7)

Moreover if � is the boundary value of a holomorphic function in �(t)c , that is if

� = 1

2
(I − H)�, (4.8)
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then ∫
i�∂α�̄ dα = −

∫
i�̄∂α�dα ≥ 0. (4.9)

Proof Making the change of variable Uk to (4.5), we get

(∂2
t − ia∂α)(� ◦ k) = G ◦ k.

Now we also make the change of variables in the basic energy E0, we get

E0 =
∫

1

a
|∂t (� ◦ k)|2 + i� ◦ k∂α(�̄ ◦ k) dα.

So

dE0

dt
=

∫
2

a
Re{∂t (�̄ ◦ k)∂2

t (� ◦ k)} + |∂t (� ◦ k)|2∂t

(
1

a

)
− 2Re{i∂t (�̄ ◦ k)∂α(� ◦ k)}dα

=
∫

2

a
Re{∂t (�̄ ◦ k)G ◦ k} − at

a2
|∂t (� ◦ k)|2 dα.

Change the variables back by U−1
k , we get (4.7). Now we prove (4.9). First the equality

in (4.9) is obtained by integration by parts, therefore
∫

i�̄∂α�dα is real valued. Notice that
ζ = ζ(α, t) for increasing α traverse the boundary of �(t)c counter clock-wisely; for � the
boundary value of a holomorphic function θ in �(t)c , we have that

−i∂α� = |ζα|∂θ

∂n
, (4.10)

where n is the unit normal pointing out of �(t)c . So by the Green’s identity we have

−
∫

i�̄∂α�dα = Re

{
−

∫
i�̄∂α�dα

}
=

∫
∂�(t)c

θ · ∂θ

∂n
ds =

∫
�(t)c

|∇θ |2 dxdy ≥ 0.

Here the integration in the third integral above is with respect to the arc-length s. �

Remark 1 A more detailed proof of (4.10) can be done using the Cauchy-Riemann equations
for θ . We omit the details.

Remark 2 The Green’s identity on the unbounded domain �(t)c can be verified as the fol-
lowing: first verify the Green’s identity on the upper half plane P+ by the Fourier transform
and the Plancherel’s Theorem. Then use a Riemann Mapping map �(t)c onto P+.

We now construct the higher order energy for a � that satisfies (4.8) and (4.5). We know
for any integer j ≥ 1,

((∂t + b∂α)
2 − iA∂α)�

j� = G�
j , (4.11)

where

G�
j = �j P� +

j∑
k=1

�j−k[P,�]�k−1� = �jG +
j∑

k=1

�j−k[P,�]�k−1� (4.12)
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and P = (∂t +b∂α)
2 − iA∂α . Notice that for j ≥ 1, �j� is in general not the boundary value

of a holomorphic function on �(t)c , we decompose �j� as

�j� = I − H
2

�j� + I + H
2

�j� = η�
j + R�

j ,

where

η�
j = I − H

2
�j�, R�

j = I + H
2

�j�.

Now from the assumption (4.8) and the fact that H2 = I , (3.9) and (3.12), we have

R�
j = 1

2
[I + H,�j ]� = −1

2

j∑
k=1

�j−k[�′ζ, H]∂α

ζα

�k−1�. (4.13)

We also know that

η�
j = I − H

2
η�

j = I − H
2

�j�, R�
j = I + H

2
R�

j . (4.14)

Let

E�
j (t) =

∫
1

A(α, t)
|(∂t + b(α, t)∂α)�

j�(α, t)|2 + iη�
j (α, t)∂αη̄

�
j (α, t) dα. (4.15)

Notice that both terms in the definition of E�
j are nonnegative. We know

E�
j =

∫
1

A
|(∂t +b∂α)�

j�|2 + i�j�∂α�̄
j�dα − i

∫
(η�

j ∂αR̄
�
j +R�

j ∂αη̄
�
j +R�

j ∂αR̄
�
j ) dα.

(4.16)
Therefore

dE�
j

dt
=

∫
2

A
Re((∂t + b∂α)�

j�Ḡ�
j ) − 1

A

at

a
◦ k−1|(∂t + b∂α)�

j�|2 dα

− 2Re
∫

(i∂tη
�
j ∂αR̄

�
j + i∂tR

�
j ∂αη̄

�
j + i∂tR

�
j ∂αR̄

�
j ) dα. (4.17)

Here in (4.17) we used (4.7) and integration by parts. If G�
j is at least cubic, then the term

∫
2

A
Re((∂t + b∂α)�

j�Ḡ�
j ) − 1

A

at

a
◦ k−1|(∂t + b∂α)�

j�|2 dα

is at least of the 4th order. We next show that the term
∫

(i∂tη
�
j ∂αR̄

�
j + i∂tR

�
j ∂αη̄

�
j + i∂tR

�
j ∂αR̄

�
j ) dα

is at least of the 4th order. We see from (4.13) that R�
j is at least quadratic. Now using (3.12),

we have

∂tη
�
j = ∂t

I − H
2

�j� = I − H
2

∂t�
j� − 1

2
[ζt , H]∂α

ζα

�j� (4.18)
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and

∂αR
�
j = ∂α

1

2
(I + H)R�

j = 1

2
(I − H∗)∂αR

�
j , (4.19)

where H∗ defined by

H∗f = −ζα H
1

ζα

f (4.20)

is the adjoint operator of H, i.e.
∫

gH∗f dα =
∫

f Hg dα.

Therefore
∫

∂tη
�
j ∂αR̄

�
j dα =

∫ (
I − H

2
∂t�

j�

)
∂αR̄

�
j dα −

∫
1

2

(
[ζt , H]∂α

ζα

�j�

)
∂αR̄

�
j dα. (4.21)

We see the second term on the right hand side of (4.21) is at least of the 4th order. We
manipulate further the first term on the right of (4.21) by using (4.19). We have∫ (

I − H
2

∂t�
j�

)
∂αR̄

�
j dα =

∫ (
I − H

2
∂t�

j�

)(
1

2
(I − H̄∗)∂αR̄

�
j

)
dα

=
∫ (−H̄ − H

2
∂t�

j�

)(
1

2
(I − H̄∗)∂αR̄

�
j

)
dα

= −1

2

∫
((H̄ + H)∂t�

j�)∂αR̄
�
j dα. (4.22)

Here in the second step in (4.22) we used the fact that (I − H)(I + H) = 0. Therefore∫
∂tη

�
j ∂αR̄

�
j dα = −1

2

∫
((H̄ + H)∂t�

j�)∂αR̄
�
j dα −

∫
1

2

(
[ζt , H]∂α

ζα

�j�

)
∂αR̄

�
j dα.

(4.23)
This show that

∫
∂tη

�
j ∂αR̄

�
j dα is at least of the 4th order. The discussion for

∫
∂tR

�
j ∂αη̄

�
j dα

is similar. We know

∂tR
�
j = ∂t

I + H
2

R�
j = I + H

2
∂tR

�
j + 1

2
[ζt , H]∂α

ζα

R�
j (4.24)

and

∂αη
�
j = ∂α

1

2
(I − H)�j� = 1

2
(I + H∗)∂α�

j�. (4.25)

Therefore∫
∂tR

�
j ∂αη̄

�
j dα =

∫ (
1

2
[ζt , H]∂α

ζα

R�
j

)
∂αη̄

�
j dα

+
∫ (

I + H
2

∂tR
�
j

)(
1

2
(I + H̄∗)∂α�

j �̄

)
dα

=
∫ (

1

2
[ζt , H]∂α

ζα

R�
j

)
∂αη̄

�
j dα +

∫ (
H̄ + H

2
∂tR

�
j

)
∂αη̄

�
j dα (4.26)

and it is of at least the 4th order. It is evident that
∫

∂tR
�
j ∂αR̄

�
j dα is of at least the 4th order.
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While the energy defined by (4.15) and the subsequent calculations work well for � = χ

and λ, it may lead to lose of derivatives if applied to v.12 Therefore for v we construct an
energy different from (4.15). We first introduce a new quantity

v1 = (I − H)v, v1 = v1 ◦ k−1 = (I − H)v (4.27)

and show that v1 satisfy an equation of the type (4.5) with G consisting of cubic and higher
order terms. Notice that v1 defined by (4.27) is the same as that in (3.49). We know from (2.6)
that

(∂2
t − ia∂α)v1 = (I − H)(∂2

t − ia∂α)v − [∂2
t − ia∂α,H]v

= (I − H)(∂2
t − ia∂α)v − 2[zt ,H]∂α

zα

∂tv

+ 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

∂βvdβ. (4.28)

Recall v = ∂t. To show that the right hand side of (4.28) is of at least cubic order, we
rewrite

[zt ,H]∂α

zα

∂tv = [zt ,H]∂α

zα

(∂2
t − ia∂α) + [zt ,H]∂α

zα

(ia∂α). (4.29)

Notice that the first term in the right hand side of (4.29) is at least of cubic order. From (2.1)
we know

ia∂α = (ztt + i)
∂α

zα

.

Now (2.5) implies that for any function f ,

∂α

zα

(I − H)f = (I − H)
∂α

zα

f = (I − H)

2

∂α

zα

(I − H)f

here in the last step we used the fact that (I − H)2f = 2(I − H)f . So

(
∂α

zα

)2

 = (I − H)

2

(
∂α

zα

)2

13 (4.30)

and using the third statement in Lemma 2.2 and (2.2) we have

[zt ,H]
(

∂α

zα

)2

 =
[

(I + H)

2
zt ,H

](
∂α

zα

)2

 = 1

2
[(H̄ + H)zt ,H]

(
∂α

zα

)2

.

Therefore

[zt ,H]∂α

zα

(ia∂α) = [zt ,H]∂α

zα

(
ztt

∂α

zα



)
+ i

2
[(H̄ + H)zt ,H]

(
∂α

zα

)2

.

12We need ‖∂α�j �(t)‖2 to bound | ∫ (i∂t η
�
j

∂αR̄�
j

+ i∂tR
�
j

∂αη̄�
j

+ i∂tR
�
j

∂αR̄�
j

) dα|, see (4.54). This

requires a half order more spatial derivative than that provided by the energy E�
j

(t). See also (4.50) for the
definition of the total energy. For this total energy, (4.15) can be used for � = χ , λ, but not for v.
13(4.30) is equivalent to

( ∂α
zα

)2
 being the boundary value of a holomorphic function in �(t)c .
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Going back to (4.28), we get

(∂2
t − ia∂α)v1 = (I − H)(∂2

t − ia∂α)v − 2[zt ,H]∂α

zα

(∂2
t − ia∂α)

− 2[zt ,H]∂α

zα

(
ztt

∂α

zα



)
− i[(H̄ + H)zt ,H]

(
∂α

zα

)2



+ 1

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

∂βvdβ. (4.31)

Making the change of variables U−1
k we arrive at the equation for v1:

Pv1 = (I − H)Pv − 2[u, H]∂α

ζα

Pχ − 2[u, H]∂α

ζα

(
w

∂α

ζα

χ

)

− i[(H̄ + H)u, H]
(

∂α

ζα

)2

χ + 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

∂βv dβ. (4.32)

Notice that in these expressions the right hand sides of (4.31), (4.32) are clearly consisting
of terms of cubic and higher orders. We have in (2.27) a formula for Pχ . We calculate here
an explicit expression for Pv. We have from (2.11), (2.10) that

(∂2
t − ia∂α)v = ∂t {(∂2

t − ia∂α)} + iat ∂α

= −2

[
ztt ,H

1

zα

+ H̄
1

z̄α

]
ztα − 2

[
zt ,H

1

zα

+ H̄
1

z̄α

]
zttα

+ 2

πi

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

ztβ dβ − 2

πi

∫ |zt (α, t) − zt (β, t)|2
(z̄(α, t) − z̄(β, t))2

ztβ dβ

+ 2

πi

∫
(zt (α, t) − zt (β, t))(ztt (α, t) − ztt (β, t))

(z(α, t) − z(β, t))2
(zβ − z̄β) dβ

+ 1

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

(ztβ − z̄tβ ) dβ

− 2

π i

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)3

(zβ − z̄β) dβ + iat ∂α.

Therefore with the change of variable U−1
k , we get

Pv = −2

[
w, H

1

ζα

+ H̄
1

ζ̄α

]
uα − 2

[
u, H

1

ζα

+ H̄
1

ζ̄α

]
wα

+ 2

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

uβ dβ − 2

πi

∫ |u(α, t) − u(β, t)|2
(ζ̄ (α, t) − ζ̄ (β, t))2

uβ dβ

+ 2

πi

∫
(u(α, t) − u(β, t))(w(α, t) − w(β, t))

(ζ(α, t) − ζ(β, t))2
(ζβ − ζ̄β) dβ
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+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(uβ − ūβ) dβ

− 2

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)3

(ζβ − ζ̄β) dβ + i
at

a
◦ k−1A∂αχ. (4.33)

We now construct the higher order energy for v1. We know �jv1 satisfies

((∂t + b∂α)
2 − iA∂α)�

jv1 = G
v1
j , (4.34)

where

G
v1
j = �j Pv1 +

j∑
k=1

�j−k[P,�]�k−1v1. (4.35)

Let

Ev
j =

∫
1

A
|(∂t + b∂α)�

jv1|2 + i�jv1∂α�
j v̄1 dα. (4.36)

From Lemma 4.1 we have

dEv
j (t)

dt
=

∫
2

A
Re{(∂t + b∂α)�

jv1 Ḡ
v1
j } − 1

A

at

a
◦ k−1|(∂t + b∂α)�

jv1|2 dα. (4.37)

It is evident from (4.37) that
dEv

j
(t)

dt
is of at least the 4th order. However the second

term in the definition of Ev
j may not be nonnegative. We also need the estimates of∫ |(∂t + b∂α)�

jv|2 dα. We show in what follows that Ev
j is bounded below by

∫ |(∂t +
b∂α)�

jv|2 dα + ∫ |(∂t + b∂α)�
jv1|2 dα, minus some terms of at least cubic orders.

Let

ηv
j = I − H

2
�jv1, Rv

j = I + H
2

�jv1. (4.38)

Then

ηv
j = (I − H)�jv − I − H

2

j∑
k=1

�j−k[�′ζ, H]∂α

ζα

�k−1v,

Rv
j = − I + H

2

j∑
k=1

�j−k[�′ζ, H]∂α

ζα

�k−1v, (4.39)

∂αR
v
j = − I − H∗

2

j∑
k=1

∂α�
j−k[�′ζ, H]∂α

ζα

�k−1v

and

Ev
j =

∫
1

A
|(∂t + b∂α)�

jv1|2 + iηv
j ∂αη̄

v
j + i(ηv

j ∂αR̄
v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα. (4.40)

From (3.50) we know

v1 = 2v + [u, H]∂α

ζα

χ.
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So
∫

1

A
|(∂t + b∂α)�

jv1|2 dα ≥
∫

2

A
|(∂t + b∂α)�

jv|2 dα

−
∫

1

A

∣∣∣∣(∂t + b∂α)�
j [u, H]∂α

ζα

χ

∣∣∣∣
2

dα.

Further using the second part of Lemma 4.1, we obtain

Ev
j ≥

∫
1

A
|(∂t + b∂α)�

jv1|2 dα −
∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣

≥
∫

2

A
|(∂t + b∂α)�

jv|2 dα −
∫

1

A

∣∣∣∣(∂t + b∂α)�
j [u, H]∂α

ζα

χ

∣∣∣∣
2

dα

−
∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣. (4.41)

Taking the average of the two inequalities in (4.41), we arrive at

Ev
j ≥

∫
1

A
|(∂t + b∂α)�

jv|2 dα +
∫

1

2A
|(∂t + b∂α)�

jv1|2 dα

−
∫

1

2A

∣∣∣∣(∂t + b∂α)�
j [u, H]∂α

ζα

χ

∣∣∣∣
2

dα

−
∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣, (4.42)

for 1 ≤ j ≤ l.
Let’s now derive an upper bound for the two non-positive terms

∫
1

2A

∣∣∣∣(∂t + b∂α)�
j [u, H]∂α

ζα

χ

∣∣∣∣
2

dα +
∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣
on the right hand side of (4.42) in terms of the type of L2 integrals in the energies E

χ

j , Ev
j

defined in (4.15), (4.36). From Lemma 3.12 (3.45), we have that for 1 ≤ j ≤ l,

∥∥∥∥(∂t + b∂α)�
j [u, H]∂α

ζα

χ(t)

∥∥∥∥
2

≤ c
∑
|k|≤j

‖�kb(t)‖2

∑
|k|≤max{j−1,1}

∥∥∥∥�k∂α[u, H]∂α

ζα

χ(t)

∥∥∥∥
2

+ c
∑
|k|≤j

∥∥∥∥�k(∂t + b∂α)[u, H]∂α

ζα

χ(t)

∥∥∥∥
2

, (4.43)

where from (3.14) and Propositions 3.2, 3.3, 3.5 that for 2 ≤ j ≤ l,

∑
|k|≤j−1

∥∥∥∥�k∂α[u, H]∂α

ζα

χ(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤j−1

‖�k∂αχ(t)‖2. (4.44)
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We know

(∂t + b∂α)[u, H]∂α

ζα

χ

= U−1
k ∂t [zt ,H]∂α

zα



= U−1
k [ztt ,H]∂α

zα

+ U−1
k [zt ,H]∂α∂t

zα

− 1

πi
U−1

k

∫ (
zt (α, t) − zt (β, t)

z(α, t) − z(β, t)

)2

∂βdβ

= [w, H]∂αχ

ζα

+ [u, H]∂α

ζα

(∂t + b∂α)χ − 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

∂βχ dβ. (4.45)

Therefore for 2 ≤ j ≤ l,

∑
|k|≤j

∥∥∥∥�k(∂t + b∂α)[u, H]∂α

ζα

χ(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤j

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

(∑
|k|≤j

‖�k(∂t + b∂α)χ(t)‖2 +
∑
|k|≤j

‖�k∂αχ(t)‖2

)
.

With a further application of (3.43), (3.46), (3.47), (3.48), we have that for 2 ≤ j ≤ l, t ∈
[0, T ],

∑
|k|≤j

∥∥∥∥(∂t + b∂α)�
k[u, H]∂α

ζα

χ(t)

∥∥∥∥
2

≤ c(M)M
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2) (4.46)

for some constant c(M) depending on M . Now from (4.39) and Propositions 3.2, 3.3 and
3.5, we have for 1 ≤ j ≤ l,

∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣

=
∣∣∣∣
∫

(ηv
j ∂αR̄

v
j − η̄v

j ∂αR
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣

≤ c(M)

( ∑
|k|≤max{j,2}

‖�kv(t)‖2

)2 ∑
|k|≤max{j,2}

‖�k(ζα − 1)(t)‖2

≤ c(M)M

( ∑
|k|≤max{j,2}

‖�kv(t)‖2

)2

.

Further using (3.47) we get for 2 ≤ j ≤ l, t ∈ [0, T ],



92 S. Wu

∑
|k|≤j

∣∣∣∣
∫

(ηv
j ∂αR̄

v
j + Rv

j ∂αη̄
v
j + Rv

j ∂αR̄
v
j ) dα

∣∣∣∣

≤ c(M)M
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2

2 + ‖(∂t + b∂α)�
kχ(t)‖2

2). (4.47)

Sum up the above calculations, we arrive at

Lemma 4.2 There exists M0 > 0, such that for 0 < M ≤ M0, we have

∑
|j |≤l

Ev
j ≥

∑
|j |≤l

(∫
1

A
|(∂t + b∂α)�

jv|2 dα +
∫

1

2A
|(∂t + b∂α)�

jv1|2 dα

)

− c(M)M
∑
|k|≤l

(‖(∂t + b∂α)�
kv(t)‖2

2 + ‖(∂t + b∂α)�
kχ(t)‖2

2). (4.48)

4.1 Construction of the energy functional and the a priori estimates

We are now ready to construct the energy functional for the water wave equations. Let z be
a solution of the water wave system (2.1)–(2.2) satisfying (4.1)–(4.4). Let

Eχ(t) =
∑
|j |≤l

E
χ

j (t), Eλ(t) =
∑

|j |≤l−2

Eλ
j (t), Ev(t) =

∑
|j |≤l

Ev
j (t), (4.49)

where E
χ

j , Eλ
j are defined by (4.15) for � = χ , λ respectively, Ev

j is defined by (4.36). Let

E(t) = Eχ(t) + Eλ(t) + Ev(t), for t ∈ [0, T ]. (4.50)

We have from Lemmas 4.1, 4.2 and (3.37): ‖(A − 1)(t)‖∞ ≤ 1
2 for small M ,

Proposition 4.3 There exists a M0 > 0, such that if M ≤ M0, then for t ∈ [0, T ],

E(t) ≥ 1

4

∑
|j |≤l

(‖(∂t + b∂α)�
jv(t)‖2

2 + ‖(∂t + b∂α)�
jχ(t)‖2

2)

+ 1

4

∑
|j |≤l

‖(∂t + b∂α)�
jv1(t)‖2

2 + 1

2

∑
|j |≤l−2

‖(∂t + b∂α)�
jλ(t)‖2

2. (4.51)

In what follows we prove the following a priori estimate for the energy functional E(t)

defined by (4.50).

Proposition 4.4 There exists a M0 > 0, such that if M ≤ M0, then

d

dt
E(t) ≤ c1(M)E(t)

( ∑
|j |≤l−4

‖�j∂αλ(t)‖∞ +
∑

|j |≤l−2

‖�j∂αχ(t)‖∞
)2

ln(t + e)

+ c1(M)E(t)2 1

t + 1
, (4.52)

for t ∈ [0, T ], where c1(M) is a constant depending on M .
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Proof We know from (4.17) and (4.37) that for � = χ , λ,

dE�
j

dt
=

∫
2

A
Re((∂t + b∂α)�

j�Ḡ�
j ) − 1

A

at

a
◦ k−1|(∂t + b∂α)�

j�|2 dα

− 2Re
∫

(i∂tη
�
j ∂αR̄

�
j + i∂tR

�
j ∂αη̄

�
j + i∂tR

�
j ∂αR̄

�
j ) dα

and for v,

dEv
j (t)

dt
=

∫
2

A
Re{(∂t + b∂α)�

jv1 Ḡ
v1
j } − 1

A

at

a
◦ k−1|(∂t + b∂α)�

jv1|2 dα.

Using (3.37) we have for sufficiently small M ,

dE(t)

dt
= dEχ(t)

dt
+ dEλ(t)

dt
+ dEv(t)

dt

≤ 4
∑
|j |≤l

(‖(∂t + b∂α)�
jχ(t)‖2‖Gχ

j (t)‖2 + ‖(∂t + b∂α)�
jv1(t)‖2‖Gv1

j (t)‖2)

+ 4
∑

|j |≤l−2

‖(∂t + b∂α)�
jλ(t)‖2‖Gλ

j (t)‖2

+ 2

∥∥∥∥at

a
◦ k−1(t)

∥∥∥∥∞

∑
|j |≤l

(‖(∂t + b∂α)�
jχ(t)‖2

2 + ‖(∂t + b∂α)�
jv1(t)‖2

2)

+ 2

∥∥∥∥at

a
◦ k−1(t)

∥∥∥∥
∞

∑
|j |≤l−2

‖(∂t + b∂α)�
jλ(t)‖2

2

+ 2
∑
|j |≤l

∣∣∣∣
∫

(∂tη
χ

j ∂αR̄
χ

j + ∂tR
χ

j ∂αη̄
χ

j + ∂tR
χ

j ∂αR̄
χ

j ) dα

∣∣∣∣

+ 2
∑

|j |≤l−2

∣∣∣∣
∫

(∂tη
λ
j ∂αR̄

λ
j + ∂tR

λ
j ∂αη̄

λ
j + ∂tR

λ
j ∂αR̄

λ
j ) dα

∣∣∣∣.

Therefore

dE(t)

dt
≤ cE(t)1/2

{∑
|j |≤l

(‖Gv1
j (t)‖2

2 + ‖Gχ

j (t)‖2
2) +

∑
|j |≤l−2

‖Gλ
j (t)‖2

2

}1/2

+ cE(t)

∥∥∥∥at

a
◦ k−1(t)

∥∥∥∥∞

+ 2
∑
|j |≤l

∣∣∣∣
∫

(∂tη
χ

j ∂αR̄
χ

j + ∂tR
χ

j ∂αη̄
χ

j + ∂tR
χ

j ∂αR̄
χ

j ) dα

∣∣∣∣

+ 2
∑

|j |≤l−2

∣∣∣∣
∫

(∂tη
λ
j ∂αR̄

λ
j + ∂tR

λ
j ∂αη̄

λ
j + ∂tR

λ
j ∂αR̄

λ
j ) dα

∣∣∣∣. (4.53)

We estimate the right hand side of (4.53) term by term through three steps.
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Step 1. We estimate the term | ∫ (∂tη
�
j ∂αR̄

�
j +∂tR

�
j ∂αη̄

�
j +∂tR

�
j ∂αR̄

�
j ) dα| for � = χ, λ

in (4.53). We conclude this step with the estimates in (4.70) and (4.71).
For this estimate, we use (4.23), (4.26). Rewriting H + H̄ as in (3.31), applying Proposi-

tion 3.2, we get
∣∣∣∣
∫

(∂tη
�
j ∂αR̄

�
j + ∂tR

�
j ∂αη̄

�
j + ∂tR

�
j ∂αR̄

�
j ) dα

∣∣∣∣
≤ c(M)‖yα(t)‖∞‖∂t�

j�(t)‖2‖∂αR
�
j (t)‖2

+ c(M)‖ζt (t)‖∞‖∂α�
j�(t)‖2‖∂αR

�
j (t)‖2

+ c(M)‖yα(t)‖∞‖∂tR
�
j (t)‖2‖∂α�

j�(t)‖2

+ ‖∂tR
�
j (t)‖2‖∂αR

�
j (t)‖2. (4.54)

Now to estimate ‖∂tR
�
j (t)‖2 and ‖∂αR

�
j (t)‖2 in (4.54), we use (4.13), and take into con-

sideration of (3.2). We note here that there is no estimates of ‖∂t�
kλ(t)‖∞ in terms of the

type of L2 norms in the energy functional E with a decay rate 1/t1/2,14 therefore we need
to avoid estimating dE

dt
in terms of ‖∂t�

kλ(t)‖∞. This is the motivation of the smaller range
|j | ≤ l − 2 in the definition of the energy Eλ. We are only able to estimate ‖∂tR

λ
j (t)‖2 for a

smaller range |j | ≤ l − 2 without using ‖∂t�
kλ(t)‖∞.

We first make the following calculations. Let � = χ, λ. Notice that H� = −�. Us-
ing (2.5), (3.9) and (3.12), we have

H
∂α

ζα

� = ∂α

ζα

H� = −∂α

ζα

� and

H
∂α

ζα

�k−1� = ∂α

ζα

H�k−1� = ∂α

ζα

[H,�k−1]� + ∂α

ζα

�k−1 H�

= −∂α

ζα

k−1∑
m=1

�k−1−m[�′ζ, H]∂α

ζα

�m−1� − ∂α

ζα

�k−1�, for k ≥ 2. (4.55)

Therefore by applying Propositions 3.5, 3.3, we have for k + p ≤ l, k ≥ 1, � = χ , λ,
∥∥∥∥�p H

∂α

ζα

�k−1�(t)

∥∥∥∥∞
≤ c(M)

∑
|m|≤k+p−1

‖�m∂α�(t)‖∞

+
∑

|m|≤k+p−1

‖�m(ζα − 1)(t)‖∞
∑

|m|≤k+p−1

‖�m∂α�(t)‖2. (4.56)

We now consider ‖∂αR
�
j (t)‖2 for � = χ , λ. We know from (4.13), (3.2)

∂αR
�
j = −1

2

j∑
k=1

∂α�
j−k[�′ζ, H]∂α

ζα

�k−1� =
∑

1≤|k|≤j

ck,j�
j−k∂α[�′ζ, H]∂α

ζα

�k−1�, (4.57)

14This assumes we use Proposition 3.1. Using Proposition 3.1, ‖∂t�
kλ(t)‖∞ would need to be bounded by

‖�0∂t�
j λ(t)‖2 and some other terms with a decay rate 1/t1/2. However ‖�0∂t�

j λ(t)‖2 cannot be bounded
by the energy E(t)1/2. See also the part “L2–L∞ estimate and the energy inequality” near the end of Sect. 4.
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where ck,j are some constants. Now

∂α[�′ζ, H]∂α

ζα

�k−1�

= [�ζα, H]∂α

ζα

�k−1� + [�′ζ, H]∂
2
α

ζα

�k−1�

− 1

πi

∫
(�′ζ(α, t) − �′ζ(β, t))(ζα − ζβ)

(ζ(α, t) − ζ(β, t))2
∂β�k−1�(β, t) dβ. (4.58)

Here we used (3.13) and (3.14). Therefore using Propositions 3.2, 3.3, we have for 1 ≤ j ≤
l − 2,

‖∂αR
λ
j (t)‖2 ≤ c(M)

∑
|k|≤j

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖�k∂αλ(t)‖2. (4.59)

To estimate ‖∂αR
χ

j (t)‖2, for 1 ≤ j ≤ l, we expand the first term in (4.58),

[�ζα, H]∂α

ζα

�k−1χ = �(ζα − 1)H
∂α

ζα

�k−1χ − H
(

�(ζα − 1)
∂α

ζα

�k−1χ

)
.

We get by using (4.56) and Propositions 3.3, 3.2, 3.5 that

‖∂αR
χ

j (t)‖2 ≤ c

j∑
k=1

∥∥∥∥�j−k

(
�(ζα − 1)H

∂α

ζα

�k−1χ

)
(t)

∥∥∥∥
2

+ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

≤ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2. (4.60)

We estimate ‖∂tR
�
j (t)‖2 for � = χ, λ mostly in similar ways, except that we need to

pay attention to not use ‖∂t�
kλ(t)‖∞ in the estimates.

We have from (4.13), (3.2) that for � = χ, λ,

∂tR
�
j = −1

2

j∑
k=1

∂t�
j−k[�′ζ, H]∂α

ζα

�k−1� =
∑

1≤|k|≤j

ck,j�
j−k∂t [�′ζ, H]∂α

ζα

�k−1� (4.61)

for some constant coefficients ck,j , and

∂t [�′ζ, H]∂α

ζα

�k−1�

= [∂t�
′ζ, H]∂α

ζα

�k−1� + [�′ζ, H]∂α∂t

ζα

�k−1�

− 1

πi

∫
(�′ζ(α, t) − �′ζ(β, t))(ζt (α, t) − ζt (β, t))

(ζ(α, t) − ζ(β, t))2
∂β�k−1�(β, t) dβ, (4.62)
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where from (3.2),

∂t�
′ = �∂t − δ∂t , δ = 0, or

1

2
. (4.63)

To estimate ‖∂tR
χ

j (t)‖2, for 1 ≤ j ≤ l, we expand the first term in (4.62),

[∂t�
′ζ, H]∂α

ζα

�k−1χ = (∂t�
′ζ )H

∂α

ζα

�k−1χ − H
(

∂t�
′ζ

∂α

ζα

�k−1χ

)
. (4.64)

We have from Propositions 3.2, 3.3 and (4.63) that for 1 ≤ j ≤ l,

‖∂tR
χ

j (t)‖2 ≤ c

j∑
k=1

∥∥∥∥�j−k

(
(∂t�

′ζ )H
∂α

ζα

�k−1χ

)
(t)

∥∥∥∥
2

+ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�kζt (t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

∑
|k|≤[ j

2 ]
‖�k∂tχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖∂t�
kχ(t)‖2. (4.65)

Now using (4.56), (4.63),

j∑
k=1

∥∥∥∥�j−k

(
(∂t�

′ζ )H
∂α

ζα

�k−1χ

)
(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k(ζα − 1)(t)‖∞

∑
|k|≤j−1

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�kζt (t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

and using the fact that

ζt = u − bζα (4.66)

and (3.43), we have
∑
|k|≤l

‖�kζt (t)‖2 ≤ c(M). (4.67)
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So

j∑
k=1

∥∥∥∥�j−k

(
(∂t�

′ζ )H
∂α

ζα

�k−1χ

)
(t)

∥∥∥∥
2

≤ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�kζt (t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2.

Therefore

‖∂tR
χ

j (t)‖2 ≤ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�kζt (t)‖∞
∑

|k|≤j−1

‖�k∂αχ(t)‖2

+ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

∑
|k|≤[ j

2 ]
‖�k∂tχ(t)‖∞

+ c(M)
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖∞
∑

|k|≤j−1

‖∂t�
kχ(t)‖2. (4.68)

Similarly, to estimate ‖∂tR
λ
j (t)‖2, for 1 ≤ j ≤ l − 2, we expand the first term in (4.62),

[∂t�
′ζ, H]∂α

ζα

�k−1λ = (∂t�
′ζ )H

∂α

ζα

�k−1λ − H
(

∂t�
′ζ

∂α

ζα

�k−1λ

)
.

Using (4.56), (4.63), (4.67) and Propositions 3.2, 3.3, 3.5, we get for 1 ≤ j ≤ l − 2,

‖∂tR
λ
j (t)‖2 ≤ c(M)

∑
|k|≤[ j

2 ]
‖�kζt (t)‖∞

∑
|k|≤j

‖�k∂αλ(t)‖2

+ c(M)
∑
|k|≤j

‖�kζt (t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αλ(t)‖∞

+ c(M)
∑
|k|≤j

‖�k(ζα − 1)(t)‖∞
( ∑

|k|≤j−1

‖∂t�
kλ(t)‖2 +

∑
|k|≤j−1

‖�k∂αλ(t)‖2

)
.

(4.69)
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Sum up (4.54), (4.60) and (4.68), we obtain

∑
|j |≤l

∣∣∣∣
∫

(∂tη
χ

j ∂αR̄
χ

j + ∂tR
χ

j ∂αη̄
χ

j + ∂tR
χ

j ∂αR̄
χ

j ) dα

∣∣∣∣

≤ c(M)
∑

|j |≤[ l
2 ]
(‖�jζt (t)‖∞ + ‖�j(ζα − 1)(t)‖∞ + ‖�j∂tχ(t)‖∞ + ‖�j∂αχ(t)‖∞)2

×
∑
|j |≤l

(‖�jζt (t)‖2 + ‖�j(ζα − 1)(t)‖2 + ‖∂t�
jχ(t)‖2 + ‖�j∂αχ(t)‖2)

2. (4.70)

Sum up (4.54), (4.59) and (4.69), we have

∑
|j |≤l−2

∣∣∣∣
∫

(∂tη
λ
j ∂αR̄

λ
j + ∂tR

λ
j ∂αη̄

λ
j + ∂tR

λ
j ∂αR̄

λ
j ) dα

∣∣∣∣

≤ c(M)

( ∑
|j |≤[ l−2

2 ]
‖�jζt (t)‖∞ +

∑
|j |≤[ l−2

2 ]
‖�j∂αλ(t)‖∞ +

∑
|j |≤l−2

‖�j (ζα − 1)(t)‖∞
)2

×
∑

|j |≤l−2

(‖∂t�
jλ(t)‖2 + ‖�j∂αλ(t)‖2 + ‖�jζt (t)‖2)

2. (4.71)

Step 2. We now consider ‖G�
j (t)‖2 for � = v1, χ, λ, where

G�
j = �j P� +

j∑
k=1

�j−k[P,�]�k−1�. (4.72)

We first derive the estimate in (4.74), then work on the terms on the right hand side of (4.74)
through three sub-steps. Finally, we conclude this step with the estimate in (4.94).

We know from Proposition 3.5 and (3.43) that

∑
|q|≤l−1

‖�qb(t)‖∞ ≤ c
∑
|q|≤l

‖�qb(t)‖2

≤ c(M)
∑
|q|≤l

‖�qu(t)‖2 ≤ c(M). (4.73)

This implies that for 1 ≤ j ≤ l, k ≥ 1,

∑
p+k−1≤[ j

2 ]
‖�p∂α(∂t + b∂α)�

k−1�(t)‖∞ ≤ c(M)
∑

p+k≤[ j
2 ]+1

‖�p+k∂α�(t)‖∞.

Therefore from (3.10) and Lemma 3.12, we have for 2 ≤ j ≤ l,

∑
|k|≤j

‖G�
k (t)‖2 ≤ c

∑
|k|≤j

‖�k P�(t)‖2

+ c(M)
∑

|k|≤[ j
2 ]
(‖�k(∂t + b∂α)b(t)‖∞ + ‖�kb(t)‖∞ + ‖�k(A − 1)(t)‖∞)
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×
∑

|k|≤j−1

(‖�k∂α�(t)‖2 + ‖(∂t + b∂α)�
k∂α�(t)‖2)

+ c(M)
∑
|k|≤j

(‖�k(∂t + b∂α)b(t)‖2 + ‖�kb(t)‖2

+ ‖�k(A − 1)(t)‖2)
∑

|k|≤[ j
2 ]+1

‖�k∂α�(t)‖∞. (4.74)

We further estimate the right hand side of (4.74) through the following steps.
Step 2.1. We first consider the estimate of

‖�k(∂t + b∂α)b(t)‖∞ + ‖�kb(t)‖∞ + ‖�k(A − 1)(t)‖∞.

in (4.74). We use (2.30), (2.52) and conclude this sub-step with the estimate in (4.79).
From (2.30), we know

(I − H)b = −[u, H] ζ̄α − 1

ζα

, (I − H)(A − 1) = i[u, H] ūα

ζα

+ i[w, H] ζ̄α − 1

ζα

.

Using Lemma 3.8, then Lemma 3.16 (3.61), (3.62), we have for 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�kb(t)‖∞

≤ c(M)

(∑
|k|≤j

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥∞
+ ‖yα(t)‖∞

∑
|k|≤j+1

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥
2

)

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)
. (4.75)

Similarly, we have for 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(A − 1)(t)‖∞

≤ c(M)
∑
|k|≤j

∥∥∥∥�k

(
[u, H] ūα

ζα

+ [w, H] ζ̄α − 1

ζα

)
(t)

∥∥∥∥
∞
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+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

∥∥∥∥�k

(
[u, H] ūα

ζα

+ [w, H] ζ̄α − 1

ζα

)
(t)

∥∥∥∥
2

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�kuα(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑
|k|≤j

‖�kuα(t)‖2
1

t + 1

)

+ c(M)

( ∑
|k|≤j+1

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�kw(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�kuα(t)‖2

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2.

This implies that for 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(A − 1)(t)‖∞

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�kuα(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑
|k|≤j

‖�kuα(t)‖2
1

t + 1

)

+ c(M)

( ∑
|k|≤j+1

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�kw(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞. (4.76)

In order to estimate ‖�k(∂t + b∂α)b(t)‖∞, we use (2.52):

(I − H)(∂t + b∂α)b

= [u, H]∂α(2b − ū)

ζα

− [w, H] ζ̄α − 1

ζα

+ 1

πi

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ.
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We need to first obtain an estimate of ‖�kb(t)‖∞ that does not involve ln(t + e). For this
purpose we use (3.40). We have from Lemma 3.8 and (3.40), (3.63) that for 0 ≤ j ≤ l − 1,

∑
|k|≤j

‖�kb(t)‖∞ ≤ c(M)

(∑
|k|≤j

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥∞

+ ‖yα(t)‖∞
∑

|k|≤j+1

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥
2

)

≤ c(M)

(∑
|k|≤j

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2

+
∑

|k|≤j+1

‖�ku(t)‖2‖(ζα − 1)(t)‖∞

+ ‖yα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖2

∑
|k|≤j+1

‖�k(ζα − 1)(t)‖2

)

≤ c(M)

(∑
|k|≤j

‖�ku(t)‖∞ + ‖(ζα − 1)(t)‖∞
)

. (4.77)

Now similar to the cases of ‖�kb(t)‖∞ and ‖�k(A−1)(t)‖∞, we use Lemma 3.8 and (3.61),
(3.62) to estimate ‖�k(∂t + b∂α)b(t)‖∞. We have for 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(∂t + b∂α)b(t)‖∞

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(uα − 2bα)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑
|k|≤j

‖�k(uα − 2bα)(t)‖2
1

t + 1

)

+ c(M)

( ∑
|k|≤j+1

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�kw(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)

+ c(M)‖yα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞

+ A,

where

A = c(M)
∑

|k|≤j+1

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ

∥∥∥∥
2

.
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Further using Proposition 3.2, we have

∑
|k|≤j+1

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ

∥∥∥∥
2

≤ c(M)
∑

|k|≤j+1

‖�kuα(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖2.

Therefore for 0 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k(∂t + b∂α)b(t)‖∞

≤ c(M)

( ∑
|k|≤j+1

‖�ku(t)‖∞
∑

|k|≤j+2

‖�ku(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖2
1

t + 1

)

+ c(M)

( ∑
|k|≤j+1

‖�kw(t)‖∞
∑

|k|≤j+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�kw(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)

+ c(M)‖(ζα − 1)(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖∞ ln(t + e). (4.78)

Sum up (4.75), (4.76), (4.78), and further applying Propositions 3.6, 3.11, 3.13 and
Proposition 3.5, we have for 1 ≤ j ≤ l − 4, and sufficiently small M > 0,

∑
|k|≤j

(‖�k(∂t + b∂α)b(t)‖∞ + ‖�kb(t)‖∞ + ‖�k(A − 1)(t)‖∞)

≤ c(M)
∑

|k|≤j+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e) + c(M)E(t)
1

t + 1
. (4.79)

Step 2.2. We now estimate the quantity

‖�k(∂t + b∂α)b(t)‖2 + ‖�kb(t)‖2 + ‖�k(A − 1)(t)‖2

in (4.74) for 1 ≤ k ≤ l. This sub-step is concluded with the estimate in (4.83).
Using Lemmas 3.8, 3.17 and (2.30) we get that for 1 ≤ j ≤ l,

∑
|k|≤j

‖�kb(t)‖2 ≤ c(M)
∑
|k|≤j

∥∥∥∥�k[u, H] ζ̄α − 1

ζα

(t)

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤j

‖�k(ζα − 1)(t)‖2
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+
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1

)]
(4.80)

and
∑
|k|≤j

‖�k(A − 1)(t)‖2

≤ c(M)
∑
|k|≤j

∥∥∥∥�k

(
[u, H] ūα

ζα

+ [w, H] ζ̄α − 1

ζα

)
(t)

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�ku(t)‖2

+
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+2

‖�ku(t)‖∞ ln(t + e) +
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖2
1

t + 1

)]

+ c(M)

[ ∑
|k|≤[ j

2 ]
‖�kw(t)‖∞

∑
|k|≤j

‖�k(ζα − 1)(t)‖2

+
∑
|k|≤j

‖�kw(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖2
1

t + 1

)]
. (4.81)

From (2.52) and Lemma 3.8 we have for 1 ≤ j ≤ l,
∑
|k|≤j

‖�k(∂t + b∂α)b(t)‖2

≤ c(M)
∑
|k|≤j

∥∥∥∥�k[u, H]∂α(2b − ū)

ζα

∥∥∥∥
2

+ c(M)
∑
|k|≤j

∥∥∥∥�k[w, H] ζ̄α − 1

ζα

∥∥∥∥
2

+ c(M)
∑
|k|≤j

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ

∥∥∥∥
2

,

where using Lemma 3.17 and (3.43), (4.77), we obtain

∑
|k|≤j

∥∥∥∥�k[u, H]∂α(2b − ū)

ζα

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�ku(t)‖2
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+
∑
|k|≤j

‖�ku(t)‖2

{( ∑
|k|≤[ j

2 ]+2

‖�ku(t)‖∞ + ‖ζα − 1‖∞
)

ln(t + e)

+
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖2
1

t + 1

}]

from Lemma 3.17,

∑
|k|≤j

∥∥∥∥�k[w, H] ζ̄α − 1

ζα

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�kw(t)‖∞

∑
|k|≤j

‖�k(ζα − 1)(t)‖2

+
∑
|k|≤j

‖�kw(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]

‖�k(ζα − 1)(t)‖2
1

t + 1

)]

and using Propositions 3.2, 3.5,

∑
|k|≤j

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

(ζ̄β − 1) dβ

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤j−1

‖�kuα(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]
‖�k(ζα − 1)(t)‖∞

+
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�k(ζα − 1)(t)‖2

+ ‖�ju(t)‖2

(∑
|k|≤2

‖�ku(t)‖2‖(ζα − 1)(t)‖∞ + ‖uα(t)‖∞
∑
|k|≤1

‖�k(ζα − 1)(t)‖2

)]
.

Therefore for 1 ≤ j ≤ l,

∑
|k|≤j

‖�k(∂t + b∂α)b(t)‖2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�kw(t)‖∞

∑
|k|≤j

‖�k(ζα − 1)(t)‖2

+
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤[ j

2 ]+1

‖�k(ζα − 1)(t)‖∞ ln(t + e)

+
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤j

‖�k(ζα − 1)(t)‖2
1

t + 1
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+
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+2

‖�ku(t)‖∞ + ‖ζα − 1‖∞
)

ln(t + e)

+
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖2
1

t + 1

]
. (4.82)

Notice that for l ≥ 11, [ l
2 ] + 2 ≤ l − 4. Sum up (4.80), (4.81), (4.82), and further applying

Propositions 3.6, 3.11, 3.13, we have for 2 ≤ j ≤ l, and sufficiently small M > 0,

∑
|k|≤j

(‖�k(∂t + b∂α)b(t)‖2 + ‖�kb(t)‖2 + ‖�k(A − 1)(t)‖2)

≤ c(M)E(t)1/2
∑

|k|≤[ j
2 ]+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞) ln(t + e) + c(M)E(t)
1

t + 1
.

(4.83)

Step 2.3. We estimate
∑

|k|≤j ‖�k P�(t)‖2 in (4.74) for � = χ , λ and v1. We use (2.27),
(2.29) and (4.32), (4.33), and further divide our efforts into three sub-steps. We conclude the
sub-steps respectively with the estimates in (4.84), (4.85) and (4.93).

Step 2.3.1. We first consider ‖�j Pχ(t)‖2.
We know

Pχ = 4

π

∫
(u(α, t) − u(β, t))(y(α, t) − y(β, t))

|ζ(α, t) − ζ(β, t)|2 uβ dβ

+ 2

π

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

yβ dβ = I1 + I2.

Using Proposition 3.3, we have for 1 ≤ j ≤ l,

‖�jI1(t)‖2 ≤ c(M)

[ ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�ku(t)‖2

+
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

+
∑

|k|≤j−1

‖�kuα(t)‖2

∑
|k|≤[ j

2 ]
‖�k

yα(t)‖∞
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
]

+ c

∥∥∥∥
∫

(�ju(·, t) − �ju(β, t))(y(·, t) − y(β, t))

|ζ(·, t) − ζ(β, t)|2 uβ dβ

∥∥∥∥
2

,

where from Proposition 3.4 by taking r = (t + 1)2,

∥∥∥∥
∫

(�ju(·, t) − �ju(β, t))(y(·, t) − y(β, t))

|ζ(·, t) − ζ(β, t)|2 uβ dβ

∥∥∥∥
2

≤ c(M)‖�ju(t)‖2

×
(∑

|k|≤1

‖�k
yα(t)‖∞

∑
|k|≤1

‖�kuα(t)‖∞ ln(t + e) + ‖yα(t)‖∞‖uα(t)‖2
1

t + 1

)
.
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Using Proposition 3.2, we have

‖�jI2(t)‖2 ≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

+
∑

|k|≤j−1

‖�kuα(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]
‖�k

yα(t)‖∞
]

+ c

∥∥∥∥
∫

(�ju(·, t) − �ju(β, t))(u(·, t) − u(β, t))

(ζ(·, t) − ζ(β, t))2
yβ dβ

∥∥∥∥
2

,

where from Proposition 3.4,

∥∥∥∥
∫

(�ju(·, t) − �ju(β, t))(u(·, t) − u(β, t))

(ζ(·, t) − ζ(β, t))2
yβ dβ

∥∥∥∥
2

≤ c(M)‖�ju(t)‖2

×
(∑

|k|≤1

‖�kuα(t)‖∞
∑
|k|≤1

‖�k
yα(t)‖∞ ln(t + e) + ‖uα(t)‖∞‖yα(t)‖2

1

t + 1

)
.

Therefore for 1 ≤ j ≤ l,

∑
|k|≤j

‖�k Pχ(t)‖2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

+
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�ku(t)‖2

+ ‖�ju(t)‖2

{∑
|k|≤1

‖�kuα(t)‖∞
∑
|k|≤1

‖�k
yα(t)‖∞ ln(t + e)

+ (‖yα(t)‖∞‖uα(t)‖2 + ‖uα(t)‖∞‖yα(t)‖2)
1

t + 1

}]
.

Further applying Propositions 3.6, 3.11, 3.13, and Proposition 3.5, we have for 2 ≤ j ≤ l

and sufficiently small M > 0,

∑
|k|≤j

‖�k Pχ(t)‖2

≤ c(M)E(t)1/2
∑

|k|≤[ j
2 ]+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e)

+ c(M)E(t))3/2 1

t + 1
. (4.84)

Step 2.3.2. We estimate ‖�j Pλ(t)‖2 similarly.
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We know from (2.29),

Pλ = −
[
u, H

1

ζα

+ H̄
1

ζ̄α

]
(ζ̄αw) + [u, H̄]

(
ū

uα

ζ̄α

)
+ u[u, H] ūα

ζα

− 2[u, H]u · uα

ζα

+ 1

π i

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

u · ζβ dβ = I3 + I4 + I5,

where

I3 = −
[
u, H

1

ζα

+ H̄
1

ζ̄α

]
(ζ̄αw),

I4 = [u, H̄]
(

ū
uα

ζ̄α

)
+ u[u, H] ūα

ζα

− 2[u, H]u · uα

ζα

,

I5 = 1

π i

∫ (
u(α, t) − u(β, t)

ζ(α, t) − ζ(β, t)

)2

u · ζβ dβ

we have by using Propositions 3.2, 3.4 that for 1 ≤ j ≤ l − 2,

‖�jI3(t)‖2

≤ c(M)
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�kw(t)‖2

+ c(M)
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

∑
|k|≤[ j

2 ]
‖�kw(t)‖∞

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�kw(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]
‖�kw(t)‖2

1

t + 1

)

and

‖�jI4(t)‖2

≤ c(M)
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖2

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]+2

‖�ku(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖2
1

t + 1

)
.

Using Proposition 3.2, we get
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‖�jI5(t)‖2

≤ c(M)

( ∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�ku(t)‖2

+
∑

|k|≤j+1

‖�ku(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

)
.

Therefore we have for 1 ≤ j ≤ l − 2,

∑
|k|≤j

‖�k Pλ(t)‖2

≤ c(M)
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�kw(t)‖2

+ c(M)
∑

|k|≤[ j
2 ]

‖�ku(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

∑
|k|≤[ j

2 ]
‖�kw(t)‖∞

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

( ∑
|k|≤[ j

2 ]+1

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�kw(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]
‖�kw(t)‖2

1

t + 1

)

+ c(M)
∑

|k|≤j+1

‖�ku(t)‖2

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]+2

‖�ku(t)‖∞ ln(t + e)

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖2
1

t + 1
.

Further applying Propositions 3.6, 3.11, 3.13, and Proposition 3.5, we have for 2 ≤ j ≤ l −2
and sufficiently small M > 0,

∑
|k|≤j

‖�k Pλ(t)‖2

≤ c(M)E(t)1/2
∑

|k|≤[ j
2 ]+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e)

+ c(M)E(t)3/2 1

t + 1
. (4.85)

Step 2.3.3. We now estimate
∑

|k|≤j ‖�k Pv1(t)‖2 for 1 ≤ j ≤ l.
We start from (4.32) and (4.33). We have by using Propositions 3.2, 3.3,

‖�j Pv1(t)‖2 ≤ c(M)
∑
|k|≤j

‖�k Pv(t)‖2

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤max(j,2)

‖�k Pχ(t)‖2
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+ 2

∥∥∥∥�j [u, H]∂α

ζα

(
w

∂α

ζα

χ

)∥∥∥∥
2

+
∥∥∥∥�j [(H̄ + H)u, H]

(
∂α

ζα

)2

χ

∥∥∥∥
2

+ 1

π

∥∥∥∥�j

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

∂βv dβ

∥∥∥∥
2

, (4.86)

where by further using Proposition 3.4,

2

∥∥∥∥�j [u, H]∂α

ζα

(
w

∂α

ζα

χ

)∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�kuα(t)‖∞

∑
|k|≤j

‖�k(w∂αχ)(t)‖2

+
∑

|k|≤j−1

‖�kuα(t)‖2

∑
|k|≤[ j

2 ]
‖�k(w∂αχ)(t)‖∞

+ ‖�ju(t)‖2

(∑
|k|≤2

‖�k(w∂αχ)(t)‖∞ ln(t + e) +
∑
|k|≤1

‖�k(w∂αχ)(t)‖2
1

t + 1

)]
,

(4.87)

using the fact that H( ∂α

ζα
)2χ = ( ∂α

ζα
)2 Hχ = −( ∂α

ζα
)2χ ,

∥∥∥∥�j [(H̄ + H)u, H]
(

∂α

ζα

)2

χ

∥∥∥∥
2

≤ c(M)

[ ∑
|k|≤[ j

2 ]
‖�k∂α(H̄ + H)u(t)‖∞

∑
|k|≤j

‖�k∂αχ(t)‖2

+
∑

|k|≤j−1

‖�k∂α(H̄ + H)u(t)‖2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

+ ‖�j (H̄ + H)u(t)‖2

∥∥∥∥
(

∂α

ζα

)2

χ(t)

∥∥∥∥∞

]

≤ c(M)

( ∑
|k|≤[ j

2 ]+2

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]+2

‖�ku(t)‖∞ ln(t + e)

+
∑

|k|≤[ j
2 ]+1

‖�k
yα(t)‖∞

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖2
1

t + 1

) ∑
|k|≤j

‖�k∂αχ(t)‖2

+ c(M)

( ∑
|k|≤[ j

2 ]
‖�k

yα(t)‖∞
∑
|k|≤j

‖�ku(t)‖2

+
∑
|k|≤j

‖�k
yα(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

) ∑
|k|≤max([ j

2 ],1)

‖�k∂αχ(t)‖∞, (4.88)
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and

1

π

∥∥∥∥�j

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

∂βv dβ

∥∥∥∥
2

≤ c(M)

[( ∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞
)2 ∑

|k|≤j

‖�kv(t)‖2

+
∑

|k|≤j−1

‖�k∂αu(t)‖2

∑
|k|≤[ j

2 ]
‖�ku(t)‖∞

∑
|k|≤[ j

2 ]
‖�k∂αv(t)‖∞

+ c(M)

[
‖�ju(t)‖2

(∑
|k|≤1

‖�kuα(t)‖∞
∑
|k|≤1

‖�k∂αv(t)‖∞ ln(t + e)

+ ‖uα(t)‖∞‖∂αv(t)‖2
1

t + 1

)]
. (4.89)

Similar to the calculations above, we have from (4.33) that for 1 ≤ j ≤ l,

‖�j Pv(t)‖2 ≤ c(M)

[ ∑
|k|≤[ j

2 ]+1

‖�kw(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�ku(t)‖2

+
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑

|k|≤[ j
2 ]

‖�k
yα(t)‖∞

∑
|k|≤j

‖�kw(t)‖2

+
∑

|k|≤[ j
2 ]+1

‖�kw(t)‖∞
∑
|k|≤j

‖�k
yα(t)‖2

∑
|k|≤[ j

2 ]+1

‖�ku(t)‖∞

+ ‖�jw(t)‖2

{∑
|k|≤1

‖�k
yα(t)‖∞

∑
|k|≤1

‖�kuα(t)‖∞ ln(t + e)

+ (‖yα(t)‖∞‖uα(t)‖2 + ‖uα(t)‖∞‖yα(t)‖2)
1

t + 1

}

+ ‖�ju(t)‖2

{∑
|k|≤1

‖�k
yα(t)‖∞

∑
|k|≤1

‖�kwα(t)‖∞ ln(t + e)

+ (‖yα(t)‖∞‖wα(t)‖2 + ‖wα(t)‖∞‖yα(t)‖2)
1

t + 1

}

+
( ∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
)2 ∑

|k|≤j

‖�ku(t)‖2

+ ‖�ju(t)‖2

{(∑
|k|≤1

‖�kuα(t)‖∞
)2

ln(t + e) + ‖uα(t)‖∞‖uα(t)‖2
1

t + 1

}
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+
∑

|k|≤[ j
2 ]

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥∞

∑
|k|≤j

‖�k∂αχ(t)‖2

+
∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥
2

∑
|k|≤[ j

2 ]
‖�k∂αχ(t)‖∞

]
. (4.90)

We need the estimates of ‖�k at

a
◦ k−1(t)‖∞ and ‖�k at

a
◦ k−1(t)‖2. We use (2.32) and

Lemma 3.15. We have by applying Lemma 3.16 (3.61), (3.62) that for 0 ≤ j ≤ l − 2 and
sufficiently small M > 0,

∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥
∞

≤ c(M)
∑

|k|≤j+2

‖�kw(t)‖∞
∑

|k|≤j+2

‖�ku(t)‖∞ ln(t + e)

+ c(M)
∑
|k|≤j

‖�kw(t)‖∞
∑

|k|≤j+1

‖�ku(t)‖2
1

t + 1

+ c(M)
∑
|k|≤j

‖�ku(t)‖∞
∑

|k|≤j+1

‖�kw(t)‖2
1

t + 1

+ c(M)(‖w(t)‖∞ + ‖yα(t)‖∞)
∑

|k|≤j+1

(‖�kw(t)‖∞ + ‖�ku(t)‖∞)

+ B,

where

B = c(M)
∑

|k|≤j+1

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

ūβ dβ

∥∥∥∥
2

.

Using Proposition 3.3, we get

∑
|k|≤j+1

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

ūβ dβ

∥∥∥∥
2

≤ c(M)
∑

|k|≤j+1

‖�kuα(t)‖2
∞

∑
|k|≤j+1

‖�ku(t)‖2.

Further applying Propositions 3.6, 3.11, 3.13 and Proposition 3.5, we have for 1 ≤ j ≤ l − 4
and sufficiently small M > 0,

∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥∞

≤ c(M)
∑

|k|≤j+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e)

+ c(M)
∑

|k|≤j+1

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2)
2 1

t + 1
. (4.91)
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Also from (2.32) and Lemma 3.15 we have for 1 ≤ j ≤ l,

∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥
2

≤ c(M)
∑
|k|≤j

(∥∥∥∥�k[w, H] ūα

ζα

∥∥∥∥
2

+
∥∥∥∥�k[u, H] w̄α

ζα

∥∥∥∥
2

)

+ c(M)
∑
|k|≤j

∥∥∥∥�k

∫ (
u(·, t) − u(β, t)

ζ(·, t) − ζ(β, t)

)2

ūβ dβ

∥∥∥∥
2

.

Using Lemma 3.17 (3.65), Propositions 3.3, 3.5, we obtain for 3 ≤ j ≤ l,

∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥
2

≤ c(M)
∑

|k|≤[ j
2 ]+1

‖�kw(t)‖∞
∑
|k|≤j

‖�ku(t)‖2

+ c(M)
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�kw(t)‖2

+ c(M)
∑
|k|≤j

‖�kw(t)‖2

∑
|k|≤[ j

2 ]+2

(
‖�ku(t)‖∞ ln(t + e) + ‖�ku(t)‖2

1

t + 1

)

+ c(M)
∑
|k|≤j

‖�ku(t)‖2

∑
|k|≤[ j

2 ]+2

(
‖�kw(t)‖∞ ln(t + e) + ‖�kw(t)‖2

1

t + 1

)

+ c(M)
∑

|k|≤[ j
2 ]+1

‖�ku(t)‖∞
∑
|k|≤j

‖�ku(t)‖2
2.

Further applying Propositions 3.6, 3.11, 3.13, we have for 3 ≤ j ≤ l, and sufficiently small
M > 0,

∑
|k|≤j

∥∥∥∥�k at

a
◦ k−1(t)

∥∥∥∥
2

≤ c(M)
∑

|k|≤[ j
2 ]+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)

×
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2) ln(t + e)

+ c(M)
∑
|k|≤j

(‖(∂t + b∂α)�
kv(t)‖2 + ‖(∂t + b∂α)�

kχ(t)‖2)
2 1

t + 1
. (4.92)

Now sum up the inequalities from (4.86) through (4.92), using (4.84), applying Propositions
3.6, 3.11, 3.13, 3.14, and Proposition 3.5, we have for 3 ≤ j ≤ l and sufficiently small



Almost global wellposedness of the 2-D full water wave problem 113

M > 0,
∑
|k|≤j

‖�k Pv1(t)‖2

≤ c(M)E(t)1/2
∑

|k|≤[ j
2 ]+2

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e)

+ c(M)E(t)3/2 1

t + 1
. (4.93)

Finally from (4.74), using (4.79), (4.83), (4.84), (4.85), (4.93) and Propositions 3.14, 3.5,
and notice that for l ≥ 11, [ l

2 ] + 2 ≤ l − 4. We get

∑
|j |≤l

(‖Gv1
j (t)‖2 + ‖Gχ

j (t)‖2) +
∑

|j |≤l−2

‖Gλ
j (t)‖2

≤ c(M)E(t)1/2

( ∑
|j |≤l−4

‖�j∂αλ(t)‖∞ +
∑

|j |≤l−2

‖�j∂αχ(t)‖∞
)2

ln(t + e)

+ c(M)E(t)3/2 1

t + 1
. (4.94)

This finishes Step 2.
Step 3. The final step for the energy estimate (4.52) and Proposition 4.4.
Notice that we need to further estimate a few terms on the right hand sides of (4.70),

(4.71). In particular, we have from ζt = u − bζα and using (4.77) for 0 ≤ j ≤ l − 1,

‖�jζt (t)‖∞ ≤ ‖�ju(t)‖∞ + c(M)
∑
|k|≤j

‖�kb(t)‖∞

≤ c(M)

(∑
|k|≤j

‖�ku(t)‖∞ + ‖(ζα − 1)(t)‖∞
)

and using (3.43) for 1 ≤ j ≤ l,

‖�jζt (t)‖2 ≤ ‖�ju(t)‖2 + c(M)
∑
|k|≤j

‖�kb(t)‖2 ≤ c(M)
∑
|k|≤j

‖�ku(t)‖2.

Furthermore for 0 ≤ j ≤ l, � = χ, λ,

‖∂t�
j�(t)‖2 ≤ ‖(∂t + b∂α)�

j�(t)‖2 + c(M)‖∂α�
j�(t)‖2.

Sum up the inequalities (4.53), (4.70), (4.71), (4.91), (4.94), applying Propositions 3.6, 3.11,
3.13, 3.14, and using the fact that for l ≥ 11, [ l

2 ] + 2 ≤ l − 4. We conclude

d

dt
E(t) ≤ c1(M)E(t)

( ∑
|j |≤l−4

‖�j∂αλ(t)‖∞ +
∑

|j |≤l−2

‖�j∂αχ(t)‖∞
)2

ln(t + e)

+ c1(M)E(t)2 1

t + 1
(4.95)

for some constant c1(M) depending on M . This proves Proposition 4.4. �
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4.2 L2–L∞ estimate and the energy inequality

We now derive an estimate of the quantity
∑

|j |≤l−4 ‖�j∂αλ(t)‖∞ + ∑
|j |≤l−2 ‖�j∂αχ(t)‖∞

in the right hand side of (4.95) (or (4.52)) in turns of the energy E(t). We continue assuming
(4.1)–(4.4), with a M0 so small that all the inequalities and estimates derived so far, including
Propositions 4.3, 4.4 hold.

Let � = χ, λ. From Proposition 3.1 we know for α ∈ R, 0 ≤ j ≤ l − 2,

(1 + t)1/2|�j∂α�(α, t)| ≤ c

(∑
|k|≤2

‖�k�j∂α�(t)‖2 +
∑
|k|≤1

‖�0�
k�j∂α�(t)‖2

)
.

Applying (3.3) to the second term on the right, we get

(1 + t)1/2|�j∂α�(α, t)| ≤ c

( ∑
|k|≤2+j

‖�k∂α�(t)‖2 +
∑

|k|≤1+j

‖�k�0∂α�(t)‖2

)
.

Further using the relation (1.31):

�0∂α = L0∂t − 1

2
t (∂2

t − i∂α)

we obtain

(1 + t)1/2|�j∂α�(α, t)| ≤ c

( ∑
|k|≤2+j

‖�k∂α�(t)‖2 +
∑

|k|≤1+j

‖�kL0∂t�(t)‖2

+ t
∑

|k|≤1+j

‖�k(∂2
t − i∂α)�(t)‖2

)
. (4.96)

Notice that from (3.2) and (3.43), we have
∑

|k|≤1+j

‖�kL0∂t�(t)‖2 ≤ c
∑

|k|≤2+j

‖∂t�
k�(t)‖2

≤ c(M)
∑

|k|≤2+j

(‖(∂t + b∂α)�
k�(t)‖2 + ‖�k∂α�(t)‖2). (4.97)

We now focus our attention on the quantity
∑

|k|≤1+j ‖�k(∂2
t − i∂α)�(t)‖2 in (4.96). We

know

∂2
t − i∂α = P − (∂t + b∂α)b∂α − b∂t∂α + i(A − 1)∂α.

We have, by using (3.43) that for 0 ≤ j ≤ l − 2,

∑
|k|≤1+j

‖�k(∂2
t − i∂α)�(t)‖2

≤
∑

|k|≤1+j

‖�k P�(t)‖2

+ c(M)
∑

|k|≤2+j

‖�k(b∂α�)(t)‖2
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+
∑

|k|≤1+j

(‖�k(b∂t∂α�)(t)‖2 + ‖�k((A − 1)∂α�)(t)‖2)

≤
∑

|k|≤1+j

‖�k P�(t)‖2

+ c(M)
∑

|k|≤[ j
2 ]
(‖�kb(t)‖∞ + ‖�k(A − 1)(t)‖∞)

∑
|k|≤2+j

‖�k∂α�(t)‖2

+ c(M)
∑

|k|≤2+j

(‖�kb(t)‖2 + ‖�k(A − 1)(t)‖2)
∑

|k|≤[ j
2 ]+2

‖�k∂α�(t)‖∞.

Now using (4.79), (4.83), (4.84), (4.85) and Propositions 3.14, 3.5, we have for � = χ and
2 ≤ j ≤ l − 2, and respectively for � = λ and 2 ≤ j ≤ l − 4,

∑
|k|≤1+j

‖�k(∂2
t − i∂α)�(t)‖2

≤ c(M)E(t)1/2
∑

|k|≤[ j
2 ]+3

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)2 ln(t + e) + c(M)E(t)3/2 1

t + 1
.

(4.98)

Using the fact that for l ≥ 11, [ l
2 ] + 2 ≤ l − 4, combining (4.96)–(4.98) we obtain that for

M ≤ M0,

(1 + t)1/2

( ∑
|k|≤l−2

‖�k∂αχ(t)‖∞ +
∑

|k|≤l−4

‖�k∂αλ(t)‖∞
)

≤ c2(M)E(t)1/2 + c2(M)E(t)3/2

+ c2(M)E(t)1/2 ln(t + e)

[
(1 + t)1/2

∑
|k|≤l−4

(‖�k∂αχ(t)‖∞ + ‖�k∂αλ(t)‖∞)

]2

, (4.99)

where c2(M) is a constant depending on M . Let

X(t) = (1 + t)1/2

( ∑
|k|≤l−2

‖�k∂αχ(t)‖∞ +
∑

|k|≤l−4

‖�k∂αλ(t)‖∞
)

. (4.100)

We know (4.99) implies that X(t) satisfies

X(t) ≤ c2(M)E(t)1/2 + c2(M)E(t)3/2 + c2(M)E(t)1/2 ln(t + e)X(t)2.

We have the following simple calculus lemma.

Lemma 4.5 Let X : [0,∞) → R be continuous, satisfying

X(t) ≤ X(t)2 + a(t) (4.101)

for some function a(t). Assume that a(t) < 1/4 for t ∈ [0, T ], and assume X(0) ≤ 1/2. Then

X(t) ≤ 2a(t) for all t ∈ [0, T ].
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Proof We know the inequality X(t)2 + a(t) ≥ X(t) has two disconnected branches of solu-
tions:

X(t) ≤ 1 − √
1 − 4a(t)

2
, or X(t) ≥ 1 + √

1 − 4a(t)

2
.

Since X : [0,∞) → R is continuous, and since X(0) ≤ 1/2. We have X(t) ≤ 1−√
1−4a(t)

2 <

1/2 for all t ∈ [0, T ]. Therefore from (4.101),

X(t) ≤ a(t)

1 − X(t)
≤ 2a(t) for all t ∈ [0, T ]. �

Combining Lemma 4.5 and (4.99) with Proposition 4.4, we have the following Proposi-
tion.

Let M0 > 0 be the constant such that (4.52), (4.99) and all the other inequalities and
estimates derived so far hold.

Proposition 4.6 Let l ≥ 11. Assume that (4.1)–(4.4) hold on [0, T ], with M = M0. Let X(t)

be as defined in (4.100). Assume X(0) ≤ 1/2, and for t ∈ [0, T ],
c2(M0)E(t)1/2 ln(t + e) ≤ 1, and E(t)1/2 < min{1/8c2(M0),1}. (4.102)

Then for t ∈ [0, T ],
X(t) ≤ 4c2(M0)E(t)1/2; (4.103)

and

E(t) ≤ E(0)

1 − c3(M0) ln2(t + e)E(0)
(4.104)

provided c3(M0) ln2(t + e)E(0) < 1 on [0, T ]. Here c3(M0) = (16c1(M0)c2(M0)2+c1(M0))e

2 .

Proof Under the assumption of Proposition 4.6, we know from (4.99) and Lemma 4.5 that
for t ∈ [0, T ], X(t) ≤ 4c2(M0)E(t)1/2. So from Proposition 4.4, we have

d

dt
E(t) ≤ (16c1(M0)c2(M0)

2 + c1(M0))E(t)2 ln(t + e)

t + 1
.

Let c3(M0) = (16c1(M0)c2(M0)2+c1(M0))e

2 . We get

d

dt
E(t) ≤ 2c3(M0)E(t)2 ln(t + e)

t + e
(4.105)

for t ∈ [0, T ]. Solving the differential inequality (4.105), we get (4.104). �

5 Almost global well-posedness of the water wave equation

In this section we prove by a continuity argument and Proposition 4.6 that the water wave
system (1.7) and equivalently (1.1)–(1.4) has a unique classical solution for the time period
[0, ec/ε] for data of form ε� , with c depending only on � .
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As we know, the initial data describing the water wave motion should satisfy some com-
patibility conditions [38, 39]. Since the compatibility conditions given in [39] are primarily
for the 3D water wave, we give here a brief derivation of the compatibility conditions for
the 2D case. This derivation is very much the same as in [39].

We know the water wave motion is described by the system (1.7):
{

ztt + i = iazα,

z̄t = Hz̄t ,
(5.1)

where a is real valued. So

−i(a − 1)z̄α = z̄t t + i(z̄α − 1).

From z̄t = Hz̄t and (2.3), we have (I − H)z̄tt = [∂t ,H]z̄t = [zt ,H] z̄tα

zα
, therefore

−i(I − H){(a − 1)z̄α} = [zt ,H] z̄tα

zα

+ i(I − H)(z̄α − 1). (5.2)

Multiplying both sides of (5.2) by izα

|zα | then take the real value, we obtain

(a − 1)|zα| = (I + K
∗)−1Re

{
izα

|zα|
(

[zt ,H] z̄tα

zα

+ i(I − H)(z̄α − 1)

)}
, (5.3)

where K∗ is the adjoint of the double layered potential operator as defined in (1.11). We see
from (5.3) that a is completely determined by the position z = z(·, t) and velocity zt (·, t) of
the interface. Consequently from

ztt = iazα − i (5.4)

the acceleration ztt is also determined by the position and velocity of the interface. Speci-
fying at the initial time t = 0, (5.2)–(5.4) provides a compatibility condition for the initial
data.

Let H 1/2(R) = {f | (I + |D|)1/2f ∈ L2(R)}, where |D| = √−∂2
α and ‖f ‖H 1/2 =

‖(I + |D|)1/2f ‖L2 .
Assume that the initial interface �(0) separates R2 into two simply connected, un-

bounded C2 domains, �(0) approaches the x-axis at infinity, and the water occupies the
lower region �(0). Take a parametrization of �(0) : z = z0(α), α ∈ R such that z0

α(α) −
1 → 0 as |α| → ∞, and z = z0(α) traverses the boundary of �(0) in the clockwise sense,
and

|z0(α) − z0(β)| ≥ μ|α − β| for all α,β ∈ R (5.5)

for some constant μ > 0. Let z = z(α, t), α ∈ R be the equation of the free interface �(t)

at time t in Lagrangian coordinate α, and

z(·,0) = z0(·), zt (·,0) = u
0(·), ztt (·,0) = w

0(·), (5.6)

where

w
0 = ia0z0

α − i, ū
0 = H0ū

0, (5.7)

a0 is given by

−i(I − H0){(a0 − 1)z̄0
α} = [u0,H0] ū

0
α

z0
α

+ i(I − H0)(z̄
0
α − 1), (5.8)
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and H0f (α) = 1
πi

∫ z0
β (β)

z0(α)−z0(β)
f (β)dβ is the Hilbert transform associated to the initial inter-

face �(0) : z = z0(·). Let s ≥ 5. Assume that

∑
|j |≤s−1

‖�j(z0
α − 1)‖H 1/2 < ∞,

∑
|j |≤s−1

(‖�j
u

0‖H 1/2 + ‖�j∂αu
0‖H 1/2) < ∞

(5.9)∑
|j |≤s−1

(‖�j
w

0‖L2 + ‖�j∂αw
0‖L2) < ∞ for � = ∂α, L0.

We have the following local in time well-posedness result of the initial value problem (5.1)–
(5.6).

Theorem 5.1 (local existence) There is a T > 0, depending on the norm of the initial data,
so that the initial value problem (5.1)–(5.6) has a unique solution z = z(α, t) for t ∈ [0, T ],
satisfying for all |j | ≤ s − 1, � = ∂α, L0,

�j (zα − 1), �jzt , �j∂αzt ∈ C([0, T ],H 1/2(R)),

(5.10)
�jztt , �j ∂αztt ∈ C([0, T ],L2(R)),

and |z(α, t) − z(β, t)| ≥ ν|α − β| for all α, β ∈ R and t ∈ [0, T ], for some constant ν > 0.
Moreover, if T ∗ is the supremum over all such times T , then either T ∗ = ∞, or

∑
|j |≤[ s

2 ]+2
�=∂α,L0

(‖�jztt (t)‖L2(R) + ‖�jzt (t)‖H 1/2(R))

+ sup
α �=β

∣∣∣∣ α − β

z(α, t) − z(β, t)

∣∣∣∣ /∈ L∞[0, T ∗). (5.11)

Theorem 5.1 is proved very much in the same way as in [39] using the quasilinear system
(1.12)–(1.10)–(1.11). The main modification is to use both vector fields � = ∂α and L0

instead of using only ∂α as in [39]. We omit the proof.
By taking successive derivatives to t to the system (5.1) and an inductive argument, we

have that the solution obtained in Theorem 5.1 in fact satisfies that for all |j | ≤ s − 1 and
� = ∂t , ∂α, L0,

�j (zα − 1), �jzt , �j∂αzt ∈ C([0, T ],H 1/2(R)),

(5.12)
�jztt , �j ∂αztt , �j ∂t ztt ∈ C([0, T ],L2(R)).

In what follows we resume the convention that � = ∂t , ∂α, L0.
To prove that the maximal existence time T ∗ is at least ec/ε for solutions obtained in

Theorem 5.1 when the norm of the data is at most ε (to be specified later in this section),
we use Proposition 4.6 and a continuity argument. This requires us to recast the solution in
Theorem 5.1 in the new coordinate system k as defined in (2.18). We need to first understand
whether the function k defined in (2.18) is a diffeomorphism, i.e. satisfies kα(α, t) > 0 for
all α. We first present the following preparatory Lemma. This Lemma is a more general
version of the first parts of Lemmas 3.8 and 3.15.
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Lemma 5.2 Let z = z(·, τ ), τ ∈ [0, T ] be a family of smooth and nonself-intersecting
curves. Let t ∈ [0, T ] be fixed. Assume that

|z(α, t) − z(β, t)| ≥ ν|α − β| for all α,β ∈ R, (5.13)

for some constant ν > 0. Let m1, m2, l be given, so that m1 ≤ l, m2 ≤ l and l ≥ 2. Assume
that

∑
k1≤m1, k2≤m2
k1+k2+k3≤l

‖∂k1
t L

k2
0 ∂k3

α (zα − 1)(t)‖L2(R) ≤ N(t) < ∞. (5.14)

1. If (I − H)f = g, and f is real valued, then there exists a constant c(N(t)) depending
only on N(t) and ν, such that

∑
k1≤m1, k2≤m2
k1+k2+k3≤l

‖∂k1
t L

k2
0 ∂k3

α f (t)‖L2(R) ≤ c(N(t))
∑

k1≤m1, k2≤m2
k1+k2+k3≤l

‖∂k1
t L

k2
0 ∂k3

α g(t)‖L2(R). (5.15)

2. If (I −H)(f z̄α) = g, and f is real valued, then there exists a constant c(N(t)) depending
only on N(t) and ν, such that

∑
k1≤m1, k2≤m2
k1+k2+k3≤l

‖∂k1
t L

k2
0 ∂k3

α f (t)‖L2(R) ≤ c(N(t))
∑

k1≤m1, k2≤m2
k1+k2+k3≤l

‖∂k1
t L

k2
0 ∂k3

α g(t)‖L2(R). (5.16)

Proof Lemma 5.2 is proved in the same way as that of the first parts of Lemmas 3.8 and
3.15, i.e. for part 1 of Lemma 5.2, we use the identity (3.34)

(I − H)�jf =
j∑

k=1

�j−k[�′z,H]∂α

zα

�k−1f + �jg

with �j = ∂
k1
t L

k2
0 ∂

k3
α , k1 + k2 + k3 = j , j ≤ l, ki ≤ mi , i = 1,2, Propositions 3.3, 3.5 and an

inductive argument. For part 2 of Lemma 5.2 we use the identity (3.60)

(I − H)(z̄α�
jf ) =

j∑
k=1

�j−k[�′z,H]∂α

zα

�k−1(f z̄α) + �jg − (I − H)(�j (f z̄α) − z̄α�
jf )

with �j = ∂
k1
t L

k2
0 ∂

k3
α , k1 + k2 + k3 = j , j ≤ l, ki ≤ mi , i = 1,2, Proposition 3.3, 3.5 and an

inductive argument. �

We now consider the question of when the function k defined by (2.18) is a diffeomor-
phism, and present some estimates of k in terms of the interface z.

For t ∈ [0, T ], let the free interface �(t) : z = z(α, t) = x(α, t) + i y(α, t), −∞ < α <

∞ traverse the boundary of the simply connected C2 domain �(t) in the clockwise sense.
Let k(α, t) = 2x(α, t) − h(α, t) be defined as in (2.18). We have
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Lemma 5.3 Let t ∈ [0, T ] be fixed.

1. Assume that

2(x ◦ h−1)α(α, t) − 1 > 0, for all α ∈ R. (5.17)

Then the k(·, t) = 2x(·, t) − h(·, t) : R → R defined by (2.18) is a diffeomorphism,
kα(·, t) > 0, and

(2(x ◦ k−1)α − 1) = 1

(k ◦ h−1)α ◦ h ◦ k−1
. (5.18)

2. Assume that ∑
j≤2

‖∂j
α(zα − 1)(t)‖L2 ≤ N(t) < ∞. (5.19)

There exists a N0 > 0, such that for 0 < N(t) ≤ N0, we have

‖(kα − 1)(t)‖L∞ ≤ 3

4
. (5.20)

3. Let l ≥ 2. Assume that
∑

|j |≤l ‖�j (zα − 1)(t)‖L2 ≤ L(t) < ∞, and

|z(α, t) − z(β, t)| ≥ ν|α − β|, for all α, β ∈ R

for some constant ν > 0. Then

∑
|j |≤l

‖�j (kα − 1)(t)‖L2 ≤ c(L(t), ν)
∑
|j |≤l

‖�j(zα − 1)(t)‖L2 , (5.21)

where c(L(t), ν) is a constant depending on L(t) and ν. Moreover if �j (zα − 1) ∈
C([0, T ],L2(R)), for all |j | ≤ l, then �j(kα − 1) ∈ C([0, T ],L2(R)), for all |j | ≤ l.

Proof Let �(·, t) : �(t) → P− be the Riemann mapping from �(t) to the lower half plane
P−, satisfying limz→∞ �z(z, t) = 1 and �(z(0, t), t) = 2x(0, t). Let h(α, t) = �(z(α, t), t).
We know h : R → R is a diffeomorphism and hα > 0. From (2.18):

k(α, t) = 2x(α, t) − h(α, t),

so k ◦ h−1(α, t) = 2x ◦ h−1(α, t) − 1, and

(k ◦ h−1)α(α, t) = 2(x ◦ h−1)α(α, t) − 1. (5.22)

Therefore the assumption (5.17) implies that (k ◦ h−1)α(α, t) > 0 for α ∈ R, so kα > 0 and
k(·, t) : R → R is a diffeomorphism.

Now from (2.18) and that k : R → R being a diffeomorphism, 1 = 2x ◦ k−1 − h ◦ k−1, so

(h ◦ k−1)α(α, t) = 2(x ◦ k−1)α(α, t) − 1. (5.23)

We know k ◦ h−1 ◦ h ◦ k−1 = I . This together with (5.22), (5.23) gives us (5.18).
We now prove parts 2 and 3 of Lemma 5.3. We know hα

zα
(α, t) = �z(z(α, t), t) is the

boundary value of the holomorphic function �z, and hα

zα
(α, t) − 1 → 0 as |α| → ∞. So
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(I − H)( hα

zα
− 1) = 0, or

(I − H)

(
hα − 1

|zα|2 z̄α

)
= (I − H)

(
zα − 1

zα

)
.

From Proposition 3.5, we know there exists N1 > 0, so that for N(t) ≤ N1,

‖(zα − 1)(t)‖L∞ ≤ c
∑
j≤1

‖∂j
α(zα − 1)(t)‖L2 ≤ 1

4
. (5.24)

Applying Lemma 5.2 for m1 = m2 = 0, and l = 2, and Propositions 3.2, 3.3, 3.5. We have

‖(hα − 1)(t)‖L∞ ≤ c
∑
j≤2

‖∂j
α(hα − 1)(t)‖L2 ≤ c(N(t))

∑
j≤2

‖∂j
α(zα − 1)(t)‖L2 . (5.25)

So there exists 0 < N0 ≤ N1, so that for N(t) ≤ N0,

‖(hα − 1)(t)‖L∞ ≤ 1

4
.

From kα = 2xα − hα , we obtain

‖(kα − 1)(t)‖L∞ ≤ 2‖(zα − 1)(t)‖L∞ + ‖(hα − 1)(t)‖L∞ ≤ 3

4
.

This proves (5.20).
For part 3, we apply Lemma 5.2 with m1 = m2 = l, and Propositions 3.2, 3.3, 3.5. We

obtain ∑
|j |≤l

‖�j (hα − 1)(t)‖L2 ≤ c(L(t))
∑
|j |≤l

‖�j(zα − 1)(t)‖L2 . (5.26)

(5.21) therefore follows from kα = 2xα − hα . The continuity of �j(kα − 1) is proved simi-
larly. We omit the details. �

Remark 1 It follows from part 2 of Lemma 5.3 that if
∑

j≤2 ‖∂j
α(zα − 1)(t)‖L2 ≤ N0, then

k(·, t) = 2x(·, t) − h(·, t) defines a diffeomorphism, and 1/4 ≤ kα(α, t) ≤ 7/4.

Remark 2 Let 2 ≤ l ≤ s − 1, z = z(α, t), t ∈ [0, T ] with T < T ∗ be the solution obtained in
Theorem 5.1, L(t) be as in part 3 of Lemma 5.3. Then for t ∈ [0, T ],

∑
|j |≤l

‖�jkt (t)‖L2 ≤ c(L(t), ν)
∑
|j |≤l

‖�j (zα − 1)(t)‖L2

∑
|j |≤l

‖�jzt (t)‖L2 , (5.27)

and �jkt ∈ C([0, T ],L2(R)) for all |j | ≤ l.

Proof Recall the solution z satisfies (2.23):

−(I − H)kt = [zt ,H] z̄α − kα

zα

.

Notice that kt is real valued. (5.27) and the continuity of �jkt for |j | ≤ l therefore follow
from Lemma 5.2 (m1 = m2 = l), Propositions 3.2, 3.5 and part 3 of Lemma 5.3. �
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We now present the following

Lemma 5.4 Let q ≥ 0 be an integer and 0 ≤ T < ∞. Assume that for each t ∈ [0, T ],
k(·, t) : R → R is a diffeomorphism, k(0, t) = 0, and there are constants μ1, μ2 > 0, such
that μ1 ≤ kα(α, t) ≤ μ2 for all α ∈ R and t ∈ [0, T ]; and kt ∈ L∞([0, T ] × R). When q ≥ 2,
we assume in addition that

∑
|j |≤q−1

‖�j(kα − 1)(t)‖L2 ≤ L,
∑

|j |≤q−1

‖�jkt (t)‖L2 ≤ L (5.28)

for all t ∈ [0, T ]. Then

sup
[0,T ]

∑
|j |≤q

‖�j(f ◦ k−1)(t)‖L2 ≤ c1 sup
[0,T ]

∑
|j |≤q

‖�jf (t)‖L2 (5.29)

and

sup
[0,T ]

∑
|j |≤q

‖�j (f ◦ k)(t)‖L2 ≤ c2 sup
[0,T ]

∑
|j |≤q

‖�jf (t)‖L2 , (5.30)

where c1, c2 are constants depending on T , μ1, μ2 and ‖kt‖L∞ for q = 0,1; c1, c2 depending
additionally on L for q ≥ 2.

Remark Lemma 5.4 still holds if the closed interval [0, T ] is replaced by the half open
interval [0, T ).

Proof The inequalities (5.29), (5.30) are straightforward when q = 0. Let q ≥ 1. From the
chain rule, we have

∂α(f ◦ k−1) = fα ◦ k−1

kα ◦ k−1
, ∂t (f ◦ k−1) = ft ◦ k−1 − kt ◦ k−1 fα ◦ k−1

kα ◦ k−1
, (5.31)

and

L0(f ◦ k−1) = 1

2
t∂t (f ◦ k−1) + α∂α(f ◦ k−1) = 1

2
t∂t (f ◦ k−1) + kfα

kα

◦ k−1. (5.32)

Now for the quantity kfα in (5.32), and for 0 ≤ |j | < q ,

�j (kfα)(α, t) =
∑

|m|+|k|=j

cm,k�
mk(α, t)�kfα(α, t)

=
∑

|m|+|k|=j
|m|≥1

cm,k�
mk(α, t)�kfα(α, t) + k(α, t)

α
α�jfα(α, t),

where cm,k are some constants. Notice that for |m| ≥ 1 and by (3.2), we have

∂t�
m−1k(α, t) =

∑
|ι|≤|m−1|

c1
ι �

ιkt (α, t), ∂α�
m−1k(α, t) =

∑
|ι|≤|m−1|

c2
ι �

ιkα(α, t),

with ci
ι = 0, ± 1

2p , p some non-negative integers and

L0�
m−1k(α, t) = 1

2
t∂t�

m−1k(α, t) + α∂α�
m−1k(α, t).



Almost global wellposedness of the 2-D full water wave problem 123

On the other hand, we have from (3.2),

α�kfα(α, t) =
∑
|ι|≤|k|

cια∂α�
ιf (α, t) =

∑
|ι|≤|k|

cιL0�
ιf (α, t) − 1

2
t

∑
|ι|≤|k|

cι∂t�
ιf (α, t),

where cι = 0 or ±1. And we know
∣∣∣∣k(α, t)

α

∣∣∣∣ =
∣∣∣∣k(α, t) − k(0, t)

α

∣∣∣∣ ≤ ‖kα(t)‖L∞ .

So for 0 ≤ |j | < q ,

‖�j(kfα)(t)‖L2 ≤ c
∑

|m|≤|j |+1

‖�mf (t)‖L2 (5.33)

where c depends on μ2, T when q = 1, c depends on L and T when q ≥ 2. (5.29) follows
from (5.31), (5.32), (5.33) and an inductive argument.

Notice that for the inverse map k−1,

(k−1)α = 1

kα ◦ k−1
, (k−1)t = − kt ◦ k−1

kα ◦ k−1
.

Using (5.29) we have when q ≥ 2,

∑
|j |≤q−1

‖�j((k−1)α − 1)(t)‖L2 ≤ c(L,T ),
∑

|j |≤q−1

‖�j (k−1)t (t)‖L2 ≤ c(L,T )

for all t ∈ [0, T ] and some constant c(L,T ) depending on μi , i = 1,2, ‖kt‖L∞ , L and T .
(5.30) is therefore a consequence of (5.29). �

We now present and prove the following almost global well-posedness result.
Let s ≥ 12, max{[ s

2 ] + 3,11} ≤ l ≤ s − 1, N0 be the constant in Lemma 5.3, and M0 be
the constant in Proposition 4.6, in particular, M0 is the constant such that all the inequalities
and estimates proved upto and including Proposition 4.6 hold. Let the initial interface �(0)

be a graph, given by

z0(α) = α + i y0(α), α ∈ R. (5.34)

Assume that the initial data satisfies the compatibility and regularity assumptions as given
by (5.6) to (5.9). Assume further that

∑
|j |≤l−2

‖�jy0‖L2 < ∞,
∑
j≤2

‖∂j
αy0

α‖L2 ≤ N0, (5.35)

so k(·,0) is a diffeomorphism, and 1/4 ≤ kα(α,0) ≤ 7/4 for all α ∈ R. Assume

∑
|j |≤l

(‖�j(ζα − 1)(0)‖2 + ‖�ju(0)‖2 + ‖�jw(0)‖2) ≤ M0

2
,

(5.36)∑
|j |≤l−4

‖�j∂αλ(0)‖L∞ +
∑

|j |≤l−2

‖�j∂αχ(0)‖L∞ ≤ 1/2.

Let E(t) be defined by (4.50).



124 S. Wu

Theorem 5.5 Assume that E(0)1/2 ≤ Hε < ∞. There exist ε0 and c > 0, depending on H

and M0, such that for 0 < ε ≤ ε0, the initial value problem (5.1)–(5.6) has a unique classical
solution for the time period [0, ec/ε]. During this time period, the solution is regular in the
sense of (5.12), the interface z = z(·, t) is a graph, and

E(t)1/2 ≤ 4Hε,
∑
|j |≤l

(‖�j (ζα − 1)(t)‖2 + ‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ M0. (5.37)

We give a discussion on the initial data satisfying the assumptions of Theorem 5.5 at the
end of this section.

Proof We know from the local existence Theorem 5.1 that (5.1)–(5.6) has a unique solution
satisfying (5.12) for some positive time period. Let T ∗ be the maximum existence time given
in Theorem 5.1. Let T < T ∗ be such that on [0, T ],

kα(α, t) ≥ 1

100
for all α ∈ R. (5.38)

Therefore for t ∈ [0, T ], k(·, t) is a diffeomorphism, is continuous in time, and by
Lemma 5.3 part 3 and the Remark 2 of Lemma 5.3, and Lemma 5.4, for all |j | ≤ s − 1,

�j (ζα − 1), �ju, �jw, �j (∂t + b∂α)w, �j∂αu, �j∂αw ∈ C([0, T ],L2(R)).

Moreover by (5.18), and the fact that |ζ(α, t) − ζ(β, t)| ≥ |x ◦ k−1(α, t) − x ◦ k−1(β, t)|, we
have

|ζ(α, t) − ζ(β, t)| ≥ 1

2
|α − β| for α, β ∈ R, t ∈ [0, T ]. (5.39)

Now from the assumption (5.35) and the fact that z(α, t) = α + i y0(α) + ∫ t

0 zt (α, τ ) dτ ,
we know �jy ∈ C([0, T ],L2(R)) for |j | ≤ l − 2. From (2.51), applying Propositions 3.2,
3.3, 3.5, we have �j(∂t + b∂α)λ ∈ C([0, T ],L2(R)) for |j | ≤ l − 2. Furthermore from the
fact that λ(α, t) = λ(α,0)+ ∫ t

0 ∂tλ(α, τ ) dτ , (3.54), and the assumption E(0) < ∞, we have
�jλ ∈ C([0, T ], Ḣ 1/2(R)) for |j | ≤ l − 2 and Eλ ∈ C([0, T ]). Using Proposition 3.7 (3.30),
Lemma 3.12, (3.43), (3.46), (3.49), and Propositions 2.5, 2.6, 3.2, 3.3, 3.5, and the fact that
χ(α, t) = χ(α,0)+ ∫ t

0 ∂tχ(α, τ ) dτ , E(0) < ∞, we know Eχ,Ev ∈ C([0, T ]), therefore the
energy E(t) is defined and continuous on [0, T ]. We note that the aforementioned statements
hold without the smallness assumptions on M .

Let Tm ≤ T be the largest such that on [0, Tm],
∑
|j |≤l

(‖�j(ζα − 1)(t)‖2 + ‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ M0. (5.40)

Let Tε ≤ T be the largest such that on [0, Tε],
E(t)1/2 ≤ 4Hε. (5.41)

Step 1. We want to show that Tm ≥ Tε , provided ε is small.
If not, Tm < Tε . We know on [0, Tm], Propositions 4.3 and 3.13 hold. So there is a con-

stant c4(M0) depending on M0, such that for t ∈ [0, Tm],
∑
|j |≤l

(‖�j (ζα − 1)(t)‖2 + ‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ c4(M0)E(t)1/2 ≤ 4Hc4(M0)ε. (5.42)
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Take

ε1 = M0

8Hc4(M0)
. (5.43)

Therefore for 0 < ε ≤ ε1, we have that if on the interval [0, Tm] ⊂ [0, Tε) (5.40) holds, then
in fact on [0, Tm],

∑
|j |≤l

(‖�j(ζα − 1)(t)‖2 + ‖�ju(t)‖2 + ‖�jw(t)‖2) ≤ M0

2
.

This contradicts with the assumption that Tm is the largest number ≤ T such that (5.40)
holds. Therefore Tm ≥ Tε , provided 0 < ε ≤ ε1.

Step 2. We want to show there are constants ε2, c1, depending on M0 and H , such that if
0 < ε ≤ ε2, and T ≤ ec1/ε , then Tε = T .

Let

ε2 = min

{
ε1,

1

4H
,

1

32Hc2(M0)
,

1

4H
√

c3(M0)

}
(5.44)

and ε ≤ ε2, where c2(M0), c3(M0) are as given in Proposition 4.6. From Step 1, we know
Tm ≥ Tε . We want to use Proposition 4.6. Let

T1 = min
{
e

1
5c2(M0)Hε , e

1
4
√

c3(M0)Hε
}
. (5.45)

Assume T ≤ T1. Therefore the assumptions of Proposition 4.6 hold on [0, Tε], and we have
for t ∈ [0, Tε]

E(t) ≤ E(0)

1 − c3(M0) ln2(t + e)E(0)
≤ H 2ε2

1 − c3(M0) ln2(t + e)H 2ε2
≤ 2H 2ε2,

so E(t)1/2 ≤ 2Hε on [0, Tε]. Because Tε ≤ T is the largest such that (5.41) holds, we must
have Tε = T .

Step 3. We want to show there exist 0 < ε0 ≤ ε2, and T0 = ec/ε ≤ T1, where ε0 and c

depend on H and M0 only, such that for ε ≤ ε0, (5.38) holds for all t ∈ [0,min{T ∗, T0}).
Assume ε ≤ ε2. Let T ∈ [0,min{T ∗, T1}) be such that on [0, T ] (5.38) holds. From

steps 1 and 2 we know Tm = Tε = T , and the assumptions of Proposition 4.6 and the inequal-
ity (4.79) hold on [0, T ]. From (4.79) and Proposition 4.6 (4.103), there exists a constant
c5(M0) > 0, such that for t ∈ [0, T ],

‖bα(t)‖L∞ ≤ c5(M0)
ln(t + e)

t + e
E(t) ≤ (4Hε)2c5(M0)

ln(t + e)

t + e
. (5.46)

On the other hand, from b = kt ◦ k−1 we have kt = b ◦ k. So

∂tkα = bα ◦ k kα. (5.47)

Therefore

kα(α, t) = kα(α,0)e
∫ t

0 bα◦k(α,τ ) dτ . (5.48)

This implies that

kα(α, t) ≥ kα(α,0)e− ∫ T
0 ‖bα(τ)‖L∞ dτ on [0, T ].
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From (5.46) we know

∫ T

0
‖bα(τ )‖L∞ dτ ≤ 8(Hε ln(T + e))2c5(M0).

Let

ε0 = min

{
ε2,

1

4H
√

c5(M0)

}
, T0 = min{T1, e

1
4H

√
c5(M0)ε }. (5.49)

Assume ε ≤ ε0. If T < min{T ∗, T0} is such that on [0, T ] (5.38) holds, then

∫ T

0
‖bα(τ )‖L∞ dτ ≤ 2 ≤ ln

25

2

consequently

kα(α, t) ≥ 2

25
kα(α,0) ≥ 1

50
on [0, T ].

This implies that the set of T ∈ [0,min{T0, T
∗}) such that (5.38) holds is open in

[0,min{T ∗, T0}). It is clear that the set of such T is also closed and nonempty in
[0,min{T ∗, T0}). Therefore (5.38) holds for all t ∈ [0,min{T ∗, T0}).

Step 4. Assume ε ≤ ε0. We want to show T ∗ > T0 = ec/ε , where

c = min

{
1

5c2(M0)H
,

1

4
√

c3(M0)H
,

1

4H
√

c5(M0)

}
,

and for t ∈ [0, T0], z = z(·, t) is a graph.
Assume ε ≤ ε0. Let T∗ = min{T ∗, T0}. We know from steps 1–3 that on [0, T∗), k(·, t) :

R → R is a diffeomorphism and (5.38), (5.40) and (5.41) hold. Furthermore from (3.43) and
Proposition 3.13, we know

∑
|j |≤l

‖�jb(t)‖2 ≤ c(M0)E(t)1/2 ≤ 4Hεc(M0) for t ∈ [0, T∗) (5.50)

for some constant c(M0) depending on M0. Using (5.48) and (5.50), we now show that
the assumptions of Lemma 5.4 (with q = l) hold on [0, T∗), with L depending only on
N0, M0, H, T∗ and ε. First, from (5.50) and Proposition 3.5, we know for t ∈ [0, T∗),

‖kt (t)‖L∞(R) = ‖b(t)‖L∞(R) ≤ c
∑
|j |≤l

‖�jb(t)‖2 ≤ 4cHεc(M0) (5.51)

and

‖bα(t)‖L∞(R) ≤ c
∑
|j |≤l

‖�jb(t)‖2 ≤ 4cHεc(M0).

Since 1/4 ≤ kα(α,0) ≤ 7/4, therefore for t ∈ [0, T∗),

1

4
e−4cHεc(M0)T∗ ≤ kα(α, t) = kα(α,0)e

∫ t
0 bα◦k(α,τ ) dτ ≤ 7

4
e4cHεc(M0)T∗ . (5.52)
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Using Lemma 5.4 (q = 1) we have for t ∈ [0, T∗),

∑
|j |≤1

‖�jkt (t)‖L2 =
∑
|j |≤1

‖�j (b ◦ k)(t)‖L2 ≤ c2

∑
|j |≤1

‖�jb(t)‖2 ≤ 4c2Hεc(M0),

with c2 depending on H, M0, T∗ and ε. On the other hand, for any function f ,

�

∫ t

0
f (α, τ ) dτ =

⎧⎪⎪⎨
⎪⎪⎩

∫ t

0 ∂αf (α, τ ) dτ, if � = ∂α,

f (α, t), if � = ∂t ,∫ t

0 (L0f (α, τ ) + 1
2f (α, τ )) dτ, if � = L0.

(5.53)

From Lemma 5.3, we know
∑

|j |≤l ‖�j(kα − 1)(0)‖2 < ∞. Therefore from (5.48), (5.50)
and Lemma 5.4 (q = 1) we have for t ∈ [0, T∗),

∑
|j |≤1

‖�j(kα − 1)(t)‖2 ≤ c

(∑
|j |≤1

‖�j(kα − 1)(0)‖2 + 1

)(∑
|j |≤1

‖�j (e
∫ t

0 bα◦k(τ ) dτ − 1)‖2 + 1

)

≤ c(N0,M0,H, ε,T∗)

with c an absolute constant, c(N0,M0,H, ε,T∗) depending on N0, M0, H, ε, T∗. Us-
ing (5.48), (5.50), (5.53), Lemma 5.4 and an inductive argument, we see that the assump-
tion (5.28) (with q = l) of Lemma 5.4 holds on [0, T∗), with L = L(N0,M0,H, ε,T∗) de-
pending only on N0, M0, H , ε, T∗. Therefore by using Lemma 5.4 again we have that

sup
[0,T∗)

∑
|j |≤[ s

2 ]+2

(‖�jztt (t)‖L2(R) + ‖�jzt (t)‖H 1/2(R))

≤ sup
[0,T∗)

∑
|j |≤l

(‖�j(w ◦ k)(t)‖L2(R) + ‖�j (u ◦ k)(t)‖L2(R))

≤ c(N0,M0,H, ε,T∗) sup
[0,T∗)

∑
|j |≤l

(‖�jw(t)‖L2(R) + ‖�ju(t)‖L2(R))

≤ c(N0,M0,H, ε,T∗)M0 < ∞,

here c(N0,M0,H, ε,T∗) is a constant depending on N0, M0, H, ε, T∗. Now because on
[0, T∗) (5.38) holds, and by the definition of the diffeomorphism k, 2x = k + h, therefore
2xα(α, t) = kα(α, t) + hα(α, t) ≥ 1/100, so for t ∈ [0, T∗), z = z(·, t) is a graph, with

|z(α, t) − z(β, t)| ≥ |x(α, t) − x(β, t)| ≥ 1

200
|α − β| for α, β ∈ R.

This proves that T∗ < T ∗, for otherwise it contradicts with (5.11). Therefore T0 = ec/ε < T ∗.
This proves Theorem 5.5. �

5.1 A discussion of the initial data

We now give some sufficient conditions on the initial data so that the assumptions (5.35),
(5.36) and E(0) ≤ H 2ε2 of Theorem 5.5 hold. Let
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z0(α) = α + i y0(α) = α + i εf (α),

(5.54)
zt (α,0) = u

0(α) = εg(α), v(z,0) = εg(z),

where v(·,0) is the initial velocity field. So v̄(·,0) or ḡ is a holomorphic function in the initial
fluid domain �(0) and g(z0(α)) = g(α). Assume that the initial data satisfies (5.6)–(5.9).
Assume

∑
|j |≤l

(‖�jf ‖L2 + ‖�jfα‖L2) = N1 < ∞,
∑
|j |≤l

(‖�jg‖L2 + ‖�jgα‖L2) = N2 < ∞,

(5.55)∑
j≤l−2

‖(z∂z)
j ḡ‖L2(�(0)) = N3 < ∞, for � = ∂α,L0.

Notice that at t = 0, L0 = α∂α . We now show that there exists ε0 = ε(N0,N1,N2), a constant
depending on N0,N1,N2, such that for ε ≤ ε0, (5.35), (5.36) hold. Moreover, there exists a
constant H = H(N1,N2,N3) depending only on N1,N2,N3, such that E(0) ≤ H 2ε2.

We start by assuming 0 < ε ≤ min{1,N0/N1}. This implies
∑

j≤2 ‖∂2
αy0

α‖L2 ≤ N0, so
1/4 ≤ kα(α,0) ≤ 7/4. Now from the assumption (5.54), we know

|z0(α) − z0(β)| ≥ |α − β| for all α,β ∈ R. (5.56)

Using the compatibility condition (5.7)–(5.8) and Lemma 5.2 (m1 = 0), (and (3.9), (3.12),
(3.14) and Propositions 3.2, 3.3, 3.5) we have

∑
|j |≤l

‖�j
w

0‖2

≤
∑
|j |≤l

(‖�j ((a0 − 1)z0
α)‖2 + ‖�j (z0

α − 1)‖2)

≤ c(N1,N2)

(∑
|j |≤l

(‖�j
u

0‖2
2 + ‖�j(z0

α − 1)‖2

)
≤ εc(N1,N2) for � = L0, ∂α,

here c(N1,N2) are constants depending on N1,N2. By taking successive derivatives to t to
the system (5.1) and using an inductive argument, Lemma 5.2 and the assumption (5.55),
we obtain

∑
|j |≤l

(‖�j (zα − 1)(0)‖2 + ‖�jzt (0)‖2 + ‖�jztt (0)‖2) ≤ εc(N1,N2) for � = ∂t ,L0, ∂α

for some constant c(N1,N2). We resume the convention that � = L0, ∂t , ∂α . Using
Lemma 5.3 part 3 and it’s Remark 2, we have that

∑
|j |≤l

‖�j(kα − 1)(0)‖2 ≤ εc(N1,N2),
∑
|j |≤l

‖�jkt (0)‖2 ≤ εc(N1,N2) (5.57)

Therefore from Lemma 5.4, we get

∑
|j |≤l

(‖�j (ζα − 1)(0)‖2 + ‖�ju(0)‖2 + ‖�jw(0)‖2) ≤ εc1(N1,N2)



Almost global wellposedness of the 2-D full water wave problem 129

for some constant c1(N1,N2) depending only on N1,N2. From Proposition 3.5, (3.46),
(3.54), notice that (3.46), (3.54) hold without any smallness assumptions on M , we have

∑
|j |≤l−4

‖�j∂αλ(0)‖L∞ +
∑

|j |≤l−2

‖�j∂αχ(0)‖L∞

≤ c

( ∑
|j |≤l−3

‖�j∂αλ(0)‖L2 +
∑

|j |≤l−1

‖�j∂αχ(0)‖L2

)
≤ εc2(N1,N2)

for some constant c2(N1,N2) depending only on N1,N2. Take

ε0 = min

{
1,

N0

N1
,

M0

2c1(N1,N2)
,

1

2c2(N1,N2)

}
.

We have that for 0 < ε ≤ ε0, (5.35), (5.36) hold.
Assume 0 < ε ≤ ε0. We now consider E(0) = Ev(0) + Eχ(0) + Eλ(0). Notice that

from (3.49), (2.5) we have

∂αv1 =
(

I − ζα H
1

ζα

)
∂αv (5.58)

and from (2.35), (2.5), (3.14),

∂αv = 2∂αu −
(

ζα H
1

ζα

+ ζ̄α H̄
1

ζ̄α

)
∂αu − [∂αu, H]ζα − ζ̄α

ζα

− [u, H]∂α(ζα − ζ̄α)

ζα

+ 1

πi

∫
(u(α, t) − u(β, t)(ζα(α, t) − ζβ(β, t))

(ζ(α, t) − ζ(β, t))2
(ζβ − ζ̄β) dβ.

(5.59)

Using Proposition 3.7 (3.30), Lemma 3.12, (3.37), (3.43), (3.46), (3.50), (3.54), (2.51),
(5.58), (5.59) and Propositions 3.2, 3.3, 3.5, we have

Ev(0) + Eχ(0) +
∑

|j |≤l−2

∫
1

A(α,0)
|(∂t + b∂α)�

jλ(α,0)|2 dα ≤ ε2c(N1,N2), (5.60)

for some constant c(N1,N2) depending on N1,N2. Furthermore, we have from (2.51), (2.36)
and (3.2), Propositions 3.2, 3.3, 3.5 that for ηλ

j = I−H
2 ∂

j1
t ∂j2

α L
j3
0 λ, with j = j1 + j2 + j3 ≤

l − 2, and j1 + j2 > 0,
∣∣∣∣
∫

iηλ
j (α,0)∂αη̄

λ
j (α,0) dα

∣∣∣∣ ≤ ‖ηλ
j (0)‖2‖∂αη

λ
j (0)‖2 ≤ ε2c(N1,N2) (5.61)

for some constant c(N1,N2) depending on N1,N2.
The only term left to be estimated is | ∫ iηλ

j (α,0)∂αη̄
λ
j (α,0) dα| in Eλ(0) where

ηλ
j = I − H

2
L

j

0λ, j ≤ l − 2. (5.62)

For this estimate we need N3. Notice that for our domain �(t), the Riemann Mapping
�(·, t) : �(t) → P− defined in (2.18) has the property that �(z, t) − z is holomorphic in
�(t) and there exists a real number d(t), such that

�(z(α, t), t) − z(α, t) = h(α, t) − x(α, t) − iy(α, t) → d(t) as α → ±∞
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therefore x(α, t)−k(α, t)−d(t)− iy(α, t) = �(z(α, t), t)−z(α, t)−d(t) → 0 as |α| → ∞
and

(I − H)(x − k − d − iy) = 0.

Using Lemma 5.2 (m1 = 0, at t = 0), and (5.55) we have

∑
|j |≤l

‖�j(k − x − d)(0)‖2 ≤ c(N1)
∑
|j |≤l

‖�jy0‖2 ≤ εc(N1) for � = L0, ∂α. (5.63)

Notice that at t = 0, x(α,0) = α, and

L0(k − x − d)(α,0) = αkα(α,0) − α = α(kα(α,0) − 1). (5.64)

We have further that

|d(0)| =
∣∣∣∣
∫ ∞

0
(kα(α,0) − 1) dα

∣∣∣∣ ≤
∣∣∣∣
∫ 1

0
(kα(α,0) − 1) dα

∣∣∣∣ +
∣∣∣∣
∫ ∞

1
(kα(α,0) − 1) dα

∣∣∣∣
≤ ‖kα − 1‖2 + ‖L0(k − x − d)(0)‖2 ≤ εc(N1,N2). (5.65)

We need some further facts.

Claim 1 Let K0 = H0+H̄0
2 be the double layered potential operator. Let zτ (α) =

(1 − τ)z0(α) + τ z̄0(α). Then

2K0f = (H0 + H̄0)f =
∫ 1

0
[2iy0,Hzτ ] ∂αf

∂αzτ
dτ. (5.66)

Here Hzτ is the Hilbert transform associated to the curve zτ .

Notice that H0 = Hz0 and −H̄0 = Hz1 . (5.66) is a simple consequence of the fundamental
theorem of calculus and (2.3):

(H0 + H̄0)f = −(Hz1 − Hz0)f = −
∫ 1

0
[∂τ ,Hzτ ]f dτ =

∫ 1

0
[2iy0,Hzτ ] ∂αf

∂αzτ
dτ.

Let φ(·,0) be the velocity potential at t = 0 and φ̃ it’s complex conjugate, so �(z) =
φ(z,0) + iφ̃(z) is holomorphic in �(0), and v̄(z,0) = ∂z�(z). Let ψ0(α) = ψ(α,0) =
φ(z0(α),0). Notice that (I +H0)(I +K0)

−1ψ0 is the boundary value of a holomorphic func-
tion in �(0) and Re{(I + H0)(I + K0)

−1ψ0} = ψ0. Without loss of generality we choose φ̃

so that

� ◦ z0 = (I + H0)(I + K0)
−1ψ0. (5.67)

Recall �(·,0) = λ ◦ k(·,0) = (I − H0)ψ
0. We have

Claim 2

�(·,0) = � ◦ z0 − (I + H0)(I + K0)
−1

K0ψ
0. (5.68)

(5.68) follows from the following calculation:
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(I − H) − (I + H̄)(I + K)−1

=
[

1

2
(I − H)(2I + H + H̄) − (I + H̄)

]
(I + K)−1

=
[

1

2
(I − H)(I + H̄) − (I + H̄)

]
(I + K)−1 = −1

2
(I + H)(I + H̄)(I + K)−1

= −1

2
(I + H)(H + H̄)(I + K)−1 = −(I + H)(I + K)−1

K.

In this calculation, we used repeatedly the fact that H2 = I . This gives us (5.68).

Claim 3 We have

P j − Qj =
j∑

k=1

P j−k(P − Q)Qk−1. (5.69)

(5.69) is straightforward.
We now consider | ∫ iηλ

j (α,0)∂αη̄
λ
j (α,0) dα|, where ηλ

j is as given in (5.62). With the
change of variable k, we have

∫
iηλ

j (α,0)∂αη̄
λ
j (α,0) dα =

∫
i(Ukη

λ
j )(α,0)∂α(Ukη̄

λ
j )(α,0) dα

and

Ukη
λ
j = I − H

2
(UkL0U

−1
k )j�.

At t = 0, we know

UkL0U
−1
k f (α,0) = k(α,0)

kα(α,0)
∂αf (α,0) =

(
k(α,0)

kα(α,0)
− α

)
∂αf (α,0) + L0f (α,0). (5.70)

Let

B1(α) = k(α,0)

kα(α,0)
− α.

So

B1(α) − d(0)

kα(α,0)
= k(α,0) − α − d(0)

kα(α,0)
− α(kα(α,0) − 1)

kα(α,0)
.

From (5.57), (5.63), (5.64), we have

∑
|j |≤l−1

∥∥∥∥�j

(
B1 − d(0)

kα

)∥∥∥∥
L2(R)

≤ εc(N1,N2) for � = α∂α, ∂α. (5.71)

Now using (5.69), we get

Ukη
λ
j = I − H

2
L

j

0� +
j∑

k=1

I − H

2
(UkL0U

−1
k )j−k(B1∂α)L

k−1
0 � at t = 0.
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Let

η1
j = I − H

2
L

j

0�.

Using (3.2), (2.36), (5.70), (5.71), (5.57), and Propositions 3.2, 3.3, 3.5, we have that there
exists a constant c(N1,N2), such that for j ≤ l − 2,

∣∣∣∣
∫

[iηλ
j (α,0)∂αη̄

λ
j (α,0) − iη1

j (α,0)∂αη̄
1
j (α,0)]dα

∣∣∣∣

=
∣∣∣∣
∫

[(iUkη
λ
j )(α,0)∂α(Ukη̄

λ
j )(α,0) − iη1

j (α,0)∂αη̄
1
j (α,0)]dα

∣∣∣∣ ≤ ε2c(N1,N2). (5.72)

To estimate of the term | ∫ iη1
j (α,0)∂αη̄

1
j (α,0) dα|, we decompose further η1

j . Let

R = −(I + H0)(I + K0)
−1

K0ψ
0.

Therefore by (5.68), �(·,0) = � ◦ z0 + R. Now

η1
j (·,0) = I − H0

2
L

j

0�(·,0) = I + H̄0

2
L

j

0�(·,0) − K0L
j

0�(·,0)

= I + H̄0

2
L

j

0� ◦ z0 + I + H̄0

2
L

j

0R − K0L
j

0�(·,0).

Let

η2
j = I + H̄0

2
L

j

0� ◦ z0.

Using the fact that ∂αψ
0 = Re{ū0z0

α} and (5.66), (3.2), (2.36), and Propositions 3.2, 3.3, 3.5,
we have that there exists a constant c(N1,N2), such that for j ≤ l − 2

∣∣∣∣
∫

[iη1
j (α,0)∂αη̄

1
j (α,0) − iη2

j (α)∂αη̄
2
j (α)]dα

∣∣∣∣ ≤ ε2c(N1,N2). (5.73)

Since at t = 0, L0 = α∂α , we have for any holomorphic function ξ in �(0),

L0(ξ ◦ z0)(α) = αz0
α(α)(∂zξ) ◦ z0(α)

= (αz0
α(α) − z0(α))(∂zξ) ◦ z0(α) + (z∂zξ) ◦ z0(α)

= αz0
α(α) − z0(α)

z0
α(α)

∂α(ξ ◦ z0)(α) + (z∂zξ) ◦ z0(α). (5.74)

Notice that in (5.74), the function z∂zξ(z) is also holomorphic in �(0). We know αz0
α(α) −

z0(α) = i(α∂αy
0(α) − y0(α)). Let

B2(α) = αz0
α(α) − z0(α)

z0
α(α)

.

We have ∑
|j |≤l−1

‖�jB2‖L2(R) ≤ εc(N1) for � = L0, ∂α (5.75)
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for some constant c(N1) depending only on N1. We decompose η2
j as follows:

η̄2
j = I + H0

2
(L

j

0 − (z∂z)
j )� ◦ z0 + (z∂z)

j� ◦ z0

=
j∑

k=1

I + H0

2
L

j−k

0 (B2∂α)(z∂z)
k−1� ◦ z0 + (z∂z)

j� ◦ z0

=
j∑

k=1

I + H0

2
L

j−k

0 (B2∂α)(L0 − B2∂α)
k−1� ◦ z0 + (z∂z)

j� ◦ z0.

Here we used the fact that (z∂z)
j� is holomorphic in �(0) and (5.69). Using (3.2), (5.75),

the fact that ∂α(� ◦ z0)(α) = z0
α(α)ū0(α), and Propositions 3.2, 3.3, 3.5, we have for j ≤

l − 2,
∣∣∣∣
∫

[iη2
j (α)∂αη̄

2
j (α) − i(z∂z)j� ◦ z0(α)∂α{(z∂z)

j� ◦ z0(α)}]dα

∣∣∣∣ ≤ ε2c(N1,N2) (5.76)

for some constant c(N1,N2) depending only on N1,N2. Now using Green’s identity, we
have

∫
i(z∂z)j� ◦ z0(α)∂α{(z∂z)

j� ◦ z0(α)}dα

= 2
∫

�(0)

|∂z(z∂z)
j�(z)|2 dxdy = 2

∫
�(0)

|(∂zz)
j v̄(z,0)|2 dxdy

≤ 22j+1ε2N2
3 . (5.77)

Sum up (5.60), (5.61), (5.72), (5.73), (5.76), (5.77), we conclude that there exists
H(N1,N2,N3), a constant depending only on N1, N2, N3, such that

E(0) ≤ H 2ε2.

Therefore the initial data given by (5.54), (5.55) satisfy the assumptions of Theorem 5.5.
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