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Abstract We consider the problem of global in time existence and uniqueness of solutions
of the 2-D infinite depth full water wave equation. It is known that this equation has a
solution for a time period [0, T /€] for initial data of the form eW, where T depends only
on V. In this paper, we show that for such data there exists a unique solution for a time
period [0, e7/€]. This is achieved by better understandings of the nature of the nonlinearity
of the full water wave equation.

1 Introduction

The mathematical problem of n-dimensional water wave concerns the motion of the inter-
face separating an inviscid, incompressible, irrotational fluid, under the influence of gravity,
from a region of zero density (i.e. air) in n-dimensional space. It is assumed that the fluid
region is below the air region. Assume that the density of the fluid is 1, the gravitational
field is —k, where k is the unit vector pointing in the upward vertical direction, and at time
t > 0, the free interface is X (¢), and the fluid occupies region €2(¢). When surface tension is
zero, the motion of the fluid is described by

vVi+v-Vv=—-k—-VP onQ((), t>0, (1.1)
divv=0, curlv=0, onQ(), t>0, (1.2)
P=0, onX(t) (1.3)
(1, v) is tangent to the free surface (¢, X(¢)), (1.4)

where v is the fluid velocity, P is the fluid pressure. It is well-known that when surface
tension is neglected, the motion of the interface between an inviscid fluid and vacuum can
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be subject to Taylor instability [2, 3, 36]. Assume that the free interface X (¢) is described by
7z =z(a, t), where a € R"~! is the Lagrangian coordinate, i.e. z,(c, 1) = v(z(a, 1), ) is the
fluid velocity on the interface, z,, (¢, 1) = (v, + V- Vv)(z(«, 1), t) is the acceleration. Let n be
the unit normal pointing out of €2(¢). The Taylor sign condition relating to Taylor instability
is

oP
—— =(2; +K)-n>cy>0, (1.5)
on
point-wisely on the interface for some positive constant c¢y. In previous works [38, 39],
we showed that the Taylor sign condition (1.5) always holds for the n-dimensional infinite
depth water wave problem (1.1)—(1.4), n > 2, as long as the interface is nonself-intersecting.
In other words, the motion of infinite depth water wave is not subject to Taylor instabil-
ity. Furthermore we showed that the initial value problem of the full nonlinear water wave
system (1.1)—(1.4) is uniquely solvable locally in time in Sobolev spaces, for any initially
nonself-intersecting interfaces and incompressible irrotational velocities. Earlier Nalimov
[27], and Yosihara [40] obtained the existence and uniqueness of solutions /ocally in time
in Sobolev classes, for two dimensional water wave of infinite and finite depths, under the
assumption that the initial interface and velocity is a small perturbation of the still water,
and the bottom is a small perturbation of the flat horizontal one. There has been much work
recently concerning water waves with additional effects such as a nonzero surface tension,
a bottom, and a bounded nonzero vorticity in the fluid region [1, 6, 7, 14, 24, 26, 28, 31,
41]. Energy estimates were established and local in time existence in Sobolev spaces were
proved for water wave motion with these additional effects. However the question concern-
ing the solution behaviors globally in time remains open.

We study the global in time behavior of solutions of the infinite depth water wave sys-
tem (1.1)—(1.4), assuming that the initial velocity and acceleration are small.

Notice that for given initial velocity and acceleration of the form e W (-), where € is small,
W is a smooth vector-valued function decay fast at spatial infinity, the same energy estimates
and analysis in [38, 39] gives a long time existence of classical solutions for a time period
[0, T /€], with T depending only on W. Indeed this is also one of the key elements used
in justifying asymptotic models of the water wave equation. In [11, 29], Craig [11] and
Schneider and Wayne [29] proved the existence of classical solutions up to time T /€3 for
rescaled initial data €2 (e-) in the case of 2D finite depth water wave, but most importantly
they gave a rigorous justification of the KdV equation as a long wave limit of the full 2D
water wave equation. Justification of some other asymptotic models can be found in [15, 17,
18, 25, etc.].

Therefore for initial velocity and acceleration of the form €W (-), where € is small, the
question remains to be answered is what happens to the classical solution during the time
period [T /e, 00)? Notice that in previous works [38, 39] we used the Lagrangian coordi-
nates. We approach the question of global well-posedness with two novel ideas. One idea is
to explore the possibility of a better coordinate system. Another idea is to use the dispersive
aspect of the water wave equation that hasn’t been used so far.!

We focus on the infinite depth 2D water wave in this paper. We will study the 3D case
in an upcoming paper, since it requires some different treatments in certain parts of the
calculations.

N preprint [5] on the local smoothing effect of surface tension appeared recently after the submission of this
manuscript.
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The main results of this paper are that we find some quantities ©, that are the traces on
the interface X (#) of some holomorphic or almost holomorphic functions in the air region
Q(#)¢, and a new coordinate system, such that in this coordinate system, these quantities
satisfy equations of the form

370 —i3,0 =G,

where G consists of nonlinear terms of only cubic and higher orders. Using these equations
we are able to show that for data of the form e W (-), there exists a unique classical solution
for a time period [0, e7/¢] for the 2D water wave system (1.1)—(1.4), with T depending only
on W. We give some more detailed explanations in the following.

We first recall some of the main ideas in proving the local in time well-posedness of
the water wave system (1.1)-(1.4) [38, 39], while doing so we give a brief derivation of a
quasilinear system that is equivalent to (1.1)—(1.4). This derivation is somewhat different
from that in [38] but is the same as that in [39], while in [39] we only derived in the context
of the 3D water wave.

Let z = z(a,t) = (x(, 1), y(a, 1)), ¢ € R, be the equation of the free interface X (¢) at
time ¢ in Lagrangian coordinates «. In what follows, we regard the 2D space as a complex
plane and use the same notation for a complex form z = x 4 i y and a point z = (x, y). So
z=x—1y. Wewrite [A, B]= AB — BA.

As we know it is difficult to solve (1.1)—(1.4) directly since it is defined on moving do-
mains. The first step used in [38, 39] in solving (1.1)—(1.4) was to reduce it to an equivalent
equation defined on the moving interface X (¢). This was done based on the following ob-
servations. First notice that (1.2) implies that the complex conjugate of the velocity field v
is holomorphic in €2(¢). Therefore (1.2) is equivalent to z, = $Z;, where

S (B, D)zp(B, 1)

is the Hilbert transform on X () associated with the parameterization z = z(«, ¢). Now (1.3)
implies that on X(¢), VP points in the direction normal to X(¢), therefore —VP = iaz,,
with a = —22 ‘ZL‘ . So (1.1), (1.3) is equivalent to z;; + i = iazy, and the system (1.1)—(1.4)
is equivalent to the following system on the interface X (¢):

1
Hf(a, t) =—p.v. dap (1.6)
i

Zy +i =10z,
(1.7)

2 =9Z.
However (1.7) is fully nonlinear. To solve (1.7), we further reduced it into a quasilinear
equation [38, 39], on which the classical energy method could be applied. This was done

by taking one derivative to ¢ to the first equation in (1.7). Taking derivative to ¢ to the first

equation in (1.7), we got

T — L0Zpq = 10,2,

_ttt . ta (% (18)
2 =97

Using the fact that z, = $z,, we deduced

I = 9H)(—iaza)
= —9)(Zi +i0Zsq)
= [02 + iad,. HTZ,

=2[zy, 9] E_ Zuta ! (w

ta 2 . Ll ~
o, e e m I e =60

2
) ZgdB.  (19)
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Further using the fact that a and a, are real valued gave

(I + 8 (arlzal)

Zita 1 z(o, 1) — z,(B, 1) 2_
_Re<| N [Z[Znﬁ] + 2[z;, ]—a— — (m) Z,ﬁdﬁ}) (1.10)

here Re 7 indicates the real part of z,

« -1 z4 lzp(B, 1) }
=pv. | Re{ ————— "~ , 1.11
K S n=pv / e{ 7i |za| (z(@, 1) — 2(B, 1)) .1 dE (1

is the adjoint of the double layer potential £ in L2(X(¢), dS). Notice that I + £* is invertible
on L2(X(1),dS). From (1.10) we see that a, |z, | has the same regularity as that of 7, and 7;.
After proving the Taylor sign condition (1.5) holds, i.e. a > 0 [38, 39], we rewrote (1.8)
as
21t + i

Zoy — 10 = ——— 0| 24],
rtt 1103 |Z”+l| t| Ot| (112)
Z :521-

Using (1.10) for a,|z4|, we see that (1.12) is a weakly hyperbolic quasi-linear system with the
right hand side of the first equation in (1.12) consisting of terms of lower order derivatives
of z;.

Let u= z,. The system (1.12)—(1.10)—(1.11) is the 2D version of the quasi-linear system
(5.21)—(5.22) derived in [39]. The local in time wellposedness of (1.12)—(1.10)—(1.11) in
Sobolev spaces (with (u, 1,) € C([0, T], H**'/? x H*)) was proved by energy estimates and
iterative scheme. Through establishing the equivalence of (1.7) with (1.12)—(1.10)—(1.11),
we obtained the local in time well-posedness in Sobolev spaces of the full water wave equa-
tion (1.7) [38, 39].

Let’s now take a look at a possible change of variables. For f = f(«, 1), g = g(a, 1), we
use the notation U, f (o, t) = fog(a,t) = f(g(a,t),t). Forfixed t,letk =k(a, ) : R — R
be a diffeomorphism and k, > 0. Let k' be such that k o k™! (, #) = . Define

C=zo0k™ ', u=z, 0k '=uok™, and w=z o0k ' =uok™". (1.13)
Let
b=k ok™ and Aok=ak,. (1.14)
By a simple application of the chain rule, we find

w=u,+bu, and U '8} —iad,)Up = (8 +bdy)* —iAd,. (1.15)

In this new coordinate system, (1.12) becomes

ol (1.16)

(8, + bdy)2u — i Adgut = (0|2 ]) 0 k1 2t
ii = Hii

with
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(I + K (a]za) 0k~

il iy w, 1 ulo, t) —u(B, 1)\ })
=Re 22 {2[w, H]=2% +2[u, H]—% — — | [ ——— "7 d 1.17
e(w{ L, U2 2l T = o <;<a,t)—;(ﬂ,r>> “pdpy) 17

and

Loy [ LBDG6.D
i@ =P | =10

. -1 & Kﬂ(lg’t)'
K ,t) =p.v. | Req — (o 1) — (B 1))
fle1) PV/ e{m’ Cl C(@0) — 2B )

dg, (1.18)

}f(ﬂ,t)dﬂ. (1.19)

Notice the remarkable similarities between the terms in (1.12)—(1.10)—(1.11) and in (1.16)—
(1.17)—(1.19). In particular, the structures of the terms in (1.6), (1.10), (1.11) do not change
under the change of variables. This makes it convenient for us to work in another coordinate
system and to choose a different coordinate system when there is advantage to do so. In
fact, using (1.16)—(1.17) one can prove the local in time well-posedness of the water wave
problem in this arbitrarily chosen coordinate system using the same analysis as in [38, 39].
We now discuss the dispersive aspect of (1.12)—(1.10)—(1.11). Let u = z;. Linearize
(1.12)—(1.10)—(1.11) about the zero solution (the still water), we obtain the free equation

Uy + [Deu=0, (1.20)
where | Dy | = /—82. The system (1.12)-(1.10)—(1.11) can be rewritten as
Uy + | Do u= F(z,u,u, U, 1y) (1.21)

with F consisting of the nonlinear terms. Notice that F contains both quadratic and higher
order nonlinear terms. As we know, for small solutions, it is in general the most difficult
to handle the lowest order nonlinearity. In (1.21), the most difficult terms are the quadratic
nonlinear terms in F. Using the method of stationary phase [34], we find that the free so-
lution u of the linear equation (1.20) for 2D water wave has a L' — L* time decay rate?
1/t'2. Such slow decay rate coupled with the quadratic nonlinearity in (1.21) doesn’t give
us a much longer existence time period than already obtained by the energy estimates and
the standard Sobolev embedding. This motivates us to explore possible cancellations in the
quadratic nonlinearity in F. One possible method is the method of normal form. The idea
of the method of normal form is to make a nonlinear change of unknowns (if it exists)

v=u+ K@)

2Let |D| =v/—A, A the Laplacian on R". If ue C®((x,1) € R"*1y is a solution of
uss + |[Dju=0, u(-,0) = u, ur (-, 0) =uy,
and vanishes rapidly as |x| — oo, we have by an application of the method of stationary phase,
c 1
- Dlzoe®) = oy >y / |0%u (x)] dx.
Jj=0k|<n+1
‘We do not give detailed derivations of this estimate, since we will not use it in this article. Instead we will use

the decay estimate in Proposition 3.1.
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so that v satisfies an equation
0y + | Dy |0 = F1(z, U, Us, Uy, Uy)

with F; consisting of only cubic and higher order nonlinear terms, and ||v|| & ||u|| in various
norms || - || involved in the estimates. However there are difficulties in carrying out this
method on our system (1.12)—(1.10)—(1.11), since we do not know a priori whether such a
transformation exists; and we do not know the form of the transformation if it indeed exists.
In [30], Shatah extended Poincaré’s method of normal forms for the ordinary differential
equations to the study of the nonlinear Klein-Gordon equations. Using a transformation of
the type v = u + B(u,u), where B is a bounded bilinear form, he successfully reduced
a quadratic nonlinear Klein-Gordon equation 9y — Au + u = f(u, Du, D*u) for u into
a cubic nonlinear Klein-Gordon equation for the new function v = u + B(u, u). He then
proved the global in time existence of classical solutions for small initial data in dimensions
n > 2. The bounded-ness of the bilinear form B(u, u) is crucial for his method to work,
as it implies that ||v|| & ||u|| when ||u]|| is small. (We note that the bilinear form B(u, u) in
Shatah’s work is only explicit in its Fourier symbol, and the time decay rate? for the Klein-
Gordon equation in n-D is 1/¢"/2. See also Simon [32] and Simon and Taflin [33] where
they gave a different transformation for the nonlinear Klein-Gordon equation cancelling out
quadratic terms.)

We therefore tried a transformation of the type v = u + B(u, u), where B(u, u) is bilin-
ear. However, this type of transformation works only partially for our system (1.12)—(1.10)—
(1.11). There are three difficulties: firstly, not all of the quadratic nonlinear terms in (1.21)
(or equivalently (1.12)) can be transformed into cubic and higher orders through a transfor-
mation b = u+ B(u, u) with a bounded bilinear form B(u, u). Secondly, even with the partial
transformation that transforms only those quadratic nonlinear terms that can be transformed
into cubic and higher orders with a bounded bilinear form B(u, u), the result is still unsatis-
fying: the partial transformation destroys the structure of (1.12) and the resulting terms are
not in favorable forms for us to have good decay estimates. For example, the estimates for
the new nonlinearity depend now on the estimates of the function u itself. While one may
use LP—L1 estimates to get a time decay estimate for u, it would be slower than the rates (di-
rectly obtainable from the equation) for 1, and | D, |'/?u. Therefore the existence time period
of classical solutions one may obtain for the new nonlinearity depending on the estimates
of u would be shorter than the case when the estimates don’t depend on the estimates of u.
Thirdly, the structures of the partial transformation and the resulting equation are no longer
coordinate invariant and are too complicated to be understood.*

Nevertheless the idea of the method of normal form is the one we employ in this paper.
Starting from the partial transformation, and with much further analysis and efforts in un-
derstanding the nature, relations and possible cancellations of the terms in the equation, we
find that the quantities

M= -9E-3. and o= —-N&—2 =M+ H" (122)

Lo

3See [13, p. 151, Corollary 7.2.4].

4The Fourier symbol of the partial bilinear transform is not of the types [8] for which satisfactory estimates of
their corresponding bilinear forms are known. It becomes necessary for us to find its structures in the physical
space. In 2D it is relatively easy to find the structures of the partial bilinear transform in the physical space,
while in 3D it is quite difficult to find it. A more natural and understandable transformation for the 2D water
wave will be helpful for finding the one for the 3D water wave, and will be useful for studying other questions
on water waves.
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satisfy the equations

. 1 1
(Bt —zaaa)l'l=—2 Zr,ﬁ_‘i‘f}_ Zta

Za Za
L (@ —zB.0\ .
wi ( (e, 1) —2(B, 1) ) G =2 dp (2
and
(87 —iad,)0 = 3,{(8} —iad)(I — H)(z — D} +iad (I — H)(z —2). (1.24)

Notice that both the right hand sides of (1.23) and (1.24) are consisting of only cubic and
higher order nonlinear terms, while the left hand sides of (1.23) and (1.24) still involve
quadratic nonlinear terms. We resolve this difficulty by looking for a better coordinate sys-
tem. (Notice that both the structures of I, v and (1.23), (1.24) are coordinate invariant.>)

Let ®(-,¢) : Q(t) — P_ be the Riemann mapping from the fluid domain (¢) to
the lower half plane P_, satisfying lim,,,, ®,(z,#) =1 and ®(z(0,¢),1) = 2x(0,1). Let
h(e,t) = P(z(ee, t),t) and

k(a,t) =2x(a, t) — h(a, t). (1.25)

We find that both b =k, ok~! and A — 1 = (ak,) o k~' — 1 are consisting of only quadratic
and higher order nonlinear terms in w = u, + bu, and u, here u, w are as defined in (1.13).
Therefore the quantities

v=vok™ and x=U'(I-9H)(z—-7) (1.26)
satisfy equations
(8 +b3,)*v — i Ad,v = U (3,{(3] — iade) (I — H)(z — 2)}
+ia,3,(I —$H)(z—2)) (1.27)

and

1 1
O +b3,)x —iAdyx = —2[u,H_— +H—}ua
1 u(a,t)—u(ﬁ,t))z _
— [|————=) G —-tpd (1.28)
7 <¢<a,z)—¢<ﬂ,t) b=t dp
and they are of the form
820 — id,v = G (w, u), 2 x —idyx = Ga(w,u) (1.29)

with G, G, consisting of only cubic and higher order nonlinear terms in w and u. Fur-
thermore, since u and v = (9, + bd, ) x are equivalent in the various norms involved in our
estimates, we can directly obtain estimates for u from (1.28). The finding of this change of

SWe will see in later sections, in particular in Propositions 3.2, 3.3, 3.4 and (3.12), (3.14) that the structures
of I1, v and the terms in (1.23), (1.24) and (1.27), (1.28) are of the types for which we can obtain satisfactory
estimates.
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variables k is inspired by the formula for /; o A~! in our previous work (see [38, the formula
for b at the bottom of p. 50]).

Notice that the quantity IT or x is the boundary value of a holomorphic function in the
air region 2 (¢)¢ and v or v is almost holomorphic in € (¢)¢ (from (1.22), we see that it is
a holomorphic term plus a quadratic or higher order term). We remark that the initial value
problem for the equation

370 —i0,0=G

is ill-posed for a general complex valued unknown function ®. However it is well-posed if
the unknown function ® is the boundary value of a holomorphic function in {€2(¢)}¢ and
in this case 8}@ — 10,0 = Btz@ 4 24| Va®, where Vj, is the Dirichlet-Neumann operator
(see [39] for a definition). Therefore when viewed in terms of its real or imaginary part
separately, the left hand sides of the equations in (1.29) are in fact non-linear and contains
quadratic nonlinearity. However when viewed as a complex valued term, 8[2@ — 10,0 is
linear.

We now see that the nonlinearity of the infinite depth 2D water wave system (1.1)-(1.4)
is essentially consisting of only nonlinear terms of cubic and higher orders when we work
with the right quantities in the right coordinate system. To study the global wellposedness of
the 2D water wave system (1.1)—(1.4), we use the method of invariant vector fields to (1.27)
and (1.28). The advantage of this method is that it gives a better L?—L* type time decay
estimate (with decay rate 1/¢'/% for 2D water wave). Klainerman developed the method of
invariant vector fields for the nonlinear wave equations [20-23]. The invariant vector fields
for 97 —id, are

1 1
o, Oy Ly= Era, +ady, and Qp=ad; + Eti. (1.30)

However the inhomogeneity of €2y makes it difficult to use it to get estimates for terms such
as Qov, Qqx directly from (1.27), (1.28). We notice that

1
Q0dy = Lod; — 5r(af—iao,). (1.31)

Therefore we resort to use only 9;, dy, and L, and resolve the problems from the absence
of 2 by finding one more quantity of one time derivative less than x satisfying an equation
of the form (1.29). We find the quantity

A=U"I -9y, (1.32)

where V¥ (,t) = ¢(z(a,t),t), ¢ the velocity potential, satisfies an equation of the
form (1.29). Using (1.27), (1.28), and the equation for A, and the method of invariant vector
fields, we are able to derive a priori estimates for solutions of the 2D water wave equation
that hold for a time period [0, ’/], as long as the initial energy is no more than H2e>.
Using the local existence result and a continuity argument, we arrive at the following almost
global existence result for the 2D water wave.

Let the initial interface be a graph z(«, 0) = o + i €f (), the initial velocity z,(«, 0) =
eg(a), € R, f and g are smooth and decay fast at infinity, and g = 90 g, here 90 is the
Hilbert transform associated with the initial interface z(-, 0).
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Theorem There exist € > 0, T > 0, depending only on f and g, such that for 0 < € < €,
the initial value problem of the 2-D water wave system (1.7) (equivalently (1.1)—(1.4)) has
a unique classical solution for a time period [0, e"/¢]. During this time period, the solution
has the same regularity as the initial data and remains small, and the interface is a graph.

For precise assumptions on f and g and the precise statement of the above Theorem, see
Theorem 5.5. See also the discussion on initial data following the proof of Theorem 5.5.

For the rest of this paper if not otherwise mentioned, z = z(«, t) = x(, t) + i y(a, )
indicates a solution of the water wave system (1.7), ) is as defined in (1.6), k indicates the
change of variable given in (1.25). ¢, u, w, b, A and H, K* are as defined in (1.13)—(1.19) for
this particular k. IT, v and v, x, A are as defined by (1.22), (1.26), (1.32). A= — H)¢¥ =
Aok.

The equations for the quantities v, x and A (equivalently v, IT and A), as well as the
relations between the transformed quantities v, x and A and untransformed quantities w, u
and ¢ will be derived in details in Sect. 2. In Sect. 3 we present some basic analytic tools
that will be used in deriving a priori estimates. In Sect. 4 we construct the energy from the
equations for v, x and A and derive the energy estimates. In Sect. 5 we present and prove
the almost global wellposedness result of the 2D water wave system (1.7).

2 The derivation of the main equations

In this section, we give a derivation of the equations for v, x and A.® As noted in the in-
troduction, to find possible cancellations in the quadratic nonlinearity of the water wave
system, we started from a partial transformation of the type u 4+ B(u, u) with a bounded bi-
linear form B(u, u), and finally arrived at the quantity v through much further analysis and
understandings of possible cancellations involved, and through choosing a better coordinate
system. Because of the impossibility of getting estimates for such quantities u, Qou, v, Qov
from the equation and because of (1.31), we find further the quantities x and A. However for
the sake of clarity we do not go over this process. Instead we give a derivation of the equa-
tions assuming we have already found the quantities v, x, A and the change of variables k
as introduced in the introduction.

We know $2 = I in L?. We use the convention $1 = 0.

We start from the equivalent water wave system (1.7):

Z i =1i0zZq, 2.1
=97, 2.2)
where a is a real valued function determined by the system (2.1)—(2.2). Let z = z(«, t) be

a solution of (2.1)-(2.2), with z; € C([0, T1, H**'/2) n C'([0, T1, H®), s > 4 as obtained
in [38]. We have the following identities.

Lemma 2.1 Assume that f € C'(R x (0, T)) satisfies f,(a,t) — 0, as |o| — oo. We have

3. 91f = [z, mf—“, 2.3)

S Jia 1 zi(e, 1) — 7, (B, 1)
3* = [z, H1— +2[z;, H]— — — —_———
[0%, 911 = [z, 9125 + 20z, 9] <z(ot,t)—z(,3,t)

Za Za i

2
> fpdB, (2.4)

The physical meanings of v, x, and A are unknown at the time of writing. It is desirable to have good
understandings of these quantities from the physical point of view.
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[aaa,mf=[aza,sa]f—“, amf=sz—“, (2.5)
- B fa 1 (z,<a,r)—z,<ﬁ,r>>2
(97 —iad, 91f =20z 917 = = [ TOET— =5 ) Sadb. (2.6)
(I — 9)(—iaZ) = 2[zu. ﬁ]zzﬂ + 2[z,,mzz’i
U (a0 —zB8,0\ "
- ; (—Z((X,I)—Z(ﬁ,t) > 21 dﬁ. (2.7)

Remark In fact, (2.3) to (2.5) hold for a generally given z = z(«, t) that defines a non-
selfintersecting curve for each fixed time ¢, with z,,z, — 1 € C'([0, T], H'(R)), and its
associated Hilbert transform $).

The proof of (2.3) to (2.5) is straightforwardly integration by parts, we omit the proof.
(2.6) is a straightforward consequence of (2.4), (2.5) and (2.1). (2.7) is basically (1.9), in
which the last step is explained by (2.4), (2.5) and (2.1).

We record in the following some basic facts on holomorphic functions that will be used
in this paper. Let 2 be a C! domain in the complex plane. Assume that the boundary of € is
parametrized by z = z(«), o € R, oriented in the clockwise sense, and there exist constants
U1, wa >0, suchthat p|lo — B| < |z(a) —z(B)| < uo|la — B| for all @, B € R. Let

2 (P) [/ (B)dp

1
Hi@=20v | -

be the associated Hilbert transform. We have

Lemma2.2 1. f(-) = F(z() € L*(d) is the boundary value of a holomorphic function F
inQifandonlyif f =Hf.

2.If f=Hf,g=Hg, then [f,H]g =0.

3. Forany f, g € L*>(3S2), we have [ f, H{HHg = —[H f, H]g.

The first statement above is a consequence of the Cauchy integral formula. The second
statement follows from the fact that the product of holomorphic functions is holomorphic.
Applying the second statement to /' + H f and g + Hg, we get

[f+Hf H]Hg) =—[f +Hf H](g). (2.8)

Notice that —H is the Hilbert transform associated with the domain Q¢. Applying the second
statement to f — H f and g — Hg gives

[f —Hf H](Hg) = [f — Hf H](g). (2.9)

Summing up (2.8), (2.9) we arrive at the third statement.

‘We now derive the three main equations that will be used to obtain a priori estimates and
prove the almost global wellposedness of the water wave equation (2.1)—(2.2). Since we are
concerned with small solutions in this paper, the order of smallness in the nonlinearity is
important. We understand that z;, z;; and z, — 1 each is of order one in smallness.
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Almost global wellposedness of the 2-D full water wave problem 55

Let ¢ be the velocity potential, i.e. v= V¢, and let ¥ («, t) = ¢ (z(c, 1), t).” The main
point of the following proposition is to show that the quantities (8,2 —iad){(I —9H)(z—2)},
(af —1ady)0{(I —$H)(z—2)} and (af —iady,){(I — H)y} are each consisting of only cubic
and higher order nonlinear terms. Furthermore, efforts are made to ensure these nonlinear
terms are in formats on which we are able to carry out the (optimal) estimates.

Proposition 2.3 Let 7 = z(a, 1), with z, € C([0, T1, H**'/2) N C'([0, T], H*), s > 4 be a
solution of (2.1)-(2.2). Let T1 = (I — $)(z —2), v = 0,11, and A = (I — ). We have

1 -1
(02 — iad,)TT = —2[zt,s~az— +ﬁ§—}zm

L [(alen=aB.0N . s
(z(a,t)—z(ﬂ,t)>(zﬂ 2p) dp, (2.10)

(87 —iad,)o = 8,{(8? — iady) 1} +ia,8,(I — H)(z —7), (2.11)

1 -1
(atz_iaaa)A:_[anJZ_ +~62 :|(Zozztt)+[zt7y)]<zf =

Za

) +Zt[Zt,fJ]

o

—2[z;, f)]

ta 1 ' s -z , 2
. (%) z-zgdp. (2.12)

o

Proof Let’s first prove (2.10). We have

(37 —iad){( — H)(z — 2)}

= — (B} —iady)(z —2)} — [3] —iady, H](z — 2)
wa ) —zB 0\,
2@ 1) —z2(p.1) ) (€= Dpdp

. e, L 2o, 1) —z (B 1) -
= Sl /(z(a 1 —z(B, r))( Dndp

S PR B S B £ AC) A0 ) S
= z[zf,ﬁZa +ﬁz }zm+m/< c@.1) —2(B.0) ) (zp — zp) dB. (2.13)

o
Here in the second step we used (2.1), (2 6) the third step we used (2.2) and (2.3), and in
the fourth step we inserted the term [z,, $ ]zm to make it an at least cubic nonlinear term.

w1
(= 9)(=22,) — 2z, 5] e +—./<
Za Tl

[z, .?) ]z,a = 0 because both z; and Z'“ are boundary values of some holomorphic functions
in (t) and because of the part 2 of Lemma 2.2.(2.11) is obtained by taking a derivative to
t to (2.10). We see from (2.7) that a; is consisting of terms of quadratic and higher orders.

TNotice that in general, the velocity potential ¥ does not decay at the spatial infinity. Therefore here we do

not assume i decay at the spatial infinity. The case we consider is that the spatial L2 norms of 9; A, dg A
etc., where A = (I — $), are finite, this is roughly equivalent to asking the amplitude of the wave and the
velocity etc. being in L2,

8The right hand side of (2.10) is consisting of cubic and higher order terms, since it has an expansion as that
in (2.27).
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Now let’s derive (2.12). We know the velocity potential ¢ satisfies the Bernoulli equation:
o + %|V¢|2 + P + y = constant in Q(¢), therefore we may choose the ¢ so that

1
¢[+§|ztlz+y:0 on (1), (2.14)
and we have

Y=+ Vo =gt lal =~y + slal
Yo ==Y + 2 - Zuts (2.15)
Yo =V 24 =2, - 2o =Re{Z,24}

Using (2.1) we get

Yy — 100 = 2,24 — 0 Z4- (2.16)
Now from (2.16), (2.2), (2.6), and (2.15),
(07 — iad){(I — H)V}
= — )Y —ia,) — [0} —iady, DY

Via ) =z (B0
= —9)(z:z1r) — 2z, 3’3]—a + — (m) Wﬁ d,B
T =y _ — Vo + 2 " 2t L zi(a, 1) —z;(B, 1) ? )
= = 9H)(z:2) —2[zs, H] Za— + pr (—Z(a, N —zB.0) ) Z-zgdp.
2.17)

In order to show that the term (I — $)(z:2::) + 2[z:, 9] y—z is in fact consisting of only cubic
and higher order terms, we manipulate further

(I = $9)(2:z200) = (20, HD2ie + 24001, H)z: = (26, Hz0e + 24[24, f)]zﬂ

Za

and

[z:, 91z + Z[Zu 57)] = [z, 9] (Ztl + _> = [z, 9] < _ZaZﬁ)

o

1 -1 1 - _
|:Z;,f,)— ﬁz—](iazn) + E[an)](zn — 92u)

1 -1 _ 1 Zta
_|:Zt, H— +~6__:|(Zaztt) + =z, ﬁ][ztv 5’)]_
Za Za 2

a

In the second step above we used (2.1), the third step we used the fact that both z, and
Zu + 9z, are boundary values of anti-holomorphic functions in €(¢) and the part 2 of
Lemma 2.2. In the last step we used (2.3). Further using the fact that ‘6% = ZZ’—S (see (2.5)
and (2.2)), (2.2) and the third statement of Lemma 2.2, we rewrite

1 pol ~ ta 1 ~ - ta ~ - ta pol - ta
[z HIE I = [z, H] (zf_— —fn(zf.—)) = [z,,sa](z,z_—).
2 Za 2 Za Za Za

This gives us (2.12). O
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Almost global wellposedness of the 2-D full water wave problem 57

We now show that after applying the change of variables k as given in (1.25),” the non-
linearities in the left hand sides of (2.10)—(2.12) will be consisting of only cubic and higher
order terms.

Let ®(-,t) : Q(t) — P_ be the Riemann mapping from the fluid domain Q(¢) to
the lower half plane P_, satistying lim,, o ®,(z,#) =1 and ®(z(0,¢),1) = 2x(0,1). Let
hia,t) = ®(z(e, 1), 1),

k(a,t) =2x(a,t) — h(a, t). (2.18)

We know k(0, t) = 0. Assume that k(-, #) : R — R is a diffeomorphism and &, (-, t) > 0. (We
consider the question of when the function k(-, ¢) is a diffeomorphism in Sect. 5. As shown
in Lemma 5.3 part 2, a smallness in z, (-, t) — 1 is sufficient for k(-, #) to be a diffeomorphism
from R to R and k,(-,t) > 0.)

Let the notations introduced in (1.13)—(1.19) relating to change of variables be for this
particular k. In particular, b = k; o k~!, and A = (ak,) o k~'. We know

U '9Ur=H, U '9Ui =9 +bd,, U 'ad,Up=Ad,. (2.19)

In the following proposition we show that » and A — 1 are consisting of only quadratic and
higher order terms.

Proposition 2.4 Let b=k, ok~ and A = (aky) o k™. We have

—1 é‘a_l
(I —H)b=—[z,0k ", H] , (2.20)

o

Z, 0k Y, Ly — 1
Gok Do i ok, 1)

o o

(I-H)A=1+i[z;0k ', H] (2.21)

Proof We know h;, = &, + &,z;, hy = .24, D;, ®, are holomorphic in Q(¢), and
lim,, oo ®, — 1 =0. We have

Z—ki=h —z, =%+ (P, — Dz, Za — ko =hy — 24 = (P; — 1)24. (2.22)
Therefore

—(I =Dk =T =9 —k) =T =P, — Dz} = [z, HI(P. — 1)
za _ka

= [z;, 9] (2.23)

o

Applying the change of variable Uk’1 to (2.23) gives (2.20). Now using (2.22), (2.1), and the
fact that ®, — 1 is holomorphic, we have

(I = 9)iazy —iaky) = (I — N)(iaze (P, — 1)) = [z, HI(P, — 1)

9The basic requirements on k are that b = k; o kland A—1= (aky) o k~1 — 1 must be consisting of
quadratic and higher order terms. However we also need them to have “good” structures for optimal estimates.
For this article, being “good” includes being coordinate invariant, being invariant under the application of the
invariant vector fields, see (3.14). Also see Propositions 3.2, 3.3, 3.4 for some examples of structures that
posses satisfactory estimates. The one given by (2.18) is a good one, but certainly it is not necessarily the
unique one.

@ Springer



58 S. Wu

therefore from (2.1), (2.2), (2.3), (2.22),

_ll)t _Ot kl)t
—(I —9)(aky) =—I —9H)(aze) + [z, H(P, — 1) =—i + [Zt,ﬁ]ZZ— + [Zn,ﬁ]Z .
Again with the change of variable U, ! we arrive at (2.21). a
Now let
P = (8 +bdy)* —iAd,, (2.24)
v=vok !, x=Tok™, and A=Aok™! (2.25)
and as defined in (1.13),
{=zok '=r+iy, u=z,0k ' and w=z 0kl (2.26)
We have from (2.10) to (2.12) (by the chain rule)
1 -1 1 u((x,t)—u(ﬂ,t))z -
Px=-2lu,H—+H=—|ug + — —_— — ) d,
[" oG ] i /<;(oe,r)—¢<ﬁ,r> e
/(u(a 1) —u(B, 1))yl 1) —y(B,1))
5 Mﬁ dﬁ
1S (e, 1) = (B, 1)]
2 u(o, t) —u(ﬂ,t))
+ = _— dg, 2.27
b /(4(0:,:)—4(/3,0 %P @20
Pv = (0, +bd,)(Px) + % ok 'iAdyx, (2.28)
e o) oo
u(o, t) —u(p, t))
—2[u, H +— —_——— - Lpdp. 2.29
0 1 (;(a n—cpn) P 229
(2.20) and (2.21) give
ED( -1 § -1
(I —H)b=—[u,H] o (I —H)A=1+ilu, H]( +i[w, H] (2.30)
and from (2.1) and (2.7), we have
w+i=iA¢, and (2.31)
(I —H)(—iﬁ ok‘lAEm>
a
1 [ ue t)—u(ﬁ,t)>2_
=2 7—(—+2 H]l— — — _ dp. 2.32
 HIZE 20 MO (;(a,o—c(ﬁ,r) “pab. 23

Notice that (2.27) to (2.29) are of the form 8,2@ — 10,0 = G with G consisting of only
cubic and higher order terms. These equations together with (2.30) to (2.32) and the relations
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Almost global wellposedness of the 2-D full water wave problem 59

among the quantities u, ¢, v, x and A:
x=UI-H)(¢ -0, v=(+bd)x, and A= —H)Yok™)  (233)

will be the main equations we use to derive our estimates on the solution z of the water wave
system (2.1)—(2.2). In what follows we record some further relations consequent to (2.33).

Proposition 2.5 Let x, A, v and ¢, u be as defined in (2.25), (2.26). We have

1 -
aaX = (1 - {aHC—)({a - Coz)v (2.34)
b= (0, + b = 2u — (M4 Fou — [, 115 =%, (2.35)
1 1
i1y = 0gh+ (é“a"‘fg +aH : >(M§a) (2.36)

(2.34) is straightforward by applying (2.5) to the definition y = (I — H)(¢ — £). (2.35)
is a straightforward consequence of the definition of v, by applying (2.3):

0=0(I—-9c-)=U-9@—2)— [Z[,ﬁ]zaz

=2z — (H+ 9z — [z, I 2.37)

Za

we used (2.2) in the last step above. Applying the change of variable U, I gives us (2.35).
Now taking derivative to « to the definition of A, we get

80t)L = <1 - ;aHg_i)aa(w Okil) = (1 - CaHg_i>Re{zt o kil;a}
—i<1 — {aH{i>Im{2t ok, ). (2.38)

Here we used (2.5), (2.15) and again (2.2). Im 7 indicates the imaginary part of z. Therefore
from the fact that Re{z, o k~!¢,} is real valued, we have

Re(Z ok '¢0) = duh + ;mgiRe{z, 0 k'2,)

o

=Re{d A} + = (;“aH; + L H )Re{Z, ok} (2.39)

1
"
and similarly from the last equality of (2.38)

_ 1
Im{z o k_lgot} Re{iogA} + = ({aHC + Ca § >Im{zt ok™ ;a} (2.40)
(2.39), (2.40) together gives us (2.36).
Notice that ¢, — ¢, is pure imaginary. Similar to (2.39), we get from (2.34) that

- 1 -
2an =8y —Cu = aaX + é‘aHé__(ga - ;a)

o

= lIm{aaX} (QXH{ + {a { )(za Ea)- (241)

o
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To get the relations of w vs. 9, x and w vs. (9; + bd,)v, we take derivative to ¢ to (2.37) and
apply 9,k, Uy to (2.36).
We first take derivative to ¢ to (2.37). We get

B0 = 22 — [z,,.s%]zzﬂ - [z,,mzzﬂ — (B + 9z

Zt(aa[)_zt(ﬂvt)

! Zu (o, 1) — 7,4 (B, 1) _
/ e s z(a, 1) — z(B, 1) (@ip — Zip) dP

Cwi) ozl ) —z(B.t)

+L (ZI(“?’)_Zt(ﬂ7t)
i z(ee, 1) — z(B, 1)

_ 1
(zp —zp)dB — ;/
2
> (zp —zp) dP. (2.42)

Here we used (2.3) in the first step. Applying the coordinate change U, ! gives us

(0, + bdy)v = 2w — [ﬁ,ﬂ]'g—“ — [u,H]Z—“ — (H+Hw

_[w,H]ga _é-a —[M,H]ua _I/_‘a
1 u(a, 1) —u(B, 1)\ _
wi (C(a, 1) —¢(B, t)) (€ =) aP- @4

To get the relation between w and 9, x we first rewrite (2.36) as

) -1 I 2 S
ué-a - aa)V + z(ga - {a)Hu + EC& (Hg__a +Hg_a>(u;a)

-1 - 1- 1 -1
=0r+ =&y —C)u+ =Cu| H— — | (). 2.44
+30 C)u+2§ (H§Q+H§a>(ué) (2.44)
Applying k, Uy to (2.44) gives us
_ -1 T O I -1\ _
2o = 0 A+ 5 (Za =22 + 5Za( H— + 9 ) @i20).
2 2 Za Za
Now taking derivative to ¢ to both sides we get

_ 1 1 1 1 -1
Zi1Za + ZtZa = 0O A + = (Zig — Zta) %t + 5 (Za — Za)Zte + Zia| H— + 95— )(Zi2a)
2 2 2 Za Za

2 ” Za

Za ( 3t (a7 t) — (ﬁv t)
e [ 2D TR D
i (z(a, 1) — z(B,1))?

1_ 1 -1\ _ _
+ = 2o (ﬁz— + f.)_—) (Ztza + ZtZta)
)Z,Zﬂ dp. (2.45)

For convenience in obtaining estimates in the later part of the paper we further rewrite 9,9, A.
First we know from the definition and (2.3) that

: 1 RefZ
8,A:(I—ﬁ)llft—[Zz,ﬁ]f—:(1—55)<—)7+§|Z;|2>—[Zt,ﬁ] o)
i . ReEad\ i 1 nk
_EH—FE[Z“?)](ZI_z By )—21_[ Z[ZI,YJ]_ZO[ . (2-46)
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Almost global wellposedness of the 2-D full water wave problem 61

Here we used (2.15) in the second step and (2.2) in the third step. Applying the change of
variable U~ ! then take derivative to « to both sides of (2.46), we obtain

_ia, uly 1 0 (uka)
0 (0 + b3u)h = [ua,H] . [ =
1 o, ) —u(B ) (Lo — Cp) -
+ — dg. 2.47
i C@n—c oy P @47

Now applying the change of variable U, ! i to (2.45), move the second term on the left to
the right, replace 9, (9; + baa)i with (2.47) and canceling out cancelable terms using (2.2),
we arrive at a relation between w and 9, x . We record this relation and (2.41), (2.43), (2.46)
(with the change of variables k') in the following proposition.

Proposition 2.6 We have

1 _
2an =8y — ga = lIm{aaX} + - <§aHé_ + got § >(§a — &), (2.43)

(8, + bd,)v = 2w — [ﬁ,ﬂ]”é—"‘ - [u,m$ — (H+Hw

— ule, 1) —u(B, 0\’ .
—[w,H — _— — dg, 2.49
. 701 W /(;(cx - ;(ﬂ,o) Cp=tpdp, 249

ﬁ)g“a= ;aax+ H(Ma ;a) _%[u —]3 (M;a)

o

o

IR UG G (R PP @a £ — lua

27i & (o, 1) = (B, 1))?

+lE <7—ti +Hi)(a)¢ + iiug)

2 o é_a Ea o o
—E—“/I < u(o, t) —u(B, 1) )_ J 250
] "™ Cwn —cgon ) (230
(a,+baa)x:%;<— —[u, H]”% (2.51)

From (2.35), (2.36), (2.48) to (2.50), we see that the differences:
V=2u,  u—03h  20y—Imdyx,  2w— (3 +bd)v and w_lia‘“‘

are each at least of quadratic order. In the next section, after developing some basic analytic
tools, we will use the relations (2.35), (2.49), (2.31) to derive estimates of the L? norms of
derivatives of the quantities u#, w and ¢, — 1 via the L? norms of derivatives of (3; + bdy) x
and (9; + bd,)v; and we will use (2.36), (2.48), (2.50) to derive estimates of the L* norms
of derivatives of u, w and ¢, — 1 via the L* norms of derivatives of d,A and 9, x .

We record in the following one more identity.
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Proposition 2.7 We have

(I —H)(0; +b0y)b = [M,H]W _ [w,H]Cag—_l

1 (u(oz,t)—u(ﬁ,t)

2
— Zs — 1) dB. 2.52
i ;(a,o—;(ﬁ,r)) (¢ —Ddp 252

We prove (2.52) from (2.23). Taking derivative to ¢ to (2.23) and using (2.3), we have

Za _ka

0o
—0,(I — Dk, = —U — )3k, + [z, 5]2_kr = 0/[z;, ]

S I s
o Za
Z(Ol,[)_z(,B,t)

= 241, 5]

2
) (zp — kp) dp. (2.53)

i

Recall b =k, ok™", s0 (8; +bdy)b = k,; 0 k~'. Making the change of variables Uk’1 to (2.53)
we get (2.52).

3 Basic analysis preparations

In this section we first present and develop some necessary analytic tools. We then give
the estimates of the L? and L™ norms of the derivatives of the quantities u, w and &, — 1
respectively via the L% norms of the derivatives of (3, + bd,) x and (9, + bd,)v and the L>®
norms of derivatives of d,A and 9, x .

For a function f = f(«a,t), we use the notation

If Ol =1 Oll2 = 1fCOll2k) If Dlloo = 1F @ llzee =1 C Ol Loom)-

We use C, ¢ to indicate universal constants, while ¢(F, | H'|| L), ¢(L, i), c(M) etc. indicate
constants depending on F, || H’||p~, or L, u, or M respectively. Constants c(F, |H' || ),
c(L, ), c(M) and C, c etc. appearing in different contexts need not be the same. [a] indi-
cates the largest integer < a.

We know the invariant vector fields for 3> — i9,'* are consisting of (see [4, 35])

1 1
o, Oy, Lozita,-l-ozaa and Qoza3,+§ti 3.1

with the commutativity relations:

1

[9;, Lol = 531, [0, Lol = Oas [0, 0¢] =0 and (3.2
i 1

[8;, §20] = 51, [0, S20]1 = 9, [Lo, $20] = EQO‘ (3.3)

10Notice that 312 — [0y is the Schrodinger operator with 7, « interchanged.
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In what follows, we let
o, 0, and Lo

be denoted respectively by I';, i = 1,2, 3. At times we shall suppress the subscript. If k =
(ki, ka, k3) is a multi-index, we shall write

k k1 ko ~k
s =rirery.

For a nonnegative integer k, we shall also use I'* to indicate a k-productof I';, i =1,2, 3.
We have the following generalized Sobolev inequality.

Proposition 3.1 Let f € C®(R'™") vanish as |a| — oco. We have for t > 0,

(I+ 1+ ) P f (. 0)] < C(Z I o+ ||szor’<f<r>||z), (3.4)

[k|=2 k=<1
where C is a constant independent of f.
Proof Notice that
Lo— toy—oa, - i (3.5)
aLy— =Qy=a"09, — —i. .
0= 5% 1
Therefore

12 12 t
@’0,(e' % f) = €' (aLof - 590.f>

and we have

— |

If(cx,t)lsf |aﬁ<e"i*ﬁf)|dﬁ+f 1957 £)) dp
Jer|

: /T 7

oS Ol + s P/Z 1920 £ 0)]l2- (3.6)

—lo|

~ B

BLof — —Qof‘dﬁ +

BLof — %Qof‘dﬁ

- | |
On the other hand, (3.5) implies that

12

t
sz—otLof-l—EQof-l—azaaf.

So from the standard Sobolev embedding and (3.6), we have

12 t
Zlf(a,t)l <lel|Lof]+ Elﬂofl + |0, f]

<le|(ILo f 2 + 13 Lo f®)12) + (IR0 f @) ll2 + 11820 £ () ]12)
+ 2latl? | Lode £ (D)l2 + tler] /2[00 £ (1) |2 3.7
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We obtain (3.4) by applying the standard Sobolev embedding to the case that ¢ + || < 2,
applying (3.6) to the case that || > ¢ and |¢| > 1, and (3.7) to the case that |«| <t and
t>1. g

We now record some commutativity relations. We note that these relations hold for oper-
ators P with general coefficients b, A, and for general surfaces ¢ and its associated Hilbert
transform 7.

We have the following commutativity relations between 9, + bd,, and the vector fields I';,

i=1,2,3,
[ata at+baa]:btaav [aom at+b8a]:baaav

(3.8)
[Lo, 0, +bdy] = (Lob - %b) By — %(8; + bdy).
For any positive integer k, and any operator P,
J
[/, P]=) T/7¥[T, PID*. (3.9)
k=1
Between P = (8, + bd,)> —iAdy, and T, i = 1,2, 3, we have
[0;, P]1 = (8; + b0y)b, 0y + b0, (3; + bdy) — i A,y
= {0;(0; + b0y)b — by by} 0o + b, {(0; + b0y )0y + 04 (3; + b3y)} — 1 A;0g,
(0o, P1 = (0, + b0y)be 0y + by 3y (3; + by) — i Ag g
= {0 (3 + b0u)b — b2}0e + ba{(0; + b0a) 0 + 00 (3 + D)} — i Ay,
(3.10)

1 1
(Lo, P] = —P + (@, +baa)(Lob - 5p)a+ (Lob - 517) a3, + b3 — i(Lo )i,
1
=-P+ {Lo(a, + bdy)b — <L0b — Eb)ba}aa

1
+ <Lob - §b>{(3t + b8y)0y + 00 (3, + b3,)} — i (LoA) -

Between H and I';, i =1, 2, 3, we have

[ah H]f: [é‘hH]?—aﬁ [8017 H]f: [;’D(’ H]?7 and
‘ ! G.11)
[Lo, H1f = [Lo& —f,H]?
for f e C!, f, f, vanish as |a| — oo. Define I, such that
I"=T, forI'=9,, 0,; and I'=TI—1I, forl'=L,.
We can rewrite (3.11) as
, 0o f
[T, H]f =[T"¢, H] G 3.12)
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Notice that
0, " =T4,. (3.13)
Let

Kf(@. 1) =pw. / K (e i 1) f (B.1) dP.

where either K or (¢ — B)K («, B; t) is continuous and bounded, and K is smooth away
from the diagonal A = {(«, B) | = B}. We have

[0, KIf (e. 1) = / 0K (e B: 1) £ (B, 1) dB.
(00, KIf (er. 1) = / (90 + 99K (e, B3 1) £ (B 1) d, (3.14)
(Lo, KIf (e 1) = f (aaa 1 Bog+ %za)ma, B0 f(B.1)dB + K f(e.1)

for f € C'(R'"*") vanish as |a| — oo.
The proof of (3.8) to (3.14) are straightforward. We omit them.
Let He C'(R; RY), A; e C'(R),i=1,...,m, F € C*(R?). Define

H(x) — H()’)) [IZ (A = Ai() fdy. (3.15)

CI(H7A7 f)(x) ZPV/F< x—y (X _y)m+1

Proposition 3.2 There exist constants ¢y = ¢ (F, ||H' || ), c; = ¢ (F, |H'|| 1), such that

1. Forany f e L?, AjeL*®, 1<i<m,
IC\(H, A, Pl <cillAfllzos .. 1A, el fll 22 (3.16)

2. Forany f € L*, Al e L™, 2<i<m, A elL?

IC1(H, A, P2 < c2ll Al A - A ool fllzoe. (3.17)

(3.16) is a result of Coifman, Mclntosh and Meyer [9, 10].

We prove (3.17) by the Tb Theorem [12]. Without loss of generality, we assume f >
%H fl L, for otherwise we consider f +2|| f ||~ and 2| f|| . respectively. Furthermore for
simplicity, we assume m = 1, and we let a = A/. The general case can be proved similarly.
We know

CHA. f)(x)_// <H(x) H(y)) ) a(z)dzdy=/k(x,z)a(z)dz,

y (x—y)2
where
f F(H(x) H<)>)(Xf(yv>) dy, forz<ux,
o (3.18)

f F(H(x) Hm)(xf—(i)ﬂ dy, forz>x.
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Let
T(a) :/k(x, 2)a(z)dz=C\(H, A, f).

It is easy to check that the kernel function k in (3.18) satisfies the standard estimates:

, 1
kG, )| < c(F, | H L) fll poo ———,
|x —z|
, 1
[0:k(x, )| + 18,k (x, 2)| < c(F, [[H||L) || fliLee P

for some constant c(F, ||H'|| ~) depending on F and ||H'|| . Now

T(1)=/F<H(X)—H(y)> f(y)d < BMO
X =y -y

with |T(1)|lppo < c(F, | H'||z=) |l f L (this is a consequence of (3.16) and the Theorem
in [16, p. 49]), and

(T*(f), a) =({f, T(a))

://f(x)F(H(X)—H(y)>A1(X) 1(y)f( Vdydx =0, Ya.
xX—y (x—y

This implies that 7*(f) = 0. What remains to be checked is that f7T satisfies the weak
bounded-ness property.

Take n, ¢ € Cg°(R), with supp 1, supp ¢ C Q for some interval Q. Let § = fg. Take
p € Ci°(R), such that p(x) =1 forx €3Q, p(x) =0 forx €40, and 0 < p(x) < 1. Here
mQ is the interval with the same center as Q, of length |m Q| = m|Q|. We have

H —H ) -4
(FT().m) = / f(x)n(x)F( ) (y)) 0 =90 £ () dxdy
X—=y x -y

H —H ) I}
- / / f(x)n(x)F( &) - HG )> )~ (y D ()p()dxdy
xX—y (x —

H(x)—H 1) 1)
+/ f(x)n(x)F( (x;_y(y)> (();) (y)f(y)(l p(y))dxdy

=1+11.
Now from (3.16) we have

I < el fallzlslieell folle < 2eill flI7oel Qo gl

On the other hand,

H —H ) )
|11|5/f ‘f(X)n(x)F( ) y(”) ((") (y)f( )| dx dy
[x=y[=|Q| - -

[n(x)]
F H 00 o0
< (P I H )1 £ 1] ||§||L1//X o =P

< ¢(F, 1 H )| flI7 | QllIs e 1l oe,

dxdy
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where c(F, ||H'||1~) is a constant depending on F and ||H’|| ~. Therefore [{fT (<), n)|
< c||f||%OO [OIlIg Lo InllLe for some constant c. This proves that 7T is weakly bounded.
Therefore from the Tb Theorem [12], we have (3.17).

Now let H, A;, F satisfy the same assumptions as in (3.15). Define

H(x) — H(y)) [TZ:(Ai(x) = Ai ()

cz(H,A,f><x>=/F< -
X—y (x—y)

oy f(ydy.  (3.19)
We have the following inequalities.

Proposition 3.3 There exist constants c3 = c3(F, || H' || ), ¢4 = c4(F, |H'|| 1), such that

1. Forany f € L?, AlelL™® 1<i<m,
IC2(H, A, Oz = csll Al - IA, el £l 2 (3.20)
2. Forany fe L™, AjeL®, 2<i<m, A} eL?
IC2(H. A, P)ll2 < call Al 2 1A lloe - . 1AL, oo Il £ 1o (3.21)

Remark (3.16), (3.20) hold for m = 0 as well. In this case, || A] |z ... | A}, || .~ is replaced
by 1.

Using integration by parts, one can easily convert the operator C,(H, A, f) into a sum
of operators of the form C,(H, A, f). (3.20) and (3.21) then follow from (3.16) and (3.17).
We omit the details.

Let Ci(H, A, f) be as defined in (3.15). We have the following L*° estimate.

Proposition 3.4 There exists a constant ¢ = c(F, ||H'|| e, || H"|| L), such that for any real
number r > 0,

m

IC1(H, A, f)ll~ < C(H(IlAﬁlle + AT o) AL fllzoe 4 1Lf llzoo)

i=1

m m 1
+ [T0A e £ 1o i+ TS 1 £ 1,2 m) (3.22)

i=1 i=1

Remark (3.22) holds for m = 0 as well. In this case, []/_,([[A}llz~ + [|A/]lz>) and
[TL, 1A}|l L are replaced by 1.

Proof For simplicity, we assume m = 1. The general case can be proved similarly. We have

c,(H,A,f):p.v./ +/
k—yl<l  Jl<fx—yl<r

+/ F<H(X)—H(y)>A1(X)—A;(Y)f(y)dy
x=yl=r X =y (x—y

=I+11+111
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Now
. ‘/ < <H<x) H(y))_F(H,(X))>A1<x) O
lx—y|<I X =Yy (x —
A — A — A/ -
\ Fre) A0 AW
lx—y|<1 x—y
, e
+F(H' () (f(y) f(x))dy‘
lx—yl<1 X —
< 2 F e | H e A L | f e + 20l AL f
2 F o A e f e,
1] < [ F L~ A e f L I
and
11 < | Pl 1A, ||Loc/| . |'f(”'| dy < NPl 1A e Flz
This proves (3.22). O

For referencing convenience, we record the following standard Sobolev inequality.

Proposition 3.5 There exists a constant ¢ > 0, such that for any f € C*°(R),
[l < el fllz + 111l 2)- (3.23)

3.1 Estimates between the quantities u, w, {, — 1 and v, x, A

Before moving onto proving a priori estimates of the solutions of the water wave sys-
tem (2.1)—(2.2), we establish estimates of the L? and L® norms of the I'-derivatives of the
quantities u, w and ¢, — 1 respectively via the L? norms of the I"-derivatives of (3, + bdy) x
and (9, + bd,)v and the L*° norms of the I"-derivatives of d,A and 9, x .

We make the following assumptions on the solution for the rest of this section.

Let/ > 2, z =2z(a,t), t € [0,T] be a solution of the water wave system (2.1)-(2.2).
Assume that the function k(-, ) : R — R defined by (2.18) is a diffeomorphism and k, > 0
for t € [0, T']. Assume

(e —1), TVu, TVw e C([0, T], L*(R)), forall|j|<I.
Let r € [0, T'] be fixed. Assume that at this time 7,

Z(IIFj(;“a — DO+ IT7u@ 2+ ITw@)[2) <M < oo and (3.24)
ljl=t

1
£, t) = £(B. O = Sl — B| fore, BER. (3.25)
We have the following Propositions and Lemmas.
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Almost global wellposedness of the 2-D full water wave problem 69

Proposition 3.6 There exists a constant My > 0, independent of t, such that

1. ForM <My,0<j<l-1,

D T e = L) Ol < (M) Y T Imdy x (1) oo (3.26)

|kI<j [kl=<j

D oM u@ e < C(M)<Z IT 8 A (1) lloo + ”aotX(t)”oo>- (3.27)

[kl=j |kl=j

2. ForM <My,and0<j<Il-2,

Z||r"w<z)||oofc<M)(Z||r"aax<z)||oo+ > ||rkaax(r>||m) (3.28)

k<) [kl<j \k\S[%H—l
here c(M) is a constant depending only on M and j.
To prove (3.26), we rewrite (2.48) as

— L
Co

_ 1 - 1 -
501 - {oz = iIm{aaX} + E(gut - CO()H + = {oz (Hé_ +H§ >(§a ga)~
We have forany 0 < j <[l —1,

IT (¢a = C) (Dlloo < 1T/ I3 1} (1) [l

N LRSI B Iie Z ol
Ikl <j Ikl </
1 _
+eM) Y r"(% +H= )(ax Ga) (1)
Ikl<j L S o
Now using Proposition 3.5, (3.9), (3.12), (3.14) and Proposition 3.3, we get
Z [‘kHM([)
kl<j ba
<c Z Ca goz (l)
k|<j+1 Lu
sc ) (Z ree, H]—F’" R0 +HHF’<§“_§“@) )
lkl<j+1 \m=1 Lo 2 o 2
<cM) Y I G = D@
[k|<j+1
‘While
H—t+H=|f=—= | o~ f(B)dB,
( ; ;a)f e —cpop’ PP
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using Proposition 3.5, (3.14), Proposition 3.2, we have

2

1 _
Fk<H +H— ) @ — La
3 3 (Ca — &) ()

|kl<j &
<c ) rk<H +H= )(;a L) (1)
k| <j+1 Sa 2
<cM) Y T = L) Dlloe Y 1T = D@2
|kl=<j [k|=<j+1

Therefore
1T (G = Z) (D)lloe < 1T Im{B0 X Hloo + (MM D ITH (o = £ (1) -

[kl=j

Taking M, sufficiently small and M < M, we obtain (3.26).
The proof of (3.27) and (3.28) follows similar argument. To prove (3.27), we first rewrite
(2.44) as

. 1 N NS T B
+u(1_é-a)'i_E(gx_Ca)u'i_iga(Hg__'i_HE_a)(uéa)

o

Using Proposition 3.5 to estimate || T'*(¢, — 1)(#)||s0; and using Proposition 3.5, (3.14), and
Proposition 3.2 to estimate

2

F"(Hi +ﬂi>(zzg Y1)
o L) "

|kI=<j o0
<c Y r"(H +H=— )(ug)(r)
lkl<j+1 2
<cM) D AT a2 D IT u®) oo + (M) Y IT* @) O l2]19a ()],
[k|<j+1 [kl=j [k|<j+1

we have for0 < j <[l —1,

M/ 1) o < 778,20 oo + MM Y T u(0) o0 + (M) 196 |-
|kl<j

Using (3.26) to estimate ||9), (?) [|oo- So for sufficiently small M we have (3.27).
To prove (3.28) we use (2.50) and assume 0 < j <[ — 2. The argument is similar as
above. We expand

G —a(B,0)(Ca = Ep)

_ — d
2mi Can—ztBoyp ¥
& [ Gen-iBo) 1 [ Gilo ) — (B 1)1y
= [ 2 gy df — o L gy dp
i ) G —2B.1) i ) G —2(B.1)

and estimate it term by term. Using Propositions 3.2, 3.3 and 3.5, we arrive at

@ Springer



Almost global wellposedness of the 2-D full water wave problem 71

IT w(®)lloo < IT7 o x (1) lloo

+eM) D TG = D@l Y T w@) s

[kl<j+1 |kl=<j
+eM) Y T Ul Y T oo + (M) 90 (1) oo
lkl<j+2 l<41+1

Using (3.26), (3.27) to estimate Z‘k|<[l]+1 IT%u(t)]l0o and |04 (¢)]lso. Therefore for suffi-
=z
ciently small M > 0 we have (3.28).

Proposition 3.7 1. There exists a constant My > 0, independent of t, such that for M < M,,
1<j=l

YoMt u@l+ Y IT wo)llh < c(M>(Z<||Fk<af +b3)v(®)ll + ||Fkv(f)||2))-
[kl=j lkl=<j [k|<j

(3.29)

2. For1<j<l,

> AT @ + ba vl + IT (@) 1) < c<M>(Z I u@)ll + ) ||ka(l)||2>~

[kl<j lkl=<j lkl=<j
(3.30)
Here c(M) is a constant depending only on M and j.
The proof of Proposition 3.7 uses (2.35) and (2.49).
From (2.35), rewriting
_ e 1 -1\ -
(H+H)M=H@§4§)”+ <H§—+HE—>@0M) 3.31)

and using (3.9), (3.12), (3.14) and Propositions 3.5, 3.2, we have for 1 < j </,

27wl < T+ ) Y I @z Y IT* o = DO

lkl<j [kl<j

On the other hand, from (2.49), rewriting (H + H)w as in (3.31), then applying Proposi-
tions 3.5, 3.3, 3.2. In the process using (3.9), (3.12), (3.14). We have for 1 < j <I,

2007w ()12 < IT7 (3 + bda)v(®)l2
+eM) Y IT* w2 Y IT @ = DO

|k|=j [kl<j
+e) Y T u@ml, Y 1T @)l
|kl=<j |k|<max{j,2}

Sum up these two inequalities and using (3.24), we have

20IT7u@ 2 + IT w®ll2) < 1T v(@) 12 + 1T (3; + bd)v ()2
+ecMDOMT u@ll2 + T w@)l2).
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Therefore for sufficiently small M we have (3.29).

A small modification of the above argument gives us (3.30).

We derive the L2 and L™ estimates of the I'-derivatives of ¢y — 1 in turns of that of v,
x and A as a consequence of (2.31) and Propositions 3.6, 3.7. This requires us to obtain the
L? and L* estimates of the I'-derivatives of A — 1.

We first present the following Lemma.

Lemma 3.8 Let f be real valued such that

I-Hf=g
Then
1. Forall0 < j <I, we have
DT F @Il < e(M) Y IT g2 (3.32)
lkl=<j lkl=<j

2. There exists My > 0, such that for M < My, and0< j <[ —1,
DT f Ol < c(M><Z IT*8()lloo + 196 ®)lloc Y ||Fkg(l‘)||2)- (3.33)
|k|<j [kl=<j [kl<j+1

Here c(M) is a constant depending only on M and j.

Remark We remark that Lemma 3.8 in fact holds for a general family of curves ¢ = ¢ (-, 1),
T € [0, T, satisfying TV (¢, — 1) € C([0, T], L?>(R)), and at the time ¢, i<t TV (¢ —
D(@®)]l> <M and '

[C(et, 1) — ¢ (B, )| = vje — B| foralla, B R

for some constant v > 0.

Proof Using (3.12) and (3.9), we have

J
a —H)I‘jf=ZFj’k[F’§,H]2—aFk’1f+Fjg. (3.34)
k=1 ¢

From the fact that f is real valued, we obtain

J
(I-KT/f= Re{z r=*[r'e, H]?—"rk*‘ f+ l"jg}, (3.35)

k=1

where K = %(H + ) is the double layered potential operator. We know the operator (I —
K)~! is L2-bounded, with its L2 — L? operator norm |[(I — K) |22 < c¢(M) for some
constant c(M) (see [19], [37, Theorem 2.1.5]).!' From an inductive argument, (3.14) and
Propositions 3.3, 3.5, we obtain (3.32).

U Theorem 2.1.5 in [37] in fact states that for the double layered potential operator K defined by the arc-
length parametrization, ||(/ — K )*1 ll2,2> only depends on the Lipschitz constant of the domain. This certainly
implies that |(I — )"0 < c(M).
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Now we prove (3.33). Let 0 < j <[ — 1. We know from (3.32) that
> i IT* £ ()]l < 00 provided > i<t IT*g(#)|l, < oo. Rewriting (3.35)

. 1 - ! ; o j
IV f=2H+HT’f+Re ZF’*"[F/LH]Z’—F“H Mg
2 — La

and using Propositions 3.5, 3.3, we have

, 1 o
ITYf (D)o = El'(H+H)r/f(t)||oo

+eM) Y TG = DOl YT Ol + 1T (1) lloc

lkl<j+1 [kl=<j

Therefore there exists My > 0, such that for M < M,,

DT Ol (M) Y (nrkg(r)noo + %II(H + H)r"f(r)noo).

[kl=j [kl=j

To estimate ||(H + H)I'/ £(¢)]lo0, We use Propositions 3.5, 3.2, and rewriting H + H as
in (3.31), we get

I(H +HOT fDlloo < ell(H+FOT F @) 12+ cllde (H +HOT )]l
<cMve®lloe Y IT O

[k|=<j+1
<cMD)va®lloe Y 1T 22
kl<j+1
In the last step we used (3.32). This proves (3.33). O
We know from (2.30) that
. o | . Co—1
(I—H)(A—1)=l[u,H]€—+l[w,H] o (3.36)

since H1 = 0. Notice that A is real valued. Using Lemma 3.8 (3.32), and using (3.14) and
Propositions 3.5, 3.2, 3.3, we have for 1 < j <[,

F"([u,H]ﬁ—“ + [w,mﬂ)m

DITHA = DOl < M) ) ; :

[kl=j lkl=j

<cM) Y U@l Y IT*u@:

[kl=j [k|<max{j,2}

+e(M) Y T w@) 2 32 IT* G — DOl

[k|=j |kl=<j

2

Therefore for M sufficiently small,
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D UITHA = DOl < c(M) Y I w2 + (M) Y [T u(@)

[kl<j [kl<j [k|<j
(3.37)
1
and [(A-—Dle = 3
Now (2.31) gives
v Al (3.38)
fa— 1= iA A ’

From (3.38), (3.37) and Proposition 3.7 (3.29), we get

Proposition 3.9 There exists a constant My > 0, independent of t, such that for M < M,
1<j<l,

A w2 + 1T u@ 2 + 1T (G — DO)12)

[kl<j

< (M) Y (T @, + b3 vl + 1T @, + bd) x (1)), (3.39)

[kl=j

where c(M) is a constant depending on M and j.
Before deriving the L estimates of the I"-derivatives of ¢, — 1, we give the following

Lemma 3.10 Assume that f, g are smooth and decay fast at infinity. Then for 0 < j <l —1,
<c) Y T fF Ol Y 1T 22
o0 lkl<j [k|<j+1

+eMDlgDlo Y ITFF@)]2. (3.40)

lkl<j+1

memfm

Proof Lemma 3.10 is a consequence of (3.14) and Propositions 3.5, 3.2. Precisely it is
obtained by rewriting

; g , gr/ f
T f,HI= = (TVfH rfH) S )+ S —H
Lf ]Ca < Lf ]C -rs ]Ca> ! Ca Ca

and estimating each term using Propositions 3.5, 3.2:

H (Ff f. H]— ~[rf, H]g_—)(r)
<c Z
k<1

<) YT Ol Y T80,

[kl=j [kl=j+1

Tk (rf[f HE iy, H]?)(t)
2

o

I/ fH
H / ;([)

<cIT fO)lloo Y IT (D)2

o0 [k|=<1
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and

gr/ f
S

O =cn) Y T @)

© [kl<1

[

sc<M><||rff<z)||ooZ||r"g(r>||2+||g(r>||oo > ||ka(t)||2>- o

[k|=1 [kl=j+1

We now derive the L™ estimates of the I"-derivatives of ¢, — 1. We first have from (3.36),
Lemma 3.8 (3.33) and then Propositions 3.5, 3.2 and 3.3, Lemma 3.10 that for M sufficiently
small, 0 < j <[ -2,

> ITA = DOl

[kl=j

sc(M)< >

[kl<j+1

M [w, H]
19 Olloe D

[k|<j+1 2)

<cM) Y IMu®lle Y, IT*u@l:

lkI<[{1+1 lkl<j+2

Eoz -

1 (0
Ca

I u, H]i—“(r)

>

2 k=i

oo

é‘a -

o

I w, H] 1(r)

+eM) Y T wOllee Y 1T G = DO

|kl<j [k|<j+1
+e(M)Ge — D@l Z:IW“MGM-
[kl<j+1

Therefore

ank(A—l)(z)noosc(M){ > ||Fku<r>||m+2||rkw<r>||m}

lkl<j \k|5[%]+l [kl<j

eI = DOl Y 1T W) 2.

lkl<j+1

Now (3.38), (3.37) give that for M sufficiently small, 0 < j <[ —1,

IT7 (G = DD lloo < M) Y UIT (D)oo + ITH(A = D) lo0)-

[kl=j

Putting the above two inequalities together we have that for sufficiently small M > 0, and
0<j=l-2

lel“k(A—l)(t)IIDCSC(M){ > ||r"u<t>||oo+ankw(t)nm}

[kl<j kl<[41+1 [kl<j
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therefore

IT7 (o = D)oo < c(M>{ > MUl + Y ||rkw<r>||oo}. (3.41)

kI<[41+1 Ik1=j

Estimating the right hand side of (3.41) by Proposition 3.6, we record the result in the
following

Proposition 3.11 There exists a constant My > 0, independent of t, such that for M < M,
0<j<i-2,

||Ff'<;a—1>(z>||oo5c<M><Z||r"aax(r)||oo+ > ||r"aak<t>||oo> (3.42)

lkl<j IKI<[41+1
for some constant c(M) depending on M and j.

In next section we construct the energy of the water wave system from (2.27)
to (2.29). The energy we construct contain terms such as |[|(8, + bd,)[/ X(t)ll% and
1@ + baa)f‘fv(t)llé. This gives us control of such terms. However the right hand side
of (3.39) is in terms of [T/ (3, + bdy) x (*)|l> and ||TY(3; + bd,)v()|. So we derive in
the following the estimate of ||V (9, + bd,)x (t)|l> and ||TV (3, + bdy)v(t)]|» in terms of
10; + b3 )T x ()2 and ||(8; + bd,)T v ()|, For this purpose we use (3.8), (3.9). But
before we do that we need the estimates of the L? norms of the I'-derivatives of b.

We have from (2.30) and Lemma 3.8 (3.32) that for 1 < j </,

YTk b@ < (M) Y

|kI<j |kl<j

Fk[u,mg"‘g_—_l(r)

.,
Using Propositions 3.2, 3.5, we know for 1 < j </,

2

r"([u,H] g“g_ 1)@)

<c(M) Y IT e — D@2 D IT u@)l-

lki<j “ 2 Iki<j Iki<j
Therefore for 1 < j <1,
Db < e Y T u @] (3.43)
[kl=<j kl<j

Notice that (3.43) holds without any smallness assumptions on M. We state the following
Lemma in terms of a generally given function b.

Lemma 3.12 Assume that T*b € C([0, T1, L>(R)) for |k| <1. We have for 1 < j <1,

I8, + b3, T f @l < e Y ITb0l Y. 1T f @)l

lkl<j [k|<max{j—1.1}

+e D@ +ba)TE (D)2, (3.44)

lk|<j—1
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100, + b0, T/1f Ol < Y IT*p@I Y T %, Ol

lkl<j [k|<max{j—1,1}

+e Y Irk@, +b3) £ (O], (3.45)

lkl<j—1

where c is a universal constant.

Proof We have from (3.9) that

J
(07,0, +bdy] f =Y TIT, 8, + b3 f.
k=1

(3.44) and (3.45) follow from (3.8) and Proposition 3.5. O

We now want to use (3.8), (3.9) and (3.43), (3.44) to show that ||/ (3, + bdy) f (t)||> can
be dominated by ||(3; + b3, )T/ f(t)||» for f = x and v. To estimate the term || T*3, x () |»
in (3.44) for f = x, we apply Propositions 3.2, 3.3 to (2.34), we have for 1 < j <,

DT 0 x Ol < e(M) Y T (&0 = DO - (3.46)

[kl<j lkl<j

Applying (3.39) to the right hand side of (3.46), inserting the estimates (3.43) and (3.46)
to (3.44), we getfor 2 < j </,

> AT @ + b))l + 1T, + b3) x (1)]12)
[kl<j

< DM Y (IT@, + b3 v ()2 + [T @, + bd) x (1)]]2)

lkl=j

+e 3 (1@, + b oDl + 13, + bd)T* X (D))
|kI<j

From (3.30) we know Z‘klsj(nrk(a, +Db3)v(@) |2+ IT*@, +b3d,) x (t)]l2) < co. Therefore
for sufficiently small M, and 2 < j <!, we have

3 AT @+ bd)v@) 2 + 1T, + b3) x (1)]12)

lkl<j

< (M) Y (1@ +ba)T @)l + 113, + b3 T % (1)) (3.47)

[kl=j

Apply (3.47) to Proposition 3.9, we arrive at the following

Proposition 3.13 There exists a constant My > 0, independent of t, such that for M < M,
2<j<l,
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> AT w@ o+ T u@) 2 + 1T (G = D)1l

[kl<j

<c(M) ) (1@ +bd) T 0(@) 12 + 13, + b3u)T* x (1) 12) (3.48)

|kl=<j
for some constant c(M) depending on M and j.
Remark A more careful argument with a further estimate of the term ||[T*3,v(¢)]|, in (3.44)

would show that (3.48) holds for 1 < j < /. However since we are only concerned with
solutions of higher regularities, we are not making efforts to lower the range of j.

We present in the following the estimates of the L? norms of the I'-derivatives of 3, x,
9, v, and vy, where v; = (I — H)v, in turns of the type of L? norms as in the right hand
side of (3.48), and the estimates of the L*> norms of the I"-derivatives of 9, x, v, and v; in
turns of the L*> norms of the I"-derivatives of d, x and d,A. We derive the estimates of v,
here, because we will use v; instead of v to construct part of the energy functional in the
next section.

Let

o= —9H)o, vi=v0k™ = —H)v. (3.49)
‘We know
=0 -Ho=>U -9 —-9H(z—-2).

From (2.3) and the fact that (I — $)> =2(I — $)), we have
Oy _
01 =20,(I —9H)(z—2)+ [Zr,ﬁ]z—(l —9)(z—2)

0,
=20+ [z, H]—TI,

and with the change of variable U~ b

v1=2v+[u,7-(]2—ax. (3.50)

o

Proposition 3.14 There exists a constant My > 0, independent of t, such that

1. forM < My,2<j<I,

D AT 8@ 2 + 1% x (1)112)

[kl=j

SC(M)Z(Il(at—FbBa)Fkv(I)ller||(3f+b8a)l*kx(t)llz) and  (3.51)

lkl<j
A v@l + 1T v (0112
[kl=j
<cM) Y U@ +baNT V@)l + 13 + )T x (D]12); (3.52)
lkl<j
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2. forM <My, 0<j<Il-—1,

D AT @O oo + IT 010 oo + 1750, (1) 00
[kl<j

< (M) Y (T ux (Dlloo + 1T 8,10 1 00). (3.53)

[kl=j

Here c(M) is a constant depending on M and j.

Proof From (2.38), we know

1
Ogh = —i<1 — ;“,XH;—)Im{zZ(a}.
Using Proposition 3.2 and (3.9), (3.12), we getfor 1 < j <I,

I/ 3uA ()2 < M) Y I g )@l < e(M) Y 1T u(@)]la. (3.54)

[kl<j [kl<j

(3.46) and (3.54) with an application of Proposition 3.13 gives us (3.51).
Using Proposition 3.2 and (3.9), (3.12), we have for 1 < j </,

DI vl <) Y T (@)

|kI<j [kl<j

From (3.47), we get (3.52).
To prove (3.53), we use (2.35) and (3.50). First we have by using (3.43) and Proposi-
tion 3.5 thatfor0 < j </ —1,

I8, X D) lloe < 1T @, +b3) X Dl + (M) Y [T Bux Do (3.55)
|kl<j

Now from (2.35), using Proposition 3.5, rewriting  + # as in (3.31) and using Proposi-
tion 3.2 and Lemma 3.10, we have

D M vl

k|=<j

= Z IT* (@, + b3a) x () [l
[kl<j

;Ot - Ea
¢

o

<2 M U@l e Y IT*H+Rumla+ Y |[T4u, Ml

[kl<j [k|<j+1 [kl=j

Q)

]

522||Fku<r>||oo+c<M><||na<r>||oo D Ir u)l

[kl=<j lkl=j+1

+ I @l Y ||Fk\7a(t)||2)- (3.56)

lkl=j lkl=j+1
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From (3.50), using Lemma 3.10, we have for0 < j <[ — 1,
, . . 0y
IT7v1()llo < 2T ()]l + HF’[u, HI—x (@)
Ca 0
< 20T (@) [l + M) D I u@®lle Y 1T ux ®)ll2
lkl<j [k|=<j+1
e Y IT U@ 218 x Ol o- (3.57)
lk|<j+1
Sum up (3.55)—(3.57), further using (3.46) and Proposition 3.6, we get (3.53). O
The following Lemma will be used to obtain estimates concerning the quantity % o k=t
Lemma 3.15 Let f be a real valued function satisfying
(I =H)(fAG)=¢
There exists a constant My > 0, such that
1. forM <Myand0 < j <lI,
DT @l < e(M) Y T g @)]la- (3.58)
lkl=<j lkl<j
2. forM <Myand0<j<Il-—1,
ST F O lloe < M) Y T g(0)loo + M) (lw (D)o
[kl=<j lkl=<j
F 19 ®llo) Y 1T 8@)]l2- (3.59)

[kl<j+1

Here c(M) is a constant depending on M and j.

Proof The proof of (3.58) is similar to that of Lemma 3.8 (3.32). Let

K* = —Re {5—“71@}
1Sal  Ca

be the adjoint of the double layered potential operator as defined in (1.19). We know the op-
erator (I +C*)~! is L?-bounded, with its L> — L? operator norm (I + )" ||2.2 < c(M)
for some constant ¢(M) depending on M (see [19], [37, Theorem 2.1.5]). Using (3.12),

(3.9), we have

(I = H)(ALTY f)

J
=Z ‘Iz, H] .. Qe Pl (FAZ) + T g — (1~ HY(TU (FAZ,) — AZTY ). (3.60)
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Multiplying (3.60) by % and using the fact that f, A are real valued, we obtain

J
(I + K (A[LIT ) = Re{ % D T, H]?—“Fk-l(fAEa)}
o k=1 o

+Re{é—“|rfg - %(1 —H) TV (fAL) — Aéarff>}.

Using an induction argument and (3.24), (3.37), using Propositions 3.3, 3.5, we ob-
tain (3.58).
We now prove (3.59). Let 0 < j <[ — 1. From (2.31) we have

Ay =iw+1.
Therefore
U-H)f=-i-H)Wf)+g.

We know from (3.58) that ZWEJ- IT* £ () ||oo < o0 provided Z\k|§j+l IT*g(t)|l» < co. Now
using Lemma 3.8 (3.33), we get

DT Ol < M) Y UT 2O lloo + IT* U = HY@ £)(1) )

|kl=<j [kl=j

+ M9 Olle Y AT @)l + ITHT = H) @ )0 ]1).

[k <j+1

Further using Propositions 3.5, 3.2, we have

DT fOlloe < M) Y IT gOlloc +c(M) Y T @A)

lkl=<j [k|<j [k|<j+1

+ el Y UT* @2+ 1T £)(@)]]2)

[k|<j+1
< (M) Y T el + cMDIlw® o Y IT £ ()]l
kl<j Ikl<j+1
+eM) Y M w@ 2 Y IT )l
[k|<j+1 [kl=<j

+ eIl Y (T O 2+ IT £ (1) ]12)-

[k|<j+1

Using (3.58) to estimate Z\k|5j+1 ITX £(£)||2. We conclude that (3.59) holds for sufficiently
small M and 0 < j <[ —1. O

Finally, we give two technical Lemmas that will be used in Sect. 4.
Lemma 3.16 Assume that f, g are smooth and decay fast at infinity. Then
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1. for0<j<l-2,

Hrf'[f,mf(r) <cM) Y AT Ol Y, IT*8OlooIn(t +€)

¢ o0 lkl<j+1 lkl<j+1
1
+eD) I f Ol 3 IT 8O (36D
lkl=<j [k|<j

2. for0<j<l,

‘F"[f, H]?(r) <eM) Y IT* fFDlloe D IT* 2@l (3.62)

« 2 Ik|<j Ik|<j

3. for0<j<l,

Proof (3.61) is a consequence of (3.14) and Proposition 3.4, by taking r = (t + 1)%. In
particular, such terms [I"? f, ’H]% are expanded

wmmfm

<cM) Y T fOl Y T e@l. (3.63)
2

lkl=j [k|<max(j,1)

T () ()
=TrHH—)-H(rrf—
o D e / Ca

and estimated term by term using Proposition 3.4.
(3.62), (3.63) are direct consequences of (3.14) and Propositions 3.2, 3.5. O

[T? f, H]

Lemma 3.17 Assume that f, g are smooth and decay fast at infinity. We have for 0 < j <I,

i 8
[ f, H]—
Iimd|
SCMD[E:HFWVWME:M“ﬂﬂM
l<(4] ki<
1
-+§:nrﬁfaw2( DT e@lsIn +e)+ Y m*gonut+l)}, (3.64)
lkl<j kI<[41+1 k<41
‘Wmm@5
o 2
scMD[ DM Ol Y IT )2
kI<[514+1 ki<
1
—%}jnrﬁfamz< > Mt e@lseInt+e)+ Y |u*ganbt+l>].66$
Ikl=J lkl<[41+2 Ikl<[41+1

Proof (3.64) is obtained by using (3.14) and Propositions 3.2 and 3.4, taking r = (¢t + 1)2.
(3.65) is by using (3.14) and Propositions 3.3, 3.4. We omit the details. a
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4 A priori estimates

In this section, we construct the energy functional using the expanded set of vector fields
I' ={0,, 9;, Lo} and derive the energy estimates for the water wave system (2.1)—(2.2). We
use all three equations (2.27) to (2.29), where the part of energy connecting to (2.28) for v
gives estimates for the highest order derivatives and the part connecting to (2.29) for A gives
estimates for the lowest order derivatives.

Let H'2(R) ={f | |D|'f € L*(R)}, where | D| = ,/—2. In this section we make the
following assumptions on the solution.

Let!>11,z=z(a,1),t € [0, T] be a solution of the water wave system (2.1)—(2.2). As-
sume that the function k(-, ) : R — R defined by (2.18) is a diffeomorphism and &, (-, ) > 0
for t € [0, T']. Assume

[y —1), TVu, T/w, T3, + bd)w, T/ du, T/o,we C(0,T],L*(R)) (4.1)
for all | j| </, and
7 (3, + b)) € C([0, T, L*(R)), T/axecqo,T], H/*(R)) 4.2)

forall |j| <1 —2; Assume

[C(a,t) —C(B, 1) > %kx —pB|, foralla, BeR, t€[0,T], 4.3)
and
sup S U G = DOl + 1T u@ 12 + T w @) 1) < M, 4.4)
k=t

where M < My, M, is the constant such that the inequalities (3.37), (3.47) and Proposi-
tions 3.6, 3.7, 3.9, 3.11, 3.13, 3.14, Lemmas 3.8, 3.15 hold. The assumptions (4.1)—(4.3)
ensure that the energy functional & defined later in this section is in C' ([0, T]).

We first present the following basic energy equality.

Lemma 4.1 (Basic energy equality) Assume that ® satisfies the equation
(8, + b0y)* —iA3,)0 =G 4.5)

and © is smooth and decay fast at spatial infinity. Let

1 _
Ey(t) = / m|(8, +b(e, 1)3)O(a, 1)|* +iO(ax, 1)3,O(at, 1) dex. 4.6)
a,
Then
dE, 2 - la 2
— = [ —Re((0; + b9,)® G) — —— o k™ |(0; + b0,)BO|" d. 4.7
dt A Aa

Moreover if © is the boundary value of a holomorphic function in Q ()¢, that is if
1
e= 5(1 —H)O, 4.8)
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then

/i(aaa@da:—fi@aa@dazo. 4.9)
Proof Making the change of variable Uy to (4.5), we get

(87 —iady)(®ok) =G ok.

Now we also make the change of variables in the basic energy E, we get
1 -
Ey= / —13,(©ck)|> +i® 0 kdy(® o k) dar.
a

So

2 _ 1 3
:/aRe{Bt((H)ok)atz(@)ok)}—i-|8,(®ok)|28,<—> — 2Refi8,(® 0 k)3, (O 0 k)} da
a

dE,
dt

2 - a; i 2
= | —Re{0:(© 0 k)G ok} — —10:(® 0 k)| dar.
a a

Change the variables back by U, !, we get (4.7). Now we prove (4.9). First the equality
in (4.9) is obtained by integration by parts, therefore f i©9,0 da is real valued. Notice that
¢ = ¢(a, t) for increasing « traverse the boundary of €2(¢)¢ counter clock-wisely; for ® the
boundary value of a holomorphic function 8 in € (7)¢, we have that

(4.10)

. 20
—i0,0 = [Z,| ,
on

where n is the unit normal pointing out of €2 (7). So by the Green’s identity we have

_ - a6
—/.i@aa@da:Re{—/i@aa@da}=/ 9-—ds=/ |V9|2dxdy20.
Q)¢ on Q(n)°

Here the integration in the third integral above is with respect to the arc-length s. 0

Remark 1 A more detailed proof of (4.10) can be done using the Cauchy-Riemann equations
for 6. We omit the details.

Remark 2 The Green’s identity on the unbounded domain €2 (¢)¢ can be verified as the fol-
lowing: first verify the Green’s identity on the upper half plane P, by the Fourier transform
and the Plancherel’s Theorem. Then use a Riemann Mapping map €2 (¢)¢ onto P.

‘We now construct the higher order energy for a ® that satisfies (4.8) and (4.5). We know
for any integer j > 1,

(3 +b0,)* —iAD,)T/O =G, 4.11)

where

J J
GY=r'Po+) T/ HP.IIr*'e=r'G+> I’ *p.rir'e @12
k=1 k=1
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and P = (9, + bd,)*> — i Ad,. Notice that for j > 1, '/ © is in general not the boundary value
of a holomorphic function on  (¢)¢, we decompose '/ ® as

j I-H_, I+H_,; ) )
e = > r’e+ > FJG):nj + R},
where
I—H__. I+H .
n® = re, RJ@=+TFJ®.

Now from the assumption (4.8) and the fact that > = I, (3.9) and (3.12), we have

1 . 1< d
RO=—[I+H,T1®=—=) V¥ I'¢, HI=I'*'0. 4.13
§ =S+ 1T 2}; r'e. ) (4.13)

We also know that

. I1+H
n9 = re, Rj — —Rj . 4.14)

Let

Oy — 1 j 2, -0 -0
E; (t)_/ A(O[,t)|(8,+b(oz,z)8a)l" O, 1)| +in; (a,z)aanj (o, t)da. (4.15)

Notice that both terms in the definition of E;") are nonnegative. We know

1 : I _ _
E;T):/Z|(8,+b8a)Ff(~)|2+i1“f®8ar‘-’(~)da—i/(njf)aaR;"’+Rf’8aﬁ?+R?8aR?)da.
(4.16)

Therefore
©
dES
dt

2 o 1 .
= / ZRe((3; + b3 )T'OG?P) — & o kN8, + b3, O du
A / Aa

- 2Re/(ia,nj.")aa1€j?’ +i0,R} 0,7 +i0,R} 9, R}) da. (4.17)

Here in (4.17) we used (4.7) and integration by parts. If G? is at least cubic, then the term
2 i o ~O la, )
—Re((0; + b3,)T/OGT) — —— ok™ |(3, + b3,) T’ O d
A / Aa
is at least of the 4th order. We next show that the term
/(ia,nj?aazéjf’ +i0,R} 3,1 +i0, R}, R}) dat

is at least of the 4th order. We see from (4.13) that R;T) is at least quadratic. Now using (3.12),
we have

I—H_ . I—H
a,n;‘)za,TFf@:

, 1 By
3,1”@—5[;‘,,7—(];—1”@ (4.18)

o
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and
o 1 o_ 1 * e

0o R; :8QE(I+H)RJ- ZE(I—H)BO,R:, 4.19)

where H* defined by
1
Hf= —§a7'l§—f (4.20)
is the adjoint operator of H, i.e.
/g’l't*fdot = / fHgdo.

Therefore

_ I-H,_ . _ 1 o .
/ 0n°3, RO do = / <—2 8,F-’®>8aR_(,7)da— / 5([4,,H]§—F-’®>aa1e;)da. @21

We see the second term on the right hand side of (4.21) is at least of the 4th order. We
manipulate further the first term on the right of (4.21) by using (4.19). We have

I—H._ . ~o I—H,_ 1 Txvn PO
/(Ta,r@)aakj da =/( 5 8,1“]@)(5(1—7-[ )ac,Rj)da
“H—H_ 1 e =0
:/(72 a,FJ@)) <5(1—H*)8aRj>doz

_ _%/((HJFH)a[Ff@)BaR?da. (4.22)

Here in the second step in (4.22) we used the fact that (I — H)(/ + H) = 0. Therefore

_ 1 - . _ 1 Oy _
/ 0, RY dor = -5 /((H +H)9, T/ ©)0, RY dow — f > ([ct, H]g—“r‘f@) 3 R dar.
) : (4.23)
This show that [ 3,79, RJ‘T’ da is at least of the 4th order. The discussion for [ 9, R;") d ﬁf) do

j
is similar. We know

3,R?=3t1—;HR]@= I—;HB,RJ@—F%[C,,H]?—:R? (4.24)
and
o = Ba%(l —HIr’e = %(1 +HH,T/O. (4.25)
Therefore

o - 1 % o). -6
/atR;’aan?da=/(5[c,,H]§—RQ>aan;’da

o

I 1 _ o
+/< ;Ha,R?> (5(1 +H*)aarf®) da

1 I o). -6 HAH, o). -c
:/(E[;[,H]—R;)>aan;)da+/< ;L a,R_?)aa Qda (4.26)

o

and it is of at least the 4th order. It is evident that [ 9, R;") A Ié;“) da is of at least the 4th order.
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While the energy defined by (4.15) and the subsequent calculations work well for ® = x
and A, it may lead to lose of derivatives if applied to v.'> Therefore for v we construct an
energy different from (4.15). We first introduce a new quantity

v, = — 9o, vi=0,0k "= =-H)v 4.27)

and show that v; satisfy an equation of the type (4.5) with G consisting of cubic and higher
order terms. Notice that v, defined by (4.27) is the same as that in (3.49). We know from (2.6)
that

(87 —iad,)o; = (I — H)(} —iady)v — [3 — iady, Ho

D
= -9} —iady)d — 2z, 91 =00

+L <Zt(a!l)_zt(,37t)
i z(a, 1) — z(B, 1)

Recall v = 9,T1. To show that the right hand side of (4.28) is of at least cubic order, we
rewrite

2
) dp0dp. (4.28)

Oa B , 0o .
[z, 53]2—3:0 = [z, i?i]z—(a,2 —iad,)IT+ [Zt»fJ]Z_(laaan)~ (4.29)

‘o
Notice that the first term in the right hand side of (4.29) is at least of cubic order. From (2.1)
we know

0
iaaal'[ = (Zn +1)—1'I
Za

Now (2.5) implies that for any function f,

(I —9) 8
2

ey s
—U-=-9f=U-9H—f= —U=-9f
Za Lo Za

here in the last step we used the fact that (I — $)?f =2(I — 9) f. So

2 2
(j—”) M= a ;‘6) <§—“) ' (4.30)

and using the third statement in Lemma 2.2 and (2.2) we have

3\ I 3\ 1 - 9\
[z[,ﬁ](z—> Hz[( +ﬁ)z;,fo]<—> n=5[®+ﬁ)z,,&3]<—> II.

2 Za Za

Therefore

3 . 3 [ O i 3\
[z,,ﬁ]—(laaal'l)=[z,,f3]—(zn—l'l)+—[(ﬁ+ﬁ)zt,5§]<—> IT.
Za Z zZ 2 Z

o 33 -0l

12We need [|0,T/ © (1) |2 to bound |f(ia,n§7’aa1é](.“’ + ia,R;“’aaﬁ? + ia,Rj.“’aaR](?’)da\, see (4.54). This
requires a half order more spatial derivative than that provided by the energy E;") (t). See also (4.50) for the
definition of the total energy. For this total energy, (4.15) can be used for ® = x, A, but not for v.

134.30) is equivalent to (‘2—3)21'[ being the boundary value of a holomorphic function in (7).
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Going back to (4.28), we get
2 . 2 . 80( 2 .
(07 —iady)oy = (I — $H)(; —iady)b —2[Zt,5’J]Z—(3, —iady)I1

O [ a . 3\’
—2[zt,mz—<zn—n> —i[(® +sa)zf,sa]<z—> I

o ZD{ o

i

1 (z;(ot,t)—zt(ﬂ,f)

2
_ . 4.31
z(a, 1) — z(B, 1) ) 90 dp (@.31)

Making the change of variables U, ! we arrive at the equation for v, :

Pvy = U —H)Pv —2[M,H]§—a73)( —2[u,H]§—a<wa—ax>

o o é‘ﬂ[

A+ Hou H](a—“)z + L <M>23 vdf. (432)
NG ) T \e@n—¢cgn) PP

Notice that in these expressions the right hand sides of (4.31), (4.32) are clearly consisting

of terms of cubic and higher orders. We have in (2.27) a formula for P x. We calculate here
an explicit expression for Pv. We have from (2.11), (2.10) that

(8} — iady)b = 3,{(8] — iade) T} + i, 0,11

1 -1 1 -1
= _2|:Zm~6_ +5:j__i|2ra _2|:Zts573—+~6_—:|ztm
Za Za ZO( Z(l

2 (z,«x,r) —zt(ﬁ,m)z 2 [zl ) =z (B DI

ri) Ccwn—z6.0 ) P 7 | Gen—z6.0r P

n i/ (zi (o, 1) — 2, (B, ) (2 (0, 1) — 2 (B, 1))
i (z(a, 1) — z(B, 1))?

i (Z[(a7t)_zf(ﬂ!t)
i z(a, 1) — z(B, 1)

_i (Z[(a7t)_zf(ﬂ!t)

(zp —2p)dp
2
) (Ztﬂ - Ztﬂ)d,B

3
—27Zg)d, [ (1; 0, I1.
— )(z;; Zp)dB +iq

Therefore with the change of variable U, ', we get

1 -1 1 -1
Pv = —Z[w, H;— +HE—:|M,1 — 2|:I/t, H;— +H_—:|wa

o o 22 o

_ 2 _ 2
2 (u(ot,t) u(ﬂ,t)) updf — 2 lu(a, 1) —u(B, 1)

= — _ = d
mi S(a, ) =C(B. 1) i (;“(Ot,t)—;“(ﬂ»t))zul3 g

2 (M(O[,t)—M(ﬂ’[))(w(a’t)_w(ﬂ,t)) _
mi —¢g)d,
i (€, 1) =L (B, 1))? (¢g —¢p)dp
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u(o, t) —u(B, 1)\ )
(z(a,n—;(ﬁ,n) (p — up) 4P

2 u(o, t) —u(B, 1)\’ _ o
(m) (&p —p)dB i ok 1Adyx. (4.33)

We now construct the higher order energy for v;. We know I'/v; satisfies

((3; +b0,)* — i Ad,)[ vy =G, (4.34)
where
J
G =T/Pv + Y TP, TIr* . (4.35)
k=1
Let
1 . . .
E!= / Z|(a, + b3 )T v >+ il 0,8, Dy da. (4.36)

From Lemma 4.1 we have
d E; (1)

2 Sy 1a _ ;
- :/ZRe{(a,—i—baa)FJv] Gjl}—zéok N +b0)T v Pda. (4.37)

It is evident from (4.37) that djt(t) is of at least the 4th order. However the second

term in the definition of E} may not be nonnegative. We also need the estimates of
J1(3; + bdy)T/v|* dor. We show in what follows that EY is bounded below by [[(d; +
b3 )T v|>do + f |3, + b3,)[7 v, |> der, minus some terms of at least cubic orders.

Let

I—H . I+H
nj=——Tu,  Rj=——T/u. (4.38)
Then
I
= - H)rfv——er e, H] «rkty,
k=1 ;
I
RV =— +HZI‘J"F§H{Fk' (4.39)
v _H* ! ol k=1,
9 RY = — > 0.1 F;H] r
k=1
and

1 ‘ 3
E}f:/Z|(8[+b8a)l”-’v1|2+in;8aﬁ;f+i(n§8aR}+R 3u7" + RV, RY) dor.  (4.40)

From (3.50) we know

Oy
v1=2v+[u,H]§—x

o
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So
1 - 2 s
Zl(az-i-baa)rjvll do > Zl(at—i—baa)l“fvl do

—/l‘(a +b3,)T/[ H]a—“ 2
A t o M, § X

da.

o

Further using the second part of Lemma 4.1, we obtain

1 . _ _
ﬂz/ZMAuwwm%wﬂ/W%W+ﬂ%ﬂ+ﬂ%MMa
2

2 . 1 . 0
Z/—I(B,—i—baa)r-’vlzdot—/— (0 4+ b3 )T [u, H] = x| da

A A u

— ‘/(njaaRj“. + Rj0u1; + R}, R}) da|. (4.41)
Taking the average of the two inequalities in (4.41), we arrive at

£ [ i@ +barivPda+ [ 1, +ba)rivPd

ji= A t o v o A i o vy o

[ 3@+ vaor it y
- A o u, - o
24| %
(4.42)

’

- ’/(n;aakf; + RY8,77 + RV, R?) dar

forl <j<lI.
Let’s now derive an upper bound for the two non-positive terms

2
da + ‘ /(n;aazé; + Ry3.71) + R}, RY) da

1 : O
J— J —
/ZA‘(8,+baa)F [u,H]g_ X

o

on the right hand side of (4.42) in terms of the type of L? integrals in the energies E j.(, EY
defined in (4.15), (4.36). From Lemma 3.12 (3.45), we have that for 1 < j </,

o 2

W%MJﬂ%xm

<cy Irfemil )

2

|kl<j [k|<max{j—1,1}
Oy
+e Y TH@, + b, HI x (1)) (4.43)
Ik|<j ba 2
where from (3.14) and Propositions 3.2, 3.3, 3.5 that for 2 < j </,
(4.44)

<c(M) Y T u@®l Y 1T x @)l

2 kl<j lk|<j—1

%, [u H]a—“
o [u, g_ax(t)

2

k|<j—1
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‘We know
Oy
(0 + bdy)[u, H]Z_X

B
=U,:18,[zf,mz—n

o

=U; [z, 9]

WM I 1 ,./(zt(a,t)—zf(ﬁ,t)
2 +Uk [Zhyj] 7TiUk Z(Ol,l)—Z(,B,t)

o ZO(

2
) dpT1dp

B
= [w, H] =X

By 1 u(ot,t)—u(ﬂ,t)>2
CHIZE (D, by — — [ (BTN 5 dB. (445
eI O b mf(c(a,z)—;(ﬁ,n pxdp.  (4.43)

Therefore for 2 < j <1,

2

T5(0, + bdg)[u, H]i—ax(t)

lk|<j 2
<cM) Y IT w2 Y IT . x 0l
[kl=j lkl<j
+e) Y ||F"u(r)||2(2 ITX @, + b X (D 2+ Y ||Fk3aX(t)||2)-
[k|=j [kl=j [k|=j

With a further application of (3.43), (3.46), (3.47), (3.48), we have that for 2 < j <[, t €
[0,T],

2

[kl=j

(0 +b8a)Fk[u,H]§—ax(l)

2

<cDM Y (1@ + b3l + 16, +bIT X Dl2)  (446)

lkl=j

for some constant ¢(M) depending on M. Now from (4.39) and Propositions 3.2, 3.3 and
3.5, we have for 1 < j <,

’ /(nyaaéy + RY9u71Y + R0, R}) dax

= ‘/(n;aazé; — 7982 RY + R0, R}) dar

2
sc(M)( > ||Fkv<r>||2) D (PR DT

|k|<max{j,2} |k|<max{j,2}

2
5c(M)M< > ||Fkv(t)||2)-

|k|<max{j,2}

Further using (3.47) we getfor2 < j <I,t €[0,T],
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>

[k|=j

/(n;aaéy + R3. 71 + R}, R}) da
<cMM Y (13, + bd)T o) I3 + 113; + bd)T* X (D113). (4.47)
|kl=j

Sum up the above calculations, we arrive at

Lemma 4.2 There exists My > 0, such that for 0 < M < My, we have

1 . 1 i
ZE'% > Z(/Z|(8,+b8a)f‘/v|2dot+/ﬂ|(3,+b3a)rjvl|2d01)

lil=t lil=t

— (MM Y (110, +b3)T o3 + 113 + b0 T X (DIF).  (4.48)
|kl=l

4.1 Construction of the energy functional and the a priori estimates

We are now ready to construct the energy functional for the water wave equations. Let z be
a solution of the water wave system (2.1)—(2.2) satisfying (4.1)—(4.4). Let

EX=) E®). E')= )Y Eit). E'()=)Y E@. (4.49)

ljl=t ljl=l=2 ljl=t
where E7, E are defined by (4.15) for © = x, A respectively, E? is defined by (4.36). Let
&(t)=E*(t) + E*(t) + E'(t), forte[0,T]. (4.50)
We have from Lemmas 4.1, 4.2 and (3.37): [|[(A — 1)(?) ||co < % for small M,

Proposition 4.3 There exists a My > 0, such that if M < My, then for t € [0, T],

1 . )
€(1) = 3 (@ + b VO3 + 10, + 53T X (1)

ljl=t

1 . 1 .
3 2@+ bIT oI+ 5 D7 G+ b0)T AWM. (@51

ljl=t |jl<i=2

In what follows we prove the following a priori estimate for the energy functional &(¢)
defined by (4.50).

Proposition 4.4 There exists a My > 0, such that if M < M, then

2
%ea)scl(M)e(t)( DM 0O+ Y ||rfaax(r>||oc) Int + e)

ljlst—4 ljl=l=2

1
2
+c1(M)E@) PR (4.52)

fort €0, T], where ci(M) is a constant depending on M.
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Proof We know from (4.17) and (4.37) that for ® = x, A,

dE? 2 i@ A0 la, ia2
= S Re((@ +bd)T ®Gj)—X;ok 18, + b3, )T/ O da
- 2Re/(ia,n_§?aa1§? +i0,R} 3,1 +i0, R, R}) d
and for v,
dEY(t) 2 S 1a _ i
d]t :/ZRe{(a,—l—baa)F/wG;‘}—Zéok M@, + bd)T v 2 da.

Using (3.37) we have for sufficiently small M,

de€(r)  dEX(1) + dE*(t) + dE"(t)

dt dt dt dt
<4 Z(II (3 +bI)T x DI2IGH @) [l + 113, 4+ b3 T/ vi (D12[1G (0)l2)
ljl=t

+4 3" 13 + b3 A 21 GO 12

ljlsi=2
a, . .
+ 2‘ ok D U@, +b3)TI X O3 + 13, + bd) T 01 (1)113)
o |jl=t
a _ .
+2‘ —okT ') 7 16+ b)T O3

o |jl=l=2

+2)°

[jl=t

+2 )

ljl=l=2

/(a,njaukf + 0, R 977 + 0, R} 0, R) dax

f(a,n;aakj. + 0, R} 0477} + 9, R} 8, R}) dex

Therefore

de(t)

1/2
<€ UG OB+ IGTOIH+ Y ||G§(z)||§}

ljl=t ljl<i—2

) % ok~ (1)

(o)

+2)° /(a,nj.aaléf + 0, R 477" + 9, RY 0, RY) dex
ljl1=l

. (4.53)

+2 )

|jlsl=2

/(a,nﬁaaéj. + 9, R0, + 9, R0, RY) dar

We estimate the right hand side of (4.53) term by term through three steps.
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Step 1. We estimate the term | f(8,n®8 RO + B,Roaan, + 8,R08 R®) do|for® =y, A
in (4.53). We conclude this step with the estlmates in (4. 70) and (4 71).

For this estimate, we use (4.23), (4.26). Rewriting H + H as in (3.31), applying Proposi-
tion 3.2, we get

‘/(a,n_?aazéj’ + 0, R? 8,777 + 0, RY 0 RY) dax

< (M) [0 )13, T O @121 R () 12
+ (MG Ol 8T O @128 RY ) 12
+ (M) 90 oo 13 RO 213, © (1)
+ 13RO () 12112 RO (1) - (4.54)

Now to estimate ||8,R](7)(t)||2 and ||8O,R?(t)||2 in (4.54), we use (4.13), and take into con-
sideration of (3.2). We note here that there is no estimates of ||8,*A(#) ||« in terms of the
type of L? norms in the energy functional & with a decay rate 1/¢'/2,'* therefore we need
to avoid estimating % in terms of ||, T"*A(¢)||s. This is the motivation of the smaller range
|j| <1 —2 in the definition of the energy E*. We are only able to estimate ||, R} )|l for a
smaller range | j| <1 — 2 without using |8, T*A(¢) || oo

We first make the following calculations. Let ® = x, A. Notice that H® = —©. Us-
ing (2.5), (3.9) and (3.12), we have

) ) )
H=0=—-HO=——0 and
B G
H=T*1le = 2HI*" e = [H k= ‘]®+ r=He
3, L 3
= <y o, H]—F’” '@ — 2% 1'@, fork>2. (4.55)
Olm 1 o

Therefore by applying Propositions 3.5, 3.3, we have fork+ p <[, k> 1,0 =y, A,

Hrm? rlem| e Y M0

S Im|<k+p—1
+ Y G- DOl Y T80 (4.56)
|m|<k+p—1 |m|<k+p—1

We now consider ||, RJ(T) )|l for ® = x, L. We know from (4.13), (3.2)

1< . R R
aaRJ@:—EZa[,rFk[r/;,H]{ rle= Z i jTI759,Te, H]{ r“'e, 4.7
k=1 1<|k|<j ¢

14This assumes we use Proposition 3.1. Using Proposition 3.1, ua,rk A(t)|loo Would need to be bounded by
1€200; NN |l> and some other terms with a decay rate l/tl/z. However |29, ij(t) |l cannot be bounded
by the energy €&(z) 172 See also the part “L2_L% estimate and the energy inequality” near the end of Sect. 4.

@ Springer



Almost global wellposedness of the 2-D full water wave problem 95

where Ck,j are some constants. Now

3T, H] “r*1e

(1

2
[Fca,H]C r=te +[r, H]?“r“@

o o

L[ (g n) = TE(B D) (G — L)
i (€ (a.t) = C(B.1))?

Here we used (3.13) and (3.14). Therefore using Propositions 3.2, 3.3, we have for 1 < j <
-2,

T 'e(B, 1) dB. (4.58)

18, RED 1 < eM) Y I @ — DDloe Y 1T 8102 (4.59)

kl<j lkl=j—1
To estimate || d,, R}( ®)|l2, for 1 < j <, we expand the first term in (4.58),
[F;Q,H]C M =T~ 1>H§ !y - H(r(ca - 1)5 ret )

We get by using (4.56) and Propositions 3.3, 3.2, 3.5 that

J

16, RY ri (F(;a - 1)H8—‘“Fk—1x>(z)
k=1 S 2
M) Y T G = DOl Y 1T ax ()l
lkl=j kI<(4]
+eM) D I = DOl Y, IT dx )
k<[4 ki<j-1
<cM) Y IT G = DOl Y 1T X ()l
W=/ KI<[41
+eM) DM = DOl Y T dx @l (4.60)
k<] tki=j=1

We estimate |0, R? )], for ® = x, A mostly in similar ways, except that we need to

pay attention to not use [|d,[¥A(¢)| s in the estimates.
We have from (4.13), (3.2) that for ® = x, A,

8,R® = ——Za,rf ‘I, H]Z o= 3" o I, ng_ r'-le ol

k=1 1<|k|=j

for some constant coefficients ¢y ;, and

8t H]g_ r«'e

o

=[oI'¢, H]{ r“'e+[I'e, H] Z_‘ ’rk '®

o

L@, ) =T (B, D)) (G 1) — §(B. 1))
i (& (e, 1) — ¢ (B, 1))

B 'eB, 1dB,  (4.62)
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where from (3.2),

1
3" =T9, —80, 8=0, or 5 (4.63)

To estimate ||9; R;( (®)]l2, for 1 < j <1, we expand the first term in (4.62),
/ B -1 / Bar -1 -
[o,T {,H]{—I‘ x =, OH;“_F x —H\|oT {{—F X ) (4.64)

We have from Propositions 3.2, 3.3 and (4.63) that for 1 < j </,

J
I8, RY @l < ¢y
k=1

rf_"((a,r’;)ui—“rk—lx>(z>

2

+eM) DY IT GOl Y IT 0 x (oo

k1<) k<[%]

FeM) YT GOl Y 1T dax (0)l2

ki=[%1 ki=j-1

M) Y T G = DOl Y T X (1) oo

Ik|<j k<[4

+eM) DI — DOl Y 19T X @2 (4.65)

kI=<[4] =it
Now using (4.56), (4.63),

0,
— k-t )t
C X )@®)

o

J
k=1

<cM) Y IT M2 Y MG — DOl Y IT 0x®]2

Ikl<j IkI<[4] lkel=<j—1

ik ((8,1"/4“)7{

2

M) Y TGOl Y 1T 0 () lloo

k<) lkl<(41

+eM) YT GOl Y IT dux @)l

IkI<[$] ki=j-1
and using the fact that
& =u—bgy, (4.66)
and (3.43), we have
S It @)l < e(m). 4.67)
4=
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So
J ) 9
> F-f*((a,r/;)H—”Fk—‘x)(r)
k=1 Lu 2
<cM) D T G =Dl Y 1T 0x )2
i< ki<j=1
+eM) Y TGOl Y 1T X ()l
kl=j k<041
+eM) YT GOl Y 1T dax (0]l
kl<(4] l<j=1
Therefore

18, RY D2 < (M) D T G = DOl Y IT*0ux @2

IkI=<[%) ki<j=1
+eM) Y TGOl Y I ax ()lloo
k1<) Ik<[%]
M) YT GOl D 1T ax (0)l2
kI<(4] Iki<j=1
M) Y T G = DOl Y T X (1) oo
k<) k<[4
HeM) YT = DOl Y 13T X0l (4.68)
kI<[%] Ikl=j—1

Similarly, to estimate ||3,R; ()|l2, for 1 < j <1 —2, we expand the first term in (4.62),

[8,I'c, H]?—“rk*u = (atr/;)H?_—“rk*u — H(&,I”g“ ?_—“F’H,\).

o

Using (4.56), (4.63), (4.67) and Propositions 3.2, 3.3, 3.5, we getfor 1 < j <[ —2,

19, RF (D)l < e(M) D IT G () lloe Y IT 82012

kI<[%] lkl=j
+eM) Y TGOl Y T 9r (0o
k1< i<t4]
+c(M)Z||r"(ca—1)(r)||oo( > laramih+ Y ||rkaax(z)||z>.
lkl<j [k|<j—1 [k|=j—1

(4.69)
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Sum up (4.54), (4.60) and (4.68), we obtain

2

ljl=t
<cM) Y AT G W oo+ 1T G = DO lloo + 1T x (Dlloc + 1778 x (1) ] 0)?

1j1=<(4]

X > AT Gl + 1T (Ga = D@2 + 18,07 x Oll2 + T 8ux (O112)*. (4.70)

lil=t

/(&nf 9a RY +0,RY 9,77} + 0, R} 0, RY) dax

Sum up (4.54), (4.59) and (4.69), we have

2

ljl=l=2

/(a,n;aaléj. + 0, R} 0477} 4 0, R} 0, R)) dex

2
de)( YoM a®le+ Y. IM0AOIo+ Y ||rf'(ca—1)(r)||oc>

1jl<r52] jl<521 ljlsi-2

< Y UBTIAD 2+ 1T 320 2+ 1T 8 (1)]12)*. 4.71)

|jl=i=2

Step 2. We now consider ||G§)(t)||2 for ® = vy, x, A, where

J
GO =T/P6 + Z r/=fp, rIr<'e. (4.72)
k=1

We first derive the estimate in (4.74), then work on the terms on the right hand side of (4.74)
through three sub-steps. Finally, we conclude this step with the estimate in (4.94).
We know from Proposition 3.5 and (3.43) that

Dbl < ¢ Y IT/bM) |

lgl<i—1 lg1=<l

<c(M) ) ITu®ll> < c(M). (4.73)

lgl=l

This implies that for 1 < j <[, k> 1,

3 T80+ baIT T O e < (M) Y ITPH8,0(0)]x.

pk=1<[4] pHk=[41+1

Therefore from (3.10) and Lemma 3.12, we have for 2 < j </,

YNGR WI2 < Y ITFPOM®IS

[kl<j [kl<j

+eM) D (IT* @, + b3)b()lloo + 1T D) oo + IITH(A = D))
k<[4
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x Y (T 0O @) 2 + 13, + bd) T 9O ()12

lkl=<j—1

+e(M) Y (ITH@, + b))l + IT*b(0)

lkl<j

HITA-DOI) Y. T 300). (4.74)

IkI<[41+1

We further estimate the right hand side of (4.74) through the following steps.
Step 2.1. We first consider the estimate of

IT* (3, + 63.)b (D)oo + IT*B(@) oo + IT*(A = (D) oo

in (4.74). We use (2.30), (2.52) and conclude this sub-step with the estimate in (4.79).
From (2.30), we know

Ea_l . L_ta . Eoz_l
(I —H)b=—[u,H] o (I—H)(A—1):z[u,H]§_—+z[w,H] .

o o o

Using Lemma 3.8, then Lemma 3.16 (3.61), (3.62), we have for 0 < j <[ — 2,

D I b () o

[kl<j

de)(Z

lkl=j

C

I [u, H) u, H] (t)

(l)

i@l >

[k|<j+1

)

5c<M)< St u@le Y 1T — DOl Intt + )

lkl<j+1 [kl<j+1

+ 2 I u®lloe 37T G = DO —

[kl<j [kl<j
+eMDe®lloe Y IT U@l Y 1T G — D)2
kl<j+1 lk|<j+1

§c(M)< DT Ul Y ITH G = DOloo In(t + )

[kl<j+1 [k|<j+1

+ 2 I u®llo Y IT* (G = DOy

[kl<j [kl<j

). (4.75)

Similarly, we have for 0 < j <[ — 2,

D ITHA = DOl

[kl=<j

<c(M) Z

kl<j

Cu —
r"( HI=Z 4+ [w, H )t
[u, ]g“ [w, H] C @)

o

oo
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Fk<[u,H]ﬁ—a + [w,H]Ea—_1>(t)
La Lo

+ M)l Y

k| <j+1 2

fc(M)( T u®lloe Y 1T g ()l In( + €)

[k|<j+1 lkl<j+1

+c<M>< DI WOl Y IT* G = DOl In( + )

[k|<j+1 [k|<j+1

+ ) IT @l Y IT U0 (1)

[kl=j |kl=<j

1
t+1

1
+ D IT W@l Y IT G — D@2 )
: : t+1
[kl=<j [kl<j
+ el Y IT U@l Y 1T ua@)l2
|k|<j+1 |k|<j+1
+eMDe@lloe Y IT WOle Y 1T G = D@2
[kl=j+1 [kl=j+1

This implies that for 0 < j <[ —2,

D IrHA = D)l

k|<j

sc(M>( YoM U@l D T ue oo Int +e)

[kl<j+1 [kl<j+1
1

+ 2 IOl 3 IT Ol 1)

lkl=<j lkl<j
+c<M)< YoMt w®lle Y IT G — DOl In(t + o)

lkl=j+1 lkl=j+1
1

+ Z’ I w () lloo Z{ IT* e = DO 1)

[kl=<j [kl<j
M) ve @l Y IT U)o (4.76)

lkl=<j+1

In order to estimate || T¥(9, + b3,)b(1) | s, We use (2.52):

(I —H)(0; +b0y)b

3, (2b — 1) a—1 1 (u(a,t)—u(,B,t)
=[u, H]—— — [w, H + — —
b=~ ==+ 5 (G —c6.0)

2 -
) (s — 1 dB.
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We need to first obtain an estimate of ||'*b(f) ||« that does not involve In(f + ¢). For this
purpose we use (3.40). We have from Lemma 3.8 and (3.40), (3.63) thatfor0 < j <[ — 1,

Z||Fkb(t>||oo5c(M)(Z ™ fu H]; (r)
[kl<j [kl=<j
k Ea_l
19Ol Y | TH 1w, H] ) )
[kl<j+1 « 2
so(M)(an"u(r)noo I G = DOl
k|<j kl<j+1
+ D I U@l — D@ s
[k|<j+1
19 Olle Y T w2 Y ||Fk(§a—1)(t)||2>
[k|<j+1 [k|=j+1
< C(M><Z IT*2(0) oo + 116 — 1)(z>||oo>. 4.77)
[kl=<j

Now similar to the cases of [|[T*b() ||« and |T*(A — 1)(#)|ls0, We use Lemma 3.8 and (3.61),
(3.62) to estimate ||T¥ (3, 4+ bdy)b(t) 0. We have for 0 < j <1 —2,

ST @ + 53050

kl<j

sc(M)< DT U@l Y T (e = 2b6) () lloo In(t + €)
[k|<j+1 [k|<j+1

+c(M)< DT w®lle Y, 1T — DOl In(t + o)

[kl<j+1 [k|=<j+1
(4 1)

+ D I u®lloe 30 I e = 2b) Ol —

|kl=<j lkl<j

+ ) T WOl Y IT* G = DO

|kl=<j [kl=<j
+ c(M)[19e () lloo Z IT*u () o
lkl<j+1
+ A,

where

A=cn) 3 |r /(z(-,n—c(ﬂ,z))

[kl<j+1
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Further using Proposition 3.2, we have

2

ki=<j+1 ¢C,t) =5, 1)

<cM) Y ITua®llee Y ITu@lloo D 1T G = D@2

lkl<j+1 [k|<j+1 [kl<j+1

2

Therefore for 0 < j <1 —2,

D ITH @, + bd)b(0) o

lkl=j

§c<M)< D IT u®llee Y IT )l In(t + )

[kl=j+1 [kl=j+2

1
+ ) IT U@l Y ||F’<u<r)||2t+1>

|k|=<j lkl<j+1

+c(M)< DI wOle Y IT* G = DOl In(t + e)

[kl<j+1 [kI<j+1

1
+ D I w®lle 35 IT G = DO 27— 1)

|kl<j [kl=j

+ MG —DOlle Y, IT U@ llooIn(t +e). (4.78)

[k|<j+1

Sum up (4.75), (4.76), (4.78), and further applying Propositions 3.6, 3.11, 3.13 and
Proposition 3.5, we have for 1 < j <[ — 4, and sufficiently small M > 0,

D AUTH@, 4+ b3)bO)lloe + 1T D)oo + IT*(A = D()l00)

[k|=<j

k k 2 1
<c(M) Z (IT* 06 X () oo + 1T 80 A (1) [l 0o) ln(t+€)+C(M)(’f(t)t+—1~ 4.79)
[k|<j+2

Step 2.2. We now estimate the quantity
IT5 (3, + b3)b®) 12 + ITF () |2 + ITF(A = D(@) ]2

in (4.74) for 1 < k <. This sub-step is concluded with the estimate in (4.83).
Using Lemmas 3.8, 3.17 and (2.30) we get that for 1 < j </,

DT b < (M) Y

¥ lu, H] g“g_ Loy

2

[kl<j [kl=<j
< c<M>[ D AT U@l Y I G — DO
kI<[4] ki<

@ Springer



Almost global wellposedness of the 2-D full water wave problem 103

+Z||Fku(f)||2< D I = DOl In(t +€)

kl<j l<t§1+1
)} (4.80)

1
k J—
+ 2 I G = DOl

|k|<j
and

> oI A = Do)l

[kl=j

<c(M) )

[kl=<j

de)[ DIt u®lle Y IT @)l

IKI<[41+1 ki<

1
+Z||Fku(f)||2( > M u@leIn+e) + Y ||Fku(l)||2t+1>]

lkl=J kl<[{1+2 k<4141

+c(M>[ DI w®llee Y IT G — D@2

IkI=[4] lkl=

Fk<[u,H]ﬁ—a + [w, H] b — 1)(;)
Ca Lo

2

+Z||ka(f)||2< D T = DOl Int +€)

tei=j k<[4 1+1
1
+ ) ||F’<<ca—1)(t>||2—>]. 4.81)
3 t+1
[kI<l5

From (2.52) and Lemma 3.8 we have for 1 < j </,

> IT (3, + bda)b(@) 2

[kl=j
<con Y |ru, g 220
ki< Sa )
e Y |, et
lkl=j I P
2
M rk/(M) - vasl
o )%:j ton—cpn) @ )ﬂ2

where using Lemma 3.17 and (3.43), (4.77), we obtain

5 rk[u,ma”(%_m
Ik|<j b
de)[ DM U@l D IT @l
ki<l 4 1+1 ki<
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+Z||rku<z>||2=< 3 ||rku(z)||oo+||¢a—1||oo)1n<t+e>

lki<j Kl<[41+2
+ > Irtuol, 1

: t+1
lkl<[41+1

from Lemma 3.17,

2

[kl=j

Eoz_l

o

I w, H]

2

< c<M>[ DI w®llee Y IT e = DO

Ikl<[41 ki<

+Z||ka(f)||2< D T = DOl In(t +€)

Ikl<j <4141
1
My — D) —
+ Z IT*(z. )(>||2t+1>]
kl<[4]

and using Propositions 3.2, 3.5,

2

2

[kl<j
sc(M)[ DM U@l Y I u®llee Y 1T 0 = D@l
lki<j—1 k<[4 kI<(%]
+ Y IT UMl Y. T U@l Y I G = DOl
IkI<[%] ki<({1+1 Iki<j

+ ||rf'u(r>||2<2 T )20l = DO oo + 2@l Y 1T o — 1)@)“2)].

k=<2 k=<1

Therefore for 1 < j <1,

> T @, + bda)b(0)l2

[kl=j

< c(M>[ AT w®llee Y IT G = DO

lkI<[4] IkI=j

+ ) I w@l Y T G = DO o In( + o)

lki=j k<4141
1
+ w(s ke, — D@
lgn ()h%jn G = DOl
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+Z|lrku(f)||z< > ||rku(r>||oo+||¢a—1||oo>1n(z+e)

kl<j lkl<§1+2
1
+ ) Il Y ”Fk“(’)”%H] (4.82)
Iki=j i<§1+1

Notice that for [ > 11, [%] +2 <1 —4. Sum up (4.80), (4.81), (4.82), and further applying
Propositions 3.6, 3.11, 3.13, we have for 2 < j </, and sufficiently small M > 0,

> AT @, + bA)b@) 12 + IT*b (1) 12 + ITH(A = D(@)12)

lk|<j
1
<c(M)En)'? Z (IIFkaax(t)lloo+IIFkaa)»(t)lloo)ln(t+€)+C(M)€(t)[+—1.
lkl<[41+2
(4.83)

Step 2.3. We estimate Z\klgj IT*PO (1) ||, in (4.74) for ® = x, A and v;. We use (2.27),
(2.29) and (4.32), (4.33), and further divide our efforts into three sub-steps. We conclude the
sub-steps respectively with the estimates in (4.84), (4.85) and (4.93).

Step 2.3.1. We first consider [T/ Py (1) ||,.

We know

_ 4 [ Gl r) —u(B. D). 1) — (B, 1)

Py = d
= C(at. ) — Z(B. D)2 updp

2 “(Ol’t)—u(ﬂ,[) 2 ~
+;/<m) vpdp =1+ L.

Using Proposition 3.3, we have for 1 < j </,

||rf11(r>||zsc(M)[ DM Ul Y 1T 0a®llee Y IT U2

l<[41+1 IkI<[4] ki<

+ Y T u®llee Y T 9@l Y 1T )l

kl<[41+1 ki< l<[4]
k k k
+ >0 MUl Y M@l Y T u(r)um}
lk|<j—1 ki=41 Ik|<[41]

H / (Clu(-, 1) = T7u(B, 1) (v(-, 1) — (B, 1))
+c ug
1CC.t) = ¢(B, DI

dp

)

2

where from Proposition 3.4 by taking r = (¢ + 1)2,

H/ (l"-fu(~,t)—F-fu(ﬂ,t))(n(-,t)—U(ﬁ,t))uﬁdﬂ

6.0 =2 (B.DP
< e T u(n)],
1
x (Z IT0a (0 lloo Y IT 1t () lloo 1t + €) + 119 () ol (1) 2 )

[k|=1 k=1 t+1

2
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Using Proposition 3.2, we have

||rf12(r>||25c(M>[Z ITu@lloe Y 1T U@l Y IT Da (012

kI<[5] k<[4 1+1 IkI=j
k k k
+ > IMua®lz Y IT*u®lle Y T naa)uw}
lk|<j—1 lkI<L4] k<[4

@7u(, ) =TuB, ), 1) —u(B, 1)
€. —¢B.1)?

np dp

)

K
2

where from Proposition 3.4,

H/<rfu<~,r>—rfu(ﬁ,m(u(-,z)—u(fs,r»U i
(1) — (B, 1)) /

<c(M)Tu(@)l

2

x (Z 1M oo 3 M0 ()l Int + €) + ||ua(r>||oo||na(r>||2t+%).

[k|<1 k=<1

Therefore for 1 < j <1,

> ITPx )2

[kl=j

EC(M)[Z Tl Y 1T U@l Y T 0a@)ll2

k<[4 kl<[41+1 kl=J

+ Y MUl Y M@l Y IT u@)l2

Ik|<[41+1 k<[4 lk|<j

+ ||rf'u(r)||z{ D M ua @)l Y 1T 06 (1) [loo In(z + €)

lk|<1 k<1
1
+ (19 (D oo llta (D 1l2 + IIMa(t)Iloollna(t)IIz)t_'_—l”~

Further applying Propositions 3.6, 3.11, 3.13, and Proposition 3.5, we have for 2 < j </
and sufficiently small M > 0,

D IT Px @)

lkl<j

<c(M)En)'? Z (%8, x (D lloo + IT* 8 A1) [150)* In(t + €)
kl<t41+2

1
. 3/2
+c(M)E(1)) ot (4.84)

Step 2.3.2. We estimate ||[VPA(t)]|, similarly.
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Almost global wellposedness of the 2-D full water wave problem 107

We know from (2.29),

1 — 1 - — _Uy "_[Ol
PA = —[u, H— +H_—](caw) + [u,H]<u——) +ulu, H]—
: ¢ ¢ §

o o o o

—2[u, H]

U Uy 1 <u(01,1)—14(137f)

- L) —2(B.1)

2
. p— >M’§ﬂd,3=13+14+15,

where

1 - 1] -
13 = —|:u, Hf_ +HE_i|(§aw)s

— _Uy I/_la U-Uy
[4 = [M, H] <uE_> + u[u, H]C_ - z[u’ H] s
1 u(a,r)—u(ﬂ,z)>2

Is = — —— | u-¢gd,

YT i (c(a,r>—;(ﬁ,t) 4P

we have by using Propositions 3.2, 3.4 that for 1 < j <[ —2,

IT7 I3(0) I
<cM) ) MUl Y 1T 00l Y IT W@ 2
kI<[4] lkI<[4] kl=j

+eM) Y T u@®llee Y IT 9@l Y 1T W)l

Ikl<[41 Ik|<j k<[4

+c(M>Z||Fku<t>||2( D IOl Y T w@) oo In(t + o)

lk|<j kI=[414+1 lk|<[41+1

1
+ ) MOl Y ||rkw(r>||2t+l)

Ik|<[41] Ik|<[4]

and

T La(0) 12
<cM) Y MUl Y IT U@l Y IT U@l

i< Wl<(§1+1 ki<j+1

+C(M)Z||Fku(f)||2< DUl Y T u@ oo In(t +e)

tkl<j l<[41+1 li<(§1+2

1
+ ) I u®le Y ||rku<r>||2t+1).

kI<[4] KI<[41+1

Using Proposition 3.2, we get
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108
1T I5() 1>
de)(Z ITu®lloe Y T U@l Y IT ()2
kI<(5] ki<t{1+1 lki<j
+ Y I @l Y I u® e Y ||r’<u<r>||oo>.
Ik <j+1 k<[4 lkI<L4]

Therefore we have for 1 < j <1 —2,

> I PAM |2
[kl=j
<cM) ) MUl Y 1T 90l Y IT w @)
k1<[4] Ik|<[4] IkI<j
+eM) D IT U@l Y IT 92012 Y IT W)l
k<41 kl=j lk|<[41]

+C(M)Z||Fku(l)|lz( D MOl Y 1T W) oo Int +¢)

Ikl<j lel<[{1+1 Wi<t{1+1
+ ) MOl Y IT W) )
k<[4 Ik|<[4]
+eM) Y MUl D T u®le Y IT U)o In( +€)

i<j+1 lkl<[41+1 Ikl<[41+2

M) Y T u@ll Y I U@l Y T @l

ki<J kI<[5] WI<[414+1

1
t+1

1
t+1

Further applying Propositions 3.6, 3.11, 3.13, and Proposition 3.5, we have for 2 < j <
and sufficiently small M > 0,

D IT P2
|kl<j

<c(MeEmn'’? Z (IT* 8 x (D lloo + IT* 9 A (1) [l00)* In(t + €)
k<4142

=2

+ c(M)@(z)WL. (4.85)

t+1

Step 2.3.3. We now estimate Y, _; [IT*Pv; (1)l for 1 < j <.
We start from (4.32) and (4.33). We have by using Propositions 3.2, 3.3,

IT P )]z < e(M) Y IT¥Po(@)]l2

|kl=<j
+e) Y I u®ll, Y ITPx @)
|kl=<j |k|<max(j,2)
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. 3 [ 9y o 3\’
+2‘F’[u,7—[]—(w—x) +‘F’[(H+H)M,H]<—> X
{a fa 2 {a 2
1] u(.,r)—u(ﬁ,t)>2
i [ (D ZuB DN sl 4.86
t /(c(-,t)—aﬁ,z) podp|, (450

where by further using Proposition 3.4,

Ff[u,H]a—“<wa°‘ )
e

2 —X
e sag (g

2

§c<M>[ D I el Y IT e ) @)l2

IkI<[%] ki<

+ Y T el D 1T W) () s

l<j—1 i<(4]

) 1
+ ||Ffu<r>||2(2 IT* (e ) () loo In(2 + €) + D IT* (e x) (012 )]

|k|<2 [kl<1 t+1
4.87)
using the fact that H(?—Z)zx = (?—Z)ZHX = —(?—Z)ZX»
o 3, \
‘rf[(HJrH)u,H](—”) X
t) ",
< c(M>[ D IT 9 (H 4+ H)u®lloo Y 1T 0ux ()]
k<[4 lkl=j
+ ) IM 0 (H+Hu®lz Y 1T ax (1)l
lkl<j-1 kI<[%]
o 3, \2
+ T (H+ Hyu) |1 (é_—) X () ]
SC(M)( D MOl Y IT U@ oo In( +€)
k<[4 1+2 lk|<[41+2
1
+ Y M@l Y ||rku(f)||2t+]>Z”Fkaax(f)ﬂz
k<[4 1+1 k<[4 1+1 lk|<j
+c<M>< DT el Y I u(@)ll2
IkI<l] lel=j
+ D I .0l Y ||r’<u(t>||oo> Do MOl (488)
lk|<j lkI<[4] Ik <max([4].1)
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and
2
! Fj/(u(-,z)—uw,r)) 950 dB
T {(at)_é‘(ﬁ7t) 2
2
de)[( > ||Fku<r>||m) Do Irfv@lh
lkl<[41+1 ki<
+ ) M 8u@la Y T @l Y 1T 900 oo
Ikl<j—1 IkI<[5] LS
+c(M>[||rfu<r>||2<Z IT e () lloo D IT* 05 0(1) lloo In(t + €)
k=<1 [kl=<1
1
+||ua(t)||oo||8av(t)||zt+1)]. (4.89)

Similar to the calculations above, we have from (4.33) that for 1 < j </,

||rf7>v<t)||z§c(M>[ DM w®lle Y IT@ oo Y IT*u@®)]l2

@ Springer

k<[4 1+1 ki<[4] Ik|<j
+ > ITu®lle Y 1T 0@l Y IT W@
kl<[41+1 i<(41 lk|<j
+ Y T WOl DI 9Ol Y IT U@l
|k‘5[%]+1 |kl<j |k\§[%]+1

+ ||Ff'w<r)||2{ S I e 0lloe Y IT (1) oo In(t + )

[k|=1 k=<1

+ ||Ff'u(z)||2{ D I () lloe D IT we (1) lloo In(t + e)

|k|<1 [kI=<1

1
+ (19a D lloo e )2 + lltta (1) oo 19 (0)1]2) - 1

1
+(||t)a(t)”oo”wa(t)”2+||wa(t)||oo||t)a(t)||2)t+1}

2
+( > ||F"u<r)||oo> DI u@)l

kl<[41+1 Ikl=<j

. 2 1
+ IIF’u(t)IIz{ (Z ”Fkua(t)”oo> In(t +e) + ”ua([)”oo”“a([)”2t 1 ]
[kI<1
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+ Y pk%o/gl(z) D T 8ux 012

lk1<[4] % Ik=j

+> I‘k%ok’l(t) > ||Fkaax(t)||oo] (4.90)

ki< IkI<[4]

We need the estimates of ||I‘k% 0 k7'(t)|ls and ||Fk%’ o k71(t)]l». We use (2.32) and
Lemma 3.15. We have by applying Lemma 3.16 (3.61), (3.62) that for 0 < j <[ — 2 and
sufficiently small M > 0,

2

lkl=j

<cM) Y M w®)lleo Y T @)oo Int +e)

[kl<j+2 [kl=<j+2

2o k1)
a

(o)

1

+e) 3 IT w0l 3o IT U@l

lkl=j [kl<j+1

1

+e) 30 IT u®llee D M W@l

[kl=j [k|<j+1

+ e (W@ o+ 19aOllo) Y UMW) o + 1T u () [100)

[k|<j+1

+5,

where
O —uB.n\-
B=cM rk/<”4> 4
“ )\kg:ﬂ ¢, 1)—¢(B, 1) iy dp
rk/<w)2ﬁ dp
Iki<j+1 tn—¢Bn) "’

<cM) D IT*uaONZ Y T u® ]

lkl<j+1 lkl<j+1

2

Using Proposition 3.3, we get

2

Further applying Propositions 3.6, 3.11, 3.13 and Proposition 3.5, we have for 1 < j </ —4
and sufficiently small M > 0,

2

lkl<j

% o k()
a

[o9)

<) Y (M3 x ()loo + IT* 340 1o0)* In(t +€)
[kl<j+2

1
FeM) 37 U@+ b Ol + 10 +ba)T X () . @491
k|<j+1
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Also from (2.32) and Lemma 3.15 we have for 1 < j </,

2

2 o k()
a

2

[kl=<j
gc(M)Z(‘Fk[w,H]ﬁ—a +’F"[u,m@ )
Ikl<j ba ll2 S ll2
G0 —uB D\
oM Fk/<7” ) d
““n 2 cco—cpn) P,

Using Lemma 3.17 (3.65), Propositions 3.3, 3.5, we obtain for 3 < j </,

2

k=)

<cM) Y T w® e ) IT @)l

kI<(§1+1 Iki=

+eM) Y T U@l Y IT W@

IkI<[41+1 ki<

% ok 1)
a

2

1
o) Y I w®l Y (||rku<t)||oo1n(r+e>+||r"u(r>||zt+l>

kl<j IkI<[414+2

1
e Y I uml Y (||r’<w(t)||oo1n(r+e>+||F"w<r)||zt+1>

ki< i< 1+2
+eM) Y T Ul Y IT u @3
lkl<[41+1 ki<

Further applying Propositions 3.6, 3.11, 3.13, we have for 3 < j </, and sufficiently small
M >0,

kl=<j

<cM) Y (T 0 x O)lloo + 1T A0 100
k<[4 1+2

& ok ()
a

X Z (113, + 63T V(@) 12 + 113, + b3)T* x (1) 1) In(t + €)
lkl=j

1
(M) Y 1@+ BT Ol + 10, + baT X ()2 = (492)
|kl<j

Now sum up the inequalities from (4.86) through (4.92), using (4.84), applying Propositions
3.6, 3.11, 3.13, 3.14, and Proposition 3.5, we have for 3 < j </ and sufficiently small
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M >0,
> IT P )l

k|=<j

<c(MED Y (IM*3x (1) lloo + IT*0A (1) loo)* In(t + €)
k<4142

1
32
+c(M)E(t) P e (4.93)

Finally from (4.74), using (4.79), (4.83), (4.84), (4.85), (4.93) and Propositions 3.14, 3.5,
and notice that for [ > 11, [%] +2<1—4. We get

DAGT O+ 1GTOID + Y 1650

lil=t ljl=l-2

2
so(M)e(z)W( PN INERICTNESY ||rfaax<r>||oo) In(t +e)

ljl<si—4 ljl<t=2
1
M)E@)>? ——. 4.94
+c(M)E(r) — (4.94)

This finishes Step 2.

Step 3. The final step for the energy estimate (4.52) and Proposition 4.4.

Notice that we need to further estimate a few terms on the right hand sides of (4.70),
(4.71). In particular, we have from ¢, = u — b, and using (4.77)for0 < j <[l —1,

T8 () lloo < IT7u(@®)lloo + (M) D IT () oo

[kl=j

< c(M>(Z IT%u () llo + 116 — 1>(z>||oo)

[kl=j

and using (3.43) for 1 < j <1,

IT7 & ()l < I U@l + e(M) Y IT* bl < e(M) Y IT u@®)])a.

|kI<j |kl<j
Furthermore for 0 < j <[, ® = x, A,
18,77 ©@)l2 < 113, +b3)TI O @) l2 + c(M) 3T/ O (1) l2.
Sum up the inequalities (4.53), (4.70), (4.71), (4.91), (4.94), applying Propositions 3.6, 3.11,
3.13, 3.14, and using the fact that for / > 11, [%] + 2 <[ —4. We conclude

d . . 2
Eﬁ(t)fcl(M)G(t)< DM a0+ Y ||rfaax(r>||oo) Int + e)

lil<l—4 ljl=i=2
1
(M) (1) — 4.95
+a(M)E@)"- 1 (4.95)
for some constant c¢; (M) depending on M. This proves Proposition 4.4. ]
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4.2 L?-L* estimate and the energy inequality

We now derive an estimate of the quantity »;_; , IT7 3, A (1) || oo + i<z 1T 30 x () lloo
in the right hand side of (4.95) (or (4.52)) in turns of the energy &(¢). We continue assuming
(4.1)—(4.4), with a M, so small that all the inequalities and estimates derived so far, including
Propositions 4.3, 4.4 hold.

Let ® = x, A. From Proposition 3.1 we know fora € R,0 < j <[ —2,

(1+0" M 3,0 (e, 1)] < c(Z IT* T 8,0 ()2 + Y ||szorkrf'aa®(r>||2>.
k<2 [kI=<1

Applying (3.3) to the second term on the right, we get

(1+z>1/2|rfaa®(a,r)|5c( o Irteemi+ Yy ||Fk903a®(l‘)||z)-

|k|=<2+j [k|=14j

Further using the relation (1.31):
1, .
Q00, = Lo0, — Et(at —10y)
we obtain

(1+z>”2|r-f8a®(a,t)|Sc( T 00+ Y 1T LedO )]

[k|<2+j [k|<1+j
+r Y ||F"(8,2—i8a)®(t)||2>. (4.96)
[k|<1+j

Notice that from (3.2) and (3.43), we have

DT Led @Ml <c Y 4T O],

[k|=<1+j [k|<2+j

<c) Y (16, + 03T OO+ IT* 9,00 ). (4.97)
lk|<2+)

We now focus our attention on the quantity Y-, ; IT*(82 — i9,)O(2)]l2 in (4.96). We
know

82 —id, =P — (8, + bdy)bdy — bd;dy +i(A —1)d,.

We have, by using (3.43) that for 0 < j <[/ — 2,

Y ITN@ =000 M)l

k|<1+j
< Y IrPeml,
[kl<1+4j
+eM) Y T B3O D)l

[k|<2+j
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+ Y (T B3,0.0)O)l2 + IT* (A = )3O)(1)]12)

[kl<1+j
< Y IrPeml,
|k|<1+j
+eM) Y UMb oo + ITHA = DOlle) Y IT 0O @)I2
k<41 Ik|<2+j

+e) Y AT+ IT5A - DO Y. IT*000) |-

li=<2+7 I<§1+2

Now using (4.79), (4.83), (4.84), (4.85) and Propositions 3.14, 3.5, we have for ® = x and
2 < j<l—2,andrespectively for ® =Aand2 < j <[ —4,

> IR0} = 10,002

[kl<1+4j

<c(M)En'”? Z (”Fkaax(t)”oo+“Fkamk(t)”oo)2ln(t+€)+C(M)€(t)3/2t_+_%~
Ik|<[51+3
(4.98)

Using the fact that for [ > 11, [%] + 2 <[ — 4, combining (4.96)—(4.98) we obtain that for
M =< M09

(1+r>'/2( DMt Ol + Y ||r’<aax(t)||oo>

|k|<l=2 |k|<l—4

< oMED)'? + cr(M)E()

2
JrCz(l‘/l)Qf(t)l/zln(t+e)[(1+t)1/2 > (”FkauX(t)”oo"'”Fkaot)‘-(t)”oo):l . (4.99)
|k|<l—4

where ¢, (M) is a constant depending on M. Let

X(t>=(1+t>‘/2( DMl + Y ||r"aax<t)||oo>. (4.100)

|k|<I—2 [k|<l—4
We know (4.99) implies that X (¢) satisfies
X(1) < c2(MED)'? + e:(MED? + e:(MEMN 2 In(t + €)X (1),
We have the following simple calculus lemma.
Lemma 4.5 Let X : [0, 00) — R be continuous, satisfying
X(t) < X(1)* +al(r) (4.101)
for some function a(t). Assume that a(t) < 1/4 fort € [0, T], and assume X (0) < 1/2. Then

X () <2a(t) forall te[0,T].
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Proof We know the inequality X (£)> +a(t) > X (t) has two disconnected branches of solu-
tions:

X(t)fw’ or X(Z)Zw

Since X : [0, 00) — R is continuous, and since X (0) < 1/2. We have X () < 1=V/1-4a® Vlz_““(’) <
1/2 for all ¢ € [0, T]. Therefore from (4.101),

X < A <2a(t) forallte[0,T]. 0O

1-X() —

Combining Lemma 4.5 and (4.99) with Proposition 4.4, we have the following Proposi-
tion.

Let My > 0 be the constant such that (4.52), (4.99) and all the other inequalities and
estimates derived so far hold.

Proposition 4.6 Let [ > 11. Assume that (4.1)—(4.4) hold on [0, T, with M = M. Let X (t)
be as defined in (4.100). Assume X (0) < 1/2, and fort € [0, T],

o (M)EM Y In(t +e) <1, and E@)'? <min{l/8c,(My), 1}. (4.102)
Then fort € [0, T],
X (1) <4cr(Mo)En)'*; (4.103)

and
&(0)
1 — ¢3(My) In*(t + €)€(0)

E@) < (4.104)

provided c3(My) In?(t + €)&(0) < 1 on [0, T]. Here c3(My) = (‘601(M()>02(/‘;l())2+‘*1(M(’))e.

Proof Under the assumption of Proposition 4.6, we know from (4.99) and Lemma 4.5 that
for t € [0, T, X (t) < 4ca(My)€&(t)'/. So from Proposition 4.4, we have

d In(t + e)
—&(1) < (16¢; (My)cr(My)? My))&(1)> ———=.
o (1) < (16¢1(Mo)ca(Mo)” + c1(Mo)) E(7) oy
Let ¢3(M) = (1661(Mo)Cz(/;lo)erCl(Mo))e. We get
d In(t +e)
—&(t) < 2c3(Mp)E(1)> ——= 4.105
dt()_ c3(Mo) €(r) e ( )
for ¢ € [0, T]. Solving the differential inequality (4.105), we get (4.104). O

5 Almost global well-posedness of the water wave equation
In this section we prove by a continuity argument and Proposition 4.6 that the water wave

system (1.7) and equivalently (1.1)—(1.4) has a unique classical solution for the time period
[0, e¢/¢] for data of form €W, with ¢ depending only on W.
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As we know, the initial data describing the water wave motion should satisfy some com-
patibility conditions [38, 39]. Since the compatibility conditions given in [39] are primarily
for the 3D water wave, we give here a brief derivation of the compatibility conditions for
the 2D case. This derivation is very much the same as in [39].

We know the water wave motion is described by the system (1.7):

Zy +i=1i0zq,
_ _ 5.1
2 =92,
where a is real valued. So
_l(a - 1)201 = zrt + i(za - 1)
From z; = $z; and (2.3), we have (I — $)Z;; = [0:, H1z: = [z, f’]zz'_:’ therefore
. - Zia | . _
—i(l =9H){a— 1Dz} = [z;ﬁ]zL +i(l —H)(Zo — 1. (5.2)
‘o

Multiplying both sides of (5.2) by II:;\ then take the real value, we obtain

1Za

(a—Dlzel = —I—ﬁ*)*lRe{ B

Zia | . -
([zm@]zL +i(l = 9)(Zu — 1)) } (5.3)
where R is the adjoint of the double layered potential operator as defined in (1.11). We see
from (5.3) that a is completely determined by the position z = z(-, ¢) and velocity z,(-, ) of
the interface. Consequently from

Zy =102 — 1 5.4

the acceleration z;, is also determined by the position and velocity of the interface. Speci-
fying at the initial time t = 0, (5.2)—(5.4) provides a compatibility condition for the initial
data.

Let HY2(R) = {f | (I + |D))'/?f € L*(R)}, where |D| = /=32 and | f| g2 =
Iz +1DD"> £ 12

Assume that the initial interface X(0) separates R’ into two simply connected, un-
bounded C? domains, (0) approaches the x-axis at infinity, and the water occupies the
lower region Q(0). Take a parametrization of %(0) : z = z%(a), @ € R such that 7% () —
1 — 0 as |a| — oo, and z = z%(«) traverses the boundary of €2(0) in the clockwise sense,
and

|2°(@) = 2°(B)| = wla — B|  foralla, B € R (5.5)

for some constant u > 0. Let z = z(a, #), @ € R be the equation of the free interface ()
at time ¢ in Lagrangian coordinate «, and

2(-,0)=2°(), 2 (-, 0) =u’(), 2u(-,0) =1°(), (5.6)
where
' =i’ —i,  1° = §Hil’, (5.7
a® is given by
-0
—i(I = 9H0){(a® — Do} = [u°, 57)0]2—3 +i(I —$H) (@ — 1), (5.8)
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5(8) . . . e
and 9 f () = % f % f(B) dp is the Hilbert transform associated to the initial inter-

face X(0) : z =z°(-). Let s > 5. Assume that

D oITE =Dz <oo, Y (Ul + T 9t y172) < 00
ljl=s—1 ljl=s—1

5.9)
> ATl + T 9610° ) 12) < 00 for ' =3y, Lo.
|jl=s—1

We have the following local in time well-posedness result of the initial value problem (5.1)—
(5.6).

Theorem 5.1 (local existence) There is a T > 0, depending on the norm of the initial data,
so that the initial value problem (5.1)—(5.6) has a unique solution z = z(«, t) for t € [0, T],
satisfying forall |j| <s — 1, = 0dy, Lo,

IV(zg — 1), Tz, Td,z, € C([0, T], H'/*(R)),
_ ‘ (5.10)
[z, T3,z € C([0, T1, L*(R)),

and |z(a,t) — z(B,t)| > vle — B| forall a, B € R and t € [0, T, for some constant v > 0.
Moreover, if T* is the supremum over all such times T, then either T* = 0o, or

> ATz Oll2ry + 1T 20Ol 12 x)

il<$1+2
I'=dq.Lo
fsup|— 2P g 0,7 (5.11)
a#f Z(ast)_z(ﬂvt) ’

Theorem 5.1 is proved very much in the same way as in [39] using the quasilinear system
(1.12)—(1.10)—(1.11). The main modification is to use both vector fields I' = 9, and L
instead of using only 9, as in [39]. We omit the proof.

By taking successive derivatives to ¢ to the system (5.1) and an inductive argument, we
have that the solution obtained in Theorem 5.1 in fact satisfies that for all |j| <s — 1 and
I'=0;, 0y, Lo,

[V(zy — 1), Tz, T3,z € C([0, T1, H/*(R)),
. ' 4 (5.12)
Iz, TV 024, T70,240 € C([0, T, LZ(R))-

In what follows we resume the convention that I' = 9;, 9,, Lg.

To prove that the maximal existence time T* is at least e/ for solutions obtained in
Theorem 5.1 when the norm of the data is at most € (to be specified later in this section),
we use Proposition 4.6 and a continuity argument. This requires us to recast the solution in
Theorem 5.1 in the new coordinate system k as defined in (2.18). We need to first understand
whether the function k defined in (2.18) is a diffeomorphism, i.e. satisfies k, («, t) > O for
all . We first present the following preparatory Lemma. This Lemma is a more general
version of the first parts of Lemmas 3.8 and 3.15.
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Lemma 5.2 Let z = z(-,7), T € [0, T] be a family of smooth and nonself-intersecting
curves. Let t € [0, T'] be fixed. Assume that

lz(a, 1) — z(B,t)| = v|le — B| foralla,B €R, (5.13)

for some constant v > 0. Let m, m,, [ be given, so that m; <I, my <l and |l > 2. Assume
that

> L 2o — DO 2k < N (1) < 0o (5.14)

ki<my, kp<mj
ky+ko+k3 <l

1. If I — $9)f =g, and f is real valued, then there exists a constant c(N(t)) depending
only on N(t) and v, such that

Y LGB FOlpm S cN@®) Y 18 LR gl 2y (5.15)

ky<my, ka<my ky<my, kp<mj
ky+ko+k3 <l ky+ko+k3<I

2. If I —9)(f7o) = g, and f is real valued, then there exists a constant c(N (t)) depending
only on N (t) and v, such that

ki k ki 1 k
E 18, L2y f (D)l 2r) < (N (1)) E 10, Lo* 05> g (D)l 2y (5.16)
ky<my, kop<my ky<my, kp<my
k1+ko+k3 <l k1 +ky+k3 <l

Proof Lemma 5.2 is proved in the same way as that of the first parts of Lemmas 3.8 and
3.15, i.e. for part 1 of Lemma 5.2, we use the identity (3.34)

Jj
(1= )T f =3 Pz, 512141 £ 4 g
k=1 o

with TV = B,k‘ L1528§3, ki+ky+ks=j,j<l ki <m;,i=1,2, Propositions 3.3, 3.5 and an
inductive argument. For part 2 of Lemma 5.2 we use the identity (3.60)

4 U 3 . . 4

(U= 9)ETT =3 T2 51T (20 +Tg = (= )T (fa) = %l )

k=1 o

with TV = 8;” L§28§3, ki+ky+ky=j,j<l, ki <m;,i=1,2,Proposition 3.3, 3.5 and an
inductive argument. ]

We now consider the question of when the function k defined by (2.18) is a diffeomor-
phism, and present some estimates of k in terms of the interface z.

For t € [0, T1], let the free interface X (¢) : z =z(a,t) = x(a, 1) +iy(a, 1), — 0 < <
oo traverse the boundary of the simply connected C? domain (¢) in the clockwise sense.
Let k(a,t) =2x(a, t) — h(a, t) be defined as in (2.18). We have
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Lemma 5.3 Let t € [0, T] be fixed.
1. Assume that
20 h Dy(a, 1) —1>0, foralla € R. (5.17)

Then the k(-,t) = 2x(-,t) — h(-,t) : R — R defined by (2.18) is a diffeomorphism,
ko (-, 1) >0, and

1
200k, — 1) = : 5.18
@G ok e =1 = T ook (>-18)
2. Assume that
D 9] (za = DDz < N () < 0o (5.19)
Jj=<2
There exists a Ny > 0, such that for 0 < N (t) < Ny, we have
3
(ke — DOz < T (5.20)
3. Letl > 2. Assume that le\sl ITY(z — D)2 < L(t) < 00, and
lz(e, 1) —=z(B, )| = vle — B, foralla, BER
for some constant v > 0. Then
> I (ke = DOl < L)) YT 2 = DOz, (5.21)

lil=t lil=t

where c(L(t),v) is a constant depending on L(t) and v. Moreover if TV (z, — 1) €
C([0, T1, LA(R)), for all | j| <, then T (k, — 1) € C([0, T, L*(R)), for all || <.

Proof Let ®(-,t): Q2(t) — P_ be the Riemann mapping from €2(¢) to the lower half plane
P_, satisfying lim,_, .o ®,(z,¢) = 1 and ®(z(0,1),7) =2x(0, ). Let h(e, t) = P (z(, 1), 1).
We know & : R — R is a diffeomorphism and /4, > 0. From (2.18):
k(a,t) =2x(a,t) — h(a, t),

sokoh (o, t)=2xoh a,t) — 1, and

(koh ™Yy (a,t) =2(x o h™Vg(a, t) — 1. (5.22)
Therefore the assumption (5.17) implies that (k o A=) (a, ) > 0 for & € R, 50 ko, > 0 and
k(-,t) : R — R is a diffeomorphism.

Now from (2.18) and that k : R — R being a diffeomorphism, 1 =2x o k'—hok™',so
(hok™My(a,t) =2(x ok Ny(ar, t) — 1. (5.23)

We know k o ™! o h o k=! = I. This together with (5.22), (5.23) gives us (5.18).
We now prove parts 2 and 3 of Lemma 5.3. We know ﬁ—z(a, t) = &,(z(a, t),t) is the

boundary value of the holomorphic function @, and ’Z’—:(a, t)—1—0as |¢|] > oco. So
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(I—ﬁ)(?—z —1)=0,o0r

he —1_ Zg — 1
(l—m(—z za):(1—5)< )
|Zq | Za

From Proposition 3.5, we know there exists Ny > 0, so that for N(t) < Ny,

Iza = D@l <Y 18]za = DO)l2 < i (5:24)

Jj=1

Applying Lemma 5.2 for m; = m, =0, and / = 2, and Propositions 3.2, 3.3, 3.5. We have

Gt = DOl < €Y 1185 ha = DOz <cNE) Y190~ DOz (5.25)

Jj=2 Jj=2

So there exists 0 < Ny < Ny, so that for N (1) < Ny,

l[(he = D@L <

I

From k, = 2x, — h,, we obtain

(ke = D (@) llze < 2[(za = D@l + [[(ha = DOl =

W

This proves (5.20).
For part 3, we apply Lemma 5.2 with m; = m, = [, and Propositions 3.2, 3.3, 3.5. We
obtain

S T Gy = D@2 < e@@) Y T @ — DO (5.26)

1=l M=
(5.21) therefore follows from k, = 2x, — h,. The continuity of I'/ (k, — 1) is proved simi-
larly. We omit the details. ]

Remark 1 1t follows from part 2 of Lemma 5.3 that if ng ||8g[' (ze — D@12 < Ny, then
k(-,t) =2x(-,t) — h(-,t) defines a diffeomorphism, and 1/4 < k,(a,t) <7/4.

Remark 2 Let2<l<s—1,z=1z(a,t),t €[0, T] with T < T* be the solution obtained in
Theorem 5.1, L(¢) be as in part 3 of Lemma 5.3. Then for ¢ € [0, T'],

D I k@2 < (L), v) Y I (o = DOz YT 202, (5.27)

lil=t lil=t lil=t

and Tk, € C([0, T, L*(R)) for all | j| <.

Proof Recall the solution z satisfies (2.23):

Za — kg
—(I = D)k, = [z, 9] —

o

Notice that k; is real valued. (5.27) and the continuity of I'/k, for |j| <! therefore follow
from Lemma 5.2 (m; = m, = 1), Propositions 3.2, 3.5 and part 3 of Lemma 5.3. O
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We now present the following

Lemma 5.4 Let g > 0 be an integer and 0 < T < oco. Assume that for each t € [0, T],
k(-,t) : R — R is a diffeomorphism, k(0, t) = 0, and there are constants (L1, py > 0, such
that uy <ky(a,t) <pupforalla € Randt €[0,T);and k, € L*([0,T] x R). When g > 2,
we assume in addition that

> ke = D@2 <L, > k@l <L (5.28)

lil=q—1 ljl=q—1

forallt €0, T]. Then

sup Y 17 (f ok )OIz <crsup Y TV F(0)]2 (5.29)
0.77)j1<¢ 10.7111<4
and
sup » T (fok)(®)ll2 < casup Y T f(D)ll.2, (5.30)
0,71, [0,7],
lil=q ljl=q

where cy, c; are constants depending on T, |11, o and ||k || L~ for g =0, 1; ¢y, ¢, depending
additionally on L for q > 2.

Remark Lemma 5.4 still holds if the closed interval [0, 7] is replaced by the half open
interval [0, T).

Proof The inequalities (5.29), (5.30) are straightforward when ¢ = 0. Let ¢ > 1. From the
chain rule, we have

iy Juok™! 4 ) L fuok™!
0, (f ok ):kaok*l’ 0(fok ™ )=fiok™ —k ok fo ok T (5.31)
and
—1 1 -1 -1 1 —1 kfa i
Lo(f ok ):Eta,(fok )+ ad,(fok ):Etat(fok )-l-k—ok . (5.32)

Now for the quantity kf;, in (5.32), and for 0 < |j| < ¢,

D (ko)) =Y cmal"k(e, O fu(a, 1)

Im|+k|=j
k(a,t .
= Y en i k(@ DT fule, 1) + 22D ori £, 0, 1),
\m||+||§|1:j ¢

where ¢,, , are some constants. Notice that for |m| > 1 and by (3.2), we have

A" k@, =Y cThki@n, I 'k@n= Y Tk,

[]=lm—1] []=lm—1]

with ¢/ =0, :Izzlp, p some non-negative integers and
m—1 1 m—1 m—1
LT k(a, t) = Eta,f‘ ko, t) + ad, I k(a, 1).
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On the other hand, we have from (3.2),

al* fula, )= Y cada D fle.t) = Y e, Lol f(a,1) — %r > e (e,

e <Ik] le=Ik] [t]=Ikl

where ¢, = 0 or +1. And we know

‘k(“”) — ‘k(“’ D=kOD| )l
o o
Sofor0<|j| <gq,
IMEE Ol <c 3 I FOl (533)

Im|<]jl+1

where ¢ depends on u,, T when g = 1, ¢ depends on L and T when g > 2. (5.29) follows
from (5.31), (5.32), (5.33) and an inductive argument.
Notice that for the inverse map k!,

ko k™!
kyok™ 1

-1y _ 1 -1y _
kK a=r——. k=

Using (5.29) we have when g > 2,

3G e = DOl <e(L.T), Y TGOl <e(L.T)

ljl=q—1 lil=q—1

for all t € [0, T'] and some constant ¢(L, T) depending on wu;, i =1, 2, ||k/||p~, L and T
(5.30) is therefore a consequence of (5.29). O

We now present and prove the following almost global well-posedness result.

Lets > 12, max{[%] + 3,11} <l <s —1, Ny be the constant in Lemma 5.3, and M, be
the constant in Proposition 4.6, in particular, M is the constant such that all the inequalities
and estimates proved upto and including Proposition 4.6 hold. Let the initial interface % (0)
be a graph, given by

L@ =a+iy’a), acR. (5.34)
Assume that the initial data satisfies the compatibility and regularity assumptions as given
by (5.6) to (5.9). Assume further that
DTyl <00 D N90y0Ne < No, (5.35)
ljl=l=2 j=2
so k(-, 0) is a diffeomorphism, and 1/4 < k,(ct, 0) <7/4 for all « € R. Assume
J J j Mo
2 (I G = DO 2 + 1T Ol + [T w(O)12) < ==,
lil=t
(5.36)
DT AO) e+ Y 1T 8ax (0) e < 1/2.

ljl=l—4 ljl=l=2

Let &(¢) be defined by (4.50).
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Theorem 5.5 Assume that ¢(0)'/? < He < oo. There exist €y and ¢ > 0, depending on H
and My, such that for O < € < €, the initial value problem (5.1)—(5.6) has a unique classical
solution for the time period [0, e/¢]. During this time period, the solution is regular in the
sense of (5.12), the interface z = z(-, t) is a graph, and

¢! <4He, Y (MG = DO+ ITu@lh+ 1T w®]2) < M. (5.37)

lil=t

We give a discussion on the initial data satisfying the assumptions of Theorem 5.5 at the
end of this section.

Proof We know from the local existence Theorem 5.1 that (5.1)—(5.6) has a unique solution
satisfying (5.12) for some positive time period. Let 7* be the maximum existence time given
in Theorem 5.1. Let T < T* be such that on [0, T'],

1
ko (o, t) > 100 forall @ € R. (5.38)

Therefore for ¢t € [0,T], k(-,t) is a diffeomorphism, is continuous in time, and by
Lemma 5.3 part 3 and the Remark 2 of Lemma 5.3, and Lemma 5.4, for all |j| <s — 1,

[ (e, — 1), T/u, T/w, T3, + bd)w, T d,u, TVo,w e C([0, T], L*(R)).

Moreover by (5.18), and the fact that | (a, 1) — £(B,1)| > |x ok~ (a, 1) — x 0 k~1(B, 1)|, we
have

[C(o, ) = (B, 1) > %|a —pBl fora, BeR, te[0,T]. (5.39)

Now from the assumption (5.35) and the fact that z(a, ) = o + i y(at) + fot zi(a, 7)dT,
we know 'y € C([0, T], L>(R)) for |j| <[ — 2. From (2.51), applying Propositions 3.2,
3.3, 3.5, we have I'V (9, 4+ b, )1 € C([0, T], L>(R)) for |j| <1 — 2. Furthermore from the
fact that A(r, 1) = A(e, 0) + f(; oA (o, T)dt, (3.54), and the assumption E(0) < oo, we have
I'VxeC([0,T], H/*(R)) for | j| <1 —2and E* € C([0, T]). Using Proposition 3.7 (3.30),
Lemma 3.12, (3.43), (3.46), (3.49), and Propositions 2.5, 2.6, 3.2, 3.3, 3.5, and the fact that
x (o, 1) = x(a,0) +f0t O x (o, 7)dt, €(0) < 0o, we know EX, EV € C([0, T]), therefore the
energy €(¢) is defined and continuous on [0, 7']. We note that the aforementioned statements
hold without the smallness assumptions on M.
Let 7,, < T be the largest such that on [0, 7,,],

> UM G = DOl + 1T u@) 2 + 1T w(®)]]) < Mo, (5.40)

ljl=t

Let T, < T be the largest such that on [0, T¢],
E(1)? <4He. (5.41)

Step 1. We want to show that T, > T,, provided € is small.

If not, 7,, < T,. We know on [0, 7, ], Propositions 4.3 and 3.13 hold. So there is a con-
stant ¢4(My) depending on M, such that for ¢ € [0, T, ],

Z(Ilrj(ia — DOl + 1T u@ 2 + 1T w(@)]l2) < ca(Mo)E@)'? < 4Hea(Mp)e. (5.42)

ljl=t
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Take
— MO
"~ 8Hcu(My)

Therefore for 0 < € < ¢;, we have that if on the interval [0, 7,,] C [0, T,) (5.40) holds, then
in fact on [0, 7,, ],

€1 (5.43)

. . . M,
D U (G = DO+ T u@) 2 + T w(@)l2) <

-0
5
NE

This contradicts with the assumption that 7, is the largest number < T such that (5.40)
holds. Therefore T,, > T, provided 0 < € <.

Step 2. We want to show there are constants ¢;, ¢, depending on M, and H, such that if
O<e<e,and T <eV/¢ then T, =T.

Let

1 1 1
minfer L , 5.44
€ =m { " 4H 32Hcy(My) 4HJc3(My) } 4D

and € < €;, where c,(My), c3(My) are as given in Proposition 4.6. From Step 1, we know
T, = T.. We want to use Proposition 4.6. Let

1 1
Ty = min{e200Fe | ¢4/esMte |, (5.45)

Assume T < T;. Therefore the assumptions of Proposition 4.6 hold on [0, 7], and we have
fort € [0, T,]

E(0) _ H?e?

<2H?*,
1 —e3(My) In?(t + €)E(0) ~ 1 — c3(Mp) In(r + e) H?€2 —

€(r) =

so &(t)'/2 <2He on [0, T.]. Because T, < T is the largest such that (5.41) holds, we must
have T, =T.

Step 3. We want to show there exist 0 < €y < €, and Ty = e“/¢ < T}, where €y and ¢
depend on H and M, only, such that for € < €, (5.38) holds for all ¢t € [0, min{T*, Tp}).

Assume € < €. Let T € [0, min{T*, T1}) be such that on [0, T] (5.38) holds. From
steps 1 and 2 we know T,, = T, = T, and the assumptions of Proposition 4.6 and the inequal-
ity (4.79) hold on [0, T']. From (4.79) and Proposition 4.6 (4.103), there exists a constant
cs(My) > 0, such that for ¢ € [0, T],

16a (D)l o0 < c5(Mp) In@+e) €(t) < (4He)*cs(Mo) M~ (5.46)
t+e t+e
On the other hand, from b =k, o k~' we have k, =b o k. So
Oky = by o kky. (5.47)
Therefore
ko (0, 1) = kg (r, ) backi@ 0T (5.48)

This implies that

ko (ct, 1) > ko (cr, 0)e— o Iba@lzocdt o010 T,
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From (5.46) we know

T
/ 1bo (D) 11~ d < 8(HEI(T +€))%es(Mo).
0

Let

1 1
— To = min{Ty, e *HesMo) ), (5.49)
4H \/c5(My) }

Assume € < €. If T < min{T*, T;} is such that on [0, T'] (5.38) holds, then

€ = min{ez,

T 25
/ e (@)l 1mdr <2 <In 2
0 2

consequently

2

ko(a,t) > —

@z 33

This implies that the set of 7 € [0, min{7y, T*}) such that (5.38) holds is open in

[0, min{T™*, Tp}). It is clear that the set of such T is also closed and nonempty in
[0, min{T™*, Ty}). Therefore (5.38) holds for all € [0, min{T*, Ty}).
Step 4. Assume € < ¢y. We want to show T* > T = e/, where

1
ko (o, 0) > 30 on [0, T].

. 1 1 1
c:mln{scz(Mo)H’ 4/cs(M)H’ 4H«/M},

and for 7 € [0, Ty], z = z(+, t) is a graph.

Assume € < €. Let T, = min{T*, Tp}. We know from steps 1-3 that on [0, T}), k(-, 1) :
R — R is a diffeomorphism and (5.38), (5.40) and (5.41) hold. Furthermore from (3.43) and
Proposition 3.13, we know

Z I/ b)), < c(Mo)E(®) /> <4Hec(My) fort €0, T,) (5.50)
[jl=l

for some constant c(My) depending on M. Using (5.48) and (5.50), we now show that
the assumptions of Lemma 5.4 (with ¢ =) hold on [0, 7,), with L depending only on
No, My, H, T, and €. First, from (5.50) and Proposition 3.5, we know for ¢ € [0, T}),

ke (Dl iy = 5@ |y < ¢ Y IT/b@)12 < e Hee(Mo) (5.51)

lil=t

and

ba ()l oy < ¢ Y IT/b(1) 12 < 4cHec(Mo).
ljl=t

Since 1/4 < k,(a, 0) <7/4, therefore for t € [0, T},),

ief4cH€C(MQ)T* < ka (a’ t) — ka(Ol, O)ef(; byok(a,t)dt < %e4CHEC(M0)T*' (552)
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Using Lemma 5.4 (¢ = 1) we have for ¢ € [0, T}),
DM k@I2 =) T Bob®l2 < Y IT b < 4e;Hec(My),
ljI=1 ljl1=1 ljl=1

with ¢, depending on H, My, T, and €. On the other hand, for any function f,

fot 0o f (a, T)dT, if I' = 0,
F/ fla,7)dt =4 f(a,1), if ' =0, (5.53)
0
JoLof(@,©)+ L f(a, 1) dr, ifT =L,

From Lemma 5.3, we know Z\jlsl TV (ky — 1)(0)]|» < oo. Therefore from (5.48), (5.50)
and Lemma 5.4 (¢ = 1) we have for 7 € [0, T},),

D I ke = D)2 < c(Z 1T (ko — 1)(O) 12+ 1)(2 I (elo ook @™ — 1y, 4 1)

[j1=1 [jl=1 [jl=1

=< C(N()’ M07 H’ €, T*)
with ¢ an absolute constant, c(Ny, My, H, €, T,) depending on Ny, My, H, €, T,. Us-
ing (5.48), (5.50), (5.53), Lemma 5.4 and an inductive argument, we see that the assump-

tion (5.28) (with g =) of Lemma 5.4 holds on [0, T}), with L = L(Ny, My, H, €, T,) de-
pending only on Ny, My, H, €, T,. Therefore by using Lemma 5.4 again we have that

sup > (I 2Ol 2ry + 1T 20Ol 12z
(0.7) lj1<[$1+2

< sup Y (1T (w0 k)() I 2r) + T (w 0 k) (D)l 2k)
0.7 1=

< c(No, Mo, H, €, T,) sup > (IT7w(®)ll 2z + IT7u () 12x))
[0.T%)
=

<c(No, My, H, €, T,) My < 00,
here ¢(Ny, My, H, €, T,) is a constant depending on Ny, My, H, €, T,. Now because on

[0, T,) (5.38) holds, and by the definition of the diffeomorphism k, 2x = k + h, therefore
2xq(a,t) = ky(a,t) + ho (o, t) > 1/100, so for ¢ € [0, T,), z = z(-, t) is a graph, with

(2 1) — 2(B.1)] = [x(e 1) — x(B. )| = 2(1)—0|a Bl fora, BeR.

This proves that T, < T*, for otherwise it contradicts with (5.11). Therefore Ty = e/ < T*.
This proves Theorem 5.5. O

5.1 A discussion of the initial data

We now give some sufficient conditions on the initial data so that the assumptions (5.35),
(5.36) and &(0) < H?€? of Theorem 5.5 hold. Let
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L@=a+iy@)=a+ief (),
(5.54)
z(e,0) =u’() = €g(a),  v(z,0) =€g(2),

where v(-, 0) is the initial velocity field. So v(-, 0) or g is a holomorphic function in the initial
fluid domain €2(0) and g(z°(ar)) = g(«). Assume that the initial data satisfies (5.6)-(5.9).
Assume

Y AT fl + 1T full ) =Ny <o, Y (ITVgll2 + 1T gall2) = Ny < 0o,
ljl=t [jl=t

(5.55)
Z [1(z0:) &ll 12y = N3 <00, forI'=39,, L.
Jj<i-2

Notice thatatt =0, Ly = @d,. We now show that there exists €y = €(Ny, N1, N>), a constant
depending on Ny, N, N,, such that for € < ¢, (5.35), (5.36) hold. Moreover, there exists a
constant H = H(N,, N,, N3) depending only on N, N,, N3, such that €(0) < H?%e2,

We start by assuming 0 < € < min{1, No/N1}. This implies > ,_, 182y%1 2 < No, so
1/4 <ky(ct,0) <7/4. Now from the assumption (5.54), we know

12%) = 2°(B)| > | — B| foralla, B € R. (5.56)

Using the compatibility condition (5.7)—(5.8) and Lemma 5.2 (m; = 0), (and (3.9), (3.12),
(3.14) and Propositions 3.2, 3.3, 3.5) we have

> I vl
lil=t

<3 AT (@ = D2l + 1T (5 = D)

lil=t

<c(Ny, Nz)(Z(an'uOn% +IT7 (zg — 1)||2) <ec(Ni,Ny) for T = Lo, 8,

ljl=t

here c¢(Ny, N,) are constants depending on N;, N,. By taking successive derivatives to ¢ to
the system (5.1) and using an inductive argument, Lemma 5.2 and the assumption (5.55),
we obtain

Z(llrj(za = DOz + IT72:(0) 2 + 1T 2 (0)[l2) < €c(Ny, Na) - for T' = d;, Lo, 3

ljl=t

for some constant c¢(N;, N;). We resume the convention that I' = Ly, d;, d,. Using
Lemma 5.3 part 3 and it’s Remark 2, we have that

S I (ke = DO < €cNi No). Y ITK O Sec(Ni N (5.57)
|j1=t |jl=t

Therefore from Lemma 5.4, we get

> UM G = DO 2 + IT7u(O)l2 + [T w(0)[12) < €€ (N1, N2)

lil=t
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for some constant ¢; (N, N,) depending only on N;, N,. From Proposition 3.5, (3.46),
(3.54), notice that (3.46), (3.54) hold without any smallness assumptions on M, we have

DM 00 I+ Y 1T 8 x (0) 2

[jl<i—4 ljl<l=2
SC< D920+ Y ”FjaaX(O)HLZ) <ecr(Ny, Na)
[jl<i=3 ljl<i—1
for some constant ¢;(N;, N,) depending only on Ny, N,. Take
Ny M, 1 }
Ni" 2¢i(N1, N2) " 2¢2(Ny, No) |

€ :min{l,

We have that for 0 < € < ¢, (5.35), (5.36) hold.
Assume 0 < € < €y. We now consider &(0) = EY(0) + EX(0) + E*(0). Notice that
from (3.49), (2.5) we have

0V = (1 - {aH§l>8av (5.58)

o

and from (2.35), (2.5), (3.14),

;a_Ea

o

gV = 20U — (gﬂ{i + Eaﬂ_i>aau — [0qu, H]
3 (G — Lo N L[ e, ) —u(B. 1) (Gula 1) — E5(B, 1))

—[u,H
.7l e mi (&(a, 1) = (B, 1))

(s — p) dB.
(5.59)

Using Proposition 3.7 (3.30), Lemma 3.12, (3.37), (3.43), (3.46), (3.50), (3.54), (2.51),
(5.58), (5.59) and Propositions 3.2, 3.3, 3.5, we have

E'O) +EX O+ Y / mKat+b3a)rj)»(0l,0)|2d01EGZC(Nl,Nz), (5.60)
[jl=st=2 ’

for some constant c¢(Ny, N,) depending on Ny, N,. Furthermore, we have from (2.51), (2.36)
and (3.2), Propositions 3.2, 3.3, 3.5 that for n} = 550/ 92L&, with j = ji + jo + j3 <
[ —2,and j; + jo > 0,

‘ / i’ (@, 0)0,7) (@, 0) dar

< IO 1375 Ol < (N, Ny (5.61)

for some constant c¢(Ny, N,) depending on N;, N,.
The only term left to be estimated is | [ inj? (o, 0)9, ﬁj? (o, 0)da| in E*(0) where

ni=——Ljr, j<I-2. (5.62)
For this estimate we need Nj. Notice that for our domain €2(¢), the Riemann Mapping

(-, 1) : Q(t) > P_ defined in (2.18) has the property that ®(z, ¢) — z is holomorphic in
Q(t) and there exists a real number d(¢), such that

O(z(a,t),t) —z(a,t) =h(a,t) — x(o, t) —iy(a,t) > d(t) aso— +oo
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therefore x (o, t) —k(a, t) —d(t) —iy(a,t) = D (z(e, 1), 1) —z(ar, 1) —d(t) — O as |a| — o0
and

I-—9)(x—-—k—d—iy)=0.
Using Lemma 5.2 (m; =0, at t = 0), and (5.55) we have

STk —x —d)(O)ll2 < c(N) Y Ty <€c(Ny)  for [ =L, . (5.63)

1jl1=l 1jl1=l
Notice that at t =0, x(«, 0) = «, and
Lotk —x —d)(«,0) = aky (a0, 0) — a0 = a(ky (a0, 0) — 1). (5.64)

We have further that

ld(0)] =

=

1
/ (ky(ct,0) = 1) do
0

/oo(ka(a, 0) —1)da
0

+'/Oo(ka(a,0)—1)da
1
< llke = 12 + I Lotk —x = d)(0)]l2 < €c(Ny, Na). (5.65)

We need some further facts.

Claim 1 Let Ry = 5"%’;’0 be the double layered potential operator. Let 7' (o) =
(1 —1)2%a) + tZ%w). Then

9o f

0,27

1
280 f = (%o -H;Jo)f:/ [2iy°, 9.1] dt. (5.66)
0

Here 9,: is the Hilbert transform associated to the curve z°.

Notice that ) = $.0 and —5;)0 = $.1.(5.66) is a simple consequence of the fundamental
theorem of calculus and (2.3):

O
f drt.
0y 2°

1 1
(90 +H0) f = —(H2 —ﬁZO)fZ—/ [81:757):T]fd‘[:/ [2iy°, $:r]
0 0

Let ¢ (-, 0) be the velocity potential at r = 0 and é it’s complex conjugate, so E(z) =
6 z,0) +id(z) is holomorphic in ©(0), and V(z,0) = 38,E(z). Let ¥°(a) = ¥ (,0) =
¢ (z%(a), 0). Notice that (I + ) (I + £o) ™' is the boundary value of a holomorphic func-
tion in Q(0) and Re{(I + $¢)(I + Ro)~'¥°} = ¥°. Without loss of generality we choose é
so that

Eoz’ =+ 90U+ Ro) 'y’ (5.67)
Recall A(-,0) = A ok(-,0) = (I — H)¥°. We have

Claim 2
A0 =Eoz’ =+ ) + Ko) ' Koy’ (5.68)
(5.68) follows from the following calculation:
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I-9-U+9HU+H

1 _ _
= [5(1 —9QI+H+H - +ﬁ>](1+ﬁ)‘1
1 _ _ 1 _
= [5(1 -9HU+9H-d +5§)}(1 +R) = —5(1 +9UI+9HUT+R)!

1 -
=—3U+9O+ NI+ =—U+NHU+ R 'R
In this calculation, we used repeatedly the fact that $? = I. This gives us (5.68).

Claim 3 We have

J
PI—Q/ =3 PP - 0)0"". (5.69)

k=1

(5.69) is straightforward.
We now consider Ifin}(oz, O)Baﬁ}(a, 0) do|, where r]; is as given in (5.62). With the
change of variable k, we have

/inﬁ(a,o)aaﬁﬁ(a,o)da:/i(Uknﬁ)(a, 0)8. (Uk 7)) (@, 0) dax
and
I—$ o
U = T(UkLOUk YA

At t =0, we know

. _ k(a,0) _( ke, 0) B
U LoUy f(cx,O)_ka(d,o)aaf(a,O)_<ka(a’O) oe>8af(¢x,0)+Lof(oz,0). (5.70)
Let
_ k(a,0) B
Bl(a)_ka(a,o) o
So

d0)  k(x,0) —a—d(0) B o (ky(a,0) — 1)

B (a) — 3 =
«(@,0) kq (a, 0) ke (a, 0)

From (5.57), (5.63), (5.64), we have

j d(0)
Yo (B - <ec(Ni, Ny)  for T =ady, b 5.71)
ljl<i-1 ke L2(R)
Now using (5.69), we get
11— Ly o B
Unj = —5— LéA-l-ZT(UkLOUk DK (Ba)LET' A atr =0.

k=1
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Let
I—9
nj = TL{)A.

Using (3.2), (2.36), (5.70), (5.71), (5.57), and Propositions 3.2, 3.3, 3.5, we have that there
exists a constant c(Ny, N;), such that for j </ —2,

‘ / [i7 . 0) B 7 (@, 0) — i’ (et, 008,77} (t, 0)] d

= ‘ / [ U’ (e, 0)8, (Uit (@, 0) — i} (er, 08,77} (@, 0)] det| < €2¢(Ny, Na). (5.72)

To estimate of the term | ['in}(c, 0)3, 7} (@, 0) der|, we decompose further 7). Let

R=—(+ 90U + Ko) ' Koy°.

Therefore by (5.68), A(-,0) = B 0 z° + R. Now

I — . I+ 60 . .
n(-,0) = zﬁoLéAc,O): 00 1 IAC.0) — BoLJAC0)
I+90 I+9, .
= zﬁoL{,Eoz‘H—%%LSR—KOL{,A(-,O).
Let
I+9 =
77§= ZSOL{)EOZO.

Using the fact that 9, 1° = Re{t°z%} and (5.66), (3.2), (2.36), and Propositions 3.2, 3.3, 3.5,
we have that there exists a constant ¢(N;, N;), such that for j <] —2

‘ [ lin} (e, 0)0,7} (e, 0) — i ()07 ()] det | < €7c(Ny, Ny). (5.73)
Since at t =0, Ly = «d,, we have for any holomorphic function & in €2(0),
Lo(€ 0 2°) (@) = 20 () (3.£) 0 2°(e)

= (azg (@) = 2°(@))(3:8) 0 2°(e) + (29:€) 0 2°(0)

_ azg(e@) — (@)

e oD@t @@, 5T

Notice that in (5.74), the function zd,£(z) is also holomorphic in €2 (0). We know azg () —
) = i(@dyy° () — y'()). Let

azd(a) — 2%(a)

By(a) = @)

‘We have

> I Bl 2k < €c(Ny)  for T = Lo, 3, (5.75)
|jl<l—1
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for some constant c(N;) depending only on N;. We decompose n_% as follows:

) I+f.)0

=5 (L~ () B0+ (2d) Bod’

J
I1+9 i _ ;
= TR B ) B o+ () B o
k=1

J
I+%0 ;- g j =
=Y L (Bt (Lo — Bad) 1B 02+ (20) B o2
k=1

Here we used the fact that (z9.)’ E is holomorphic in € (0) and (5.69). Using (3.2), (5.75),
the fact that 8, (E o z%)(«) = zg ()1’(a), and Propositions 3.2, 3.3, 3.5, we have for j <
-2,

‘ / i3 (@) 37 (@) — i(20:)) B 0 2°(@)3e{(20:)’ B 0 (@)} da| < €*c(Ny, Ny)  (5.76)

for some constant ¢(N;, N,) depending only on N;, N,. Now using Green’s identity, we
have

/i(zaz)/ E 0 2%(@),{(23,)’ E 0 2° (@)} dex

22/ Iaz(zaz)fE(z)lzdxdyZZ/ (9:2)/V(z, 0)|* dxdy
Q(0) Q(0)

< 2¥TIENT, (5.77)

Sum up (5.60), (5.61), (5.72), (5.73), (5.76), (5.77), we conclude that there exists
H(N,, N, N3), a constant depending only on N, N, N3, such that

€(0) < H€>.
Therefore the initial data given by (5.54), (5.55) satisfy the assumptions of Theorem 5.5.
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