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Abstract: We consider the motion of the interface separating a vacuum from an invis-
cid, incompressible, and irrotational fluid, subject to the self-gravitational force and
neglecting surface tension, in two space dimensions. The fluid motion is described by
the Euler—Poisson system in moving bounded simply-connected domains. A family of
equilibrium solutions of the system are the perfect balls moving at constant velocity. We
show that for smooth data that are small perturbations of size € of these static states,
measured in appropriate Sobolev spaces, the solution exists and the perturbation remains
of size € on a time interval of length at least ce ~%, where c is a constant independent of
€. This should be compared with the lifespan O (¢ ~!) provided by local well-posedness.
The key ingredient of our proof is finding a two-step nonlinear transformation which
removes quadratic terms from the nonlinearity. Compared with the gravity water wave
problem, besides the different geometry of the bounded moving domain, an important
difference is that the gravity in water waves is a constant vector, while the self-gravity
in the Euler—Poisson system depends nonlinearly on the interface.

1. Introduction

We consider the motion of the interface separating a vacuum from an inviscid, incom-
pressible, and irrotational fluid subject to self-gravitational force in two spatial dimen-
sions. We assume that the fluid domain is bounded and simply connected and the surface
tension is zero. Denoting the fluid domain by () C R?, the fluid velocity by v, and
the pressure by P, the evolution is described by the Euler—Poisson system
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Vi+(v-V)vy=—-VP —-V¢ in Q@),t>0,
divv=0, curlv=20 in Q(@),t>0, (1.1)
P=0 on 0Q(1),

where the self-gravity Newtonian potential ¢ satisfies

A¢ =21 xow), (12)
- X—y .

Vo (x) = ffg(t) x—y P2 dy.

In the equilibrium case where the total force from the pressure and self-gravity are

balanced, a ball in R?, possibly moving with constant velocity, gives a static solution of

the system (1.1)—(1.2). An important stability condition for this problem is the Taylor

sign-condition [36]

8_P <0,

on
where n is the unit outward pointing normal to the boundary of the fluid region. In
two dimensions and without the irrotationality assumption, a-priori estimates for this
problem were obtained by Lindblad and Nordgren [29] under the assumption that initially
the Taylor sign-condition holds. In three dimensions, Nordgren [31] proved local well-
posedness. In our case where the fluid is incompressible and irrotational, the Taylor
sign-condition holds automatically. Indeed by taking divergence of the first equation in
(1.1) and using the fact that A¢ = 27 in Q(¢) we see that in Q(¢)

AP = —A¢ — |Vv|> = =27 — |Vv|> <0,
so by the Hopf’s Maximum principle

oP
— < 0.

on

In this paper we show that if ¢ < 1 is the size of the difference of the smooth initial data
from one of the equilibrium states above, measured in Sobolev norms, a unique solution
exists and its lifespan has a lower bound of order O (¢ ~2). This should be compared with
the O(e!) estimate from local well-posedness. The key to obtaining our long-time
O (¢~2) estimate is to find a new unknown function and a coordinate change such that in
the new coordinates the new unknown satisfies an equation with only cubic and higher
order nonlinearity.

To state our main theorem more precisely we first discuss the reduction of the system
(1.1)—(1.2) to a system on the boundary 92 (¢). We occasionally use the notation 2; :=
€2 (#). When there is no risk of confusion we simply write €2; similarly we occasionally
write the parametrization of 92 := 9€2(¢) as z = z(-) instead of z = z(¢, -). Moreover,

we use the usual identification (i) > z = x + iy of R? with C to identify  with a

domain in the complex plane.
Letz(t, @), a € R, be a counterclockwise and 27 -periodic Lagrangian parametriza-
tion of 9€2. By this we mean

z:(t, ) = v(t, z(t, o)),
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s0 in particular
Z[I(L CY) = Vl(ts Z(t’ a)) + (V : VV)(ta Z(tv O{))
is the acceleration. The conditions divv = 0, curlv = 0 now imply that V is anti-
holomorphic in €2 and therefore z; is the boundary value of a holomorphic function in
2. It then follows, cf. Proposition A.1 in Appendix A, that
zr = Hzy,

where H denotes the Hilbert transform associated to €2 defined by

Py [ @ o py. [T [ )
Hier =" | i@ i by wap -zt ?OPP

for zo = z(t, ®) € 9K2. Since z is a counterclockwise parametrization of 92 the unit

exterior normal of this boundary is given by n := _I;Zr , and since P is constant on 9£2

we can write V P(¢, 7) = iaz, for a real-valued function
1 0P

|Zoz| 811'

It follows from (1.1)—(1.2), and these observations that z satisfies the fully nonlinear
system

{zt,_+ iaza = ~20:9, 13
Hz, =7,
or equivalently
{zn_— iaZ = ~20:9. 04
Hz; =7;.
As shown in Lemma 3.1 the gravity term in (1.4) can be written as
T —
—20z¢ = —5 U —H)z, (1.5)

which depends nonlinearly on the unknown interface. The remainder of this paper is
devoted to the study of this equation. Note that once a solution z to (1.3) is found, one
can recover v by solving the Dirichlet problem

Av=0, inQ
V=2, on 92

We can now state the main result of this paper. See also Theorems 3.2 and 6.2 for more
quantitative formulations.

Theorem 1.1. Let Qg be a bounded simply-connected domain in C with smooth bound-
ary 902y satisfying |Q20| = m, and denote the associated Hilbert transform by Hy.
Suppose zo(a) = e+ ef (o) is a parametrization of 02y and z1(a) = vy + €g(a)
where f and g are smooth and g satisfies Hyg = g, and vy € C is a constant. Then
there is T > 0 and a unique classical solution z(t, ) of (1.3) on [0, T) satisfying
(z(0, @), z: (0, @) = (zo(), z1(@)). Moreover, if e > 0 is sufficiently small the solution
can be extended at least to T* = ce 2 where ¢ is a constant independent of €.
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Remark 1.2. The normalization |Q2¢| = & is made only for notational convenience. By
the incompressibility of the flow the area of €2 (¢) remains constant during the evolution,
and our proof goes through without this assumption by renormalizing the transformations
in Sect. 3.

Remark 1.3. The constant vg € C corresponds to the fact that we consider the stability of
the equilibrium solution ¢'® + vyt. In practice we work in the center of mass coordinates
(see Sect. 3) to reduce the analysis to the case vy = 0.

We continue with a brief historical survey of developments related to Eqgs. (1.1)—(1.2)
followed by a discussion of the main difficulties in the proof of Theorem 1.1 and the
ideas for resolving them. To the best of our knowledge, the only works on the Cauchy
problem for the incompressible Euler—Poisson system are due to Lindblad and Nordgren.
Although the proof of local well-posedness in [31] should extend to two dimensions,
for the sake of completeness we include a sketch of an alternative proof for the local
well-posedness of our Egs. (1.3)—(1.5) using Riemann mapping in Sect. 7. We discuss
our motivation for using Riemann-mapping coordinates in the discussion of the proof
below.

There are many more works on the related gravity water-wave problem, in which
the gravity is a constant vector. Local well-posedness was proved in [1,2,4,5,7,10—
12,20,26-28,30,32,34,38,39,42,44]. For global and almost-global well-posedness of
the gravity water-wave problem, first Wu obtained almost-global well-posedness in
dimension two in [40]. Then global well-posedness in three dimensions was proved
by Wu in [41] and by Germain, Masmoudi, and Shatah in [15]. The 2d result was later
extended to global well-posedness by Alazard and Delort in [3] and lonescu and Pusateri
in [22]. We refer the reader to [14,16,21] for other related developments. See also [17—
19]. For the long-time lifespan estimates of small smooth solutions in the aforementioned
works, the main idea is to use the method of the normal forms to eliminate quadratic
nonlinearities, although the exact analysis in carrying out the idea varies. Almost-global
and global existence rely on the dispersive property of the equation. The use of normal-
form transformations in the study of evolution PDEs has a long history, and here we
mention for instance the works [13,33,35].

In this paper, we construct a two-step nonlinear transformation to remove the quadratic
nonlinearity in the equation. The advantage of this approach is that once the transfor-
mation is derived, the construction of the energy is very natural and the analysis is
much simpler. Most importantly, the nonlinear transformation and the equation it sat-
isfies reveal deep structural properties of the equation in exact form, which we believe
will be useful for further investigations. An analogous transformation was discovered
by the last author in [40,41] for the gravity water-wave problem. The crucial differences
between the present problem and the gravity water-wave problem are that the gravity of
the water-wave problem is a constant vector while in the Euler—Poisson system (1.1)—
(1.2) the self-gravity V¢ depends nonlinearly on the interface, and that the fluid domains
of the two problems assume different geometric forms. From a physical point of view
an important difference between the self-gravitating one-body problem (1.1)—(1.2) and
the gravity water wave problem is that they are subject to two different types of physical
forces, one internal and the other external. As in [40,41], the construction of our nonlin-
ear transformation is non-algorithmic. While the near-identity transformation for water
waves in [40] is for perturbations near the flat interface, our near-identity transformation
is for perturbations near the unit circle. Our construction is accomplished via a thorough
analysis of the structure of our equation, in particular, of the nonlinear gravity and the
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geometry. We mention that our nonlinear transformation can be easily modified to allow
non-constant vorticity, see Appendix B. Finally note that since the fluid domain €2 () is
bounded, dispersive tools are not available to prove global well-posedness at the time of
writing this paper.

We now turn to the discussion of the main ideas of the proof of Theorem 1.1. The
two-step nonlinear transformation described above, consists of finding a new unknown
and a coordinate change such that the new unknown satisfies an equation with only cubic
and higher-order nonlinearities in the new coordinates. To understand what we mean by
cubic we have to specify what kinds of terms are considered small. Recall that we are
studying the stability of the static solution! z(r, @) = €, z;(t,) = 0. It therefore
makes sense to consider a quantity depending on z to be small if it is zero when z is
the static solution. For instance the quantities |z|*> — 1 and z; are considered small, and
to say that the nonlinearity is “cubic and higher order” means that every term in the
nonlinearity is the product of at least three small terms.

The new unknown Let & := |z|> — 1 and denote by § the projection of & onto the space
of functions that are holomorphic outside €2 (see Appendix A), that is,

6: = —H)e
where H is the Hilbert transform. Then § satisfies
(82 +iady, —m)8 = (I — H)(? +iad, — m)e — [0> +iady, H]e. (1.6)

The first step in our proof of long-time existence, which is carried out in Proposition 3.15,
is to show that the right hand side of this equation contains no quadratic terms, or in
other words

(9% +iady — )8 = cubic.

This comes from a careful analysis of the holomorphicity structure of the equation
satisfied by €. More precisely, the projection operator I — H already annihilates the
holomorphic quadratic nonlinearities in the equation for €, and the key observation is that
the remaining quadratic contributions exactly cancel out with the commutator above. An
interesting point, which can be seen from an inspection of the proof of Proposition 3.15,
is that the same transformation formally? yields a cubic equation even if we turn gravity
off by setting V¢p = 0. In fact, a large part of the proof of Proposition 3.15 consists
of showing that the quadratic terms contributed by the gravity cancel out with each
other. As already mentioned, the nonlinear gravity is one of the key differences with the
water-wave equation.

The coordinate change. To prove energy estimates for this equation we need to have
control on the size of the coefficient a, and the dependency of a on z is nonlinear. Now
a careful computation shows that the contribution of the term iad, 4 to the nonlinearity
is quadratic. To remedy this problem, we exploit the remaining freedom in the equation,
that is, the choice of coordinates. More precisely, note that the right hand side of (1.6)

1 More precisely we consider the stability of the solutions z(¢, @) = e 4 vot where vy € C is a constant
initial velocity. However, by working in the center of mass frame we are able to reduce to the case vy = 0.
See Sect. 1 below as well as Sect. 3.1 for more details.

2 We say “formally” because in the absence of gravity our equilibrium solutions have no special significance,
so we need to interpret smallness with respect to the equilibrium solutions in the presence of gravity.
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is invariant under change of coordinates, whereas a = ﬁ %—ﬁ varies under coordinate
103

transformations k£ : R — RR. Given such k and with the notation
x:=80k™', A:=(akg)ok™', b=k ok,

we see that y satisfies

((a, +b3g)? +iAdg — 71) X (t, B) = cubic.

The idea now is to choose k in such a way that b and A —r are quadratic. Here in the static
case the transformation k is simply the identity and A is the constant 7. We will show in
Sect. 3 that these conditions will be satisfied if we choose k so that ze'¥ is the boundary
value of a holomorphic function F (¢, z) in 2 such that log F is also holomorphic in
and in addition F satisfies the normalization F' (¢, 0) € R.. The proof of the existence of
k satisfying these conditions reduces to solving a Dirichlet problem in €2. See Sect. 3, in
particular Proposition 3.20 and Remark 3.21, for more details. This non-trivial choice
of k comes again from gaining a structural understanding of the equation, and the fact
that an extra normalization F'(¢, 0) € R, is needed is related to the geometry of the fluid
domain. Indeed, this is reminiscent of the freedom in the choice of Riemann mappings
for bounded simply-connected domains, and should be compared with the normalization
in our choice of Riemann mapping in the proof of local well-posedness (see below).

Positivity of the energy. With the above choice of k we have obtained our cubic equation,
and we next focus on the energy estimates for the equation

((a, +b0)? +iAdg — 71) ® = cubic,

where ® = (I — H) f for some f. Unfortunately the operator i Adg — 7 is not positive
even when restricted to the class of functions satisfying ® = (I — H) f. On the other
hand, we observe that if we are in the static case z(t, @) = €' sothat A = 7, then a
Fourier expansion shows that idg — 1 is indeed positive on the class of functions with
only negative frequencies, i.e., functions of the form ® = (I — H) f where now H
is the Hilbert transform associated with the unit circle. This suggests that the negative
part of i Adg — 7 should be higher order with respect to our energy, and in Sect. 5 we
show that this is indeed the case. As shown in Lemma 5.7, the most natural way to
see this structure is to work with the quantity (z o k~1)® instead of ©, but a careful
examination of the statement of this lemma shows that the main estimate comes with
a loss of a half derivative. Therefore, to control the negative part of the energy without
loss of derivatives, a very careful choice of higher-order energies is needed, which is
based on the observation that the negative error for the energy for the time derivative
of x is controlled in terms of yx itself. For a more detailed discussion of this point
we refer the reader to the paragraph following the proof of Lemma 5.7. The detailed
execution of these ideas is contained in Sect. 5, and specifically in Lemmas 5.8 and 5.9
and Corollary 5.10.

A formula for the center of mass. We close our discussion of the proof of long-time
existence by describing an extra difficulty that arises from working in the center-of-
mass coordinates to handle the constant-velocity motion of the equilibrium balls. It is
important for the construction of our transformation that the center of mass of the domain
moves along a straight line in C. This fact which is consistent with physical intuition,
as no external forces act on the body, is proved in Proposition 3.4. However, to be able



Lifespan of Solutions to the Euler—Poisson System 167

to use this fact to obtain estimates for the new unknown y it is important to obtain an
expression for the center of mass in terms of our transformed quantities. This expression
which is obtained in Proposition 3.5 plays a crucial role in estimating x and its first
derivative in terms of our energies, as shown in the proof of Proposition 4.20.

Riemann mapping and local well-posedness. In our proof of local well-posedness we
use a Riemann mapping to derive an explicit formula for the important quantity —%—ﬁ,
analyze the interface equation, and derive the quasilinear equation. The advantage of
Riemann-mapping coordinates is that it simplifies the structure of the interface equation.
In particular the Dirichlet-Neumann operator is simply |d,| in these coordinates, and
the holomorphicity condition is expressed in terms of the Hilbert transform associated
with the unit disc, which is a linear operator. The importance of Riemann-mapping
coordinates in studying free-boundary problems is by now well-established and far-
reaching consequences are known, see for example [25,38,43].

We end our discussion of local well-posedness by pointing out an important differ-
ence between the water-wave and self-gravitating models, stemming from the different
domain geometries. Whereas the requirement that infinity is mapped to infinity in the
case of the lower half-plane corresponding to the water-wave problem provides a natu-
ral normalization of the Riemann mapping in that case, the choice of normalization is
not clear in the self-gravitating model. Indeed, as shown in Proposition 7.3, a judicious
choice of normalization is needed to guarantee that the contribution of B does not depend
on the highest-order derivatives of the unknown. As we already mentioned above, this
should be compared with the required normalization in the choice of coordinate-change
k in the proof of long-time existence.

1.1. The case of constant vorticity. In Appendix B at the end of this paper we show
that our transformations can be easily modified to allow for nonzero constant vorticity,
and a similar energy method as in the irrotational case gives an estimate T > €~ for
the lifespan T of solutions with data which are size € perturbations of the equilibrium.

Assuming that the fluid vorticity is 2wp, we find that when a)g < 7 the Taylor sign

condition % < 0 is satisfied and the fluid motion is stable. When w(z) > 7 we have

% > 0 if the fluid velocity is close to that of the equilibrium state, leading to instability.

Our interest in constant vorticity was sparked by the recent paper [19] of Ifrim and
Tataru, where they investigated the gravity water wave equation with constant gravity
and constant vorticity.

1.2. Organization of the paper. The rest of this paper is organized as follows. In Sect. 2,
we collect some analytic tools which are used in the rest of the paper. The proof of the
long-time existence statement of Theorem 1.1 is the content of Sects. 3—6. The proof
relies on the existence of a local-in-time solution, but as local well-posedness is not the
primary focus of this paper the proof of local well-posedness is postponed to Sect. 7,
where Riemann mapping coordinates are introduced and the quasilinear structure of the
equation revealed. In Sect. 3 we introduce the normal form transformation and obtain the
desired cubic equation discussed above. In Sect. 4 we investigate the relation between the
original and transformed quantities, and how estimates on one set of quantities translate
to estimates for the other set. In Sect. 5 we introduce the energies and carry out the
energy estimates, and finally in Sect. 6 we combine the results from the previous three
sections to conclude the proof of long-time existence. Appendix A contains a review of
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basic facts that are used about the Hilbert transform in this paper. As mentioned above,
Appendix B is devoted to the case of constant vorticity. For the convenience of the reader
we have provided a list of notations we use in this paper, before the references.

2. Analysis Tools

In this section we collect a number general estimates which will be used in the rest of
the paper. Most notably we will provide classical estimates on certain singular integral
operators adapted to our case. Throughout this section we let

3:[0,27] > aQ C C

be a parametrization of the (closed) boundary of a domain 2 in C. We require 3 to be at
least C1, but most of the results in this section hold under the weaker assumption that 3
is Lipchitz. By abuse of notation, for a function A : 92 — C, we write A(«) instead
of A(3()). In this context A’(r) means d,A(3(cx)), so for instance if A = |5|2 -1
then A’ = 2Re334. In the proof of local well-posedness 3 will usually be chosen as
3() = €' or 3(t,a) = Z(t, ). For the long-time existence we will often consider
3(t, ) = ¢(t, ) or 3(t, ) = z(¢, ) (the definitions for Z and ¢ will be given in later
sections).

Even though the functions in this section depend only on « and not on #, we use
the notations LY and H? for the Lebesgue and Sobolev spaces in the variable « to be
consistent with the rest of the paper. The following standard Sobolev estimate will be
used throughout this work, often without reference.

Lemma 2.1 (Sobolev). There is a constant C such that for all f in the Sobolev space
H,

Il < CULF Nz + Noafl22).

We now turn to the main estimates of this section. We are interested in bounding
operators of the forms

o i<m Ai — Ai
Ci(A, Ha) = p.v./ [Ticm (Ai(@) B8)

dag, k < 1,
b G@) —38)™ T kG(@) —3(B)F f(B)dp <m+

2.1)
and

[Ti < (Ai (@) — Ai(B))
G(@) — 3B Gla) —3(B))

2
Cr(A, (@) :=/0 g f (BB, k=m. (22)

The two propositions below are due, in their original forms, to Calderon [6], Coifman,
Mclntosh, Meyer [9], Coifman, David, and Meyer [8], and here we only provide the
straightforward modifications necessary for their application in our periodic setting. See
also Wu [40] for the proof of the second part of this proposition using these results and
the Tb Theorem.



Lifespan of Solutions to the Euler—Poisson System 169

Proposition 2.2. Suppose 3 satisfies

oY _ piB
sup | —— | < co
ap |3(c) —3(B)
for some constant co. Then there is a constant C = C(cg) such that the following

statements hold.

(1) Forany f € Lg,A; eLyP, 1<i<m,
IC1(A, Pz < C||A/1||Lg°~-~||A;n||Lg°||f||L§'

(2) Forany f € L, Al e L, 2 <i <m, A € L2,

o
IC1 (A, Hllz < CIAY N2 1AL e N AL el f Il

Proof. Propositions 2.2 is a consequence of Propositions 3.2 in [40]. Here we describe
the modifications necessary to apply this result to our setting. We restrict attention to
the casem = 1, k = 0, and write A instead of A;. The general case can be handled in a
similar way. With x denoting the characteristic function of the interval [0, 2] we have

2T A(e) — A(B) )2
L= _— d d
/0 (/0 G g2 PP de
A(@) — A(B) )2
= - d dao. 2.3
/Rm)( | G@ 32 (BT PBB) de 23)

Since A appears only as A(o) — A(B) in this expression, we may assume without
loss of generality that A(0) = A(2w) = 0. We introduce some more notation. First let

Xj» J =1, 2,3 be the characteristic function of the interval [w, 2]%]. Next define
Aby A(a) = A(a) ifa € [—4r, 4] and A(e) = 0if o ¢ [—4m, 47). Let

/ /
- 5
Kim{weClw=39"3B) ¢ ome Io/—ﬂ/|§?n}g<c.

0/—,3/

From the assumptions of Proposition 2.2 it follows that K does not contain the origin
w = 0in C. Let K’ D K be a compact set containing K such that 0 ¢ K’, and let ¢
be a cut-off function supported in K’ and equal to one on K. If follows that the function

is smooth. With these definitions we have

3 ~ ~ 2 3
Aa) — A(B)

LS i — ; dB| doa=: )" Li,
S /Rx(or)x (a)< - G@ _3(ﬁ))2x(ﬁ)x,(ﬁ)f(ﬂ) ﬂ) a J

i,j=1 i,j=1
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and we will estimate these integrals separately for different values of i, j. First we treat
the case i = j, and for simplicity of notation we assume i = j = 1 :

~ ~ 2
- Aw) — A
L= [ x@n@|( | F("’(“) 3P )) R AR
R R a—p (@ —B)

A A 2
3(@) —3(B)\ Alw) — A(B)
S/R(fRF( oy ) P x(ﬁ)m(ﬂ)f(ﬂ)dﬂ) da

A2 2 2 2
SHZ}HCO]( ”A/“Lgo“XX]f”Lg(([O,Zr[]) S, ||A/||Lg°||f||L§([0,2n]),

where we have used Propositions 3.2 in [40] to pass to the last line. The case where
Jj =i+ 1is similar, and we now treat the case i = 1, j = 3. Using again Propositions
3.2 in [40] and the periodicity of A, f, and 3 we have

Aa) — A(B —27) >2
Liz= —2m)d d
1,3 /Rx(a)m(a) ( G =3B = 2n))2X(/3)X3(/3)f(,3 m)dp | da

_ / x(a)m(oc)( Mx(ﬁ’+2ﬂ)X3(ﬁ’+2n)f(ﬂ’)dﬂ’>2doz
R R (3(e) — 3(B8))?

~ ~ 2
_ / A _A /
</R</RF<5<0:) 5(;3)) @ (ﬁ)X(ﬁ,+2N)X3(ﬁ,+2n)f(ﬂ/)dﬁ/> o

- a—p ) @—B)
2 2
5”25”(;& A ||Lg<> ”f”Lé([O,zn])'
The remaining cases can be handled using similar arguments. O

A similar argument as in the proof of Proposition 2.2 allows us to deduce the following
result from Proposition 3.3 in [40]. We omit the proof.

Proposition 2.3. Suppose 3 satisfies
ol _ oiB

— =0
3() —3(B)

sup

a#p
for some constant co. Then there is a constant C = C(cp) such that the following
statements hold.

(1) Forany f € L2, Al e L®, 1 <i <m,
IC2(A, Pz = ClA g NAL L2 I Fll 2
(2) Forany f € LY, Al e LP,2 <i <m, A € L2,

IC2(A, Hllz = CIAY N2 1AL Lge - N AR el f Il

The next lemma is a simple computation which is used in estimating derivatives of
expressions such as C1(A, f) and C,(A, f).
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Lemma 2.4. Suppose
2
K@) =p. [ K p)f(@)ip

where K (a, B) or e’ @ —e'P)K (a, B) are continuous and K is C' away from the diagonal
in [0, 2] x [0, 27]. Then

2
0K f(a) =Kfo(a)+ P-V-/O (0 + 9p) K (o, B) f(B)dB.

Proof. This follows from integration by parts. 0O

The following two lemmas are important corollaries of Propositions 2.2 and 2.3 and
Lemma 2.4. Recall that for a C! parametrization ¢ : [0, 2] — 9<2 of the boundary of
2 the Hilbert transform is given by

py. [T fB)
7 Jo £(B) — (@)

Lemma 2.5. Suppose ¢ : [0,2x] — 9 C C satisfies Zf:l ||8D{§||L§ < c for some
nonzero constant c, where £ > 4 is a fixed integer, and
eia _ eiﬁ

——| <o
3(a) —3(8)

Then there is a constant C = C(j, ¢, co) such that for4 < j <{

) 2 _
Z 8;/0 %Jf(ﬁ)dﬁ <CZ||8 gl Z 113}, Flizz.

i<j i<j i<j—1

Hf(w) = ¢p(B)dp.

sup
aFp

In particular

> |% <CY laigl 3 19N,

i<j i<j i=j—1

Proof. The second estimate follows from the first by writing
1 2 o) —

e, H]i _f g(@) —g(B)

0o ¢B) =)

Sa i
To prove the first estimate we use Lemma 2.4 to distribute the derivative on f and g. In
the case where all derivatives fall on f Proposition 2.3 gives

/2” g(B) — g(@)
0 ¢(B) — (@)

When all derivatives fall on g we use the boundedness of the Hilbert transform and
Proposition 2.2 to estimate

f(B)dp.

8} f(Brdp

j—1
S 10agllege g™ fllzz-
L3

fh d}g(B) — ddg(e)
o B —t@) L

+IHF N2 S 18Jellzz (1 f N2 +19a flI2)-

FBdB| S N10fel 2 IH g
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The case when j — 1 derivatives fall on g and one derivative on f can be estimated
directly by Proposition 2.3. When j — 1 derivatives fall on g and none on f we have

2 @] g(B) — 04 8(@))(Ep(B) — Lule)
d
/0 f(Brap

(& (B) — ¢(@))?

Lg

F(B)Ep(B)dp

~

/zﬂ 8, 'e(B) — 8} 'g(@)
0 B - L@)?

Lg

+

2 ) g(B) — 9] g(e)
Ca(0) fo f b8 prap

(& (B) = ¢(@))?

Lg

which can be estimated using Proposition 2.2. All other cases can simply be esti-
mated by bounding the contributions of both f and g in L;° and using the embedding
LP < L2. O

Lemma 2.6. Under the assumptions of Lemma 2.5 for any £ > 4
DI =M fllz < C Y 18] fllzz,
j=t jst

where C depends on the H‘f norm of ¢.

Proof. This follows from Lemma 2.5 and Propositions 2.2 and 2.3 by writing

J J
8 (1= f=(—H)3] f— 3 001 1L = — 20300 £ = 3" 80~ 1)

i
o
i=1 bu i=1

t

where n := ¢y — i¢, Here to compute the commutator [9,, H] = [{q, H]?—Z we have
used Lemma 3.7. 0O

As another corollary of Proposition 2.2 and Lemma 2.4 we get the following L%’
estimate for C1(A, f), which is similar to Proposition 3.4 in [40].

Proposition 2.7. Suppose 3 satisfies
ol _ B
3(@) —3(B)

for some constant co, and A, A}, f, and f" arein L3 . Assume further that ||3|| g2 < M.
o
Then there exists a constant C = C(cq) such that

<o

sup
atp

IC1(A, PlliLge = C(A+ M) l_[ (1A llzge + WA N zge) (I Fllzge + 11 llzge) -

i<m

Proof. This follows from applying the Sobolev inequality to C (A, f) and using Lemma
2.4 and Proposition 2.2. Note that in view of the embedding L3° —> Li we may replace
the Lg norms appearing on the right hand side of the statement of Proposition 2.2 by
L3 norms. O
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We close this section by stating the following estimates from [42] (see also [38]
Lemma 5.2) which are proved using Fourier analysis. The adaptations from the case of
the real line to the circle are straightforward and omitted. Here H is the Hilbert transform
on the circle.

Lemma 2.8. Let r > 0, and g > 1/2. Then for any smooth functions a and u

e, Hlullmy < lall greelull gg—r. p = 0.

3. The Normal Form Transformation

In this section we begin the study of the Cauchy problem of the system (1.3) with
small initial data. We start with the following important representation formula for the
boundary contribution of the gravity term.

Lemma 3.1. —20;¢ = ——(I —H)z=-7mz+ 2(I + H)z.

Proof. With x = z(«) and by the dominated convergence theorem
Vo (x) = — /[ Vylog(|x —ydy = — lim f/ Vy log(x — ydy

where B, is a ball of radius € centered at x. We now identify R? with C in the usual way
and abuse notation to write for instance V¢ = 0x¢ +idy¢. Defining the vector fields

X = (log(Ix —yD,0), Y =1(0,log(|x —yl)),

we have

Vo(x) = —llmf/ (divX +idivY)dy = — lim (X+iY)-Ndo(y)
Q\Be =0Ja@\Bo)

where do is the line element of the boundary and N the outward pointing normal vector.
The boundary has two parts: C. corresponding to d B, and I'¢ corresponding to 9€2.
We can find ;1 (¢) and 6, (¢) which are O(¢) and such that I'¢ is parametrized by z(-) :
[0, 27 \[et — 61, ¢ +62] — T¢. The outward pointing normal vector is therefore given by
—izy/|zo| in complex notation or Tl € o (Im zy, —Re zy) in real notation. Similarly there
are numbers 71 (€) < 12 (e) in (0, 2n) such that in complex notation C; is parametrized
by0 € (n1, n2) — x+ee'? Tt follows form the computation above and the 277 -periodicity
of z(-) that

2m+o—682

Vox) =i lim log(|z(a) — z(B)Nzp(B)dp

€~ a+d;

n
— hm € log €| (1,i) - Nc.do
n

2
=if0 log(|z(er) — z(B)) g (z(B) — z(a))dp

_ /2” (z(er) — z(B))Re ((z(r) — 2(B))zp(B))
0 |z(e) — z(B)I?

dap
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i [* z() —z(B)_ i fzﬂ
= —— = =r dg — — d
2/0 Z(a)_z(ﬁ)zﬂ(m B=3 A z(B)dp

i (7 2e) = 2(B) T =
- __ dg = —( — H)z.
2/0 2 —z(p) P PP = I

O
In view of Lemma 3.1 we can replace (1.3) by
{ z,t_+ iaia =-5U - H)z, 3.1)
Hz: =7;.

The norms in which the data are assumed to be small will be made precise below. Our
main objective here to transform Eq. (3.1) to an equation for which the nonlinearity is
small of cubic order. Again the exact meaning of the term “cubic” will be clarified below,
but roughly speaking we consider a quantity to be ‘small’ if the corresponding quantity
in the case of the static solution z(f, @) = e""‘,, z:(t, @) = 0 is zero. This implies, for
instance, that the quantity (|zq| — 1)(|z|2 — 1)z; is thought of as cubic. However, before
we can investigate the structure of (3.1) we need to know the existence of a solution, at
least locally in time. Theorem 3.2 on local well-posedness for (3.1) is therefore the first
stepping stone in our analysis. Since local well-posedness is not the focus of this work,
we postpone the proof of Theorem 3.2 to Sect. 7 and until then we treat it as a black box.

1 1
Theorem 3.2. Let s > 5. Assume that zo € Hy > z1 € Hy 2 and |z0(e) — 20(B)| >
c(’)|ei°‘ — ¢'B| for some constant cy > 0. Then there is T > 0, depending on the norm of
the initial data, so that (3.1) with initial data (z, z;)|;=0 = (20, 21) has a unique solution
z=1z(t,a) fort € [0, T) satisfying forall j <s,

. . 1
9)z,9]z, € C ([O, 71, HO?) ,
Yz eC ([o, 1. Lg) ,

and |z(t, ) — z(t, B)| = %Neia — | for all a # B. Moreover, if T* is the supremum
over all such time T, then either T* = oo, or

el — ezﬂ

— | =0
z(t,a) — z(t, B)

sup (IIZnIIH;& + [zl 9) + sup
t<T* & t<T*
atp

Remark 3.3. Note that to prove local well-posedness we differentiate Eq. (1.3) with
respect to time (cf. Eq. (3.4)) to reveal the quasilinear structure, and treat the resulting
equation as a second order equation for z;. The original unknown z is then obtained from
z; by integration, which explains the choice of regularity for the initial data. See Sect. 7
for more details.

In what follows we will use the notation

a._n N
g = E([+H)Z’
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for the anti-holomorphic part of the contribution of the gravity and
J— T _
g =87 =SU+HYT,

for the holomorphic part of the conjugate of the gravity term. We will show later that
g% and g" are small in an appropriate sense. With this notation we rewrite the equations
for z and 7 as

i +iazy = —mz+g" (3.2)
and
T —iaZg = -7+ g". (3.3)

For future reference we also record the time-differentiated versions of Egs. (3.2) and
(3.3). Differentiation of (3.2) and use of anti-holomorphicity of z; give

. . T _ — Za
Zirt +10Z1q = —i0rZq + = [2r, H]=— (3.4
2 Zu
Similarly, differentiating (3.3) we get
_ - R 4 Z
Tt — 1AZyg = 14120 + = (2, H]—a~ (3.5)
2 Za

Since |z| is not expected to be small, we want to linearize these equations about the
static solution zg(c) := €' in some sense, to exploit the smallness of the initial data.
This will be achieved in Sect. 3.3, but before that we will need to establish some basic
identities involving H and H. This will be the content of Sect. 3.2. A final point to keep
in mind when thinking about the smallness of the solution is that if we start with the static
solution 7 (@) := €' but with arbitrary constant initial velocity, then the domain will
move in the direction of the initial velocity without changing its geometry. Therefore to
properly interpret small quantities as those which are small when the static solution is the
unit disk centered at zero, we need to appropriately renormalize the solution to account
for this motion with constant velocity. It turns out that this issue can be resolved simply
by choosing coordinates in which the center of mass is static. We begin the analysis in
this section by clarifying this point in Sect. 3.1.

3.1. Center of mass. In this subsection we first show that the center of mass C = Cq ()
moves along a straight line with constant speed, that is, C;; = 0, which is consistent
with the fact that no external force acts on the system. Then we derive a formula for the
center of mass only involving quantities defined on the boundary 9€2(¢), which will be
useful later. We begin by recalling the definition of the center of mass

1
Ca() = ;//xdxdy- (3.6)
Q

Proposition 3.4. The center of mass C := Cq satisfies

d*’C
drz
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Proof. We prove that

d*C
T—=— ¢nds, (3.7)
dt? PYe)
where ¢ is the gravity potential, n = —‘izz—:‘l is the exterior unit normal of 9€2, and

dS = |zy|da is the line element of the boundary. We assume (3.7) for the moment and
prove that the integral on the right hand side vanishes. Recall that ¢ satisfies 3,9z¢ = 5
inside 2. Integration in z gives dz¢ = 7Fz + A(z) where A is an anti-holomorphic
function inside €2, and another integration in z gives ¢p = %zZ + A(Z) + B(z) for some
holomorphic function B. Moreover, from Lemma 3.1 we know that for points on the
boundary d;¢ = 9;(¢ — B) = (I — H)z. With this notation we rewrite (3.7) as

d*c LS
= —‘,+A‘> da+i | B(z)dz
) l/() (212 @) ) zada l/asz (2)dz
. 2 . 2
Tl Tl J—
=—— 72%qda — — (I — H)z) 2Zoda (3.8)
2 Jo 4 Jo
T (7 i —
— 2(Hz)Zgda = — 7HzdzZ.
4 Jo 4 Jaa

Now recall that the (conjugate) Hilbert transform is defined as

p-v. fw) 1 / fw) ,

= —— lim
IQ\B@) W — Z

i dgw—z i €0

where the last limit converges in the L? sense. In particular if f, g € L? then

_”i/ g(Z)ﬁf(Z)CE:/ g(2) lim f(w)
Q2 IR

~0J3o\B.()) W — 2

= lim / [ 8QSW) (o
e~>0Jyq JaQ-B.z) W—Z

_ lim/ / g(Z)f(w)d_d_
e=0Jyq Ja-B.w) W —2Z

— lim / / 8 iz
=0/ Joq-B.x) Z W

=/ f () lim gw) d_dz m/ f(z)Hg(z)dz
aQ €~>0J9Q-B.(x) T —

—dwdz

Applying this observation to f(z) = g(z) = z we see that [, zHzdZ = — [, zHzdZ

and therefore in view of (3.8) we get dt2 = 0. Finally we establish (3.7) by direct
differentiation. For this we denote the flow map by X, that is,

X(t,): QO) = Q)

satisfies XX — v (1, X (1, %)), d X0 — _VP(t, X (t.%)) — Vo (t, X(,x)). Then
since the ﬂow is incompressible we have
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1
C = —//X(t,x’)dx’,
T

Q(0)

and hence

d2C / / /
nﬁ = —//V(P(t, X(t,x))+V¢(t,X(t,x)))dx

Q(0)

= —f[(VP(t,x)+V¢(t,x))dx = —/ pnds,
Q2

Q1)

as desired. O

The formula (3.6) is in terms of the domain €2 (¢), but since we work with the boundary
Eq. (3.1), it is more convenient to derive a formula for center of mass only involving
quantities defined on the boundary. This is achieved in the following proposition.

Proposition 3.5. Let us denote
£ = |z|2—1, §:=(U — H)e. (3.9
Then the center of mass (3.6) as a complex number can be written as
i 2 i 2
Can = ——/ e(t,a)zq(t, a)do = ——/ 8(t, a)zq(t, a)da (3.10)
2w Jo 4 Jo

where z(t, ) is the parametrization of 02 (t).

Proof. We can write the center of mass as % / fQ(t) (x +iy)dxdy. Using the divergence
theorem, we have

2 2
// xdxdy:// div (.0 dxdy:/ 0 .(L“,_ﬂ)ds
Q) Q) 2 Q@ \ 2 zal”  |zal

1 2 i 2
- 2 __ 2 .

/ X ygda = f X“ (X + iyy)da
2 Jo 2 Jo

and

2 2
zf/ ydxdy:i// div(O,y—>dxdy=i/ (o,L).(ﬁ,_Xi>ds
Q) Q) 2 Q) 2 lzal 12al

i 2 i 2
= —7/ yzxada = —7/ yz(xa +iyy)do.
2 Jo 2 Jo

Therefore we have

i 2 ) i 2w
// (x +iy)dxdy = —f/ |z|“zqda = —f/ gzqda
Q) 2 Jo 2 Jo

_i/2” I-H d—i/2n8d
—20 ZSZaa—40 Iagad.

This completes the proof. O

We have the following corollary.
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Corollary 3.6. Let v(c) and c° be the initial velocity and position of the center of mass
respectively. If 7 = z(t, o) is a solution to (3.1) then z(t, a) — 0
to (3.1). Moreover, 7 — ¢® — vgt parametrizes the boundary of a domain whose center
of mass is always at the origin.

— v?t is also a solution

Proof. This follows from Proposition 3.4 and the fact that z;;, z, and H are invariant
under the transformation

2(a, 1) > z(a, 1) — ¥ — 2. (3.11)
O

In what follows, we will only consider this normalized solution to (3.1), that is we
assume that the center of mass is always at the origin, and this assumption is justified by
Corollary 3.6. Therefore in view of Proposition 3.5 and Corollary 3.6 we always have

2 2
/ gzqda = / $zqda = 0.
0 0

3.2. Basic identities. In this subsection we record some basic identities which will be
used in the remainder of this work. A few more standard properties of the Hilbert
transform are recalled in Appendix A. In the remainder of this section we assume that
the parametrization z of 92 (¢) has regularity Ctz,a.

3.2.1. Commutation relations. We compute the commutators of various operators with
the Hilbert transform.

Lemma 3.7. For any 2 -periodic function f in C ,%a

(i) [0, H1f = [z, H1Z2,

(i) [02. H1f = 2z, HIL2 + [z, HVL2 4 1 27 (20200 f0)p,
(iii) dg Hf = zq H 12,

(iv) [ady, H1f = lazq, H]L

Zo

_ B 2
() [97+iady, H1f=—31(I~H)z, HIL42lz,, H1Lea ks 57 (2B=2@)" 1,81,

Proof of Lemma 3.7. (1)
2 —
(6, H1f = &/0 (f(ﬂ)zus(ﬁ) @B Zz(a))f(ﬁ)Zﬁ(,B)) dp

i 2(B) — z(a) (z(B) — z())?
27
p.v. (z(B) — 2 (@) f5(B) fu
= dB = [z, HI==.
7 by B —z@)zp(p) PP = e M
(i)
(02, H1f = 8 [z, H]f—“) + O Hd f— Hf
=az<[zl,H]&)+[zt,H]@
Za Za

- fu fu L [P (2B = 1@
= L HIZ 2+ 2la HIZ +7Ti/o (Z(ﬁ)—z(a)

2
) fp(B)dp.
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(iii) 2
_pv. £ ()

—_— 74 d

i o @) — 2y @O

2
_ p.v. Jp(B) Jo
= (@) 7T1/0 Zﬂ)—z(a)dﬁ Z“Hza'
(iv)

[aaa,H]fzazo,H&—H(afa [aza,H]&.
Z

o Za
(v) This part is a corollary of the previous parts combined with Eq. (1.3) and Lemma
3.1. O
Lemma 3.8. For any 2r-periodic function f and g in sz,a

o Oy
o,Lf, Hlg = Lfyn Hlg +1f, Hlgi + flzr. H ]f— oy, 1) UE)

Za o

Proof. Using part (i) of Lemma 3.7 we get

lf.Hlg=0,(fHg) — 0, H(fg) = fiHg+ fHg

o BB

+f[ZI’H]§__H(ffg)_H(fgt)_[Z;,H] (fg)
o Oy

[fth]g'i'[f H]gt+fzth]f_—[t’H] ifg)

O

Next we recored the following important computation relating [z, H ]z and the area
of Q.

Lemma 3.9. If z : [0, 2] — 02 is a counterclockwise parametrization then

2|2
[z, Hlz = 2% = -2
s

Proof. Since the parametrization is counterclockwise the exterior normal n is given by

iZq _ Yo — iXq
|Za | |Za

in complex notation. It follows that with z = x + iy
2 1
[z Hlz = —/ 2(B)zp(B)dp = 2 J, (Z(/3)Zﬁ(,3) —2(B)zp(B))dp

2 1 2
= —/ Im (z(B)zp(B))dp = —/ (xg(B)y(B) — yp(B)x(B))dB
7 Jo T Jo

_ 1 X gp— aiv (%) gegy — 21
__;/m<y).n|z,3(,8)|ﬁ——;//g w<y> xdy = =2
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Lemma 3.10. For any 2m-periodic function f in Cz «

Iz, H1ﬁ=

Za

Proof. This is an immediate consequence of the definition of the Hilbert transform and
the periodicity of f. O

Lemma 3.11. For any 2m-periodic function f, g, and h in C?,
[fg. Hlh = flg, Hlh + [ f, H](gh).
Proof.
[fg. Hlh = fgHh — fH(gh) + fH(gh) — H(fgh) = flg, Hlh +[f, H1(gh).
O

Lemma 3.12. Suppose f and g are 2mw-periodic functions in sz,a which are anti-
holomorphic inside 2. Then with the notation € = |z|2 -1

| 2 (f(@) = [BNgsBIT@P) (59 — 243
L/, H—+HZ—]ga——— (& wdﬁ'

i Jo 12(B) — z(e)|?
Proof.

1
z2(B) — z(a)
o — o 2 (f@) = FENgpBE@EB) (59 - £8)

= H— H*—*
L HIZ42f HI 25 = o | l2(B) — z(@)?

1 p.v. 2
Lfs H—+H—]ga =—
i Jo

1
— — d
= ﬁ)—Z(oz)> (f@ = f(B)p(B)P

dp.

Since £ g“ is anti-holomorphic in side €2, the first two terms on the last line above are

7ero, and this proves the lemma. 0O

3.2.2. The relation between H and H. In the static case where the boundary of the
domain €2 is exactly the unit circle the corresponding Hilbert transform H satisfies

H = —H + 2Av where Av(f) := 2 = 2” f(a)da. Here we prove an important lemma
which quantifies the failure of this 1dentity when €2 is a small perturbation of the unit
disc.

Lemma 3.13. For any 2m-periodic function f in Cz2, o

Hf— —zHi +2le, H]ﬁ FE(f)
Za (3.12)

— _Hf [z, H]i +2le, H]& +E(f)

Za
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where & = |z|?> — 1 and E(f) = E\(f) + E2(f) + E3(f) with

piy e L /zn f8) (%—jﬁgi)(zm)z(ﬁ))za (E(ﬂ))dﬁ
T Q@) — 2(B))? P\

2
b L [P (55 - <9 @@ <€(ﬁ))dﬁ
TR TR — @)k — P P \ip)

2
B =L [ 1B (45 - 48) c@zp)? ( 1 ) y
WIETE ) TRB 2@k —c@P P \p)

Proof. Recall the following relations:

lve _  es(BzB) — (B +€(B)
- )= (B))* '

7=

‘We have

F(B)zp(B)

— 1 2
A== [ s
__L e <@) 3B\ 4
miJo Ll L@ \Rz(8) )5 @(B))
R O R ;) e(B) 25(B)
=wily 2o\ ), wen )
mido o~ \NEB (B

€@ _ €B)

_i/m r® (42 - <3) ((dﬁ)) Cu® )dﬂ
[ € €(a 2
i Jo (%ﬁ) - Z(IT)) (%ﬁ) — A+ %) 2B ) g (@B

B 1/2” f(B) ((e(ﬂ)) Zﬂ(ﬂ))d
=) T Wm). " o B
miJo - 2B )5 B

B

_i/h 16 (55 - 55) (@) 2B\ 4
0 B

i (L_Ly z(B) (z(B))?
z2(B) z(a)

2
e 18 (49 - <3) (@) () )dﬂ
) B

Cwido (L e L e ) \\2(B) )5 @(B))?
(m—m) (m—m+m—m
(3.13)

The ‘constant term’ above (the second term in the first line) is

L [T EB@8) 5B
i Jo z(@) —z(B) (2(B))? (3.14)

:i/M F(B)z(@)zp(B) dﬂ:—zH(£>
i Jo  (z(@)—z(B)z(B) z)’
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The ‘linear terms’ above (the first term in the first line and the second term in the second
line) are given by

L7 fB)z@z(B) (6(ﬂ)> dp (3.15)
Tido 2 —z28) 2B )y '
and
1 [ e(a) 6(ﬂ)> 1
L d
mi Jo fﬁ)<2(“) B\ 75~ @ B ’
1 e(a) 6(,3)) 1
__ 1 d
i Jo fﬂ(ﬂ) (z(a) B (Tﬁ) a z(]_oz)> !
1 2 1
L f(ﬂ)<e(ﬂ)> ( - )dﬂ, (3.16)
Tt Jo (,3) Z(ﬂ) Z(Ol)

The last term in (3.16) cancels with (3.15). Therefore the ‘linear term’ in H f is given

€(@)z(B) 1 €(B)z(a)

| B fu
=) fﬁ(m—(mdmg i fﬁ(ﬂ)—(ﬂdﬂ e, H]<za>'

(3.17)

where in the last step we used the fact that £(0) = f(27). The remaining terms in H f
are the first term in the second line and the two terms in the third line of (3.13). The first
term in the second line can be written as

12 FB) (89 — B (z()z(B))?
E\(f) = _E/ (z< ) z(ﬂ)) 9 (6(’3)>d,3. (3.18)

(z(@) — z(B))? z(B)

The first term in the third line of (3.13) can be written as

2
2 fB) (55— 59) @B’ o)
E d dp. 3.19
2= i Jo z(B) — z(@)|z(B) — z(a)[? (Z(ﬁ)> P G19
The second term in the third line of (3.13) can be written as
2
2 fB) (S5 - €9 c@z8)®
E 0 dp. 3.20
()= i Jo z(B) — z(@)|z(B) — z(a)|? (Z(ﬂ)) P G20
|

Remark 3.14. Note that if we measure smallness of quantities by comparison with the
static case z = ¢'“, then by Lemma 3.13, E(f) is order of &2 smaller than f. This
observation will be made precise when we carry out the estimates in Sects. 4 and 5.
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3.3. The § equation. In this section we derive an equation for the small quantity
8:=({ — H)e, (3.21)
where
e:=z1> — 1. (3.22)

Note that in view of our small data assumptions we expect the quantities ¢ and § to
be (linearly) small. Our main goal here is to show that § satisfies a constant-coefficient
PDE with cubic nonlinearity. This will be accomplished in two steps. In the first step
we show that the nonlinear part of (8,2 +1iady)$ is cubic. If we then replace the operator
Btz +iady by 8,2 +imdy, corresponding to the value of a in the static case, we will notice
that the resulting error is only quadratic. For this reason, in the second step we perform
a change of variables (¢, o) = k~1(¢, @) such that the nonlinearity in the equation for
(8,2 +i7 0g)4 has no quadratic part. The first step is achieved in the following proposition.

Proposition 3.15. The quantities 6 = (I — H)e and §; = 0,6 satisfy

(02 +iad, —m)8 =N := %[E(z), H]i—“ + %(1 — H)E(¢)

2 _ 2
e HE A 1,207 — — / (M) es(B)Ap  (3.23)
0

o Za i 2(B) — z()

and

(Z)t2 +i0y — )8 = N i= —ia; 048 + % ((1 — H)0E(e) — [z, H]

o

BaE(s))

o o o

9 (Ex o (E(z) &
+ % ([&E(z), H]i—“ +1E@). Hd, (j—“) +E@)z. H]SZ“) Lz, H]<Z"))
o

> /zn ) = 2PN BHEP) (53 - £5)
0

—0,
T 12(B) — z()|? P
1 (7 (2B — 2@
il (e ) o o2y

where E(f) is as in Lemma 3.13. Moreover, we can write

1 —1 _ 1
[z;, H— + H=—]04(2;2) = ——
Tl

Za Lo

o (aulo) — 5B G BEPNZ@ZP) (55— 55) s
J 2B —@P po O

Proof. We want to apply the last part of Lemma 3.7. To this end we first compute
(87 +iady)e.

(8t2 +iady)e = (2 +iazq)Z + (Zpr +1aZ0)7 +22:2;

T — _ _ (3.26)
= —E(Z(l — H)z —z(I — H)2) +28;(z%1),
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and since zz; is holomorphic

0 (221)
o

(I — H)(3? +iady)e = %(1 — H) (z(I — H)7 —2(I — H)z) +2[z;, H]
Applying Lemma 3.7 we get
(0% +iady)s = %(1 —H)(z(I — H)Z—2( — H)z) + %[(1 — H)z, H]j—“

=2z, H]

0(z2) 1 [ (2(B) —zu(@)\?
__/0 (Z(ﬂ)—z(a)) o8BI

Za i
T _ — T — Ea
=S —H) (zd —H)Z—2( — H)z) + S —H)z H1=
1 1 (T (B — (@)
— 2[z, HZ + Hg]aa(ZtZ) - /0 <m> eg(B)dB.
(3.27)

The last two terms already have the right form so we concentrate on the first two. Using
Lemma 3.9 we write

R 2 -
Z(I—H)Z=(I—H)(zz)—[z,H]z=8+T=8+2,

and hence

T _ _ —_— T - T —
5(1 —H)(zI-H)Z—-2( —H)z) = 5(1 —H)$—38)=ns— 5(1 — H)8,
(3.28)

where to pass to the last equality we have used the fact that (%(1 — H))2 = %(I —H).
To understand the contributions of 5 and (I — H)z we use Lemma 3.13 to replace H by
H. For §, noting that H% = —% we get
_ _ 1 &a
d=¢e+zH(Z — E) — z[e, H]z_ — E(e)

o

=z(I + H)Z — z[e, H|== — E(¢)

&
Za

_ Eu EEy
=z(I+H)Z7—ze(I+H)—+z(I+ H)— — E(e),
which implies 2o 2o

T - o T
——={U—-H)Yd=—=U—-H)zeI+H)(—))+ = — H)E(¢)
2 2 Za 2

. N (3.29)
=7 U - H)@(U+ H)(z_)) + 5 (I = H)E(2).

Similarly for (I — H)z we have

(I—-H)z=2z—z[e, H1 + E(z) =2z — 28 + E(2).
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It follows from this and Lemma 3.10 that

T -Hyz H12 = - Ts, 2+ ZE@), M2
) Z, = ) 20, ) Z),

Za Za 2o

T €y T €y T Eu
——[z8, HIU+H)— — —[z6, HIUI—-H)—+-[E(z), H]—.
4 Za 4 Za 2 Za

(3.30)

By Lemma 3.11, the second term in (3.30) can be written as

0%

/g €q s €
——z[6, HI(I — H)— — —[z, H]6(I — H) (—) 3.31)
4 Z 4 Za

The first term in (3.31) can be written as
b g €q T €o
——z[6, I+ HII —H)— = —z(I+H) ((I — H)e(I — H) <—>> =0.
4 Za 4 Za
By (iii) in Lemma 3.7, the second term in (3.31) can be written as
T Su
——[z, H]§— =0.
4 Zo
Combining these observations with the fact that
Eu Ea
[z6, HII+H)— =({ — H) <z8(I+H)—>
Z(x ZO(
we get
b4 . — &g T b4 Eq
——=U —-H)s+=[(I —H)z, H]— = (I — H)E(e) + = [E(z), H]—.
2 2 Za 2 2 Za

Equation (3.23) now follows from combining this identity with (3.27) and (3.28). Finally,
Egs. (3.24) and (3.25) are direct consequences of Lemmas 3.7, 3.8, and 3.12 and
Eq. (3.23). O

By comparing the terms on the right hand sides of the Eqs. (3.23) and (3.24) with
their corresponding values in the static case, one can see that the nonlinearity is cubic.
This is least clear for the first term involving g, in the equation for §; so in the following
lemma we present a formula for a, which sheds some light the structure of this term.

Lemma 3.16. Let K* denote the formal adjoint of K := Re H = %(H +H), ie.,

2
. p.v. zo(@)  zp(B)] { |Zﬂ|g}
K —Re — dB = H .
8@ =R )y @] 28) — 2@ S PP = R\,
Then
(I+K )(a,|za|)—Re[| | [2[z,,H]%+2[zt,,H]——[ a H]Zzﬂ

1 (a(ﬁ) — (@)
0

_ T O
i z(B) — z(a) ) Z’ﬂ(ﬁ)dﬂ+§([21,H] )}:|

Za
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Proof. Using Egs. (3.2), (3.5) and Lemma 3.7 we have
.= _ .- s Za
I —H)(iazg) = (I — H)(Zgr — 10Z4e — E[Zt, H]Z_)
o
. o7 Z
= [0 —iady, HIZ = 5 (I = H)(lz1, H]Z—“>

o

Z Z Z
= 2[zi, H1™™ 4[24, HIZ2 — liaze, H]-Z

o Za Za
(7 (2(B) — @)\ w Za
— AU dg— = —H H1>*
i) (z(,B)—z(oz)> 2p (B — = ( )z HIZE)
= 20z, H1ZM 4 2[z,,, HIZ — (g%, H]S
ra Za a
(7 (2(B) —u(@)\_ n Za
— = -7 dg—=(I—-H H]=).
= (Z(ﬁ)_z(a)) 2p (B — = ( )z HIZ)

The lemma now follows by multiplying the two sides of this equation by TZ’HZT and taking
real parts and also observing that

"
o

b4 Za b4 _ T
5(1 — H) ([Zz, H]—) =——U—-H)OU - H)7) = =z, H]
Zo 2 2

O

For future reference we also record the following representation for K* which is
more amenable to estimates.

Lemma 3.17. For any real valued 27 -periodic function f

2
K*f = 2zl Jo fB)lzp(B)ldB — 2|za|(H+H)(|Zﬂ|f)
—Re {L[Za_iZ, H]|Zﬁ|f}-
|Za 28

Proof. Using the definition K* f = —Re {%H % f} of K* we have

_2K*g_Z_OéH|Z,3|f+Z_OZH|Zix|f

|Z¢ B |Za Za

—22% {[za,H] 'Zﬂ'f}

|Ze 28

1 _
+ m(H + H)(|zpl f)
= 2Re {L[Za —iz, H]w}
|Zc(| B

+ L +H)(za| f) + 2Re {L[z, R Litd } .
|Za| |Ze| 28

The lemma now follows by noting that

i Z 1
I b
|Ze| Z8 7| Ze|

2
fo 5B F (B)dB.
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We now turn to the left hand side of (3.23). As mentioned above, the nonlinear
contribution of a to (3.23) can be seen to be only quadratic, and therefore a change of
variables is necessary to retain the cubic structure. More precisely suppose

k(t,):R—R

is an increasing function such that k — & is 27 periodic and k is differentiable on (0, 2r).
Let us define

o) i=zok 1, d),  x@, o) =80k (1, ).
Then introducing
bi=kok ', A= (aky)ok !
we have
ok = (0 +b0y), (aza) ok~ = Aty
In particular,
8y +iady — 8) o k™1 = (8 + bdy)?> +iAdy — 1) X.

We wish to choose the change of variables k in such a way that b consists of quadratic
and higher order terms, and A has no linear terms. This is achieved in the following three
propositions. First in Propositions 3.18 and 3.20 we derive the desired representations
for b and A under various assumptions on k. Then in Remark 3.21 we explain how to
construct k satisfying these assumptions.

Proposition 3.18. Suppose that z(t, -) is a simple closed curve containing origin in its
interior for each t, and that k is increasing and such that k — « is 2 periodic and
(I — H)zZe'*) = (I — H)(logZ + ik) = 0. Then

Z log(ze'k
(I = Hky = =il = H) " = ila, H](Og(j—“)a.
(1 = H)(ake) = [ar, HIZ2 — 1, 1T

g & a
—U—-H)—+U—-H)—/+[zy— 8", H]
Z Z Za

Remark 3.19. The conditions on k in the proposition can be understood in the following
way. First note that if we fix a value of arg(z (¢, 0)) (uniquely determined up to an integer
multiple of 27r) then log Z(#, -) is an unambiguously defined continuous function of the
real variable « for each fixed t. Moreover, if z(, -) is a simple closed curve surrounding
the origin, then by the periodicity assumption on k, the curve Ze!f does not contain
the origin in its interior. Therefore log(ze'*) is defined unambiguously as a complex
logarithm, its value agrees with log Z+i k, and for any other choice of arg(z(z, 0)) it differs
from this by an additive constant, so in particular the condition (I — H)(logz+ik) = Ois
independent of this choice. The conditions on k can now be understood as requiring that
ze'* be the boundary value of a holomorphic function F, such that 0 ¢ {F(z)|z € 2}
and therefore log F is also well-defined and holomorphic.
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Proof of Proposition 3.18. Differentiating (I — H) (log(ze'*)) = 0 on both sides with
respect to ¢, we have:

Z log(ze'*
0=(—-H) <Ztt +ikt) — [z, H]M,
Z Za
which implies
| (logze'™)),, .
Za

(I - Hyk, = i(I — H) (i) e H
Z

In view of the fact (I — H)(z;z) = 0, the first term on the right hand side above can be
written as

—i(l — H)2E,
Z

which gives the first formula in the proposition. For the second formula, we apply the
operator iady to the equation (I — H) (log(Ze’k )) = 0, to arrive at

a7 log(ze'*
0=(I—H) (’“f“ - aka>  ilaza, #1008y
Z Za
Using (3.3) we get
= h log(Zeik)
(I — H)(aky) = (I — H) (Z; - gz> +lzn + 7z — g9, H](Z)"‘
= h log(Ee”‘)
= -2 -5 +[zn—g“,H]M
|z| |z] Za
26 h (log(Zeik)>a

= - H)@n2) — (U — )2 (1= 1EE 4y — g9 HI
Z Z Za

Here we used the fact that (I — H)(zg") = 0. The first term above can be written as

(I = H) (G2 — 207 = [z, HIZD 12 iz,

o

and this completes the proof. O

Now suppose we define k in a way that (I — H)ze'* = 0. Then in view of Proposition
3.18, to prove that b is quadratic and ak, contains no linear terms we need to understand
the invertibility properties of Re (/ — H) (note that ak, and k; are real). In fact, a proper
understanding of this is necessary also for controlling various other quantities, such as
¢ from our control of §. A rigorous quantitative treatment of this in the context of small
data problem will be given when we carry out the estimates in Sects. 4 and 5, but for
now we note that if f is real valued, then regarding the last two terms on the second line
of (3.12) in Lemma 3.13 as 0(8),3

Re(I-H)f=U - %(H+ﬁ))f =+ O(s))f+%Re ([z, H]§>'

3 Note that in the static case z(«) = ¢'® the ‘average’ [z, H] 4 isreal if f is real-valued. We may therefore
treat the imaginary part of this average as perturbative.
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Therefore, roughly speaking, if ¢ is small, then we expect Re (I — H) to be invertible
on the space of functions in L2 which satisfy Re AV(f) = 0, where *

f L (7 £(B)z8(B)

1
- = . 2
AV(f): 2[z,H]Z i )y = 6) dp. (3.32)

With this observation in mind we compute AV for ¢, b, and ak, in the following
proposition.

Proposition 3.20. Suppose that z(t,-), t € I, for some interval I < R, is a simple
closed curve containing the origin in its interior for each t, |Q| = m, and that ze'*
is the boundary value of a holomorphic function F(t, z) such that log F (¢, 7) is also
holomorphic and F (t,0) € Ry, Vt € I. Then

AV(e) =0,
AV(aky) = —m + 21? /0271 Zizipdf + % /02” %dﬂ
_ ZLm 02” (#) 95 log Fdp,
Re (k) = ho [ 2 cpap 58 [Tiogr (2255 ) ap

Proof. For ¢ we have

[T )
Vo=35l =®

1
dﬂ+§[Z, Hlz=0

by Lemma 3.9. To compute AV (aky) we write ze'* = F(z) where F is as in the
statement of the lemma. Differentiating with respect to o and multiplying by ia we get

iaZqe’* — aky F = iazq F.
or
1aZy

aky = —iazy0;log F.

Z

Using Eqgs. (3.2) and (3.3) and the relation # =1- # we get

k, Zi — g _ ot
Pa T, 2 2g +7tazlogF+(u>8Z]0gF
Z z |z z
= __ _h o a
:£+Zn— h_—(Zttl |§ )8+718210gF+<Z” ] )leogF.
Z Z

4 Note that the sign convention is such that AV(1) = —1.
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It follows that

1 (27 ak
AV(aky) = — —— / BB 4
2mi Jo Z

1 27 (5= _ oh
/ (i — 8")ezp dp
0

1 2
=—T+— ZtzigdB + —
2m’f0 azipdp 2mi |z|?

1 2 th—ga
- — ——— ) dglog FdB.
i Jo < z ) plog Fdp

The computation for AV (k;) is similar. We differentiate the equation ze'k = F(1,2)
with respect to time to get

Zetf + ik, F = 8,(F)

or

ke = = — i3, (log F).
Z

It follows that

ke — i7;62¢ ., [ZalogF . 2Zta — ZtZa
—zazlz,za——z—lat +ilogF —Q -
z |z] z 4

Therefore, since Z; and log F are holomorphic,

1 2r = 1 2 _
AV(k;) = —f 22 2pdp — —/ log F (M) dB + 8, (i log F (0, 1)).
27 Jo |zl 2 Jo Z

The last equality in the lemma now follows by taking real parts of this expression and
noting that log F(0,¢) e R, Vt. O

It follows from the previous two propositions that if k satisfies the conditions in these
propositions then A and b have the desired smallness properties. In the following remark
we explain how to construct k satisfying the hypotheses of these propositions. Note that
the fact that k is increasing will follow from the definition of k below and the smallness
assumptions in our problem. See Proposition 6.1 and the proof of Theorem 6.2 for more
details.

Remark 3.21. Suppose z(t, -) is a simple closed curve containing the origin in its simply
connected interior for each r € I, where [ is some time interval. We explain how to
construct a function k : I x R — R such that k — « is periodic and ze'¥ is the boundary
value of a function F such that F and log F are holomorphic inside €2, so in particular
(I — H)(logz +ik) = 0. Moreover, we normalize k such that log F'(t,0) € R for all
tel

We fix a choice of the logarithm so that log z — i« is continuous and 27 periodic. We
let u be the solution of the Dirichlet problem in 2 with boundary value log |z| and let v
be the harmonic conjugate of u which exists because the domain is simply connected.
It is then easy to see that if k := v|sq + argz then ze'* is the boundary value of a
holomorphic function F such that log F is also holomorphic and k — « is 27 periodic.



Lifespan of Solutions to the Euler—Poisson System 191

It remains to show that k may be chosen such that log F (¢, 0) € R. For this note that
0 ¢ {F(t,2) | z € 2} and the function

G(t,z) := F(t,z)e '@ F0)

is also holomorphic and 0 ¢ {G(t,z) | z € 2}, so log G is also holomorphic. More-
over, G now satisfies G(t,0) = |F(¢,0)| € R and the boundary value of G is ze'P
where p(t,o) = k(t,) — arg F(¢,0). In other words, we have found p such that
(I — H)(ze'?) = (I — H)(logZ +ip) = 0 and Ze'? is the boundary value of a holomor-
phic G such that G (¢, 0) € R and log G is holomorphic.

Corollary 3.22. Supposek is defined as in Remark 3.21. Assume also that k is increasing.
Then x =38 ok and v := 8; o k™! satisfy the equations

(0 +bdy) > x +iAdyx —Tx = Ni (3.33)
and
(3 + bdy)?v +iAdyv — v = No (3.34)

where Nj := Nj o k=Y and N and N> are as defined in Egs. (3.23) and (3.24) respec-
tively.

4. Relations Between Original and Transformed Quantities

In the previous section we derived an equation for the transformed quantities § = (I —
H)e and x = 8 o k~!, defined as in (3.21)—(3.22), where k was chosen according to
Remark 3.21. In order to prove energy estimates for this equation it will be important to
be able to transfer estimates on § to estimates on ¢ and conversely. More precisely we
define the following quantities

;‘:zokil, u=z 0k, w=z,0k!
x=080k™', v=(38) 0k = (3 +bdu)x. (4.1)
p=cok ' n=¢u—it, e=lz]" -1

We will use H for the Hilbert transform in the variable ¢ and H for the Hilbert transform
in z. Our goal in this section will be to obtain algebraic and analytic relations between
the ‘transformed’ quantities

Xs v, (0 +bda)v (4.2)
and the ‘original’ quantities
¢, u, w, n, W 4.3)

Note that by comparison with the static case (where z = ¢/ and k = ) we expect the
‘small quantities’ to be

original : n, u, u, w, (4.4)
transformed : x, v, (9; + boy)v. 4.5)
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The analytic relations in this section will be derived under the following bootstrap
assumption, where £ > 5 is a fixed integer and M < My < oo are small numbers
to be fixed:

1

Seee (185wl + 10l 2+ 185ml2, ) < M < Mo, ws
lc@, ) = 1 '

for t € I where I is some interval containing 0.
We start with the following estimates for ¢ which will be used in many other com-
putations.

Proposition 4.1.(1) There exists o’'¢ = a'o(t) such that
I1EC) = 2 < Cllnll 2, < CM,
Il g2, < Clinll 2, = CM.

(2) If My in (4.6) is sufficiently small then there exist non-zero constants ¢ and C such
that forall j <fandk <€ —1

¢ < 18kl 12, 19yl < C.
(3) If My in (4.6) is sufficiently small then for all k < ¢
Dlpnarli 2, <CY o lagnlz. D 10mely <C Y logmlls-

j<k j<k J<k—1 j<k—1

Proof. (1) Note that since 0 € (0) and | (¢, a)| > % for all o/, 0 € Q(¢) as long as

the bootstrap assumptions hold. Direct differentiation implies that f(«) := e ()
satisfies || fo’ ”Lz/ < “77”L2,' Moreover since the area of €2 is a preserved by the flow,

there exists y € [0, 2w ] such that | f(y)| = 1, or equivalently f(y) = /%0 for some
a’o. Now for any other o’ € [0, 27r] we have

max{y,a’}

f (@) — 0] < /

min{y,o’}

| fp (BN < V2 lnll 2,

proving the first inequality. The second inequality is a direct consequence of the first
and the definition of .
(2) From the definition of n we have

3 e =100 +0m.
The desired estimates now follow from the previous part by induction on j and use
of the Sobolev inequality [|3%, |0 < C(||8§,n||Lz/ + 1105 nll .2).
(3) This estimate is a direct consequence of the previous part and the relation u, =
¢n+¢m. O

A corollary of Proposition 4.1 is the following result which allows us to use the tools
from Sect. 2 in the remainder of this section and in the next section.
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Corollary 4.2. Under the bootstrap assumption (4.6), and if My is sufficiently small,

] ;! Ql
£ = ¢(B) = — e =),
10
Proof. Since {(a£27) = ¢ (o) and &' *+2™) = ¢i® it suffices to prove the corollary for o
and B suchthat [ —f] < 37” Since for this range of & and 8 we have |!* —¢'f| > |a—p],

i f c(@)da” + f O(M)dd/
B B

F Pyl R
et(xo(eta _etﬁ>)

@) = 58| = ‘ //; | Gur(@da”

’ ’

o o
e“”/ ie® dtx”+f O(M)da"

/ ’

=

/

/a O(M)da"

/

2 i|ei(x _eiﬂ|'
10

if M is sufficiently small. O

Asimmediate important consequences of Proposition 4.1 and Corollary 4.2 we record
the following two corollaries.

Corollary 4.3. If My in (4.6) is sufficiently small, then for any 2 < k < {, any 2m-
periodic function f, and with E defined as in Lemma 3.13

DN EWD2, <C Zua:,,unii, Do fl2, | < CMPY N8 SN2,

Jj<k J<k J<k J<k

Proof. From the definition of E this is a direct corollary of Proposition 2.2 and Lemma
2.4. Notice that by Proposition 4.1 |95 uull ;2 < CM and 1 < 957'¢l,2, < 1 under

the bootstrap assumptions (4.6). O

Corollary 4.4. If My in (4.6) is sufficiently small, then for any2 <k < ¢,

Dl xlz, <Y 18l -

J=k+1 i<k
Proof. Since x = (I — H)u, this follows from Lemma 2.6 and Proposition 4.1. O
Next we record the following algebraic relations.

Proposition 4.5. With the same notation as (4.1)

o' X = (I - ga’HL> Mo’ (47)

o

v = (3 +bdy)x =2uE—(H+ﬁ)uE—[u,'H]%, (4.8)
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(u;)ot’ - ﬂ] (H_é')a’

(B + bdg)v = 2w + 2utt — (H + H)(wZ + uwt) — [u, H]

Mo e +ug)y
— [w, HIZE — [u, H]———2%
w ] Lo L ] Co

12 fu@, o) —u@, B)\* o
_Efo (((Lﬂ’)—((hoﬂ)> wp &, BB 9

Proof. First
o x = (¢C = 1), — 3o (H(CZ = 1))
_ c-1),
= -H)(t¢—1), — &, H] (“g—)‘"

1 _
= (1 — ga/H;> (€T = Dy).

o
Composing with k~! we get the first identity. Similarly

8 =0,(I -—H)zz—=1) =(@z—-1); =8 (H(zz—-1))
(22 = Da

Za

=@z =i — H(@z— D) — [z, H]

(zE — 1)a

Za

=22 — (H+H) (2:2) — [z, H]

=22 — H(z;2) — [z4, H]
(ZZ_ 1)0{

o

To derive the third formula, we need to compute a time derivative as follows:

al ([Zl’ H]&> = [ZT[’ H] (é) + [Zly H]&

e Za Za

(2 (2B) — z(@)\?
+E/o (Z(ﬁ)—z(a)> Tp(H)dp-

Therefore

078 = 2247+ 22,7 — (H + H) (2uZ + 2:%1)
(2o . ] (Zt_Z)a
o o

g, YRRy e

Z(x ZO[

1 (7 (28) — 2@\, _
T i ) (Z(ﬁ)—z(a)> (&Dpdf.

— [z, H]

The third formula follows by precomposing with k~!. O

The estimates for u and w are given in the following proposition.
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Proposition 4.6. If My in (4.6) is sufficiently small, then there are non-zero constants ¢
and C such that forany?2 <k < ¢

ey lalvl? : < D19, <cZnafv||L2, (4.10)

j<k Jj<k Jj=<k
> 11823, + b, iz, —Z||3]w||L2 <Cy 9l u||L2 . (4.11)
Jj<k Jj<k Jj<k

In particular

¢ 10 ullgz + 194wl 2) < € ULl 2 + 1923 +bdar)vll 2)
Jj<k <k

< CY o ull2, + 130wl 2).
o [*3

i<k
Proof. First we prove (4.10). We begin by rewriting (4.8) as

2u =2 0, WP s L, 11 4 LEGD) — 2AV(D)

/(u{) p _ (4.12)
v=2ug — ¢, H1= e — [u, H S — E(u;“) +2AV )

Now we estimate the terms above in H (f/. First note that by Proposition 4.1 and Sobolev
> o= ||Lz SO lvlz. DN @D, < D 195l
i<k j=k i<k Tsk ‘
so it suffices to bound the contribution of all other terms on the right hand sides by
M> i<k | 8; ul| 2, The contribution of E (1<) is already handled in Corollary 4.3. For

AV(uE) note that since u is anti-holomorphic inside 2

27 - , 21 , 2 _ 2 ,
/ U S do’ :/ dal: do’ —/ ué'a/do/ :/ adad. do!’,
0 e 0 ¢ 0 0 ¢

which is bounded by M||u|| .~ (note that AV (u¢) is a constant as a function of «). The
contribution of the other terms is handled by Lemma 2.5.
For (4.11) we use (4.9) and a similar argument as for the proof of (4.10) to bound

the contributions of the last integral in (4.9), |u|?, [u, H](”;La)“, and [u, ﬂ]("zﬁ by

Z/<k ||8au|| . The contribution of [w, H] ;’ is bounded by M stk ||8é.w||Lg[, by
Lemma 2.5. Fmally, applying the identity
vl e
(H+H) f = —2AV(f) + E(f) + ¢, ”];—a
o
to f = w¢ and f =_|u|2 and using similar arguments as above we can estimate the
contribution of (H + H)(wZ + |u|*) by

MY Nwle, +Z||a’u||Lz.

Jj<k Jj<k



196 L. Bieri, S. Miao, S. Shahshahani, S. Wu
Here to estimate AV (w¢) we have noted that

2 , 2 , 2 _ 2w , 2
/ %da’ :/ Ol o —/ w yda’ =/ Whe' 4o/ —/ upuda,
0 ¢ 0 ¢ 0 0 e 0

where for the last equality we have written z; = F(#,z) for some anti-holomorphic
function F togetz;, = Fi+Fzz, = Fi+ Z’Z"—Z’ The desired estimates now follow from the

bootstrap assumptions (4.6) if My is sufficiently small. Note that the term f0271 uguda’

is bounded by > <k | 30{ u ”22, because it does not depend on «’. Therefore it vanishes
when the spatial derivatives hitit. O
Our next goal is to estimate 1 and its higher derivatives. To this end we rearrange
Eq. (3.2) to get
an=iw—(A—m)y —ig* ok L. (4.13)

To use this equation we first need to estimate A — 7. This is accomplished in the next
proposition.

Proposition 4.7. If My in (4.6) is sufficiently small then for any2 <k < ¢

ion2 72 J J
> 13572 + > oy, + Yo lgwizz Y ||aa,n||L§,) :

J=<k Jj=<k J=k Jj<k

> No(A=ml 2 =€ (

j=k

Proof. Using Propositions 3.18 and 3.20 and the fact that 9,/ log(Eei“/) = g we write

(1 = H)(A = 1) = [, W) 2, HIT— (1 = FO T+ (= ) P2 — g o k!, 1)

1 2r — 1 2n @—glok Nty 1 27 p(w—g"ok™!
‘AV(A_T[):W[() ”“ﬁ/dﬁ'+m 0 1z =d /_ﬁ 0 " \?\2 )dﬁ/

(4.14)
Now since A is real
A—m=Re(I —H)(A —n)+%(H+ﬁ)(A —7)
=Re (I —H)(A—m)+ % (c[u, H]% +E(A—7) —2AV(A — 71)) .

o
Moreover, by Lemma 3.13 we can write (4.15)

—_— 7 — i bid
g ok =ghok=l = S(H+H); = Sox+ S E®).
2 2 2
Notice that by Corollary 4.3 and Proposition 4.1

DN BN, = € lgml, .

i<k Jj<k
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and by Proposition 4.1 if My in (4.6) is sufficiently small

D192 ok Dl = C Y Nl

J<k J<k

It follows from this, Proposition 4.1, Lemma 2.5, and (4.14) that

> 118 Re (1 = H)(A — )]l 2, + | AV(A =) 2,
J=<k

J o2 J o2 J J
< YNl + 3 19m2s + > Nodwl,2, Y 132ml,e,
1% o o o

Jj=<k Jj=<k J=<k Jj=<k

Similarly the bootstrap assumptions give

; A, : .
> (190 @l HI=5) 2, + 135 EA = m)l,2) < CM Y [18],(A = )l 2,
=k CO{/ o o i<k a

Combining these estimates with (4.15) we arrive at the desired conclusion if M is
sufficiently small. O

‘We now go back to the analysis of Eq. (4.13). As observed in the proof of Proposition
4.7 we can write g% o k~! = Z (¢ x + E(£)). This shows that Eq. (4.13) by itself is not
enough to obtain estimates on 7 and its higher derivatives in terms of (d; + bdy’) x and
(9; + bd,)v and their higher derivatives. To get such estimates we will also need to use
the original Eq. (3.33), which in turn requires estimates on the right hand side of (3.33).
These estimates are also of independent interest in proving energy estimates, so before
stating the final estimates for n we state the following estimates on the right hand sides
of the Egs. (3.33) and (3.34).

Proposition 4.8. Let N| and N be as in Corollary 3.22. Then if Mg in (4.6) is sufficiently
small, forany3 <k < ¢

. . . . . 3
S (0N, + 102N ) S 0 (122, +102ul2 +102wl.2 ) (416
Jj=<k J=<k

Proof. We begin with N;. Using Lemmas 2.5 and 2.6 and Corollary 4.3 we can bound
the contributions of the first two terms on the right hand side of (3.23) by the right hand
side of (4.16). Similarly, in view of Eq. (3.25), the contributions of the last two terms
on the right hand side of (3.23) can be bounded by the right hand side of (4.16) by
using Lemma 2.4 and Propositions 2.2 and 2.3. This completes the estimates for Nj.
The contribution of N, can be treated in a similar way. Indeed except for the first term
on the right hand side of (3.24) all other terms can be estimated by similar arguments as
above using Propositions 2.2 and 2.3 and Lemmas 2.4, 2.5, and 2.6. Here we will also
use the observations that

3 <A(l,06) — A, ﬂ)) _ A - A ) (Al o) — AW Bt B) — 2t @)
"\ p) =zt ) 2(t, B) —z(t, @) (z(t, B) — z(t, @))?
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and 0;¢ = z;Z + zZ;. We omit the details. Finally the term q; is treated independently in
the proof of Lemma 5.12 below.> O

Using Eq. (4.13), we can now combine Propositions 4.6, 4.7, and 4.8 to prove the
following proposition.

Proposition 4.9. If M in (4.6) is sufficiently small then for any 3 < k < ¢,

J J J
> (Nodwily2, + 1002, +192n1,2,)
Tk o o o
J=

= C Y (1020 + bouwll 2, + 104+ boe)x 2, ) -
<k

Proof. In view of Proposition 4.6 we only need to prove this estimate for 1. From
Proposition 4.7 we know that (A — ) is quadratic. In Eq. (4.13), using Lemma 3.13 we
can write the term g% o k~! as

aor ' = LI+ = S (H+ T = &
glok™ = 2(1+H)§ = 2(H+H)§ =5 x+EQ)
and Eq. (4.13) can be written as
= iw = o = T EQ) — (A= m)w (4.17)

The arguments for estimating n itself and its derivatives are different. For n we use
Eq. (3.33) and the definition of v := (9; + bd,’) x to get

{nxa/+inx:i(8t+b8ar)v—(A—rr)8a/X—iNl @18

Ni:= (8 +bdy)x +iAdy x — X

For higher derivatives of n we instead use the following system which is obtained by
differentiating (4.17) and the second equation in (4.18)

Ty = idgw — 50, 9 (Cx) — FOLEQ) =35 (A=m)y), €21
dr (CX) = ¢ (Xar +iX) + 10X = C(£ () +by)v — L(A — ) xor — LN +1x
4.19)

We start with the estimates for 7 itself. In view of Eq. (4.17), we need to obtain an
estimate for ¢ x. On the other hand, by Propositions 4.1, 4.7, 4.8 and Corollary 4.4, the
second equation in (4.19) gives us an estimate for d,/(¢ x):

5 We note that the treatment in Lemma 5.12 does not rely on the validity of Proposition 4.8. In fact we only
use the estimates for N1 in the proof of Proposition 4.9 below and the proof of the estimates for a; in Lemma
5.12 are even independent of this proposition.
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19 € 10N 2, S 10, + bl 2, + Ml 2,

+ M2 (100wl 2, + 185wl 2, +190ml 2, ). (4.20)
j=3

In order to obtain the L2-estimate for ¢ x, we still need to know the value of ¢ x at least
at one point. Note that by Proposition 3.5

27 é—
Ix - Xdo' = 0.
0 ¢
Therefore
2w 2w
¢xda’ = i/ xnda!,
0
from which we have
2 2
‘/ Re (¢ x)do' V Im (¢ x)do'| S Mlinll2,-
0 0 o

These together with (4.20) imply that

1Ex 2, S 1@, +boa)vll 2 +Mlinl 2 +M> (||ag;u||Lz, + ||a;,w||Lg+||ag,,n||Lz,) :
Jj=<3
4.21)

Substituting this into (4.17), using Corollary 4.3 and Proposition 4.7, and taking M > 0
sufficiently small we get

Il 2, SN+ bda)vll 2, + 1@r + bdo)x 2, + M2 Y oyl 2,

Jj=<3

Y (||aD{,(at + b3l 2, + 11973 + baa/)anz/) .
j=

4.22)

Finally applying Propositions 4.7 and 4.8 and Corollary 4.3 to Eq. (4.19), for and 3 <
k < £, we get the bound

> 9] ,nan <> (naf @r+b3)x 72 +18, (3 +bdr) x Iz ) +M Y ||3//77||L2 :
1<j<k Jj<k j<k
Combining this with (4.22) and choosing M sufficiently small gives
> e /nlle <> (uaf,(a, +bd) X2, + 182, (3 + bda) x 112 ) :
Jj<k Jj<k
which completes the proof of the proposition. O
The next step in our analysis is to obtain estimates for quantities of the form || 8j (0; +

bo ’)f||L2 in terms of || (9; + b0 /)3] f||Lz , which in turn will be bounded by the higher

order energles to be defined in the next section. For this we first obtain estimates on b
and its derivatives.
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Proposition 4.10. If M in (4.6) is sufficiently small then for2 <k < ¢
D o gble, < CM Y 5ulle,.
j=k ‘ j=k ‘
Proof. The proof is similar to that of Proposition 4.7. Recall from Propositions 3.18 and
3.20 that
b =Re {—i(l - )ﬁ —ilu, ’H] L)+ 3¢ [n, H]c +3E(b) — AV(b)

) = 8 3 By + B [

The Proposition now follows from similar arguments as those in the proof of Proposition
47. O

An important corollary of Propositions 4.9 and 4.10 is the following result.

Corollary 4.11. If M in (4.6) is sufficiently small then for2 <k < ¢,

j J J
>~ (184w, + N0l 2, + 19ml 2, )

i<k
= C Y (1 +bou)dL vl 2, + 116, + b33l x2,)
Jj<k

Proof. We first note that for any function f

Dy b)) = (B + b3y [+ 3 (f)aé;fbaifl"‘f,

I<i<j

and therefore by Sobolev

192, +b0a) fll 2, < 1B + b0 fll 2+ D N0LbI2 Y 9% fll2 -

i<max(2, j) i<j

Summing this estimate over j < k for f = x and f = v and using Propositions
4.6, 4.9 and 4.10, Corollary 4.4, and the bootstrap assumption (4.6) we get the desired
result. O

5. Energy Estimates

In this section we define the energy and prove energy estimates for Egs. (3.33) and
(3.34). The main energy estimates are stated in Proposition 5.15 below. We consider an
equation of the form

(3 +bdg)t +iAdy — )0 = G. (5.1)

In most applications ® will be the boundary value of a holomorphic function outside
Q2 decaying to zero as |z] — oo, thatis, ® = (I — H) f for some f. More precisely,
the relevant choices of ® are y = (I — H)u and v = (9; + bdy) x. Since v cannot be
written as (I — H) f we define the new unknown

b= (I — H)v. (5.2)
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Associated to (5.1) we define the following basic energy
FO /2” |0, +bou)OF
0 ) 0
and for the choices of ® above we let
Eo(x) = Eo(x) + Fo(x) = Ef + Ff = Ef.
Eo(v) := E(v) + Fo(v) = &Y + Fy = EJ.

g s [ (i@ O - £|@|2) do' =: O + FO
0 a A —_— 0 0 .

We will show below that if ® = (I — H) f for some f then i fozn ®,0da’ is non-

negative. [tis not, however, in general true that ]—"g) is non-negative evenif ® = (I —'H) f,
but this is the case if d€2 is a an exact circle. This can be seen by noting that in this case
the Fourier expansion of ® contains only negative frequencies if ® = (I — H) f, and
then carrying out the integration on the frequency side after an application of Plancherel.
Therefore, we expect that for small data where 9€2 is nearly a circle, .7-"6") can be written
as a positive term plus ‘higher order terms.’ This can be achieved for instance by writing
'H as the Hilbert transform on the circle plus an error. While this intuition is helpful, we
will not use this argument in our applications, but instead explicitly decompose }'g) as
the sum of a positive term and a ‘higher order’ difference in terms of known quantities
for choices of © that interest us. We will postpone this computation to after defining the
higher order energies and now only prove the following general estimate.

Lemma 5.1. The integral i fo2n Oy Oda’ is real and if ® = (I — H) f for some 27-
periodic function f, then

2 o
i f 0, 0da’ > 0.
0

Remark 5.2. Note that this lemma does not apply to the choice ® = v, which is why we
have replaced v by v in the definition of Eq(v).

Proof. Integration by parts shows that the integral i fozn Ou Oda’ is equal to its conju-
gate and is therefore real, and hence

2 o 2 ®,
i/ 0, Oda’ = Re {z/ @ <~)|§a/|da’}.
0 0 |§o{’|

Now note thatif ® = (I —H) f then by Proposition A.1 we can write ® as the boundary
value of a function F' which is holomorphic in ¢ and decays as |¢ |~! when |¢] — oo.
A simple computation using the holomorphicity of F' in Q¢ and the Cauchy—Riemann

equations gives
i0y0® oF
€ = _<F7 _>
tevd on

where n := —li;—; is the exterior normal of Q and (F, G) := f1g1 + f>g> for complex

numbers F = f; +if> and G = g1 +ig>. From Green’s formula and with ds denoting
the arc-length measure we get

2 IF

. = 7.7 2

l/ By 0Odda’ = —/ (F, —)ds = // IVF|“dxdy > 0,
0 Q¢ on Q¢
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where we have used the decay properties of F stated above to justify the use of Green’s
formula. 0O

With this basic positivity estimate in place we turn to the following energy identity
for EO.
0

Lemma 5.3. Suppose O satisfies Eq. (5.1). Then

d

2
. 1 _
EES) = 2/0 ZRe {G(3; + bdy)O)dd’

2 la[ -1 2 2 4

Remark 5.4. Note that if ® = x or v, then by the results of Sect. 3 the first integral on
the right hand side above is of ‘order four’. However, in the definition of E¢(v) we have
used ® = v, so to have this smallness we still need to show that v satisfies a ‘cubic’
equation. This will be accomplished in Proposition 5.11 below.

Proof. Precomposing with k we can rewrite (5.1) as

(3 +iady, —m)0 =g, 6H: =00k, g=Gok. (5.3)
Then
2 2 2
3,0 _
E® = / 1961 1 +/ <i68a9 — Z|9|2) da. (5.4)
0 a 0 a

It follows that

d 27 2 _ 2 a;
_E(()9 = / —Re {8,2098;9}da —/ —2|3z'9|2d0‘
dt 0 a 0 a

2w _ 2r
+/ iaaea,edm/ i092,0da
0 0
2 2 _ 2 Ta, 5
- ““Re{08,0}da + — 10/ de
0 a 0 a
2 2
! 7 A 2 2
=2 —Re {g9,0}da — —(18,01* — w[0]»)de.
0o a 0o a

Composing back with k~! we get the desired identity. O

We now turn to the higher energy estimates for (5.1). For simplicity of notation we
define

P = (8 +bdy)’ +iAdy — 7,
and note that

, . A .
POl f—0LPf=> 0P, ool ' f.

i=1
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Applying this identity to (5.1) we get
P30 =G;

. joo. . .
Gj=0,G+Y 8/ [P.og10 "0
i=1

. J . .
=a;,G+Zla;T’( bo (9+b3y)0L,O—(0; + bdy) (ber ., ©) —b2,0!,0 — i Ay 0!, ©)
i=
(5.5)
The jth order energy is now defined as

, 27 |(3) + b3, O 2
E9 ;:/ @ Z) w©! do/+/ (i) @08 - Z1oL 017) = &9 + FP.
0 0

and in analogy with the undifferentiated case we let

Ej(x) =& +F;j(x) =& + Ff = EJ, 6

Ej() := &)+ Fj(v) =&} + F} = E}.

The following lemma follows from a similar argument to the proof of Lemma 5.3.

Lemma 5.5. 9, Ef = R;(t) where
2 1 .
Rj(t) == 2/ R (G.,(a, + baa,)a;,(a) do!

1 . .
_ f N (|(3t +bdg)d), O — n|8’,®|2) do.
0 Aa ¢ ¢

Supposing for the moment that we know how to deal with the non-positive part .7-'/(7)
of the energy, we can use Corollary 4.11 and Proposition 4.7 to estimate the quantities
appearing in the bootstrap assumption (4.6) in terms of the positive parts of the energy
E;(x) and £;(v). The only difficulty with this is that in the definition of £;(v) we have
replaced v by 7, so in the next proposition we show that the conclusions of Corollary
4.11 hold with v replaced by v.

Proposition 5.6. If My in (4.6) is sufficiently small then for2 <k < ¢,
> (na;,wniz, + 19 ull7> + ||8ér77||izl> <CY (EF+ED.
J<k ¢ ¢ ¢ <k

Proof. In view of Corollary 4.11 and Proposition 4.7 we only need to show that under
the assumptions of the proposition

2 X 2w ,
/ (3 +b3y)d, v[*de’ 5[ (3 +b3y)d., 5| de’
0 0

+M Z/ (3 +bdg)dL, x|* +1(3; + baa/)a;/mz) do’. (5.7)

1<j
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To see this we first write
- Sa Su
vok=U—-H)06 =0, —H)5+[z;, Hl— = 20,6 + [z, H]—

z

Ta o
SO
B =20+ [u, H1ZZ (5.8)
»
Now
i
(9 + bio) 9 [, H]% = 0] (3 + by, H]% -3 <;)a§[,b 87w, H1 2

o o . o
i=1

(5.9)

By Corollary 4.11, Proposition 4.10, and Lemma 2.5 the contribution of the last term
above can be bounded as

2
smy (131 +baa)aL vl 2, + 10, +bda)dkxl 2, ) -

oLb 3l [u, H]%

@ Ly i<j
(5.10)
To estimate the first term on the right hand side of (5.9) we first note that
5 5 Wb 1 [ (z() —z(B)\°
Ol H1= = [z, H1= + [z, HIZ— + — / (M) 5p(B)dp.
Za Za o i Jo z2(B) — z(@)

SO

Oy V

(3, + bdy)u, HJ% = [w, H]% +[u. H]

1 [ u(o/)—u(ﬁ’))2 o
— - / dp’.
+77i/0 (4(;3/)—;(0/) xp (B)ap

It follows from this, Corollary 4.11, Proposition 4.6, Proposition 2.3, and Lemma 2.4
that

/

2
Xet

Co

” 87, (3 + bdg)u, H]

< / i, ’ i/ .
5 S M;j (1601 +bAa0L vl 2, + 10 + b0 2, )

(5.11)
Combining (5.8)—(5.11) we get (5.7). O

‘We now turn to the issue of non-positivity of }"j@. Note that even if ® can be written

as (I —H) f this will not in general imply that 8(5 ,® is the boundary value of a function
holomorphic outside of €2, so even the first integral in the definition of }' /@ above may not
be non-negative for j > 1. Nevertheless, as for fg) , we are able to show that the negative
part of F¢ is of higher order for the choices of ® we need in the energy estimates. The
following simple observation is the main step in this direction.
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Lemma 5.7. Suppose ©® = (I — 'H) f for some 2m-periodic function f. Then with
§=1¢0

2 o 2 2 2w _ 2 o
i / Oy Oda’ — / 1©2da’ = / gwgda’ — / (iLel + 1)|O)da’ — / 1Oy Oda’
0 0 0 0 0
> - (”i{otz‘*']“LZ? II@IIiz/ + el II@a/IlLi, ||@||L§,) .
Proof. The first equality follows from
10,0 — |0’ = idy (£©)(E©) — (4wt + IO ~inOy®.
To get the inequality it suffices to show that i fozn go'gda’ > 0. For this note that

g=U-MEf) - HIf

and that [¢, H] f is independent of «'. It follows that

2 2
i/O go8da’ = i/O do [(1 = HYEHIU — H)(G f))da

which is non-negative by Lemma 5.1. O

Lemma 5.7 shows that the difference between the energy and a positive term is of
higher order. Note however, that the lower order term involves an extra derivative of ®.
This causes a problem only when we consider aé,v, where £ is the maximum number
of derivatives we commute. But in this case we can write

v = (8 +b3y)d% x +135, 8 +bdy1x,
and the main term here is already bounded by the energy of y, that is,

160 +b3u)B x5 S €

Since ||(9; + baa/)aﬁ, X ||i2 is precisely the negative term in the energy of 85,1) this idea

can be used to resolve the issue in the case where we commute the maximum number of
derivatives. We will now make this argument more precise, starting with a few important
identities stated only for the choices of ® which will be used in the energy estimates,
namely ® = x and v.

Lemma 5.8. If x and v are as in (4.1) then

J i
) . I~ al,u
85/)( = (I_H)aé/,u«_zaojl/ l[na H]a_v
i=1 Sa
Bé,v

Co

4 4 oo
85 = —H)d,v =8 n. H]

i=1
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Proof. The first identity follows from commuting Bi , with ‘H in the definition x =
(I — H)p of x and noting that
J
[0, H1f =Y 80 " (00 HIOL " 1.
i=1
and
Jor Jor
(0o, H1f = [¢ar, H1S= = [, H] -
S’ S’

The proof of the second identity is similar where we use the definition
v=U—-Hj. O

We can now prove the following positivity estimate.

Lemma 5.9.(1) If My in (4.6) is sufficiently small then for £ > 2

L 14

S5t e X (erast)
=0 =0

-1 3 12 3
S Fz-cy (gr+El)
i=0 i=0

(2) If My in (4.6) is sufficiently small then for £ > 2
¢ ¢
- N2 .
Flz-Cy (&r+el) —cd € +ehi —cel.
i=0 i=0

Proof. (1) We assume M) is small enough that Corollary 4.11 holds. We start with the
estimate for . By Lemma 5.8

. . i am

ok = (1 =i = Y 0" n, HI

m=1

= fi+gi.

o

It follows that

2w o 2w
F=i / Out fi Frde' — / | fi de
0 0

27

2w 2 2
—2Rei fi8,gida’ — 2Re figida' +i / 0y gigida’ —
0 0 0

lgiPda.
0
(5.12)

To estimate the first line above we apply Lemma 5.7 with ® = (I — H)BO{ M= fi
to get (fori < ¢)

21 o 2 )
if aa’ﬁﬁda/_/ Ifil?da’ = — (&l Lo limlipos
0 0 o o

2
il fill;2 = Nl e fill 2 11 fill 2,
o o o o o

[SI[%)

> —c;)(ef +&))7, (5.13)
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(2) Note that with ¢; := (E)

by Corollary 4.11 and Proposition 4.7. Here to estimate |9, f¢ || 12, we have noted
that ’

3 . 3y (ET+E1)
Ot fo = I=H)3y p—In, H] . = (I=H)34 (¢ + ) — [, H]-———.

o

a(5.14)

To estimate the second line in (5.12) it suffices to show that fori < ¢

: 3
(Wi, + il 2, ) (Heillz, + Iougill 2 ) < € D2 (X +€0)T. 515)
j=0

But (5.15) is a direct consequence of Corollary 4.11 and Lemma 2.5. Combining
(5.12), (5.13), and (5.15) we get the estimate for .
The estimate for v is similar. Using Lemma 5.8 we write

30 = i + Vi
where
) i My
¢ = (I — ) v, w=—2%ﬂmmg.
m=1 o

The argument is now the same as for y where we replace g; by ¥; and f; by ¢;
everywhere. The only difference is that (5.14) is now replaced by

¢ 8§/v
O Pe—1 = U —H),v — [n, H] o
a/

which is responsible for the loss of one derivative.

1

L
350 = (3 +b,)Lx + Y cidlbds T x.

i=1
It follows from this, Corollary 4.11, Proposition 4.7, and Proposition 4.10 that
14
logvlf, < CY (& +ED*+CEL,
“ i=0
and from the second identity in Lemma 5.8 that
14
log oI5, =< CY (& + &N+ CEL.
“ i=0

From the definition of F, Zﬁ and in view of Proposition 4.7 if M is sufficiently small
it follows that

- 2, L ¢ -
Fp =i / 099!, 5da’ — C Y (EX + &N - CEL.
0 i=0
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so it suffice to show
2 _ 4 ~ %
i/ o1 0lda’ = —C Y (glx +5;f) . (5.16)
0 4
i=0

For this we use Lemma 5.8 to write

where
¢ . 9l v
f=U =1, g=-> 0 "nH1-=
i=1 o
Since

2 _
i forfdo' =0,
0

arguing as in (5.12) and (5.15) we just need to show that

[N

L
L
gl g2, + 17152, el 2, + 1 F12 gl 2, < €D (€7 + 7).
o o o o o o i—0
-

But this is again a consequence of Corollary 4.11, Proposition 4.6, and Lemma 2.5.
This now proves (5.16) which concludes the proof of the Lemma. O

Combining Lemmas 5.5 and 5.9 we see that if M in (4.6) is sufficiently small we
can find constants ¢, C1 and C» such that with R; as in Lemma 5.5

PIAGEI DRHOED (A OFFHO)

k<t k<t—1 k<t

. 3 t
Oy (gw+§o) +Z/O | Ry ()]t

k<t k<t

and

SHOBETAGEDY (E,f 0) + E} (0))

k<t
3 )
+OY (F0+E0) v (Fn+g (t))2
k<t k<t
+Zfl | R, (t)|dt.
k=<e 0

Adding an appropriate multiple of the second estimate to the first we get the following
energy estimate.
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Corollary 5.10. If My in (4.6) is sufficiently small then with Ny as in Lemma 5.5
S E O +E 1) < CY (ELO) + Ef0) +C Y (1) +E1))3

k<t k<t k<t
. t
+CY EED+E D +C Y / |Ri(1)]dt.
k<t k<e 0

‘We now turn to the estimates for Rj. For notational convenience we define
¢

e=) (e +&). (5.17)

i=0
Our first step will be to compute the equation for v.
Proposition 5.11. v = (I — H)v satisfies
3 (32 +iady — )8

(02 +iady — )@ ok) = (I — H)(d? +iady — m)8; + 2z, H]
Za

LA (zt(t,ﬁ)—z,(t,a)
mi Jo z(t, p) — z(t, @)
504
<

[ Zta :|5cc
+2m |z[le, Hl—,H | — +2n[E(z;), H]—

Za Za a

+m|zle, Hl— H|| — ) 6+n[E(z), H]| — ) 6
Z Z

Zo[ o o

) as, 0, )
+—2[z, H] (g—) + 2z, H 2 (Z” )
Z 2o Z

a a Za

2
) atﬂ(ts ﬁ)dﬂ

/4 8(1 Ea s 6’“
+ =[28, Hl—[z, Hl— — S [E(2), H]—.
2 Za Za 2 ZO{
Proof. From Lemma 3.7 we have

(07 +iady—7) (B o k) = (07 +iady—m)(I—H)8;=(I—H) (3> + iady—1)8; — [0} +iady, H18

= (I — H)(3? +iady — 7)8 — Z[(l —H)z, H]aﬂ 20z, H] 381
2 ~ -
1 (2 (z(B) —z;(a))z
+— 2P) — 2l o d
i Jo ( 2(B) — z() 1 (B)dp
= T~z 12 opg,, 0% 770
2 Za Za
2 | —
+(I — H)(0? +iady — )8 +2[zs, H] 0o (97 +iady — )3
Za
1 (2 (z(B) —z;(a))z
T =) Sp(B)dp.
i Jo ( 2(B) — z() g (B)dp
The last three terms above already have the right form, so we only need to consider
[+ 1+ 111 = =510 =z, HIZ* =20z, H]M +27 (2, H]——.
2 Za = :

5.18)
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Note that if g is the boundary Value of a decaying holomorphic function F outside of
Q,ie,g=U—-H)f then is the boundary value of F;, so g“ = (I — H) f, for

some f,. We will use this observatlon repeatedly in the rest of this proof Applying this
observation to 11 we see that since § = (I — H)e

8y — 8u
I =a[(I+H)z, Hl— =n[(H+ H)z;, H]—
Za ZC{

Zta dq du
|: [e, H]—, Hi| — +7w[E(z), H]—

Za Za a

For 11 we use (3.2) to write

9 as b 1) ) 1)
I =2z, H]— (g ) +2[z,, H] = (Z” ) + 2 [z, H1= (Z—"‘> .
Za Za Za Za Za Za

The first two terms have the right form and we can rewrite the last term as

3y (764 S 3 \ 2
2z, H]-2 (—) — n[(I + H)z, H]Z— +27 [z, H] 2 (-) 8

Za \ Za a Za
ta O O
zle, Hl—, H —+7T[E(z,),H]—
Za Za Za
30\’ Bu
+2mzlze, HI\ — | 6 +2m([[zs, H], z] [ —
Za Ol

The first term in the last line above can be written as

30 \ 2 _ 3\ 2
mz[(I + H)z, H] <Z—°‘) 8 =mnz[(H + H)z, H] (—"‘) )

Za
=nz|zle, HI— , H||— ) §+n[E(z), H]|— ) 4.
Za Za Za

2
For the second term 27 [[z;, H], z] (Z—"> 8, we use Jacobi identity to write this as

2 9 2
—2n[[H, z], z/] (—"‘) 8§ = —2n[H, 7]z (—) 8

Za Za
0
= T Zt(ﬂ)f?ﬂ ( (I — H)e) (,3)) dp.
l Zﬂ
By Lemma 3.12, we have
(I — Hye = (I + H)e — zle, H12% — E(e).
Lo

Therefore the contribution we need to consider is

2 2
/0 z1(B)og <(1 +ﬁ)i—§> (Brdp = /0 2t (B)G=z(z(B))zp(B)dp = 0.
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Here Gz(z(B)) = 7 ((I +H) —ﬁ) is the boundary value of an anti-holomorphic function

Gz(2) in Q2. We also used the fact that z;(8) is the boundary value of an anti-holomorphic
function in €2. Finally for I we compute

T - St
I =—-—[(I—-H)z, Hl—
2 Z

o

T - St
= E[(I + H)z, Hl—

Za

T ) T )
= >[28, HI = + S[E(2), H] ==
2 Zo[ 2 ZO(
i1 0 T 0, & T )
= Z[28, HI2(I — H)(242) — =[26, H1 %[z, H1- + = [E(z), H1=%.
2 o 2 Za ra 2 Za

Again the last two terms have the right form and for the first we use Lemma 3.11 with
f=z,g=6andh = 2—Z(I — H)(z;z) and the fact that for and f] and f>

(I — H) fi, HIUI — H) f, =0

to write

[18 H]—(I — H)(z:2) = [z H]S—(I — H)(z:2)

Za

1 T 2
- 83, (I — H)(z/2)da = 0.
wi2 Jy

Here for the last step we have used the fact that since § and (I — H)(z;Z) are boundary
values of holomorphic functions F and F», respectively, in Q€ going to zero as |z| — co,

2w
/ 30, — H)(z;2)do = / F1(2)3,F>(z)dz = 0.
0 aqe
[}

The following estimate is used for estimating the second integral in the definition of
Ng.

Lemma 5.12. If My in (4.6) is sufficiently small

00
La,

Proof. We use Lemmas 3.16 and 3.17 and the Sobolev embedding H J, — L7 Recall-
ing that A = (aky) o k="', from Lemma 3.16 and precomposition with k~! we get

S 1 ﬁc{’
H 2 ok™, H]—
|ca/|{ e ]; = I

- Ty 7w, By —ut, )\
_E(I_H) ([u H]§> ;/0 (C(t,ﬂ’)—§(t,a’)) ug(t, pHdp ”

(1+/c*)( ok Az, |)_Re{—z
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Recalling that g' o k™! = Z¢ x + E(¢), it follows from this, Lemmas 2.5 and 2.6, and
Corollary 4.11 that

1

Sl (1 + KD CEE ok~ Al )l 2, < CE. (5.19)
i=0
On the other hand,
Lok = (RO ok Al
_ A2|1§a,|;c*(% ok~ Altyl) =2 1 = L

By (5.19) and Propositions 4.1 and 4.7
10,2, + Woar I 2, < ce,

and therefore in view of Propositions 4.1 and 4.7 to complete the proof of the lemma it

suffice to show that
1 a -1
Op | —— ok +CE.
Aa L2,

(5.20)
For this we use Lemma 3.17. Note that since K* f = —Re {% le‘;—y} we may replace
zby ¢ and z4 by ¢, everywhere in formula derived in Lemma 3.17 to get a representation
for K*. Using this observation and Lemma 3.13, 3.17 we get with f = ‘;—‘ ok 1ALy |

la[

T2, + 1012 < CM (HZ_Okl +

a LZ/
o

1 o ’ ’ , AV o
1= £ (@)t (@)1’ + 2L o)
7| o | 0 [Co (5.21)
¢ 0a(fltw)  E(flLw]) I Flew)
— JH — — Re{—1I[n, H]———1}.
2T, 200 ] AT

The contribution of the second line above can be bounded by the right hand side of (5.20)
using Lemma 2.5, Corollary 4.3, and Proposition 4.1. To estimate the contribution of
the first line of (5.21) we go back to Eq. (3.4) which we rewrite as

a _ — — _
flew] = ;’ o kT Al |? = ilo By + bW — Tty — (A — Tt L o

LN RV v (5.22)
> u, t — &y .

o o

Moreover, we can write
2 2
AV(g) = / "8 o +i / gda’
o ¢ 0

so to prove (5.20) for the first line of (5.21), it suffices to bound fozn gda’ by the right
hand side of (5.20) with g replaced by each of the terms on the right hand side of (5.22).
For the last two terms of (5.22) the contributions are of the right form in view of Lemma
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3.12 and Proposition 4.7. For the second term of (5.22) it suffices to note that since u is
anti-holomorphic inside €2

2 _ 2 2t 2w
/ Ug & yrdd’ :/ uarﬁdo/+i/ ut yda’ =/ ugndo’
0 0 0 0

which can be bounded by the right hand side of (5.20). Finally for the first term of (5.22)
we write z; = F (¢, 7) for an anti-holomorphic function to get

Ztalt e~ @raZr + Z1aZit)Ta — ZtotZtaZt
in=F+Fz=F+ , Ztt = Fpp+ — 2 + )
Za Za 2y

Since Fy; is anti-holomorphic, it follows that
m T (Weth + U W) g — T Uy U

Ea’

which can be bounded by the right hand side of (5.20). This completes the proof of
(5.20) and hence of the lemma. 0O

do/

_ 2 2
(3 + b )we yrda’ :/ wa/ﬁdo/+/
0 0

Corollary 5.13. If My in (4.6) is sufficiently small then for all j < £ and with ® = x

orv
\[)

Proof. This is a direct corollary of the definition of £, Lemma 5.12, Proposition 4.6,
and Corollaries 4.4 and 4.11. O

1
2% !
Aa

<|(a, + b)), O + 7 |3i/®|2> do' < CE2.

The last step before stating the main result of this section is to obtain an expression
for the time derivative of b and then estimates for it.

Proposition 5.14. Suppose that k is given as in Remark 3.21 and that it is increasing.
Then ks = (0; + bdy)b o k satisfies

2
(I — H)ky = —i(I — H)M i — H)
log(ze'*)),y + ik
_l.[zt’H](Og(ze Dia + ikia z[z,,H]—a (zw)
o Za Z

(log@ze™ )y 1 / (zt(ﬂ)—ma)
0

“ile -2 | T 2@

) (log(ze'))pdp
and

I 2487 — 2
Re AV k) = ™ f (M) kedp
2w 0 Z

L Rey fznz dﬂ+Rea 7 logGe s L
- Z 0og(ze —_— .
)y R )y TOBRE VR
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Proof. Differentiating the first formula in Proposition 3.18 with respect to time, we
obtain

k
(I — H)ky = 8(I — H)k, + [2,, HI—=

Za

. e log(ze'*) k
=—zat<1—H)’T—zat[zf,H1—( ) + [z, H] =

Z Lo Za
= I+I1+1II.

Direct computations imply that
_2 -
1€ + 71€ Zr€ 1 Z:€
=—i(l - )" +i(l — H)2- +ilz, H1— (’—)
Z Z Za

1 — ik 1 — ik
I =—ilz, H]—(Og(ze ia i1z, m 108ED)s

Za Za

2w
2 (B) — 2z (a )) — ik
- — log(ze'™)) dB.
(i) (et ar
Putting all these together, the first formula in the proposition follows. The second

formula follows from differentiating the last formula in Proposition 3.20 with respect to
time. 0O

We are finally ready to prove the main result of this section.

Proposition 5.15. If My in (4.6) is sufficiently small then with Ry as in Lemma 5.5

S ELO+E®) S ELO) +EFON+ D ELD) + E )+ (EL ) + (1)

k<t k<t k<t k<t
+ Z/ (EL () + EL(9))? ds.
k<t

Proof. By Corollary 5.10 we only need to estimate the nonlinear term Ry. Here Ry is
defined in Lemma 5.5 and G is given in (5.5) as

G=0/,G-> 8} (ba/(a,+baa/)a;/®+b§, 8 O+(3;+bdgr) (ba/a;,(a) +iAy a(;/@) .
i=l1
(5.23)

It follows from Corollary 5.13 that we only need to consider the first integral in the
expression for Ry in Lemma 5.5. In particular we need to show that

1G;1I72 < & (5.24)

We begin with the contribution of 8; ,G. When ® = y this is already dealt with in
Propositions 4.8 and 5.6 and Corollaries 4.11 and 5.13. When ® = v we use the equation
derived for v in Proposition 5.11. But then in view of Proposition 4.8, the contribution

of 80{ ,G when ® = v is also handled by similar arguments as before using Lemmas 2.6,
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2.5, 2.4, Propositions 2.2, 2.3, 4.1, 5.6, and Corollaries 4.3, 4.11. We omit the details.
To estimate the contribution of the second term on the right hand side of (5.23) we note
that

(3 + bdy)byr = By (3 + by )b — b2,

and use Proposition 5.14 to express (9; + bd,)b in terms of quantities we can already
control. Here we also use the observation that

(log(ze™))y =

|| 3|

and that ;7 = u, —iu. The proof of the proposition can now be completed by appealing
to Propositions 4.7, 4.10, 5.6 and Corollary 4.11. O

6. Long Time Well-Posedness

In this final section we prove long-time existence for solutions of the system

wn +iazg = =5 — H)z, 7= HZ

6.1
2(0, @) = zo(a), z;(0, ) = z1 (@) ©.1)

with small initial data. More precisely we will complete the proof of Theorem 6.2. This
section is divided into two parts. To use the energy estimates from the previous section
we need to transfer the smallness of the data for Eq. (6.1) to the initial smallness of the
quantities appearing in the bootstrap assumption (4.6) and the initial energy defined in
the previous section. This will be accomplished in Sect. 6.1. Then in Sect. 6.2 we will
establish Theorem 6.2, by showing long-time existence of solutions to (6.1) assuming
that initially the bootstrap assumptions (4.6) hold and that the energy defined in the
previous section is sufficiently small.

6.1. A discussion for initial data. We consider initial data zo(«) = e+ e f (o) and
z1(a) = eg(a) for the system (6.1) such that zq is a simple closed curve containing the
origin in the interior, parametrized counterclockwisely, and such that (f, g) € H; x
Hj, s > 15. Furthermore, we assume

sup |z0(@) — 20(B)| = Ale' — e

aFp
for some A > 0. We let Hy be the Hilbert transform associated to the initial domain €2 (0)
bounded by zg and ko () = k(0, o) be defined according to Remark 3.21. Using Eq. (6.1)
we can now uniquely determine initial values z, and ag for z;; and a respectively. Here
to get the initial value for a one can for instance use the Riemann mapping formulation
of the problem as discussed in Sect. 7. Alternatively one could use the double-layered
potential as in [40], see also [23,24] and [37]. More precisely, let us write (3.1) as

i(a — T)Zg = T — im(Zq +i7) — %(1 +H)Z. (6.2)

Applying (I — H) on both sides we obtain
i(l —H)((a—m)zo) = (I — H)Zyy —in(I — H)(za +12). (6.3)
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—I1Zy
[za

Using the holomorphicity of z; and multiplying both sides of (6.3) by
the real part, we get

then taking

(I +K*) ((a—7m)|zal) = —Re {% <[Zt, H]ZZt—a —mi(l — H)(Zq +iZ)>} . (6.4)

Note that z, = ie'® + €f, (a). An argument similar to the proof of Lemma 5.12 using
(6.2) and (6.4) implies that

la —mlip2 < llze — izl +e€llzellz2 (6.5)
if € is small enough. The H; estimate for (@ — ) can be derived similarly:
l(a —m)|zelllny S llze — izl +€llzellag- (6.6)
As for a the initial value for z;; can be determined and estimated using the Eq. (3.1)
— . — . —_ T —
Zn =i(a —n)za+m(za+1z)+§(1+H)z. (6.7)

Finally we let k(o) = 0:k(x, 0), where k is extended using Theorem 3.2 and
Remark 3.21.
Our goal in this subsection is to prove the following proposition.

Proposition 6.1. Let zo, z1, f, &, z2, ko, k1, ao, and Hy be defined as above and let
My > 0andt e N, £ < s — 2 be fixed constants. Then there exists g > 0, depending
only on || fllus and ||gll Hg, such that if € < € then kg is a diffeomorphism and

1 )
koo = Uz < 50 ke = Uyt S lza = izl - (6:8)
Moreover, if € < €9 and we define
to:=z00ky"', o= 00 —i0, uoi=zi0ky', woi=z20ky", (6.9)
then
, . . My 1
>~ (I8mollzz + 8ol +13dwolliz) < =% 1P =3 (6.10)

Jj=t

Finally if we extend zg, z1 to a local-in-time solution (z, z;) of (6.1), with the corre-
sponding Hilbert transform H, and we define by := k1 o k=L Ag =: (apdgko) o ko_l,
and

e:=1z>=1, 8:=(I—H)ey, x:=80k ", v=8ok ', o =(—H)v,

then if € < €g

2 J 2 J=
(0 =3 ( [ Ol [ Ot D da) R

j=t
6.11)

for a fixed Ry > 0 independent of €.
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Proof. Let the F(-) be the holomorphic function with the boundary value Zoe'*0. Dif-
ferentiating the equation (/ — Ho)(Zoe’kO) = 0 with respect to « we get

. 200 +iZ . . 0y (log F
(I — Hokow = i(I — Hop) 22120 oo izg, 22108 F) 6 10
20 20,0
On the other hand, for the initial data we have
lzo, —izollEg. lzillag, Nz2llEy < Coe. (6.13)

In fact, the first two estimates are straightforward from the construction of zg and z; and
the last one follows from (6.6) and (6.7). Equation (6.13) together with the relation

ke —1=29"% i3, (log F) (6.14)

N

implies that
AVky = 1) S llza — izl g1 (6.15)

Here we used the fact that || log F || Lo is bounded by an absolute constant, which follows
from the definition of F. Therefore writing ko o in terms of Re (I — Hp)ko o gives the
desired estimate (6.8) for k. The other statements of the proposition follow from (6.8),
the relation

-1
1 faok

and arguments similar to those in Sect. 5 O

6.2. Completion of the proof. In view of Proposition 6.1 the proof of long-time well-
posedness will be complete once we prove the following theorem.

Theorem 6.2. Let zg, z1 be as in Proposition 6.1 and denote by z(t, o) the local-in-time
solution of (6.1). Then there exist constant My, c, and €1 such that if (6.10) and (6.11)
hold with € < €1 then (6.1) has a unique classical solution in [0, e%]'

Proof. Let T* > 0 be the maximal time of existence guaranteed by Theorem 3.2. We
want to show that 7* > 6% for some ¢ independent of €. Let T < T* be defined as

1
T := sup {t €0, T%) | ko(t, ) > 100

, Ya € [0, 271]}.

In particular k is a diffeomorphism and continuous in time for all t < T. Moreover, the
energy £(t) defined in (5.17) is continuous in [0, T']. Next, define Tyy, < T as

Tyy :=sup {1 <T | Z(na;,nan,+||a;,u||Lz,+||a;,w||Lz,) <Mog.
]S[ o o o
and T, < T as
T, = sup {t <T|E2() < 2CROe} ,

where C is the constant in Proposition 5.15.
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Step 1. We show that T, < Tyy,, provided € is sufficiently small. Indeed, if this is not
the case then by Corollary 4.11 for all t € [0, Tay,]

> (na;,nuLz, + 1192 ull 2 + ||a;,w||Lz,) < C1(Mo)Roe,
J=<t

and choosing €] < we get a contradiction with the maximality of Ty, .

Mo
2C1(Mo)Ro

Step 2. We show that there exists aconstantc; = ¢ (Mp, Rp) suchthatif ¢ is sufficiently
smalland T < Ty := ;—; then T. = T, and hence by the previous step Ty, = Te = T. To
see this, assume the contrary and firstlet €] be so small that the conclusion of the previous
step holds. Then we can apply Proposition 5.15 with t = E—% < T., and conclude that if

€1 and ¢ are sufficiently small then £ 2 (t) < 2C Roe proving the claim by contradiction.
Here note that since t < T the last integral in the statement of Proposition 5.15 can be
bounded by 16c; R3C462 < 4C2R%62 if ¢1 is sufficiently small.

Step 3. We show that there exists cz = c2(Mp, Ro) such that if €] is sufficiently small
and T := 62 < Ty then ky > 100 for all r € [0, min{T*, T1}). Suppose €; is small
enough that the conclusions of the previous two steps hold. From the definition of b

Orka = (by 0 k) kg,
and hence
t .
(1, ) = ke (0, oo GaroD) 6.5 > g0 gy~ 015 (6.17)

But then by Proposition 4.10 and Corollary 4.11 if t < min{7}, T*} and c; is sufficiently
small it follows that

ko (2, > kg (0, —0C(My) -
(1, 0) = ko (0, a)e Z T00°

Step 4. Finally we show that 7* > 6% for a sufficiently small constant c. By Theorem

3.2 it suffices to show that if T* < 6% the Ho}o norms of z; and z,, remain bounded for

t < T*and
eia
sup sup

2(t. @) — 2(t. B) 6.18
O<t<T*azp | Z(f, @) — z(t IB)‘ ( )

Let €; be small enough that the conclusions of the previous steps hold, and let ¢ = ¢»
be as in Step 3. Then if T* < 2, it follows from the previous three steps that T, =
Tu, = T = T*. By Corollary 4.2, ¢, (t, a)| > % forallt < T* and all « € [0, 27],
and therefore combining with the fact that k, > 1(1)—0 we get (6.18). Moreover, from the
definition of Ty, the H 01,0 norms of # and w are bounded up to 7*, so by the chain
rule, we only need to prove that the derivatives of k up to order 10 remain bounded for

t € [0, T*). But this follows from Proposition 4.10 and successive differentiation of the
first identity in (6.17). O
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7. Riemann Mapping Coordinates and Local Well-Posedness

In this section we outline the proof Theorem 3.2 by investigating the quasilinear structure
of the equation

— . Y _ _ T _
zt,—laza=—5(I—H)z=—nz+5(I+H)z. (7.1)

More precisely, we find a quasilinear equation whose well-posedness implies that of
Eq. (7.1). This is achieved by differentiating (7.1) with respect to time and exploiting the
holomorphicity of various quantities. Once the equivalent quasilinear system is found,
the proof of well-posedness is standard and follows for instance from the vanishing-
viscosity method in [38]. To avoid repetition we only prove the equivalence of (7.1)
with a quasilinear equation and refer the reader to [38] for the details of the vanishing-
viscosity method.
To get a quasilinear equation we differentiate (7.1) with respect to time, noting that
(I + H)z is the boundary value of a holomorphic function in €2 (z), to get
R N (1.2)

o

Even though the proof of local existence for (7.2) can be carried out in these coordinates,
the structure of the equation will be more clear in Riemann mapping coordinates which
we now introduce. Since we are interested in local existence, we fix apointxy € ©2(0) and
define the Riemann mapping for ¢ such that xo € €2 (¢). For such ¢ we define the Riemann
mapping ®(¢.-) : Q2(t) — D using the normalization ®(t, xg) = 0 and (¢, xp) > 0
(in particular ®,(z, Xo) is real). To & we associate the coordinate change # : R — R
defined by ¢/""®) = ®&(r, z(, a)). Alternatively let x;(-) = z(0, -) : [0, 2] — 9Q(0)
be the parametrization of the initial boundary and extend the definition of x(-) to R
periodically. Similarly let X (z, -) : €2(0) — €2(¢) denote the flow of the velocity vector
field, that is, X (¢,-) = v(t, X(t,-)). Finally let x2(-) := —ilog(:) : 3D — R be
the inverse parametrization of the boundary of the unit disc. In this notation /4 is the
composition change of variables & := x2 o ® o X o 1,

R x1():=2(0,) 9Q(0) € Q(0) X(,) Q1) Q(1,) D> aﬂyz(‘):—ilog(')R

h(t.-)
and the new unknowns in Riemann mapping coordinates are

Z(t,o) =2 h7 o), Zit o) =z kT o)),
Zu(t, o) = 2 (t,h @), Zu(t, o) i= 2 (2, R (2, ).
To avoid confusion we separate the subscripts corresponding to partial differentiation

by a comma, so for instance Z (¢, ') = 9y Z(t, @’). We denote by H the Hilbert
transform on the circle which can be written as
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2 1
i@ )_g/ f(8)

i elf — el

ielt'dp’

_ bV . B —a 48 1 [ Nig
2i Jy f(ﬂ)CO( ) ) ,3"'50 f(B)Hdp
=Hf @) +Av(f), (7.3)

where

N L 2 A p - 1
i) =25 | f(ﬁ)cot< > )dﬂ A= oo | f(ﬂ)dﬁ

For notational convenience we also introduce the following new variables and operators
in Riemann mapping coordinates:

A= (ahg) oh™!, G := %((1+H)z)oh*‘

and

2
~ f(ﬂ) o
H@) = —/ g Lt BB

With this notation, precomposing with h=L(z, -) we can rewrite Egs. (7.1) and (7.2) as
Zy —iAZ gy =-nZ+G (7.4)

and

— — a — T 7 / — —
Zit —iAZ; g =i~ ohVAZ o + 512, H] Z"" , HZ, =Z,. (7.5)
a

/
,o

Note that if we let
B:=h,oh™!

we can rewrite (7.5) as

((at + Boy)? — i Ady ) Z =i oh T AZ o+ —[zt, (7.6)

a o

To understand the quasilinear structure of this equation we need to compute .4, B, and
% o h~! in terms of the unknowns. We begin with A, where in addition we verify that
A is in fact a positive quantity so that the Taylor sign-condition holds.

Proposition 7.1. A; := A|Z ,|? is positive and is given by

Ay =Im[Z,, H|Z, o +7Im [Z, H]Z o

2 r_
- 1/ Z(t, B) — Z(t, a')[? csc? (ﬂ—“> dp’
8 J, 2

1 2w I
+—f |Z:(t, B)) — Zi(t, o) |* csc? P dg >0
8 0 2
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Proof. Multiplying (7.4) by Z ,» we get
iAl =iAZoy)? =Z3uZ g +1ZZ 0 — GZ 4. (1.7)
Note that since ® (¢, Z(t, o)) = ¢! and @, is non-vanishing,

ieia/
o.(t, 2)

o =

is holomorphic inside ID. Moreover writing z; = F (¢, z) where F is holomorphic inside
Q(t) we get

B ZraZ
Zu = Fi(t,2) + Fy(t,2)z = Fi(t,2) +

Za

and hence

Z
Zu=F/t 7))+ Lf

o
Therefore we can apply (I — H) to (7.7) to get

i —MA = ~H)(ZiwZ) +7(I —~H)(ZZo).
Taking imaginary parts of the two sides, keeping in mind that A4, is real, yields

Al — AV(A) =Im[Z,, H1Z, o + 7Im [Z, H]Z 4. (7.8)

Note that from (7.7)

AV(A) = —iAV(Z, o Z) — TiAV(ZZ o). (7.9)
Also
(Z.H]Zo = ZHZ o + ZAV(Z o) — H(ZZ o) — AV(ZZ o)
=[Z.HIZy — AV(ZZy)
and

[Z;, H]Zt o =2, ]Zt o — AV(Zt o Zy).

Using the fact that Av(Z Z o) and Av (7,, «' Zy) are purely imaginary, these computations
and (7.8) combine to give

Ay =Im[Z, H|Z, o +7Im [Z, H]Z o

To see that the right hand side above is positive note that

/ /

2
Im([Z,H1Z o) = —%Re (Z(t,a') — Z(t, B')) cot (’3
0
—Z(t, ")) dp’

) ap (2@, B)
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2 / o

= —/ cot< )aﬂ,|z(1 B —Z(t, o) >dp’
2 ‘3

=—/ |Z(t, B — Z(t, )] csc( > )d,B

and

/

o 1 2w ’_ - o
m[Z, HIZ, o = —ERe/O (Zi(t, ") =Z: (2, B)) cot (ﬁ 2“ )aﬂf (Zit, B)=Z:(t, &) dp’
1 27 I
- E/o 3| Zi (1, B)) — Ze (2, &)|* cot <’3 5 al )dﬁ’

1 2w 7
=_— / 1Z(t, B') — Z,(t, &)|* esc? (u) dpg’ > 0.
8 0 2

O

The computation for % oh~!is more involved. In order to state the result we introduce
the notation

Oy (7.10)

We also define

[Z1, Zi: Doy Z,) := —[Z}, H)do Doy Z1 + 20 Z1, H)do (Do Z1) Z1)

iel® (2 (7.t B) — Z(t,a)\*  ef —
— > 2 Z, g (t, BHdB .
T /O ( elﬂ/ — ew‘/ ) Z'g/(l, /3/) nh ( ﬂ ) ‘B

With this notation we state our next proposition.

Proposition 7.2.

as 1 1 ( as 1
Ton 1 —Av(A =L oh )
o : \% ]a o

a

_ 1y [z H]i Zo—Z(I+TH)Z, HIZ
_Al m 2 s a o ) , ta

+2[Z;, H]itt,a’ +2[Zy, H]ft,a’ -2, Zy; Da’ft] },

and

AV (AL o h ™) = —2iAV (2,0, (Zii—(Dy Z1) Z2)) —i AV (Zy1dyy Z1) —i AV ( 220, Dy Z1
a o o o Yo o

. - o . 7 ,
—iAV(Zs o0 Zir) + %Av (ZrwU+H)Z) + %AV (zya/[zt, Z"" ) )
Lo
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Proof. Multiplying (7.5) by Z , gives

Zo\Ziw —iAZ; o —
o ( e — 1 ta B Z,o/

z[Z,,H]Z’“"> — i S o, (7.11)
a

In order to understand the holomorphicity properties of Z;,; we recall that

Zi(t,a) = F(t,z(t, @),
Zu(t,a) = Fi(t, z(t, o) + F (2, 2(t, @)z (¢, @),
Zor = P (8, 2(t, @) + 2F, (2, z2(t, &)z, (t, o)
+ F(t, 2(t, o))z (t, @) + Fo (1, 2(t, )2} (£, @),
Zia = F; (¢, z(t, 2)) 2o (¢, ). (7.12)

With the notation introduced in (7.10),

Fioz =% — (DoZ)z, Froz=D4Z, Fyoz=D2%,
th 07 = D(x(ztt - (Dazt)zt)

where the lasts identity follows form differentiating the first with respect to «. Substi-
tuting back into the equation for z;;; we get

Zir = Frr 02+ 22, Do (Zer — (DoZ1)2) + 200 DaZs + z,zDéft-
We now precompose with 7~ ! to get
7”[ == Ftt o Z + ZZtDa’(itt - (Da/ft)zt) + Z”Da/it + thDg/?t (713)

We will substitute this into (7.11) and apply (I — H). To this end we first note that if f
is holomorphic then since Z , is also holomorphic, (I —H)(Z o f) = 0, which allows
us to compute

(I —HN(ZyFi0Z)=0, (I-H)NZyZ)=0,

(I —H)(Z 3y (Zyy — (Do Z)Zy) = Z, W3 (Z1s — (Do Z1) Zy),

(I —H)(Zydy Zy) = [Z1r, H1dy Z,,

(I —H)(Z}3y Dy Z;) = [Z2, H1dy Do Z1,
SO
(I—H)(Z,a/im) =2[Z;, H]9y (7tt_(Da/7t)Zt) +[Zy, H]aa’7t+[zt2, H]aa’D(x’it-
In view of (7.4) and holomorphicity of Zz,a/,

—i(l —H)(AZ oy Z o) =T —H) (Z1 o/ (Zu +7Z = G))
=1[Zu,H1Z o — [G,HIZ, .

Moreover using Lemma 3.7,

—”(I—H)(z a(l—H)f)—” V4 H]Z"' H|Z
2 o' Ot - 2 I Z’a/, Lo
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Putting these together and using the notation introduced before the proposition we get

- L ony=-1 [[z,, H 2 H] Zo — (I +H)Z, HIZy o
a 2 Zy 2

+2[Z, W1 Z o0 +2(Z1t, M) Zs op — [Z1, Zs5 Doy Z1].

The first statement of the proposition now follows by taking imaginary parts on both
sides of this equation. The second statement follows from taking the averages of the two
sides of (7.11) and using (7.13) and (7.4) as well as the facts that by the holomorphicity
of F and Fy;

1
AV(Zya/Fn [¢] Z) = —/ Fttdz = 0
21 Jaq
and

o 1 2r , 1
AV(Z;wZ) = o Z/Z yda’ = oy Fdz =0.
0 ol

Finally we turn to B := h, o h™!.

Proposition 7.3. Suppose the Riemann mapping ® satisfies ® (¢, xg) = 0, O, (¢, xg) > 0
forallt < T, where T is such that xg € Q(¢t) fort < T. Then B satisfies

Zt eia/
B — Av(B) =Re |:.—,,H:| )
eio Z,a/

B 1 2 A ,
AV(B) = 2—Re Z—da .
T 0 o

and

Proof. Differentiating the equation ®(z, Z(z, a’)) = ¢ with respect to ¢ gives
ie' (Z, — BZ.y)
Zy

0=0,0Z+P.0Z(Z —BZy)=d, 0Z+

which can be rearranged as

XY

iel® Z’a/.

B

Since ® (¢, xp) = 0 for all t € [0, T'], applying (I — H) gives

7z 7 io
(I—H)B:(I—H)( ’):[_—',,H}e .
Zy e Zy

Taking the real parts on both sides of above gives

Z; el
B — Av(B) = Re [— ]I-]Ii| .
el Zy
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Note that

1 t, (¢, el 1
i il 2( <, i da’ = — @, (t, x0) (P, (2, 0)
i Jo ie i

is purely imaginary by our choice of normalization for the Riemann mapping. Since B
is real, it follows that

2 Zt
Zy

1
AV(B) = - —Re / 2L do.
0

O

Summarizing the computations above, we get the following corollary of (7.4), (7.6),
and Propositions 7.1, 7.2, and 7.3.

Corollary 7.4. If z is a solution to (7.1) and the Riemann mapping ® is defined according
to the normalization above, then Z == 7 o h™1 satisfies

VF —idd T = i ot A Za
(@ + By Y'Z; —iAdwZy =i o h P Q[Zth]Z =8 (714
:Hil
where
— T =12
|Ztt+_(1 —H)Z| _ _
A= A v Zy = (0 +Biy)Z,
1 , (7.15)
1 Zy+ —(I -H)Z
Z,a/ B lA]

a
and Ay, = oh™', and B are given in Propositions 7.1, 7.2, and 7.3 respectively.
a

Remark 7.5. The significance of (7.15) is that in ?rovmg local well-posedness for (7.14)
we will use (7.15) as the definition of A and As we will discuss below, we will

separately show that the resulting solution is a solutlon of the original system (7.4).

We have now seen how to go from the original system to

32 _ﬂ —1 z_ @—
(3 + B3a)?V + ADIV = — o h™! L+ 2 [V, H] Wy 8, (7.16)

@ +Ba,)W=V

where
B - AV(B) = [1/, H] eﬁ%
AV(B) = 271 fzﬂ VL
|(0; + Bdy)V + 5(1 - 7'-()W|2 (7.17)
A= ,
Ay o
L= +Bdy)V +%(I —H)W,
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and A and % oh~! are defined in Propositions 7.1 and 7.2 with Z, Z;,and Z,; replaced

by W, V, and (9; + B9,/ )V respectively. Here W = Z,V = Z, |D| = ,/—B‘f, and
we have used the fact that if « is the boundary value of a holomorphic function in the

disc, then |D|u = —idyHu = —id, u. We next discuss how to go back to the original
system from (7.16)—(7.17).

Proposition 7.6. Suppose (W, V) is a solution to (7.16) and (7.17) on some time interval
J extending from t = 0 such that xg € Q(t) for allt € J. Then the following statements
hold.

W and V are boundary values of holomorphic functions and L — 5+ =
(2) If h is the solution to

dh B(h,t), h(0,a)
— = 1), , ) =,
dt

then z := W o h satisfies (7.1).

Proof. (1) We will derive a linear differential system for the quantities (/ —H)V, (I —
H)W and ";,i‘/ — L for which uniqueness of solutions holds. Since these quantities
are zero initioélly, they must be zero during the evolution. In this process, we will use
‘R to denote linear terms in these quantities, whose exact definition may change from
line to line. If we want to make the dependence precise, we use expressions such as
R —H)V, (I —H)W,...). We start with the equation for W. Applying (I — H)
on both sides we get

3 (I — )W) + Bdy (I — H)W) = —[B, H|W, + (I — )V

(I + H)yW,,
2

= —[B, H] +(I —H)V + R,

[—H (I +H) _
=~ |5 BH|———Wa+( -HV+R,

I+H

— _I—H — ) €ia/
= -H)YV - Re[Ve™* H]— H
( ) 3 e[Ve ]Wo/ }

— |r-m_ _ . et [+H
= -H)V - Re[Ve ™ H] ,H Wo +Ri+Ra+Rj3
(X,

i 2 %W 2

= (I —H)V - I_H< 4 ),H]]+HWQ/+R1+R2+R3
L2\ B we 2

= (I -V - |- 4 ,H}I+HW0,/+R1+R2+R3
| W 2

=Ri+R2+Rj3. (7.18)
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where
—H
= —[B, H]( )Wau
I-°H _ ., (L 1 I+H
Ry =— Re[Ve ™ Hle'Y | — — — ), H| —— W,
2 [ ;5 RelVe le (iA1 Wa/) } 2 e
I —H — i el el I +H
Rz = — Re[Ve ™ H]| — — JH | —— Wy (7.19)
2 Wa’ %Wa/ 2
Note that in view of Lemma 2.8,
iAy
IR ; ||Hr < C(HL—— . +||(I—H)W||Lz/). (7.20)
/ L2, 3

To derive an equation for (I — H)V, we introduce the notation P := (9; + Bdy)? +
A|D]|. Then the first equation in (7.16) can be written as

I —H I +H o iel® Wo,/
P(TV>=_P< 2 V>+em I+]H[W,A1;0h +2[V H] + R4

Wy
(7.21)
where
( (I—]HI ) I-H_ ) .
Ra=10;+Boy)| ——V | +7 L oh
2 2 a
o » (7.22)
+e <iA1 %Wa/)u‘h(d h )
Here
L= (3+Bj I+HV I+H w 1 +H)W,
= (0 + a’)( 3 >+E 5 ——( +H)
~ N[ / [+H
Fpey =5 [ TP (L) waghag
o (B wes) - (BE) W
Note that

(H—H)f =R —H)W, (I — H)W,),
L—L=R(I-HV,Ud-HW, I —-HW,, 3 +Bdy)I —H)V).

Claim 7.7. Given any f € H,,, there is a constant C = C (||f||Hs/>, such that

s
elol

Z el

c (I

s
Hd,

EDV Iz, +11; + Bda ) =DVl 2, +11(J — H)wu,,;,) .
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Proof of Claim 7.7. First we compute

/

A —H) Le\ _ [ —H)( D)+ [H, A] Le
1 A =( e Al A

.y ]+]H[ . /I+H
= (I —H)@ + Big)e™ =V ) = (1 — 1) (iB* ——=V

+ (I — H)E W +[H, Ay % +R
7 W

L I+H o Ti(l —H) e
= [B, H] <e’°‘ TVD/) +7(l —H)e'* W — [TAl, H] (I;HWO,/) +R

[I—H }<I+H ) m1+ﬁ7
2 2
_1[(1—H)<I+H> I+H>V H}(em, )

2 “ Ly,

oz (-1 I+H I+H W H el ®

2T 2 2 ) o LHy, "
_ T H I +H v
U <T )

I+H v I +H Vo H el P
T\ 2 (2) LEy )T

Therefore since A; is bounded away from zero

(I — H) Lel® B el — H]<I+]HI Let® B el R
f iAr Ly ) ) 2 iAr HHw,

I+H\ (L o
=[f,H]< > )(
iA

and the claim follows from Lemma 2.8. 0O

Applying (I — H) to both sides of (7.21) and with

. az —1 I+H I +H T — Wo/
S = —oh™ ' — Wy V —-—[V,
id %o ( : ) (P( . SV I

we obtain

io

(I—]HI)P( 2Hv) 75 1] ’+;1Wa + (I — H)Ry
e +1[[ ~ie S, H] -

= I:e_ilx/(l — H)S, H] W + (I — H)R4

2

| =

I+H
7 Wo

N

(7.23)
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To see that the first two terms in the last line are linear in (I — H)V, (I — H)W,
and ’A‘ — L, we want to mimic the proof of Proposition 7.2, for which we need to
1ntr0duce the Riemann mapping. First let / be the function on R defined by

% — B(h,1), h(@0)=a. (7.24)

Since h is a diffeomorphism at + = 0 and A, satisfies the linear ODE
dhy

= Ba’ho{»

hisa diffeomorphism at least for a short time and 9, (f o h) = (9; + B9, /) foh for all
time. Let ®~ L(#, ) be the holomorphic function with boundary value o L, el ) =

(%W) (t, o). Since d>w1(0, -) is never zero on the disc D, the same is true

for 5;10, -) for small ¢ by the Cauchy integral formula for the derivative of a
holomorphic function. Therefore &~ I(t,) has an inverse, which we denote by
d>(t 3 : @~ 1(r, D) — D. Note that with this definition <I>(t I+HW(1‘ a’)) = e'

It follows that 1f f is the boundary value of a holomorphic functlon on D, ie.,
f@) =F (e’“ ) for a holomorphic function F' on D then f o h is the boundary
value of the holomorphic function G = F o ® on O~ I(t, D). Introducing the vari-
able

I +H
2

Woh

7=
we can write
% Voh=F(7).
Now the same argument as in the proof of Proposition 7.2 implies that (/ — H)S and

[e='® | HIS = 2¢ Av(S) are linear in (I — H)V, (I — H)W, and lﬁ/il — L. Next
we compute the left hand side of (7.23).

(I—]HI ) 5
(I —H)P TV = (0, + Bdy)“ (I —H)V)
I —H
+ (0; + Bd,/)[B, H]0, (TV)

+[B, H]9y (8, + Bdy) (THV>
= (8 + Bdy)> (I —H)V) +R.

Similarly,
—H
(I -—HWA|D| ( 5 V) AlD|(I —H)V

+[A, H]|D| <%v) = A|D|(I —H)V +R.
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Combining these observations with (7.23), we get

I -H
P (T V> =R. (7.25)
Note that by Claim 7.7 and (7.20), to bound, say, the H 2 norms of (I — H)V and
(I — H)W, we only need to use the L2 norm of L — l . Therefore to derive the

equation for L — i (;,‘ , We can write terms involving derlvatlves of (I —H)V and
(I —H)W as R. To derive this equation for L — ’“4‘ . we first note that

— — Wy — W,
(0 + Boy)(I — H)W = [V,H]W +( -H)V = [V,H]W

o o

+R,

where for the last equality we have used the fact that H f -H f = R.This computation

and the fact that | D|V = —idy/V + |D|(I — H)V allow us to write the first equation
in (7.16) as
(B + Big) (L — i Ad W) = — (Al— oh!
/ a

o

—A% o h—l) —AID|(I —H)V +R.  (7.26)

Here we have used the notation

. Aoh
=

so in particular since A = %

Al% L8y + Bdy)L .\ L3 + Bd, )L

-1 _
oh = A A

— (0; + Boy) A1 — A1 By.
(7.27)

To write (7.26) as ahomogeneous linear equationin (/ —H)V, (/ —H)W, and L — “4‘

we need to study the right hand side of (7.27) more carefully. Since by (7.16) and
with the notation L, := (9, + Bd,’) L the quantity L(L; + A|D|V) — FL(H-H)V
is purely real,

LL, LI, L(L,+A|D|V) — —
L= 7 _T|D|V-L|IDIV+R
i v v |D| |D]

L _
= 2Z(Lt + A|D|V)—L|D|V — L|D|V+R
oM oh — LDV —T|D|V +R,
a
which means

AI% oh ' =24, o' — L|D|V —T|D|V — (8, + Boy) Ay — A By
a
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Together with (7.26) and (7.27) this gives

(& + Big) (L — i Ady W) = W’— (—Al% oh~'+I|D|V + L|D|V
a/

+(0; + Boy) A1+ A1By) +R

= L T+R. (7.28)

a/
Since 7 is purely real,
T=Im@G7)=1Im (I —H)iT)+ Av(7).
First we compute

_ — I —H I+H
L|D|V +L|D|V =L|D|V — iAW,/ |D| (T) V—iAW, |D]| (T) V+R

I —H — I +H T — _
= (@ +Bo) =V ) IDIV + (@ + Bauw) ——V + (1 = H)W ) D[V
[+H
— iAW, |D] (+T) V+R
I+H b4 — — I+H
- ((a, + B 5V + 201 —H)W) \D|V — i AW,/| D] <T> V4R

Therefore

(I —H) (L|D|V +L|D|V)
Wy

i I+H T — _
= W_a/(l — H) (((8, +Baa/)TV + 5(1 — H)W) |D|V

. I+H I+H
—iA (5= ) WulDI ( —— ) V ) +R. (7.29)
With the notation U/ := (9, + Baa/)%v + 5 — H)W

_ I+H\ — I—H\_
UV =up| (—— | V+uipl (5= |V

I-H
(3 + Baa/)w) +R

1
:ulaa/TV-i-R = iuaa/ (

2

I—H '
— iUy (3, + Bdy) (T) W+ %L{BO,/[B, HIW, + R

1. . I+H
= Eluaa/ (R1+Ro+R3)+ildd, (0 + Bdy) < > ) w

. I+H\ —
— ilUdy (T) V+R

[+H [+H
:iusa,( ; >Wa,+i(a,+33a/) (u( ; )Wa,>
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[+H
—i( ; >War(8t+38a/)l/{+72. (7.30)

Combining (7.28)—(7.30) we get

(I -H)GT)=i(I —H) (—AI% oh '+ LID|V+L|D|V + (8 + Bdy)Al +A13a1)

I +H I +H
= (I —H) (Z/{Ba/ ( . > Wa/) (U -H) ((a, +Biy) (u <T) Wa/)>
+(I —H) ((%) W, ((a, + B, U + AD| (1 ;H> V) - iAI% oh_l)

+i(l —H) ((0; + Bdy) A1+ A1By)+R

I+H I+H
=—( —H) (L{Ba/ (T) Wa/> — (I —H) <(8t + B0gy) <LI < 2 ) Wa/>>

+i(I —H) ((0; + Bdy) A1 + A1 By) + R.

To compute the second term, we first note that
I+H I+H\— =n ~__ ~
U = (0; + Bdy) 5 V+r = W—5(1+H)W+R:=L{+R.

By a computation similar to Proposition 7.1 it follows that

I +H
—(I—H)<(8t+B3a/)<Z/{< > )Wa/>>
I1+H
s o))
— [B.H]3y (u <I +H> Wa/>

= —(8; + Bdy) <[— H](1;H> W+ [W, H](1+H> a/)

+H
—[B, H]o, U W
Therefore

Im (I — H)iT) = — (3 + Bay)Im ([V, H] (1 ;H) Vo + 7 [W, H] (1 ;H> Wa/)

—Im[B, H]3, (u <I ;H> wa,> + (3 + Bdy) Al — 9 AV(A]) + A By + R

I+H
—Im (I — H) (Z/IBa/ (T) Wa,>
I +H I +H
= —Im[B, H]dy <u< 5 ) Wa/) +A1By —Im (I — H) (Z/{Ba/ (T) Wa/> +R

= —Im[B, H]3y <27 <I J;H) Wa/) + A1 By —Im (I — H) <173a/ (@) Wa/) +R.

(7.31)
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We compute

— [B.H]a, <L7 <I ZH) Wa/) — (I —H) <z,730,/ (1 ;H> >
~ (I +H
s (55w im (7 () )

Note that

—Im (Ba/(l —H) (ﬁ (1 ;H> War>> = —A1By +AV(A)By +R

and

~(1+H .
—Im (aa/[B,]HI] ( ( ) Wa,)> = —Im (0y[B,H](A))+R

2
= —Im 3y [B, Av]i A1)+ R
= —Av(A1)By + R.

Combining these observations with (7.31) we obtain
(3; + Baa’)(L - lAW(X’) = R

(2) This is a direct consequence of the fact that L = % and the definition of 2. O
The proof of Theorem 3.2 now follows from local the well-posedness of (7.16)-
(7.17):

Proof of Theorem 3.2. By Proposition 7.6 it suffices to show local well-posedness of
(7.16)—(7.17). The proof of local well-posedness for the system (7.16)—(7.17) is almost
identically the same as the proof of Theorem 5.10 in [38] where the vanishing viscosity
method us used. In fact the only difference is that unlike in [38], here we also need to
control W = Z. But by (7.16) W satisfies a transport equation and therefore control of
W follows from control of V by integration. We refer the reader to [38] Section 5, and
leave the necessary routine modifications to the reader. O

Appendix A. The Hilbert Transform

In this appendix we recall some facts about the Hilbert transform. If 2 is a bounded
domain in C with sz, o boundary and f is a function defined on 02 then the Hilbert
transform H f of f with respect to 2 is defined as

Hf(z0) = hm— f (w) w.

where ye is the portion of 92 obtained by removing a segment of d£2 which lies within
a circle of radius € centered at zg € 92. Givena C tz o barametrization z : [0, 27] — 0Q2
of 92 we identify 2 -periodic functions on R with functions on 92, and for any such
function f we write

Hf (@) :==

2
p-v. /O f(B) 25(B)dP.

i z2(B) — z()

The relevant results from this appendix are summarized in the following proposition.
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Proposition A.1. Suppose that Q2 is a bounded domain in C with C* boundary 3S2. Let
f be a Lipschitz continuous function on 0S2 and Hf be its Hilbert transform. Then
Hf = f if and only if f is the boundary value of a holomorphic function in Q2 and
Hf = —f ifand only if f is the boundary value of a holomorphic function F in Q°
satisfying F(z) — 0as |z| — oo.

Proof. Suppose that Q2 is a bounded domain in C and y := 9% has C%a. Let f be a
continuous function defined on d<2. The following Cauchy integral

L fw)
Cr@:= 2mi J, w—Zd

(A1)

defines a holomorphic function when z¢y. In this subsection, we will introduce the
Hilbert transforms associated to € and Q€ by considering the limit of C(z) as z
approaches zo from Q2 and Q¢ where zg is a point on d2. Here all integrals are under-
stood as counterclockwise, unless otherwise stated. Let us first consider the limit from
the inside.

. 1 fw) .1 f(w) o1 f(w)
lim — dw= lim — dw= lim lim — dw,

=20 27i J, w—2z =20 270 Jyqe, W — 2 e—0" 220 2700 Jyqe, W — 2
(A2)

where y, is the portion of y obtained by subtracting the segment &, about zg which lies
within the circle of radius € centered at zo. We recognize the limit over y, as one half of
the Hilbert transform of f associated to €2:

] 1
T ireo) = tim —— [ LY gy — tim tim =L@y (A3)
2 =0t 2mi J,, w— 20 e—0t 220 2 W — 2
On the other hand,
fim tim [ £ 4w = fim lim (/ f(w) f(z‘)) w+ —f(ZO)dw)
e—>0t72—>20 £ w—2z e—0t72—>20 & w—2z
— tim tim [ L (ZO)d

e—0t2—>20 & w—Z

Now with C, denoting the part of the circle of radius € centered at zo which lies within
2 we have
dw ) dw ) dw

lim lim = lim lim
€>0t2>20 Jg, W — 2 e>0"e—>0" Je 1o, W —2 €0 Jo, W —20

27+0((€) ieeia
=2mi — lim / —F = Ti.
g

=0 Jr40(e) eet?

(A4)

Combining this with (A.2) and (A.3) we get

Hf(20) =2 lim C/(2) = f (o).

Since C is a holomorphic function inside €2, and lim,, ;, Cr(z) = f(z0) if f can be
extended to a holomorphic function inside €2, we conclude that f is the boundary value
of a holomorphic function inside €2 if and only if Hf (z9) = f(zo) for all zg € 92.
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The computation is similar for the case where z — zo from the outside (i.e. z € Q°).
In this case in (A.4) we define C, to be the part of the circle of radius € centered at z,
parametrized clockwisely, which lies in Q€. It then follows that

/ dw i
= —2mi,
E+Ce W —2Z

Hf (z0) = 2Z1LHZ}O Cr(2) =31 (20,

and hence

where now the limit is understood to be from the outside. Now notice that from the
definition (A.1) of the Cauchy integral that C s is holomorphic in ¢ and decays like \l_l
as |z| — oo. Therefore if f if Hf = — f then f is the boundary value of a holomorphic

function in Q¢ decaying like % as |z] — oo. Conversely, if f is the boundary value of
such a holomorphic function, then defining U = {% s.t. z € Q°} C C, we have

fQa/u)
w
tim €@ = tim [ L= i 2 = .
zeqt e oW T2 ol 2 Jov u — ¢

and therefore Hf (z9) = — f(zp). O

Appendix B. The Case of Constant Vorticity

As mentioned in the introduction Theorem 1.1 can be extended to allow for constant
vorticity. In this appendix we provide the details of this extension. The equation under
consideration is now

Vi+(v-V)v=—-VP —-V¢ in Q(),t>0,
divv=0, curlv=2wpeR in Q(),t >0, (B.1)
P=0 on 02(t),

where the self-gravity Newtonian potential satisfies

{A¢ =27 X001, B.2)

Vo = [fan) nopdy

Note that applying the curl operator to the first line in Eq. (B.1) implies that the vorticity
w := curl v satisfies w; +v- Vo = 0, and therefore if v(0) has constant vorticity 2wy, the
same holds for v(¢) for all times at which the latter is defined, that is curl v = 2wq. As in
the rest of the paper and without loss of generality we fix the normalization |Q2| = 7. We
also assume that a)% < 1. As we will show below this is necessary to ensure the validity
of the Taylor sign-condition which is necessary for local well-posedness. Note that the
vector field vo := wo(y, —x) satisfies curl vo = 2w and divvg = 0, and therefore
v := v — v is curl and divergence free. Using complex variable notation it follows that
Zr +iwpz 1s the boundary value of an anti-holomorphic function in €2, or in other words
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(I — H)(z; +iwoz) = 0. It follows that with the same notation as in the rest of the paper
the system (B.1) reduces to the following system on the boundary 02 :

Zi +iazg = =% — H)z (B.3)
H(z; —iwoz) =7 —iwoZ '

Note that z(t, &) = e~ /0™ i5 a solution to (B.3) with a = 7 — w}. It follows that for

the Taylor sign-condition %—P < 0 to hold we need to impose the condition a)g < 7. The
following theorem is the main result of this appendix.

Theorem B.1. Let Qq be a bounded simply-connected domain in C with smooth bound-
ary 082¢ satisfying || = 7, and denote the associated Hilbert transform by Hy. Sup-
pose zo(a) = el +ef (@) is a parametrization of 92y and z1 (o) = vy — iwpe'™ +eg(a)
where f and g are smooth, Hy(z| — iwgzo) = 71 — iwozo, vo € C is a constant, and
w(z) < 7. Then there is T > 0 and a unique classical solution z(t, o) of (B.3) on [0, T)
satisfying (z(0, o), z: (0, @)) = (zo(a), z1()). Moreover if € > 0 is sufficiently small
the solution can be extended at least to T* = ce 2 where ¢ is a constant independent

of €.

We introduce the notation 3(¢, ) = €! z(t, o) and note that Hj, = 3;. Note that
since the factor ¢/“0’ is independent of o one can replace z by 3 in the definition of the
Hilbert transform, and in particular the conclusions of Lemma 3.7 remain valid with z
replaced by 3. The system (B.3) is written in terms of 3 as

b +iaga = =5 — H)3+2iwog: + w3 (B.4)
Hﬁr =3

We first show the validity of the Taylor sign-condition provided a)% < m, from which

local well-posedness follows asin Sect. 7. Let S~2(t) be the domain with 9€2(7) parametrized
by 3(¢, -). We introduce the Riemann mapping ®(¢,-) : Q(¢t) — D, the function
h : R — R such that

M = 01,51, @), (B.5)
and the new unknowns in the Riemann mapping coordinates:

3@, a) =36, k7t @), 3.1, 0) =3, h (1, @),

/ -1 / —1 (B.6)
sll(tya)zéll(t’h (t,C()), 31lt(tva)zallt(tvh (tsa))
The new unknowns satisfy the following system on the unit circle
3+ i-/4_3,a’ =—(m - w(2))3 +6, (B.7)

Hgt = 3t~

where A o h = ah,, H is the Hilbert transform associated to the unit circle, and G is
given by

_r — —1 — 1
G =5+ oh™ —2wiz oh™".

Note that G is the boundary value of an anti-holomorphic function in the unit disc, and
therefore a similar argument as the proof of Proposition 7.1 gives the following result.
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Proposition B.2. 4| := A |3,a/ s positive and is given by

1 2 I
Ap = 8_/ ’3r(17 B — 3t(f705/)‘20502 <'3 : >d/3/
T Jo 2

2 2 I
/ 3@, B") — 3, o/)|2c:sc2 ('B al )dﬂ/ > 0.
0

T — wj
kY4 2
We next turn to the proof of long-time existence for small initial data. Note that 3,
is now the small quantity corresponding to z; in the irrotational case. The key point for
the proof of Theorem B.1 is that § := (I — H)e, where ¢ := IzZI2—1= |3|2 — 1, still

satisfies an equation without quadratic nonlinear terms. The following proposition is the
analogue of Proposition 3.15.

Proposition B.3. The quantities § and §; = 9,8 satisfy
(02 +iady — 1 — 2m0i9,)8 = N

- ,T cu R I
o da

o

1 2 _ 2

and

(02 +iady — 7 — 200i9,)8 = Ny
du E(¢)

. T g Ea
= 10068 + £} ((1 — H)3E(e) — [31, H] ) + 5[31E(3), H]z_

B (&=
+ ZEG). HIY, (8—> + ZE@r, H]ﬁ — g, HI——22
da 2 da 2 da
2 o 6@ — BN G PFENI@IP (53 - 55)
=) 38) = 3P

Tl
1. [ 51(5)—51(05))2
— 9 AR dg, B.9
m"/o (3(ﬂ)—3(a) ep(P)dp ®.3)

Remark B.4. We note that the vorticity 2wq gives the extra linear terms —2wgid;8 in
(B.8) and —2wqid;8; in (B.9).

Proof. Using (B.4), we write the equation satisfied by ¢ as

(82 +iady)e =

SRS

(3(I — H); —3(I — H)3) +2w0idr& +2(,3):

which implies

(I—H) (0% +iady)e = %(I—H) (U — H)3—3(I—H)3) +2w0i8,8+203, H] Grd)a

o
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Arguing as in Proposition 3.15 and using Lemma 3.7 we get

2, . b _ — T — Ea
O +iady = 200i90)8 = (I = H) (31 = H)5 = 5(1 — H)3) + S [(I — H)s, I
o

11 I 3z(ﬂ)—3z(0€))2
—2[3t, H— + H=—10y - — _ dp.
o e ) = (m_m) e6(B)dp

Exactly the same computation as in the proof of Proposition 3.15 now shows that

%(1 — H) (31 — H); —3(1 — H)3)

T — Ea T T Ea
+—-[(I -H);, Hl—=nd6+—-(U—-H)E(E)+-[E@(3), H—.
2 3 2 2 da

o

Combined with the previous identity this gives Eqs. (B.8), and (B.9) follows from
differentiating (B.8) and using Lemma 3.7. 0O

To show that a, does not contribute quadratic terms to the nonlinearity in the equation
for §; we record the following analogue of Lemma 3.16.

Lemma B.5. Let K* denote the formal adjoint of K := Re H = %(H + H). Then

—i}a
3a|

(I + K*)(@rl3a)) = Re [ {2050, HI 4 2030, HI2 — (€1 g7, HI 4 23y, HI 2
da da da da

L 2 (at(m—z,(a)
0

i )2 (Brap+ 2 H]a“gh)}]
i 3B 3@ ) 2 '

da

Proof. The proof is the same as that of Lemma 3.16. The only modification is that
differentiating (B.4) in the time variable we get the following equation for 3, :

_ U 4 F —
dtre — 1Af1q = 11dg + E[ﬁts H]—= +5; — 2w0i3;;-
da
The only new term compared to the equation for 7, in Lemma 3.16 is the last term on the
right hand side. For this note that if F (¢, 3) is the holomorphic function with boundary
value 3, then

Ztt — Ft + dradt — Ft + 3ta51.

da da

Since 3; and 3 have the same holomorphicity properties as z; and z in the irrotational
case, the rest of the proof is exactly the same as that of Lemma 3.16. O

We now define the change of coordinates k similarly to Remark 3.21 and show
that in the new coordinate &’ = k(z, @) the equations for § and §; have no quadratic
nonlinearities. The precise identities are given in the following proposition.

Proposition B.6. Suppose z(t, -) is a simple closed curve containing the origin in its
simply connected interior for each t € I, where I is some time interval, and let k be as
defined in Remark 3.21, but with z replaced by 3, that is (I — H)(log(Ge'*)) = 0. Then



Lifespan of Solutions to the Euler—Poisson System 239

7 log(zeik
(I — HYk, = —i(1 — H)E — [, H](g(?’—m,
3 o
- - 22
(I = H)ky = —i(1 — ) MEZ3E G py3e?

— i3, H]

o

log(Ge' ), + ik 1 3
(Og(2)€ ))lDt 1Kty + i[ﬁta H]—3, (g)
o

: (logGe™ )y 1 /2” <3,<ﬁ>—3,<a)>2 ik
— il H—— — — CE T3 dp.
B =72 )y G =@ ) (0s0e 0P
(I — H)(ake) = 30, 1922 _ 15, 13,
- Gt 20ize e
1 = ik
+[5[[ _2(,()013[ _ell a H](Og(j—e))a

Moreover if F is a holomorphic function with boundary value 3¢'* and satisfies F (t, 0) €
R, for allt € I, then with the notation AV (f) := %[Z, H]%,

AV(e) =0,
AV(aky) = —(1 — ?) + 2 / 5f82’2ﬂ dp
7 Jo 13l
1 2 1 2 (Ztt —e —it h)gﬁﬁ
+— | 33.4dB+— YuTe &%,
ot )y P 2m'f0 512 P
1 2 30 — 2i3 — eltga
- at 7T C 8 ) 52 1og Fdp,
2mi ( 3 ) plog Fdp
Re 3.6 Re [" 3318 — 313
Re AV(k) = — / S=3pdp — / logF<M dg,
2 Jo 3l 0 3
Im 3183 — 313p Re /2” 3.6
R ki) = — apo — 91BNy g 4+ —— 4
e AV (ks1) 271/0 < 2 1dp + o A |3|23ﬂ dp

21

Proof. The proof is the same as those of Propositions 3.18, 3.20, and 5.14. Indeed
for the identities involving k; and k;; it suffices to note that 3, and 3 have the same
holomorphicity as z; and z in the irrotational case and the derivation does not rely on the
first equations in (B.3) and (B.4). The second identity follows from the same argument
as in Proposition 3.18. The only difference is that instead of —m z+ g, the right hand side
of the first equation in (B.4) can be written as —(r — a)%) 3+¢'' g% +2i3,. The computation
of the averages follows from similar modifications of the proof of Proposition 3.20. O

Re 2 ks 31
+—0; A (log(Ge ))ﬂ;dﬁ.

Note that the computations for AV (aky) and for the static solution in the introduction
show that a is close to w — a)o, whereas the “negative Klein-Gordon” term in the equation
for § is still —m 4. This can be simply rectified by introducing the new unknown

§ 1= e 0il s,
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With this definition § satisfies
(02 +iady — (1 — 0})8 = M := e},

_ S B.10
(82 +iady — (1 — wd)8; = My := e (N5 +iN7). (510

With the same notation as the rest of the paper and with N j= M jo kL j=1,2,we
rewrite the equations for x := Sok landv = (8;5) ok~ las

(3 + b)Y +iAdy x — (1 — 0} x = Ny,

- (B.11)
(3 +b0y)?v +iAdyv — (T — @3)v = Ny.

We can now prove Theorem B.1.

Proof of Theorem B.1. Since Eq. (B.11) has the same form as the equation studied in
the proof of Theorem 1.1 the energy estimates are exactly the same. In view of Proposi-
tions B.3 and B.6 and Lemma B.5 the right hand sides of the equations in (B.11) contain
no quadratic terms. Similarly, the identity for k;; in Proposition B.6 shows that the con-
tributions of (d; +b9d,/)b which arise in the higher energy estimates as in Proposition 5.15
do not contain quadratic terms. Therefore the only remaining step in the proof is to verify
that v := (I — H)v also satisfies an equation with no quadratic nonlinearities, analogous
to the equation derived in Proposition 5.11. The computation here is similar and we only
present the necessary modifications. We use the same proof as in Proposition 5.11 replac-
ing z by 3 throughout. In the first step in the commutator [8,2 +iady — (m — a)%), H15;

we get the extra term 2wqi[3:, H ]‘Zﬂ. This can be written as

8 ) 5 e~ ity (I — H)e e 3, H] 3
[zt,H];—”‘ =—woz[5,,H]3—“+[z,t,H] 2 L[, H————

o o 50{ o

The last term is already cubic. To see that [3;, H ]f—‘; is also cubic note that

e™i§ — (1 — Hye = (I + H)e — (H + H)e = (I + H)e — 3, H]:—“ +E(e).

The contribution of —j3[e, H ];—Z + E(e) to 3, H ]g—z is clearly cubic and for ( + H)e
note that

—woity (| + H 1 —1 . _
(3¢, H]M =3, H— + H=—1e " 3,(I + H)e,

da o o

— il —_ . . . . .
which s cubic. The contribution of [3;, H] €070 U=H)et j¢ shown to be cubic in a similar

way. The only other computation which is different from the proof of Proposition 5.11 is

that of the term 11 := —2[3, H]%f‘*g) in (5.18), where we use Eq. (B.4) for 3 instead
of the equation for z. Here the extra terms we get are

9 5 9 5,
—2w0i[3, H];" (35 ) — wjlae, H]f (L) .

o o a \ da

The first term is already cubic and the second term is identical, up to a multiplicative
constant, to one of the terms already computed in the calculation of 77 in (5.18). This
shows that the equation for v contains no quadratic nonlinearities which completes the
proof of Theorem B.1. O
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Notations

For the reader’s convenience we give the definitions of some of the symbols used com-
monly in this work.

2
Hf(t,a) = Il/ %Zﬁ(ﬂ)dﬁ

z(t, B) — z(t, @)
2
£, B) _ .
Hf(t, @)= —/ mﬁﬂ(ﬁ)dﬁ, 3(t, ) = z(t, j(&, ),

j,-) : [0,27] — [0, 2] a diffeomorphism.

2
Hf(t,a’)=—/ el];,(t ﬂ.) ePdp,

ffe, o) = —Vl i "t ﬁ)cot<ﬂ;“>dﬁ.

L7 f@ BN
27.[ 0 Z(t’a)Za(t,Ol)dOl, AV(f)_E 5 f(a)da.

AV(f) =

Kf =ReH = —(H +H)f, Kf=ReHf = l(’H+ﬁ)f, f real valued.

K*f:—Re{ H@f} K*f = —Re {—H@f} f real valued.
|Zo] Za F da

1 0P . .
a4 = ————, 1N unit exterior normal.

|z¢| On

Let & be as defined in Figure 7 and k as defined in Remark 3.21.

Z@t, o) =z(t, h '@, &), C(t, ) =z(t, k1, ).

Zit, o) =zt h 7 (t.o), Zu(t.o)) =z (t.h7 (2, '),
Zut(t,0) = 24 (1, h_l(fv o).

B=hoh™, b=k okl

A= (ahg)oh™", Al = AlZy?, A= (aky)ok .

=U+H)Z.
D, =4 S
Tzl T T Zal "
— el (7, — Zi(t, )\ e =
Zi,Z;; DyZ;] = Z: g (t, BHdp .
(21, Z: D Z1] m./o ( G T L B8

= (3 +bdy)* +iady — 7.
e=z>P=1, p=cok !, s=(U—-H)e, x=080k ", n=2¢,—ic.

MZZlOk_l, w:znok_l, v=8tok_l.
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