A BLOW-UP CRITERIA AND THE EXISTENCE OF 2D GRAVITY
WATER WAVES WITH ANGLED CRESTS

SIJUE WU

ABSTRACT. We consider the two dimensional gravity water wave equation in the regime
that includes free surfaces with angled crests. We assume that the fluid is inviscid,
incompressible and irrotational, the air density is zero, and we neglect the surface tension.
In [21] it was shown that in this regime, only a degenerate Taylor inequality —g—i >0
holds, with degeneracy at the singularities; an energy functional € was constructed and
an aprori estimate was proved. In this paper we show that a (generalized) solution of
the water wave equation with smooth data will remain smooth so long as €(t) remains
finite; and for any data satisfying €(0) < oo, the equation is solvable locally in time, for
a period depending only on €(0).

1. INTRODUCTION

A class of water wave problems concerns the motion of the interface separating an inviscid,
incompressible, irrotational fluid, under the influence of gravity, from a region of zero density
(i.e. air) in n-dimensional space. It is assumed that the fluid region is below the air region.
Assume that the density of the fluid is 1, the gravitational field is —k, where k is the unit
vector pointing in the upward vertical direction, and at time ¢ > 0, the free interface is X(t),
and the fluid occupies region Q(t). When surface tension is zero, the motion of the fluid is
described by

vi+v-Vv=-k—-VP on Q(t), t >0,

divv =0, curlv = 0, on Q(t), t >0,

P=0, on X(t)

(1,v) is tangent to the free surface (¢, %(t)),
where v is the fluid velocity, P is the fluid pressure. There is an important condition for
these problems:

(1.1)

2> .
=20 (1.2)

pointwise on the interface, where n is the outward unit normal to the interface X(¢) [29].
It is well known that when surface tension is neglected and the Taylor sign condition (L.2)
fails, the water wave motion can be subject to the Taylor instability [29] [6 [5]. In [30] 3T],
we showed that for dimensions n > 2, the strong Taylor stability criterion

oP

always holds for the infinite depth water wave problem (II]), as long as the interface is
non-self-intersecting and smooth; and the initial value problem of the water wave system
(1) is uniquely solvable locally in time in Sobolev spaces H®, s > 4 for arbitrary given
data. Earlier work include Nalimov [25], Yosihara [36] and Craig [12] on local existence and
uniqueness for small and smooth data for the 2d water wave equation (LI). There have
been much work recently, local wellposedness for water waves with additional effects such as
surface tension, bottom and vorticity have been proved, c.f. [4 [8 [, 17, 22| 24] 26| 27, 37];
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local wellposedness of (LI in low regularity Sobolev spaces where the interfaces are in C3/2
has been obtained, c.f. [ [2]. In all of these work, the strong Taylor stability criterion (3]
is assumed[] In addition, in the last few years, almost global and global wellposedness for
the water wave equation (LI]) in both two and three dimensional spaces for small, smooth
and localized initial data have been proved, c.f. [32, [33] 14 [I8] [3].

In [21I], we studied the 2d water wave equation (L)) in the regime that includes free
interfaces with angled crests. We constructed an energy functional &(¢) in this framework
and proved an a priori estimate. In this paper we introduce a notion of generalized solutions
of (L)) — a generalized solution is classical provided the interface is non-self—intersectingg
we prove a blow-up criteria that states that for smooth initial data, a unique generalized
solution of the 2d water wave equation exists and remains smooth so long as &(¢) remains
finite; and we show that for data satisfying &(0) < oo, a generalized solution of the 2d
water wave equation ([[LT]) exists for a time period depending only on &(0); if in addition the
initial interface is chord-arcE there is a T' > 0, depending only on &(0) and the chord-arc
constant, so that the interface remains chord-arc and a classical solution of the 2d water
wave equation (1) exists for time ¢ € [0, T]. The (generalized) solution is constructed by
mollifying the initial data and by showing that the sequence of (generalized) solutions for
the mollified data converges to a (generalized) solution for the given data.

The rest of the paper is organized as follows: in section Pl we state and refine the earlier
results this paper is built upon, this includes the local wellposedness result for Sobolev data
in [30], and the energy functional € constructed and the a priori estimate proved in [2I], in
the context of generalized solutions; the notion of generalized solutions will be introduced
in §2.2land §2.3] In section Bl we present the main results: a blow-up criteria via the energy
functional & and the local existence of water waves with angled crests. We prove the blow-up
criteria in sections [ and the local existence in section Bl The majority of the notation are
introduced in §2.1] with the rest throughout the paper. Some basic preparatory results in
analysis are given in Appendix [A} various identities that are useful for the paper are derived
in Appendix [Bl Finally in Appendix [C] we list the quantities which have been shown in [21]
are controlled by €.

2. PRELIMINARIES

2.1. Notation and convention. We consider solutions of the water wave equation (L))
in the setting where the fluid domain (¢) is simply connected, with the free interface
X(t) :== 0Q(t) a Jordan curveld

v(z,t) — 0, as |z| — oo

and the interface () tending to horizontal lines at infinityd

We use the following notations and conventions: [A4,B] := AB — BA is the commu-
tator of operators A and B. H*(R) is the Sobolev space with norm | f|g: = (J(1 +
[€[°)°£(€)[* dg)'/2, H'/* is the Sobolev space with norm |l z/2 := (f [E[lF(§)* d&)"/?,
LP = LP(R) is the L? space with ||f||z» := ([ |f(x)|P dz)'/P for 1 < p < oo and || f||r= =
ess sup |f(z)|. We write f(t) := f(-,t), with ||f(¢)||gs being the Sobolev norm, ||f(¢)| L»
being the L? norm of f(¢) in the spatial variable. When not specified, all the H*® and LP
norms are in terms of the spatial variables. Compositions are always in terms of the spatial
variables and we write for f = f(-,t), g = g(-,t), f(g(-,t),t) := fog(-,t) :=Uyf(-,t). We

When there is surface tension, or vorticity, or a bottom, (3] doesn’t always hold.

2By non-self-intersecting we mean it is a Jordan curve.

3A curve is chord-arc if the arc-length and the chord length between any two points on the curve are
comparable.

4That is, £(t) is homeomorphic to the line R.

5The problem with velocity v(z,t) — (c,0) as |z| — oo can be reduced to the one with v — 0 at infinity
by studying the solutions in a moving frame. X(¢) may tend to two different lines at +oco and —oo.
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identify (z,y) with the complex number = + iy; Re z, Im z are the real and imaginary parts
of z2; Z=Rez — iImz is the complex conjugate of z. Q is the closure of the domain €, 99
is the boundary of Q, P_ := {z € C: Imz < 0} is the lower half plane. We write

_L/%f@)—f@»@@ﬁ—g@ﬂh
i (z —y)?

We use ¢, C to denote universal constants and c(a, b), C(a), M(a) etc. to denote constants
that depends on a, b and respectively a etc. Constants appearing in different contexts need

not be the same. We write f < g if there is a universal constant ¢, such that f < cg. RHS,
LHS are the short codes for the "right hand side” and the ”left hand side”.

[f,g;:h] :=

(y) dy. (2.1)

2.2. The equation for the free surface in Lagrangian and Riemann mapping
variables. Let the free interface X(t) : z = z(«,t), @ € R be given by Lagrangian pa-
rameter a, so z:(«a,t) = v(z(q,t);t) is the velocity of the fluid particles on the interface,
zi(a,t) = v+ (v - V)v(z(a,t);t) is the acceleration; notice that P = 0 on X(¢) implies
that VP is normal to 3(t), therefore VP = —iaz,, where

1 9P
|2a| O’

and the first and third equation of () gives

a= (2.2)

Zit + 1= i0z4. (2.3)

The second equation of (II)): divv = curl v. = 0 implies that ¥ is holomorphic in the
fluid domain Q(t), hence Z; is the boundary value of a holomorphic function in Q(¢). By
Proposition [A]] the second equation of (L)) is equivalent to z; = $Z;, where §) is the
Hilbert transform associated with the fluid domain Q(¢). So the motion of the fluid interface
X(t) : z = z(a, t) is given by

{Ztt +1= iCLZa (24)

Zt = HZ.
([23) is a fully nonlinear equation. In [30], Riemann mapping was introduced to analyze the
quasi-linear structure of (24)).

Let ®(-,t) : Q(t) — P_ be the Riemann mapping taking (¢) to the closure of the lower
half plane P_, satisfying lim, ., ®.(z,t) = 1. Let

h(a,t) == ®(2(a, t), 1), (2.5)
so h: R — R is a homeomorphism. Let h~! be defined by
h(h=(d/,t),t) = o/, o €R;
and
Z(dt) == zoh7 o/ t), Zi(d,t):=z0h (1), Zu(d,t):=zz0h (1) (2.6)

be the reparametrization of the position, velocity and acceleration of the interface in the
Riemann mapping variable o/. Let

Z,a/(a’, t) = 80/ Z(O/, t), Zt,a/(a’, t) = 80/ Zt(a’, t), Ztt,a/(a’, t) = 80/ Ztt (O/, t), (27)

etc. We note that ®~1(o/,t) = Z(d/,t), so (P71)./(c/,t) = Z o (a’,t), and by Proposi-
tion [AT]
1 1
1 =H(

Zo~1=H(Zw~1), - 7

—1). (2.8)

€q:comm

[interface-1|

interface-e

2]

| interface-holo
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Observe that Vo®~! : P_ — C is holomorphic in the lower half plane P_ with Vo®~1(a/,t) =

Z(a/,t). Precomposing (23)) with h~! and applying Proposition[AIto Vo®~! on P_ gives

the free surface equation in the Riemann mapping variable:
Do +i = iAZ o
_tt+Z_ZA , (2.9)
Zy =HZ,

where Ao h = ah, and H is the Hilbert transform associated with the lower half plane P_:

1 1
H(W) = —pv. [ £(5)d5
From the chain rule, we know for f = f(-,t), U, '0,Upnf = (3¢ + bOa) f where
b:=h,oh™

80 Zy = (0 + b0ar)Zy = (0 + b0ur)?Z. Let Ay := A|Z o |?>. Multiply Z , to the first
equation of ([29) yields

Z o (Zy +1) = iA;. (2.10)
In [30], it was shown that systems (1), 2.4]) and 29)-(2.8) with b, A; given by 218,

[2I9) are equivalent in the regime of nonself-intersecting interfaces z = z(-,t)

However the system (2Z9)-(Z38) is well defined even if Z = Z(-,t) is self-intersecting. In
constructing the approximating sequence of solutions from the mollified data, it is convenient
to allow self-intersecting solutions of (Z9)-(28]). In this context, Z and z, Z;, z; etc. are
related via ([2.6) and 27) through a homeomorphism h = h(-,t) : R — R, and from (2.9)-
(2:8) we can show that h, A satisfy (2I8)-(2.19), see Appendix [Bl For not necessarily
non-self-intersecting solutions Z of ([2.9))- (28] we will abuse terminologies by continue saying
Z, Zy ete. are in the Riemann mapping variable, z, z; etc. are in the Lagrangian coordinates,
Z, Zy, Zy are the interface, velocity and acceleration.

Let’s consider the solution of (29)-(Z8) in the ”fluid domain” [1

2.3. Generalized solutions of the water wave equation. B Let Z = Z(-,t) be a solution
of @9)-23), let F(-,¢t) : P~ — C, ¥(-,t) : P~ — C be holomorphic functions, continuous
on P_, such that

F(d,t) = Z(d, 1), U(a, t) = Z(d,t), U, (o t) = Z o (). (2.11)
By (B4) of Appendix [B.] and @2.11),
Zy v, F U,

-1 _ _ _
hioh B ik ek ik e (2.12)

Now Z(a, t) = Zy(h(a,t),t) = F(h(a,t),t), so

v F
Ett = Ft OI’L+FZ/ Ohht = Uh{Ft — \II_tFZI + \I]—le}

therefore Z; is the trace of the function F} — \I‘f’—‘,Fz/ + \Pi,Fz/ on OP_; Z o (Z — 1) is then
the trace of the function ¥,, F; — U, F,, + FF,, —iV_ on OP_. By ([2.10),

U F — U, F, + FFy — iV, =iAy, on OP_. (2.13)

6When %(t) : Z = Z(-,t) becomes self-intersecting, it is not physical to assume P = 0 on %(¢). So in
general we do not consider beyond the regime of non-self-intersecting interfaces.

"It makes sense to talk about fuid domain only when Z = Z(-,t) is non-self-intersecting. Here we just
abuse the terminology.

8Here and in §2.2 we give a generic discussion. The statements are rigorous if the quantities involved are
sufficiently regular.

interface-r
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On the left hand side of ZI3), V. F; — ¥;F,, — iV, is holomorphic on P_,while FF, =

9. (FF); we recall from complex analysis, ., = 3(8,» — i0,/). So there is a real valued
function P : P_ — R, such that
V., Fy, — U F, —|—FFZ/ — ¥, = —(81/ — Z'ay/)m, on P_ (214) eq:273

moreover by (2.13), because iA4; is purely imaginary,

P =0,  ondP_. (2.15)
We note that by applying 0, + i9, to both sides of ([2.14)), P satisfies

AP = —2|F,> onP._. (2.16)

If in addition X(t) = {Z = Z(d/,t) := ¥(d/,t) | ¢/ € R} is a Jordan curve with
lim Z (o t) =1,
|/ | =00

let Q(t) be the domain bounded by Z = Z(-,t) from the above, then Z = Z(c/,t), &/ € R
winds the boundary of €(¢) exactly once. By the argument principle, ¥ : P_ — Q(¢) is
one-to-one and onto, ¥~! : Q(t) — P_ exists and is a holomorphic function. In this case, it
is easy to check by the chain rule that equation (2.I4)) is equivalent to

(FoU ™), + FoU N FoWU ™), + (0, —i0,)(Po¥ 1) =i,  onQ(t) (2.17)
This is the Euler equation, i.e. the first equation of (LI)) in complex form. Therefore v =
FoU~1 P=PoW¥!is asolution of the water wave equation (L)), with £(¢) : Z = Z(-,t)
the boundary of the fluid domain (t).
In what follows we give the local wellposedness result of [30] and the a priori estimate of

[21] for solutions of (Z9))-(2.]).

2.4. Local wellposedness in Sobolev spaces. In [30] we derived a quasi-linearization of
239)-(Z8), the system (4.6)-(4.7) of [30] by taking one derivative to t to equation (23)) and
analyzed the quantities b and A;11 and via A7, we showed that the strong Taylor inequality
([C3) always holds for smooth nonself-intersecting interfaces. In addition, we proved that
the Cauchy problem of the system (4.6)-(4.7) of [30] is locally well-posed in Sobolev spaces.

Proposition 2.1 (Lemma 3.1 and (4.7) of [30], Proposition 2.2 and (2.18) of [35]). We have

1.
bimhyoh~! = Re ([Zt,H](Zl ~1)) +2Re Z,. (2.18) [B]
> |7</> (8, 1))?
— 1 Zt [ ,t — Zt ,t
Ay =1-Tm[Z,H]Z o0 =1+ %/ TR OE dg’ > 1. (2.19)
3.

P A
0 =1 . (2.20) ‘taylor—formula

o %‘Z:Z(-,t) | Z o]
in particular if the interface X(t) € CY7 for some v > 0, then the strong Taylor sign
condition (L3) holds.

Remark 2.2. By (2.20), the Taylor sign condition (L2 always holds. Assume X() is
non-self-intersecting with angled crests, assume the interior angle at a crest is v. Around
the crest, we know the Riemann mapping ® ! (we move the singular point to the origin)
behaves like

o1 () =~ (2)", with v =rm

9 [35] has a slightly different and shorter derivation. [21] has the derivation in a periodic setting. The
reader may want to consult [21} [35] for the derivations. The identities in Appendix [B:Il provide yet another
derivation of the quasi-linearization and 28], Z19) from (23))-(238), without assuming Z = Z(-,t) being
non-self-intersecting. We note that (Z20) only makes sense for non-self-intersecting interfaces.
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50 Z o ~ (a/)"7L. From ZI0) and the fact A1 > 1, the interior angle at the crest must
be < 7 if the acceleration |Zy| # oo, and —%- = 0 at the singularities where the interior
angles are < WE cf. [21], §3.

Let h(c,0) = « for o € R; let the initial interface Z(-,0) := Z(0), the initial velocity
Z(-,0) := Z;(0) be given such that Z(0) satisfy 23] and Z;(0) satisfy Z;(0) = HZ;(0);
let A; be given by (2I9)), the initial acceleration Z;;(0) satisfy [210), and ag = %.

By Theorem 5.11 of [30] and a refinement of the argument in §6 of [30], the following local
existence result holds.

Proposition 2.3 (local existence in Sobolev spaces, cf. Theorem 5.11, §6 of [30]). Let s >
4. Assume that Z:(0) € HS+1/2(R) Z1(0) € H*(R) and ag > c¢o > 0 for some constant
co > 0 Then there is T > 0/ such that on [0, T, the initial value problem of (29)-(23)-
EI8)-@I9) has a unique solution Z = Z(-,t), satisfying (Zu, Z;) € C'([0,T], HS~YR) x
_HHJQ_%R»,andZﬂ/—le(ﬂd&]ﬁfﬁ_%R»hhrlzo,L
Moreover if T is the supremum over all such times T, then either T* = oo, or T" < oo,
but
S (1) + 1O sr2) = o0 (2.21)
Proof. Notice that the system (4.6)-(4.7) of [30] is a system for the horizontal velocity
w = Re Z; and horizontal acceleration u = Re Z;;, the interface doesn’t appear explicitly;
it is well-defined even if the interface Z = Z(-,t) is self-intersecting. The first part of
Proposition 2.3 follows from Theorem 5.11, and the argument from the second half of page
70 to the first half of page 71 of §6 of [30].
Now assume T™ < oo, and
[gl;p N Zee @) g3 + 11 Ze () || gras1s2) := Moy < 0. (2.22)
We want to show that the solution Z of the system (2.9)-(2.8)-2I8)-(219) can be extended
beyond T* by a time 7' > 0 that depends only on My, co, ||Z:(0)||m- and ||Zy(0)| &=,
contradicting with the maximality of 7.
Let T' < T™* be arbitrary chosen. Let a = a(-,t), b = b(-,t) be given by (4.7) of [30], and

let h = h(-,t) satisfy
dh — b(h,t
@i = b(h1) (2.23)
h(a,0) = a.

By Theorem 5.11 of [30] and the argument in §6 of [30], we know b € C([0, T], H**/%(R))
with [|[0(6)|| a1z < (| Ze(®) || grasrse, (| Ze () || s ), and h(-,t) : R — R is a diffeomorphism
with h(a,t) —a € C([0,T], H*t'/2). Moreover Z(c/,t) := z o h~(c/, t) satisfies (ZI0), and
for ¢t € [0, T7,

1 Zee(O) |22+ + 1 Ze(@) rrov1r2 < doe™ (1 Z2(0) | 7= + 1 Ze(0) | grosas2), (2.24)
where K = K(M(T),a(T), s), dy = d(M(T),a(T), s) are constants depending on

a(T) := inf a(d/,t), M(T) = sup (|| Zee(t) | s + (| Ze(t) || prss1/2),
Rx[0,T] [0,T7]

and K(M(T),a(T),s) = oo, d(M(T),a(T),s) = oo as M(T) — oo, a(T) — 0. We want to

show that a(T") > m for some constant C(My, cg) > 0.

equals zero alongside _g_P

10 4 .= Ay
12412
Hiet s > 4. as a consequence of (Z¢(0), Z(0)) € HST1/2(R) x H*(R) and ap > co > 0, Z 4 (0)—-1¢€
H*(R). In general by @I0), (Zi, Zit) € H/2 x H* implies ﬁ —1 € H?, and (Zt,ﬁ -1) €
Hs+Y/2 5 H® implies Zyy € H*.
127 depends only on co, 1Z¢(0)|| gys+1/2 and || Z(0)||ms -

eq:3

eq:2
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By @.I0),
Z(t) + 4|2 Aq(t
e ) o ZHO I A0
A (1) |Z 00 (2)]
so it suffices to show that there is a constant ¢(My, ¢p), such that || Z o/ (t)]|r~ < ¢(Mo, co)
for all t € [0,T]. From the assumption ag = % > co, | Z o (+,0)> < %{’)’0). Applying
the Hardy’s inequality Proposion A3 and Cauchy-Schwarz on (2I9) yields

A1 O[> o 14112t (017

Z o (0% <
1Z 0 (0)|7= < o o

We calculate || Z o (t)|| L~ by the fundamental theorem of calculus.
Differentiating ([2.23)) gives

dha —p ,
{ dt ba (I’;’j t)ha (225)

So on [0, 7],

e~ Jo Nbor (M)l oo @y d7 < ha(a, t) < ef(,t 1bos (T oo (r) dT;
and by Sobolev embedding, ||ba(7)||ze®) S 16(T) | m2®) < eI Ze(T)l &2, | Zee(T) || r2). Be-
cause h(a,0) = a, z(a,0) = Z(a,0) and

t
2o(a,t) = Zo(a,0) —|—/ Zta (0, T) dT.
0

By the chain rule 2,4 = Zi,or © hha, 2o = Z o © hhy; so for t € (0,71,

1
| —— L= < C(Moy, o)

12,0 )|z < (12,00 (0)]| Lo +/0 12,00 (Tl Lo 1o (T) || o= ) X0

for some constant C(My, ¢y) depending on My, ¢o and T*, and

Aq 1
T)= inf 't) = inf > i
o) Rx[0.7] ale’, 1) Bx(0.1) | Z |2~ C (Mo, co)

Now ([222)), 224) and [226]) gives
12T s + [ Ze(T)[ graar2 < (Mo, co, 1264 (0) [ s |26 (0)| roa/2),

(2.26)

1
and a(,T)> ——>0.
&T) C (Mo, co)
So by the first part of Proposition 23] the solution Z can be extended onto [T,T + T,

for some T" > 0 depending only on My, co and || Z(0)| a=, || Z¢(0)|| grs+1/2. This contradicts
with the definition of T, so either T* = oo or (Z21]) holds.

O

Z
holomorphic functions is holomorphic, if g is the boundary value of a holomorphic function
on P_, then D,/ g is also the boundary value of a holomorphic function on P_. Notice that
for any function f,

Let D, = zi&l and D, = % . By ([28) and the basic fact that product of

(Dof)oh™ =Dy (foh™t).

eq:4

eq:5
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2.5. An a priori estimate for water waves with angled crests. In [2I], we studied
the water wave equation (LI)) in the regime that includes interfaces with angled crests
in a symmetric periodic setting, we constructed an energy functional for this regime and
proved an a priori estimate. The same analysis applies to the whole line setting. The main
difference is that in the whole line case, we do not need to consider the means of the various
quantities; and in the proof of the a priori estimate, the argument in the footnote 21 of
[21] works, so we do not need the Peter-Paul trick. Hence in the whole line case, that part
of the proof is simpler. Additionally, with the minor modifications given in Appendix [B.1]
the argument in [21] applies more generally to solutions of ([2.9))-(2.8)-(2I8)-(219), without
any non-self-intersecting assumptions, and the characterization of the energy given in §10
of [21] also holds. In this subsection we present the results of [21I] in the whole line setting
for solutions of (Z.9)-(2:8)-2I])-2I9), we will only show how to handle the differences
between the symmetric periodic and the whole line cases.
Let

Eo(t) = |(0:D3Z) o k™ ()1 7214, + HZLQ,DZ/715(1€)H%(1/2 +D%Ze W72 )a,)- (227)
and
Ey(t) = 10:DaZe ()| 721y + 1Dar Ze(O) 512 + 1 Zt,0r ()] 2 (2.28)
Let
€(t) = Ea(t) + Ep(t) + [ Z0e(t) — il L (2.29)
Notice that we replaced the third term [Zy (o, t) —i| in the energy of [21] by || Z(t) —i|| o

In §10 of [2I], we showed that the regime € < co includes interfaces with angled crests with

interior angles < %, in particular, the self-similar solutions constructed in [34] has finite

27
energy €.

Theorem 2.4 (cf. Theorem 2 of [21]). Let Z = Z(-,t), t € [0,T’] be a solution of the sys-

tem 29)-EZ3)-@I8)-@I9), satisfying (Zit.ars Zt.ar) € CH([0,T], H*~H(R) x HT1/27L(R)),
Il =0,1 for some s > 3 and Zy € C([O,YH,LO"(R)). Then there are T := T(€(0)) > 0,
C = C(¢(0)) > 0, depending only on &(0) L such that

sip () < C(E(0)) < oo, (2.30)
[0,min{T,T"}]

Proof. Let h(c,0) = o, a € R,

¢(t) = Ea(t) + Eb(t)
We only need to show how to handle the term ||Z;(t) — i||p. The argument in §4.4.3 of
[21] shows that for each given o € R,

d . a _ - .
o Pulant) —if < (||;t||L°° + [ DaZill L) [Zee (e, t) — il (2.31)
Notice from the estimate for || €|z~ in [21] and Sobolev embedding that in fact
Gt -
Iz + [1DaZellze < c(e),

where c¢ is a polynomial with nonnegative universal coefficients. Therefore

d ) _ .
Eﬁtt(a,t) —i] < cle)|Ze(a, t) — il

By Gronwall, [Zy (v, t) — i| < [Zu (e, 0) — ieo <=7 hence

[Ze(t) — il e < |[Z2(0) — | oo TN AT,

13T(e) is decreasing with respect to e, and C(e) is increasing with respect to e.

eq:eb

a priori-e
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Now let
€1 (t) = e(t) + 704 (0) — i o (7
so €(t) < €1(t), and €(0) = €;(0). By the whole line counterpart of Theorem 2 of [21],
Le(t) < p(€(t)) for some polynomial p with nonnegative universal coefficients, therefore
d
2 €10 = p(€i(1) + C(Er(1)). (2.32)
Applying Gronwall again yields the conclusion of Theorem 2.4
O
Let
E(t) = 1Zeall1z + 1D Zel 72 + 1100 7— HL2 +1D% ||L2
Za (2.33)
+||TD ZtHHl/z+HDa’ZtHH1/2+” ||L°°

As was shown in §10 of [21], we have the following characterization of the energy €.

Proposition 2.5 (A characterization of € via &, cf. §10 of [2I]). There are polynomials C4
and Cs, with nonnegative universal coefficients, such that for solutions Z of (2.9)-(2.8),

E(t) < CL(E(M),  and E(t) < CalE(D)). (2.34)

2.6. A description of the class £ < oo in the fluid domain. We give here an equivalent
description of the class & < oo for solutions Z of (Z9)-([2.9) in the ”fluid domain”.
Let 1 < p < o0, and
-y
K = —
y(x) 7T(.’I]2 +y2)a

be the Poisson kernel. We know for any holomorphic function G on P_,

y <0 (2.35)

sup [|G(z + 1Y) || Lr(r,da) < 00
y<0

if and only if there exists ¢ € LP(R) such that G(z + iy) = K, * g(z). In this case,
sup, o |G(z + )|l Lr(r,de) = ll9llLe. Moreover, if g € LP(R), 1 < p < oo, limy, ,o- K *
g(z) = g(x) in LP(R) and if g € L™ N C(R), limy_o— K, * g(z) = g(x) for all z € R.

Let Z = Z(-,t) be a solution of [Z3)-(Z8), let ¥, F be holomorphic functions on P_,
continuous on P_, such that

Z(d 1) =9(d,t), Zd,t)=F(d,t).

Notice that all the quantities in (Z33) are boundary values of some holomorphic functions
on P_. Let 2/ = 2’ +1iy’, where 2/, 3y’ € R. £(t) < 0o is equivalent td™

1 1
&i(t) = S}L%HF (t )||L2 (R,dz’) T SUP H\IJ , (q,—z,FZ’)(t)”Qm(R,dm’)

1 1
+ SUP (0. ( )( )||L2(R dzy T Sup H ( )”%m(R,dm’)

(2.36)
+SIU<%H {\IJ } a ( )( )||H1/2 (R,dz") + SU.p H ( )||H1/2 R,dz")
+ su . I 2y < O0.
s =0 (=02 () ) Ol

1414 is clear £(t) = &1(t) for smooth Z = Z(-,t). Otherwise this equivalence is understood at a formal
level, and is made rigorous according to the circumstances.

poisson

domain-energy
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3. THE MAIN RESULTS

We are now ready to state the main results of the paper. For simplicity we present and
prove the results in the whole line setting. The same results hold for the symmetric periodic
setting as studied in [2I] and the proofs are similar, except for some minor modifications.

Let h(,0) = « for o € R; let the initial interface Z(-,0) := Z(0), the initial velocity
Z(-,0) := Z;(0) be given such that Z(0) satisfy @3] and Z;(0) satisfy Z;(0) = HZ;(0); let
A; be given by ([ZTI9)), the initial acceleration Z(0) satisfy (ZI0I).

Theorem 3.1 (A blow-up criteria via €). Let s > 4. Assume Z ,(0) € L*(R), Z,(0) €
H*FY2(R) and Zy(0) € H*(R). Then there is T > 0, such that on [0,T], the ini-
tial value problem of (Z9)-Z]) has a unique solution Z = Z(-,t), satisfying (Zu,Z;) €
CU([0,T), H*7H(R) x H*TY/27UR)) for 1 = 0,1, and Z o — 1 € C([0,T], H*(R)).
Moreover if T™ is the supremum over all such times T, then either T* = oo, or T* < oo,
but
sup €(t) = oo (3.1)
(0,7)
Remark 3.2. 1. Assume Z,/(0) € L>*°(R). We note that by the definition A := IZ VAED

ap = % > cg > 0 for some constant ¢y > 0. So the first part of Theorem [3.1]
is the local wellposedness in Sobolev spaces as stated in Proposition The novelty of
Theorem [3.1] is the new blow up criteria via the energy functional €.

2. Notice that supyg 7+ €(t) < oo if and only if supyy 7+ E(t) < oo, by Proposition 2.5

By the discussion of §2.3] a solution of ([2.9)-(2.8) is a solution of the water wave equation
(@J) if and only if X(t) = {Z = Z(d/,t) | @/ € R} is Jordan. So we can modify the statement
of Theorem Bl to give a blow-up criteria for the water wave equation (LIJ). For the first
half of the statements in Corollary B3] see Theorem 6.1 of [30].

Corollary 3.3 (A blow-up criteria via &). Let s > 4. Assume in addition Z = Z(-,0) is
non-self-intersecting. Then there is T > 0, such that on [0,T], the initial value problem
of [I) has a unique solution, with the properties that the interface Z = Z(-,t) is nonself-
intersecting and (Zy, Z;) € C1([0,T), H*~'(R) x H**Y/2=YR)) for 1 = 0,1, and Z o — 1 €
C((0,T], H*(R)).
Moreover if T™ is the supremum over all such times T, then either T* = oo, or T* < oo,
but
sup &(t) = oo, or Z = Z(-,t) becomes self-intersecting at t = T"* (3.2)
(0,7)
3.1. The initial data. |'9 Let (0) be the initial fluid domain, with the interface X(0) :=
9€(0) being a Jordan curve that tends to horizontal lines at infinity, and let ®(-,0) : (0) —
P_ be the Riemann Mapping such that lim, ., ®.(z,0) = 1. We know ®(-,0) : Q(0) — P_
is a homeomorphism. Let ¥(-,0) := ®71(-,0), and Z(«/,0) := ¥(’,0), so Z = Z(/,0) :
R — ¥(0) is the parametrization of ¥(0) in the Riemann Mapping variable. Let v(-,0) :
Q(0) — C be the initial velocity field, and F(z’,0) = ¥(¥(2’,0),0). Assume ¥(-,0) is
holomorphic on ©(0), so F(-,0) is holomorphic on P_. Assume F(-,0), ¥(-,0) satisfy (2:30)
at t = 0. In addition, assume

. 1
co = su];:J | F(x" 4+ iy, 0)|| L2(r,dzr) + sup || = Ul p2(rdary < 00. (3.3)
y'< y’

<o V(2! +1iy',0)

I5We only need to assume that F(-,0), ¥(-,0) are given and are holomorphic on P_ and continuous on
P_, satisfying lim,/_, o, ¥,/ (2',0) = 1, ¥_,(2/,0) # 0 on P_, @36) at t = 0 and B3). We give the initial
data as is to put it in the context of the water waves (L.IJ).

1616t Z;1(0) be given by (ZI0). Under the assumption (Z306) at ¢ = 0, this is equivalent to assuming
1Z:0)ll L2 + 1Ze¢(0)]| 2 < oo.
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Theorem 3.4 (Local existence in the € < oo regime). 1. There exists Ty > 0, depending
only on &1(0), such that on [0,Ty], the initial value problem of the water wave equation (L))
has a generalized solution (F,W,B) in the sense of (ZI4)-(218), with the properties that
F(-,t),U(-,t) are holomorphic on P_ for each fizedt € [0,Tp], F, ¥, ‘1%,% are continuous on

P_x[0,Ty), F,V are continuous differentiable on P_ x [0, Ty], B is continuous differentiable
with respect to the spatial variables on P_ x [0,Ty]; during this time, £1(t) < oo and

. 1
sup ||F(z" + iy', )| L2(R,dar) + suD || T
y'<0 y' <0

RSN 1 2 (®,dar) < 00 (3.4)

The generalized solution gives rise to a solution (V,P) = (F o =1 P o U~1) of the water
wave equation [LI)) so long as X(t) = {Z = ¥ (d/,t) | & € R} is a Jordan curve.

2. If in addition, the initial interface is chord-arc, that is, Z o (-,0) € L}, .(R) and there
is 0 < 6 < 1, such that

B’ B’

5/ 17,00 (1,0)| dy < | Z(/,0) — Z(8',0)| < / Zar(1,0)|dy, ¥ —o0<d < B <.
Then there is To > 0,T1 > 0, Ty, T1 depend only on E1(0), such that on [0, min{Ty, T%}], the
initial value problem of the water wave equation (1)) has a solution, satisfying E1(t) < oo
and B4, and the interface Z = Z(-,t) is chord-arc.

4. THE PROOF OF THEOREM [3.1]

We only need to prove the second part, the blow-up criteria of Theorem B.Il We assume
T* < oo, for otherwise we are done.
Let Z = Z(-,t), t € [0,T*) be a solution of (Z9)-(Z8):

Zy +1=1AZ o, (4.1)
with constraint
Z, =HZ,,
o ) . (4.2)
Z o —1=H(Z, —1), v —1:H(f—1);

satisfying (Zy, Z;) € CH[0,T*), H*"Y(R) x H*TY/27(R)) for I = 0,1, and Z, — 1 €
C(]0,T*), H*(R)). Precompose [l with h gives

2t + = iaza (43)
where ah, := Ao h. Differentiating (@3] with respect to ¢ yields
. R ag .
Zttt + 10Zpa = —101Zq = ;t(ztt — i) (4.4)

Precompose (4] with h~!. This gives the corresponding equation in the Riemann mapping
variable:

Zit +i1AZy 0 = % oh™NZy —1i) (4.5)

We know 7ttt = (8t + baa/)27t and 7“ = (8t + baa/)it, where b := ht o hil. The analysis
in Appendix [B] shows that b and A; := A|Z ,/|? are as given in (ZIJ), (Z.I9), and

ﬁ o h,71 _ — Im(Q[Zt, H]Ztt,o/ + 2[Ztt; H]@a/ft — [Zt, Zt, Da/it]) ' (46)
a Ay
where )
= L [ (Z(dt) = Z4(B', 1)) =
%Z“M“:ﬁ/ g PeZid 0 dd (4.7)

E2)-E2) or equivalently EA)-E2) with b, A; and & o h~! given by 2IR), ZIJ) and

([#30) is a quasilinear equation of the hyperbolic type in the regime of smooth interfaces,

iidt

interface-e-1

interface-e-2

interface-e2

quasi-1

quasi-r

at

@'IIIII
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with the right hand side consisting of lower order terms However in the regime that

includes interfaces with angled crests, since A and _% equal to zero at the crests where

the interior angles are < , the left hand side of (@A) (or (@4])) is degenerate hyperbolic.
We have the following basic energy inequality.

Lemma 4.1 (Basic energy inequality). Assume 6 = 0(a,t), a € R, t € [0,T) is smooth,
decays fast at the spatial infinity and satisfies (I —H)(@oh™!) =0 and

070 +i00,0 = Gy. (4.8)
Let . )
Ey(t) ::/E|0t|2da—|—i/8a9§doe+/a|9|2 do (4.9)
Then 12
d Gt 1/2 /|G9|2
) = 1) Ey(t) + 2E(t 20 g . 4.1
ZEo0) < (|2 +1)Eo) +2E0(t) " da (4.10)

Remark 4.2. Since A o h := ahg, upon changing to the Riemann mapping variable,
Ey(t) = / i(wt oh 12+ |0oh™?) dd +z’/8a/ (Boh™0oh tdd
By §oh ! =H(Aoh ') and (AF),
i/@oﬁ?da = i/aa,(o oh™Mfoh™ da/ =00 h "%, > 0.
Proof. We have [

iEg( —2Re/§6‘tt§t da—/%|9t|2da+i/6a9t§da+i/8a9§tda

dt
1 - at 2
+2Re [ =00da — | —[0]"da (4.11)
a a

1 _ 1 —
:2Re/a(9tt+ia8a9)0t da—/%(|9t|2+|9|2)doz+2Re/Eﬁteda

Here in the second step we used integration by parts on the third term. (&3], Cauchy-
Schwarz and the fact that i [ 9,00 do > 0 gives (I0).

O
Apply D, (h—ﬂ)k Lk =2,3 to (&4), then commute D, (h—ﬂ) k=1 with 92 + iad,, yields
O, O O,
(0} +iaaa)Da(h—)’f 12, = Da(h—)k_l(—iaﬁa) (07 + 1004, Dy (h F )z (4.12)
Let
Ei(t) := EDa(f—g)k*IEt (t). (4.13)
Because A = ﬁ and U,;lDaUh =Dy = Z’la/ Our
1 2
Ek(t):/ (108 Z? + | Z o U, 18tUh a 74| )do/+HZ ok, Z, (4.14)
Ne% H1/2

We prove Theorem B.1] via the following two Propos1t10ns.

Proposition 4.3. There exists a polynomial p1 = p1(x) with universal coefficients such

that J
L Eo(t) < pr(e() Ea(r). (4.15)
1T@X) is equivalent to the quasi-linear system (4.6)-(4.7) of [30]. The only difference is that @3) is in
terms of Zy and Z;¢ and (4.6)-(4.7) of [30] is in terms of the real components Re Z; and Re Zy.
183ome variants of the proof have been given in [32] and [2I]. We prove @I0) nevertheless.

eq:41

eq:42
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Proposition 4.4. There exist polynomials pa = p2(x,y) and ps = ps(x,y) with universal
coefficients such that

d
EE3(t) < p2(€(1), Ba(t)) E5(t) + ps(€(t), B2 (). (4.16)
Propositions and [4.4] give that

Bs(t) < Ea(0)edo 16D s anq

Es(t) < (E5(0) + /tp3(@(8),EQ(S))ds)efotp2(@(5)1E2(S))ds7 (4.17)
0

so for T < 0o, E2(0)+ E3(0) < oo and supyg 7+ €(t) < oo implies supjq 7+ (Fa2(t) + E3(t)) <
co. In 4.7l and §4.2] we will prove Propositions and 14 We will complete the proof of
Theorem .11 in 4.3 by showing that supjg (|| Z¢() || gs+1/2 + [ Zee(t)]| 2) is controlled by
suppo, 7+)(E£2(t) + E3(t)) and the initial data.

4.1. The proof of Proposition [4.3]

Proof. We prove Proposition by applying the basic energy inequality, Lemma [4.] to
Da(,?—z)ft of (£I12), notice that (I — H)(U{lDa(g—z)Et) = (I —H)DyZto = 0. Using
(B16) (BI18) and (B:22), we expand the right hand side of ({ZI2):

Do, : Oa
Gy = Dah—(—latza) + [6752 + Zﬂaa, Dah_]zt
o, Do _ O _
= Doy (=itiZa) = 2(Daz1tDa7 > % + Dazi0r Doy~ 71) (4.18)

- DaatUh{(ht o h_l)a’Zt,o/} - DaUh{(ht o h_l)a’Ztt,o/} - iDozUh{Ao/7t,o/}

We can control H L by a polynomial of &, see Appendix[Cl What remains to be shown

is that

I

|Gy |?
=2 da < C(€)B, (4.19)

for some polynomial C'(€). Changing to the Riemann mapping variables and using A4 =
|ZA—1/|25 Al 2 17

2 2 ZO/U_IG 2
/@da—/%ho‘da—/%da’g/waﬂh—lGQPda’. (4.20)
(el 1

So it suffices to show that
/|Z)a/U;1G2|2 do/ < C(@)Eg

Let
O . _
Gop = Dah—(—zatza); (4.21)
O _ Oa _
G271 L= —2(DazttDa h—Zt + DaztatDah—zt); and (422)

G2,2 = _DaatUh{(ht o h_l)a’Zt,a’} - DaUh{(ht o h_l)a’Ztt,o/}
- iDaUh{Aa/Zt,a’}v
so Gg = G270+G271 +G2)2. We know by Zit— 1 = —10Z, m and U{lDaUh =Dy = ZBQI R

o

(4.23)

_ a 17 .
Z,oUy G = ag/(;t oh™(Zy —1)); (4.24)
1

20Uy Goy = —2(Dar 24402 Zy + Doy Zy( 2,00 Uy, ' 0LUn, ~

2 7.)); (4.25)

eq:45

eq:46

eq:54

eq:55

eq:56

eq:57

eq:551

eq:561
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Z,a’Uh_lGQQ - _80/ Uh_latUh{(ht o hil)a’Zt,a’} - 804’{(h/t o hil)a’Ztt,a/}

. = (4.26)
- Zao/{Ao/ Zt,o/ }

Step 1: Quantities controlled by Eo and a polynomial of €. By the definition of Es, and the
fact that [|[A1||p=~ < C(€) (cf. Appendix[C]), we know

Dy 2272 0, Dy 227, |2
Dopazl” 4 [10Denzzl g (4.27)
a a
. 1 . 2 1 - 2
102 Z,|2, HZ,Q/U,LlatUhZ 027 HZ 02,7, < C(€)E;. (4.28)
e L2 ,al H1/2

We commute Z ,/ with Uh_l(?tUh in the second quantity of (£.28)
1 — — 1 —
Z@/Uh*latUhZ—ai,Zt = U, '0Un02 7 + [Z o, U,;latUh]Z—ag,Zt (4.29)
By (B:26) and Appendix [Cl

'HU,;latUhag/ZHLz _ HZ,Q/U,;la,fUhZLag/z

’
e’

< C(©))102 Zill 2, (4.30)

L2
SO ,
U, 10002 Z4 [ < C(€) B (4.31)

Step 2. Controlling G2 1. By ([@28), Appendix [C] and (£.25),

[ 12007 6ol do < (@) (1.32)

Step 3. Controlling G2 o. We expand further the terms in Z ./ Uh_lGZB by the product rule,
O Uy 0 Un{(hi 0o W™ N Zrar} = (i 0 B )i O Uy, ' OURZ o
+{U, ' 0:Un(ht o " )ar Y0ur Zt,ar + {0ar (he 0 K1) ar YU, "0 UnZyor - (4.33)
+ {80/Uh_18tUh(h/t o hil)a/}Zt,a’;
ao/{(ht o h_l)o/?tt,o/} = {60/(ht o h_l)o/}?tt,o/ + (ht o h_l)o/aoz’ztt,a’;

_ _ _ (4.34)
8o¢/{Ao/Zt,a’} - (8a’Aa’>Zt,a’ + Ao/ao/Zt,a/
Step 3.1. The quantity 9%, (hy o h™1). By equation (B.5) in Appendix [B.1]
_ Zt(a’ t)
hioh M/ t) = ———— + E(d,t). 4.35
t O (Oé, ) Zﬁa/(a/,t) + (Oé, ) ( )
where (I — H)Z(-,t) = 0. Differentiating with respect to o’ yields
— Z % 1 —_
(hyo h™ Do = Z’fa + Ztao,a + O E. (4.36)
Rewrite ZZt":/' =2Re ZZt":/' — ZZt”:/' and move 2 Re ZZt—:// to the left, we obtain
_ Zt % Zt %
hyoh ™) —2Re 2% = = AN O E; 4.37
(heoh™") e Z. o 7 + 4 7 + (4.37)
2 2 2 77
differentiating ([£.306]) with respect to o and using the fact agjjt =2Re agjjt - 8%’? gives

82/Z 1 82/7
o tzzztya,aa/z - 207 — + 822 (4.38)

« (o2
’ ’ ’
f1e] f1e] o Z704

Oor(htoh™H) o —2Re

o®
Q
[¢5]
~
-

eq:47

eq:48

eq:49

eq:50

eq:51

eq:52

eq:53

b1

eq:70

eq:71

eq:72
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Notice that (I — H)9% = =0, k = 1,2. Apply (I — H) to both sides of {@37) and 3],
then take the real parts. Rewrite the last two terms on the right hand sides as commutators
via the fact that (I — H)0¥,Z;, = 0 and (I — H)9*, A =0, k = 1,21 We get

Z
(hy o h™Yer — 2Re 222 — Re{—|=—, H|Z1.0 + [Zs, H]0w ——} (4.39)
o o = e o ) % :
t 7. 7w t, t 7w
and
02,7 1
(9a/(ht o h_l)a/ —2Re g—t = Re{2(I - H)(Zt)a/aa/ 7 )
“ . “ . (4.40)
- [T,H]@i/?t + [Zt,H]ag[/Z—}.
From (£40), by Holder’s inequality, (A:8) and (A12),
0%,Z 1
Ao (hoh™ N —2Re 2Ll < || Zyor || oo ||Oar (4.41)
Z,a’ L2 Z,o/ L2

Step 3.2. The estimates for the quantities involving Z,. Commuting 94 with Uh_latUh and
using (BI8) gives
O Uy 0UnZor = Uy Y 0URO2/ Zy + [0, Uy 0 UR) Z

= U, ' 0U,0% Z 4 (hy o h 1) 002/ Z4, (4.42)
so by ([&28), [@E3T) and Appendix [C]
100Uy, *0:UnZ e o |32 < C(€) B, (4.43)
We estimate || Z;,q| L~ by (A3), Appendix [Cland (ZL25)),
|Zeo e < 2020020102 21l 12 < C(@)E,™. (4.44)
We compute 92, Z,; by (B.19),
0% Zw — U, 0 U027y = [02,,U, 0 UL Zy (.45)
=2(h o h™ )02 Zy + O (hi o W™V Zt o
where by (@41, [@2]), ([@44) and Appendix [C]
10ar (he © W™ o Zt,o 22 S |1 Dav Zill < 103 Ze | 12 + | Ze,a |7 5a'ZL
o |l L2 (4.46)
< o(e)By?.
Therefore ([@40), (£46), (@31), E2]) and Appendix [C] gives that
102/ Z |72 S C(€)Eo. (4.47)
As a consequence of ([A3]), (#417) and Appendix [C]
100 Zut3 o < 201007012102 Zerl| 2 £ C(&)E,. (4.48)
We compute U, 16,5Uh7t7a/ by commuting U, 19,Uy, with 9, and using BI8),
U ' 0UnZor = Oar Zyy + Uy 0uUR, 00 Zt = Zitor — (b0 B Y0 Zt ot (4.49)
(#48), (@.44) and Appendix [C]imply that
U5 003 Z o3 S CLE)EL. (4.50)

191f (1 — H)g = 0, then (I — H)(fg) = [f, H]g.

eq:73

eq:74

eq:78

eq:60

[0]
Q
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—

eq:75

eq:99

eq:79

eq:80

[0]
Q

[00]

w
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Step 3.3. The estimate for the terms involving %, (hy o h=1) in @33) and ([@34). By Steps
3.1 and 3.2, we can give the estimates for some of the terms in (£33) and (434). First,
because ||(ht o h™1) o | L < C(€) (cf. Appendix [C) and {@43),

(Bt 0 ™o Oar Uy L0 U Zy o |72 < O(€) Ea; (4.51)

and from (@47),
[(ht 0 A" )i Oar Zit,or |32 < C(€)Es. (4.52)
From (@11), @28), {@44), (£48) and Appendix [C]
10ar (e 0 h™Nar Zitar | 12 S |1 Dar Zatl| =110 Ze || 2

4.53
< o@©) B, (4.53)

1
Oo
VA

’
e’

12l Loe | Zit,ar [l £oe

L2
additionally from (@49,
18ar (he 0 W) Uy ' 0UnZr |l S (1 Dev Zitl| L + C(€)| Do Zil| 1) 102 Zt | 12

- (4.54)

+ (| Zetsar e + C(@| Ztoor | )| Ztsar | £ < C(@)Ey”.

1
O
Z

’
o3

L2
Step 3.4. The terms involving 9% U,, ' 8:Un(heoh™")ar, k = 0,1. We first consider Uy, * ;Un (heo
h™!)ar. Applying UfjlatUh to [@39) gives

Zt o
U 0,Un(hy o h ™Yo = 2Re Uy 280, Zt

’
o3

1 _ (4.55)
+ Re{—U,;latUh[7—, H|Zy o + U, 0uUn [ Ze, H]Ow ——};
we know
_ VA ol _ Zto VA o Z o
Uyt = U o = 75 = (P20)" = Do = (D 21)°, (4.56)
We compute the last two terms on the RHS of ({55) by (B.25),
_ 1 — _ 1 -
U, 18tUh[7 JH] Zt o = U, 16tUh7—7H]Zt,o/
“ ) “ ) (4.57)
+ [=—, H](Oa Z1t) — [7—7 hioh™ Zy o);
and
1 1 1
U, 8tUh[Zt,H]8Q/Z - = [Ztt,H]aa/Z ,
o “ . (4.58)
+ [Zt,H](aa,U,;latUhZ ) — [Zt,htoh‘l;aazz ].
Now by the product rule,
1 1
3a/U,;13tUhZ— — 3a/{Z—((ht ] I’Lil)a/ — Da’Zt)}
o i“ (4.59)
= (%T) (htoh™ s = Dav Z4) + (Do (hy 0 A V) oy — D2, Zy);
commuting U, '9,U}, with 9, and using (B.I8) gives
1 1 1
U, ' 0,Up O = 00 Uy, ' 0Un—— + [U;, ' 0uUn, O]
Z7a/ Z,o/ Z,o/
1 (4.60)
= 0o U, 10Uy — (hy o h ™) o O

Z o Z o

eq:86

eq:85

eq:82

eq:84

eq:88

eq:91

eq:87
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Applying Appendix [C] yields

_ 1 _ 1
|00 U, 18tUh7||Lz + U, 0,Up O ——llz2 < C(®); (4.61)

and from (@55), by (@.50), @57), (@58), (6I) and (AI8), (A.17) and Appendix [C]
105 18U (R 0 B~ Nar || L= S C(@). (4.62)

We analyze 9o U, '0,Up(hy 0 h™1)q similarly. Commuting 9, with U, '9,Uj, and using
(BI8) gives
O Uy 1 0,Un(hy 0o k™1 or = [0ur, Uy 04U (B 0 ™Y or + Uy ' 04UR0Oar (he 0 h™Y) o
= (ht o h™ ) Ou (ht o K)o + Uy 1 0:UpOar (hy 0 A1) o
We compute the second term on the RHS of (£63) via (40):

(4.63)

02,7 1
U, 0Undor (hi 0 h™Y) s — 2Re U, 10U, 2 L= Re{2U; '0:Un(I — H)(Zt,0 O )
1 — 1
- U,;latUh[7 JH)02,Z, + U,y L 0uU 24, H) 02, ~ };
’ 7 (4.64)
commuting U, '9,Uj, with ga’l := D and using(B12) gives
-1 62/ Zt -1 -1
Uy '0Un=—2— = DUy ' 0UnZi o + (U, 10U, Do) Zt 00
“ ) ) (4.65)
= Zaa,U,;latUth,a, - Z(DazZt)(ai,Zt);
for the first term on the RHS of ([@64), we commute U, '0,U), with (I —H) and use (B.23)),
1 1
U, o Un (I — H)(Z 0 O ~ )= (I =), '0,Un(Zt, 0 O ~ )
1
= Uy " 0uUn, H)(Z1, 00 Ot —) (4.66)
1 1
= (I -H)U, ' 0Un(Zt,000ar 5—) — [he © h ™, H]0u (Zt, 0 Ot 5—);

Z,o/ Z,a’

we use product rule to expand further the terms on the RHS of (@606). By {@350), ET),
(@44)), Appendix [Cl and (ATT),

1
HUh_latUh(I —H)(Zt,00 Ot ~

’
o3

2

< C(e)E)?. (4.67)

)

L2
We use (B:23)) to compute the last two terms on the RHS of (£64)), then use (A1), (A12)
and (A1), (E50), (E44), (£48) and Appendix [Clto do the estimates, we get

2 1 2

1 _
HU,;latUh[_ JH]0% Z, +'U,;16tUh[Zt,H]a§, < C(¢)EY?, (4.68)
Z)a/ 2 o || 1,2
therefore
—1 —1 —1 8§/Zt 2 1/2
Uy ' 0iUn0r (b 0 h™")ar = 2Re Uy 0,Un < C(&)Ey”. (4.69)
o |12

We now conclude the estimates for the two terms involving U, '9,Up(hyoh ™) in ([@33).
By @63), (41), [E44), (£69) and @28) and Appendix [C]

{00 U5 0Un(he 0 ™ )Y 2t |32 < CE) B (4.70)

eq:92
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by ([E62) and EZ),

{U; 08U (he © h™ ) Y0u Zt e |[32 < C(E) B (4.71)

Finally we estimate the L? norms of the two terms on the RHS of the second equation
in (4.34).
Step 3.5. The L* norm of 0o (Aw Zi.or). We begin with the first equation of ) A :=
Zuti Differentiating with respect to o/ gives

7, o
1
Oor A = ~iDas Zus = i(Zus + )0r (4.72)
By Appendix [C]
[0 Al L= < C(€), (4.73)
therefore by (@28,
A0 02, Z |32 < C(€)Es. (4.74)

We now consider the term (9o Ay )Zt o in E34). We calculate §%,A by differentiating
the equation iA = 2t ([ZT) twice:

2
/Ztt

. 02 1 .
ZB?IIA = ﬂ + 2(90/Zttaa/ Zﬁa/ + (Ztt + 1)6(21/ Z (475)
Applying (I — H) then taking the imaginary parts gives
02,7 1 1
02, A= Im(I—H)(%—”)+2Im(I—H)(@a/Zttaa/ ~ )+Im(1—H)((Zy+i)02, Z ); (4.76)
we rewrite the first term on the right by commuting out %
02,7, 1 1
(I = H)(=5=2) = —— (I = H)(02 Zu) + [— H](92 Zun); (4.77)
Z o Z o Z o
using (I — H)9?, Zl - = 0 we rewrite the third term on the right of (£10) as a commutator
1
(I —H)((Zu + )02 7 ) = [Zu, H]OZ, 7 (4.78)
SO ) )
02 A = Im{Z (I - H) (02, Zyt) + [Z / JH)(02, Z4)}
o “ . . (4.79)
+1m{2(1 = H) (O Z1100 ) + [t H]o?2, v
We apply (ATI), (A12) and Holder. This gives
1 1
02 A —Im{—( —H)(92 Zu)}|| = |0« | Ztt o || Lo (4.80)
Z,a/ L2 Z,a' L2
SO
— — 1 —
(G2 AZ: o2 S 1D Zil 02 Zals + O 5| Vo=l Zillim. (05)
,O/ L2
By @.28), (@49), {48) and Appendix [T

(02 A Zs o[}, < C(E)En.

This completes the proof for

/|Z,Q’U};1G212|2da < C(@)EQ (482)

eq:110
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Step 4. Controlling ||Z o U, *Gapl|r2. We are left with controlling || Z o U, 'Gaollr2. By
(#24), we must show

/|a§,(% o h ' (Zu —i))2da’ < C(&)Es. (4.83)
We expand 92, (% o h™(Zy — i) by the product rule
02/ (L oh N (Zy—i)) = %oh*lag,ztmaa,(%ohfl)zt,a/+a§,(%ohfl)(7tt—i) (4.84)

a

where we estimate the L? norm of 9,/ (% o h™1) by (@8), (A8), (A11), (A12) and (A9)

a _ —
0w Croh ™) SlZearlliollZu a2 + | Zearl|iom | Zur 12| D Zo

o (4.85)
HlZeallpelZearllz ||
so by Appendix [C] (£28) and [@44), (£43),
/ |% oh 0% Z + 2aa,(% o h ™V Zo|? da’ < C(€)E,. (4.86)

What remains is the term [[02,(% o h™1)(Zy — i)]* da’. We begin with #I2), together

with (EI8) and @21, @22), E2):

aa aa —
(9} +1000) Da(35)70 = D= (=itiZa) + Go1 + G2, (4.87)
Precomposing with h~! then multiply Z . gives, using zZ;; — i = —iaz, (@&3),

O - -
20Uy, (0F + 1000) Da(32)71 = ai,(% ohNZy =)+ ZaUy (Gog + Ga2). (4.88)

(e}

By commuting (87 + iad,) with Z—“ we rewrite the left hand side as

« —_ . hOt « —
U, (0} + ia&a)(i—)QEt + Z,o Uy (07 + i0d,y), 7](2_)22“ (4.89)
(£33) now yields
U{l(atz + ia@a)(g—a)zzt = (92/ (% o h_l) (7tt — ’L) +e (490)
where b8
e:=—Z U, (07 +iady), —“](h—“)z’zt + Z,oU; (Gat + Ga2)
. aza a (4.91)
+ ;’f oh T2 Zy + 28a/(;t oh™VZiar.

Observe (I — H)U{l(g—szt = (I —H)92,Z; = 0. We want to use the "almost holomor-
phicity” of the LHS of [@30) and the fact that 92, (& o h™!) is real valued to estimate
J 102, (& o h=Y)(Zy — i)|* da. We first show that the error term e is well behaved. By

)

Oec

Z o U (07 + iady), Z—“](h )22 = 2((ht o h ™Yoy — Do Z4) U, 1 0,U, 0% Z,

[e3

+ ((he o h™ oy — Dot Z4)202, Zy + (U; ' 0:Un(hy o h™ Y or — Uy ' 0,Un Doy 24)02. 7 (4.92)

1 _
+ (Ztt + i)aa/ (Z—)ai/Zt,
from (B.12), U{latUhDa/Zt = Do Zy — (Dor Z1)?, therefore by Appendix [Cl (€28,
and (5, €D
ha 60 2— ? /
—1G=)7| da’ < C(E)B,. (4.93)

ZOL [e3

/‘Z@/Uhl[(af +1iad,),

eq:118
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The estimates (£93), [@I0), (£82) and {@32) give that
/|e|2do/ < C(€)E,. (4.94)
Now we apply (I —H) to both sides of {30), then rewrite (I —H)(92, (&0 h™1)(Zy — 1))
by commuting out (Z4 — i):
az

(I -H)(U, " (0} + iaaa)(g—“)%) = (Zy —i)(I —H)(0% (= oh™))

“ a4 (4.95)
+ (24, H)(92 (% oh™")) + (I —H)e

Since H is purely imaginary, [02, (& o h=1)| < |(I — H)(82, (& o h™1))| hence

|Zee = 0% (Z 0 b= 22 < [1(Z = )L = E)(@2 (S 0 ™))

4.96)
_ . Oa o = a _ (
S0 =H)(U, (07 + waa)(h—)%)llm + [Z e, H] (92, (f oh™))llz2 + llell 2.
By (AI12) and [&35), @48), E44) and Appendix [C]
_ a _ a _
II[Ztt,H](ai/(;t oh "2 S IIZtt,a/IILoollaa/(;t oh L2 < O(€)E,” (4.97)

therefore

— ) a _ _ . Oa o
1Z = )02 (2 o h )22 S 1T = B)(U; (03 +i00a)(:2)°20) 12 + C(E)EY?. (4.98)

(o3

In what follows we will show that

I~ ) (37 + 100, (22212 < (&)Y

(o3

and complete the proof for Proposition 4.3

Step 4.1. Controlling ||(I — H)(U, *(8? + iaaa)(g—z)zit)ﬂp. We introduce the following
notations. We write fi = fa, if (I —H)(f1 — f2) = 0. We define Py := @ and
Py = (I;H), so Py +P4 = I, and Py — P4 = H. By Proposition[A.T] Py is the projection
onto the space of holomorphic functions in the lower half plane P_, and P4 is the projection
onto the space of anti-holomorphic functions in P-.

We want to derive an estimate of ||(I — H)(U, ' (87 + iads)U o k|12 for a generic U
satisfying U = HU, i.e. U = 0. Observe D, U = 0. By (B.8) of Proposition[B.l U satisfies

Z
U, (02 +iada)U o h = 2— L o (U, 04U, — 80 )U

N Z,a’ (499)
+ Z2D2U +2(Zy + i) Do U.

What we will do first is to use (@39) to rewrite (I —H)(U, *(0? +iada)U o h into a favorable
form so that desired estimate will follow.
We expand on the RHS of ([£99]) the term

2t \2 49 th 1
Z,a/) 02,U + 7. a‘“'(za/)a‘“'U

)

Z}DLU = (
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by the product rule, and decompose ZZf/ = Pa(#) + Pu(£-). We have, because
ot (Uy, ' 0:Un — £ 00/)U = 0 by (B.0),
9 Zy 1 Zy
N 0F +ia0,)U o h = 2PA(Z V0o (U, " 0uUp, — (Pa +]PH)(Z )0ar )U
Zt 2 2
+ ((PA+PH)(Z /)) 02U (4.100)
2 (V0w +2(Zs + 1) Dl
Z,o/ ol Z,o/ fe%l tt 1 o'V

We expand further the factor 8a/(]PH(ZLfl)8a/U ) on the RHS by the product rule. After
cancelation we obtain -
Zy
Z o

Z
Z o

U, (0} 4 i00,)U o h = 2P4( )8a/(Uh_18tUh —PA(=—)0u)U

Z. Zto!
—2]P’A(Zt ){]P’H(Zt )+PH(ztaa,

Zt 2 zi
Z o )% Z o

Now because Py (Z;0n

)}aan+ (4.101)

(Pa

8 ( )6O/U + 2(Ztt + ’L)D U.

Z’la/) and JnU are holomorphic,

Zt Zt 1
2PA(Z_Q )]P)H(Ztao/ Z,a )80/U = ™ (Ztaalz)aa/(],
moreover
, 2 1 72 1.z 1
Z,a (Ztaou Zya/ ) Zaa/ (Z) = Zﬁa/ H(Ztaa/ Zya, ), and
Z 1 1 1
— 2 H(Z00r — 00U = = ZiH(Zt00r 57— )0 (—U)
240 (S VH(Z00 2 U
tVa’ Z,Q/ tVa/ Z,o/ )

and by straightforward expansion,

1 1
= —2Z,H(Z;00 —);

[Zt7 [Zt7H]]aa, Zﬁa/ Z_’Q/

and

1
Ztao/ ( 7

e

VH(ZiDar Z)la ) = (P (20 (55 ))1? ~ (Pa(Zider(

’ ’ o

Therefore

Z,
U,;l(afﬂaaa)Uohzsz(Z—t)a (U 8tUh—]P’A(

Z

Zs o Z
Z. 20 U + (Pa(

Z o Z o
120,120, )00 2 }0ur (2= U) — (P s (Ziar (o
2 ’ ’ * Z o * Z o * Z o
(Zy +1)
Z o

We further rewrite

— 2P, (

)Pu(

) 02U
(4.102)

)yU

+2 O U.

Z

2Pa(
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Apply (I —H) to both sides of [@I02)), and rewrite terms of the form (I — H)(g1g2) with
g2 = Hgs as [g1,H]g2. We obtain

Z

(I —H)U, (0} + iads)U o h = 2[]P’A(Z ), H]0o (U, ' 0,Up —]P’A(Z -)0ar)U
— (1= B (Ba( ) Pal ) HOw U} + [(Bal) " HOZU

1 1 o ’ (4.103)

=+ [g[ztv [ZtaH]]aa' Zo/ Z,o/ U)

1 Dy +1
_ (I—H){(PA(Ztaa’Za )) U}t +2| Z o

We further use the 1dent1ty@

1 n o ’
—2[g1, H)Ou (9192) + 97, H]Oar g2 = - / (%)292(5)%/ = —[g1, 915 92}

to rewrite the sum of second part of the first and the third terms on the right:

,H]0a U.

_Q[PA(%),H]&V (PA(ZZt,)aa/U> + [(PA(ZZt, ), )82, U
“ z z o o (4.104)
[]P’A(Z )PA(Z ); 0o U].

We are now ready to give the estimate for (I —H)U, *(0? +iad,)U o h. We have, by (A1),
(A18) and Holder’s inequality,

Z
I(I = H)U, (97 +i00a)U o hl| 12 S ||3a/PA(Z )IILwlth LOURU || 2+

,Ol

Zta

s (= )IILwIIaa/]PA( )IILwIIU||L2+II5a'PA( )||L°°||U||L2

1 1 (4.105)
+ [|Oar ([Zt, [Zth]]aa/T) ||L2||TU||H1/2

)

+ 22000 5= 1V e+ 4100 (=) e U
Now by (A.19),
100 (120, 20, 0ur ) 12 5 122 a0 5 — |z
and because '
(%/(ZZ: z) =Dy Zy + (Zy +1)0n Zyla/ ;
Zit +1

1
o < || Do - : ~.
[10ar ( 7z Nz < NDarZitl| e + [(Zer + )0 7. -z

We can conclude now by 1Append1x (] that for any U satisfying U = HU,
I(Z ~H)U, (97 +ia0a)U o hl 2 < C(E)(|U]| 12+ Uy, 13tUhU||L2+|| —Ullip/2)- (4.106)
As a consequence of ([LI06) and ([28)), (31,
I~ B)(U; (37 + iad) (2)%Z0)] 2 < C(&) 32 (4.107)

Ol

2014 is an easy consequence of integration by parts.
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#39]) then gives

|Zee = )02 (2 0 h71) 13 < C(€)En. (4.108)

Sum up (£82), (.32), (A.36) and (£I0F),
/|Z)a/U;1G2|2 do/ < C(@)Eg

This finishes the proof of Proposition

4.2. The proof of Proposition [4.4]

Proof. We prove Proposition 4] by applying Lemma 1] to (£I2]) for k¥ = 3, notice that
(I-— H)U{lDa(g—z)QEt = (I —H)Dy 8% Z, = 0. For k = 3, the right hand side of (Z12) is

Do a

G3 = DQ(E ha

2 (—iaiZa) + [0F + ia0a, Da(—)%]7% (4.109)
Similar to the proof for Proposition [£.3] we only need to show that

/IZ,a'U{1G3I2da’ < CO(&, Es)Es. (4.110)

We expand Z U, 'G3 by (B.16), (B15), (B22). We have

ZoU, "Gy =02, (% oh N (Zy — 1)) + Z o U, 07 + i00a, Da](g—“)%

(e}

+ 0w U [02 + iada, 2—“] aft + 02U (02 + iada, %]zt (4.111)
i=ZoU, 'Gap+ Zﬂl;}h_lg&l + Z Uy 'Ga o + Z7a/0[‘]h_1G373
where
ZoUy Gyt =02, (% o hN(Zy — 1))
=83, (% o b (Zu — i) + 302, (%’f oh ™) Zua (4.112)
+ 30 (% o h V)02 Zy + % o h ™ 0%, Zu;

Do
ZoU, G310 = Z 00Uy 02 4 a0, Da](h—)QEt
B “ L (4.113)
= 2Dy 744,02, 7; — 2(Da,Zt)Z,a,U,;16tUhZ—af;,zt;

O Oa1
he' he
= 00U, ' 0U{(he o 1) 02. 71} — Oar {(ht 0 W™ 1) 0 O Up-10:UnZ .0 }

— 100 { A0 9271}

= — (B Uy '0U (hy 0 h™Y) o )02 Zy — (U 04U (hy 0 h™) )02, Z, (4.114)
— Ot (hy 0 ™o (U 0UROL Z1 + Do Uy, 0iUn O Z1)

— (he o h™ N (00U, 10U 02/ Zy + 02U, 04U Oor Zt)

— i(Oar Aar )02 Z1 — i A 02/ 715

Z7O/U];1G372 = 8a/U,;1[8t2 + ia@a,
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and
-1 2 rr—1192 . aoz _
ZoU, "Gs3:=0,U, [0; + 100, 7%t
ha
=-02U, 0 Up{(hs o h™ M) aOor Zy} — 02 {(hs 0 h™ ) arOor Zur} (4.115)

- 7,(92/ {AO/ 80/7t} .

Step 1. Quantities controlled by E3 and a polynomial of € and Ey. By the definition of Fjs,
and the fact that ||A1]|p~ < C(€) (cf. Appendix [C),

2
1 —
ag/Zt

6317
Z. o al st

<C(®)Es.  (4.116)

— 1
0873, |2t 000 |

2
)
L2 HZ

H1/2
We commute Z o with U,;lt?tUh of the second quantity in ([I16):
1

_ 1 _ _
U, ' 0,U02, 7y = Z7a/U,:18tUhZ—82,Zt — [ Z.or, Uy 0,U) ~ 03,7, (4.117)
By (B26) and Appendix [C] we have
— 1 — —
U, 0003 Ze | 2 — HZ,Q/U,;latUhTag,zt B C(@)[|03, Z4 || 2, (4.118)
fres L
SO
_ — 12
Uy 0:UR03, Z4|| - < C(€)Es (4.119)
By (B.13),
O Uy, L 0,Un02, Zy — Uy ' 0UR03 Zy = [0ur, Uy, " 0UR02/ Zy = (hy o W™ 003, 74,
SO
100U, 0UROE Z4 |3 < C(€)Es. (4.120)
As a consequence of (A.3), ({2]), (EI16), (E31) and (EI20),
102.Z:|2 < C(€, E)ES?, ||U;  0uUR02 Z4|| 3 < C(€, Ey)ES/2. (4.121)

By (B.I3) again,
2 U, ' 0UpOus Zy — O Uy 0 UROE Zy = Ot [0, Uy, 10 Uk|0r Z
= Oar(hi o W™ w02 Zy + (hy o h™ )0 Z,
so by (@I120), (@I116), and (@A1), (@121, (£28), (£44) and Appendix [C]

102U, 0.Un0w Z||32 < C(€, E2)E3 + C(&, Es); (4.122)
and consequently by (A.3) and (£43),
100 U 0,UnB Zi |20 < C(E, Ey)Es? + C(€, Ey). (4.123)

Step 2. Controlling Gs1. By (EI113), Appendix [Cl and (£114),

[ 1200, sl do < (@) (1.124)

Step 3. Controlling G3,2' By (m)a (m)a (m’ (m)a (H-'ABD) (w)v (w)v (m)v

(E1714), (E123), (@120), EI122), (E73), (E30), ({48) and Appendix [C] we can control each
of the terms in ([LII4)). Sum up, we have

/|Z,Q,U,;1Gg,,2|2 do < C(€, Ey)Es + C(€, Es). (4.125)
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Step 4. Controlling Gs 3. Expanding Gs 3 in [@IT5) by the product rule, we find that the
additional types of terms that have not already appeared in (I14]) and controlled in the
previous step are

(D2 U 0Un(hy 0 h™ ) )00 Zt, (02 (hy © B~V Uy 0 Un00r Zs,
2 {(hyoh™ Va0 Zy}, and  (93.A)0u Zy.

Step 4.1. Controlling 8% (ht o h™1) o and 83, Z;;. We begin with controlling d, A1, 8%, Ay
and 82/ L i
o' Z

Oor Ay = —Tm[Zy o0\ H|Zy.0r — Im[Z;, H]Oo Zi o (4.126)
so by (AI8), Appendix [C] and ([4.25)),

100 Al < 1210 l220102 Zel| 2 S C(€)E,™. (4.127)
Differentiating again with respect to o’ then apply (A1), (AI3) and (A3) gives

102 A2 S 1 Zearll= 102 Zi| 2 < C(E, Ba). (4.128)

To estimate 92, 77— we begin with ZI0):

1 Zuy—i
Zo A

—1

Taking two derivatives with respect to o’ gives

o 1 RZu = A AL (B Ar)?
2 05 2t o 1 o A1)7
— Zaa’ Z7a/ Al — 2Ztt o T A2 (Ztt — ’L)( A% + 2 A% ), (4129)
therefore

1 — _

102, 7 e S92 Z it 2 + 1100 Z it 12 |0ar Aa || e
“ ) (4.130)
+ ||T||L°°(||<9§~41||L2 + [10ar A1 || 2|00 Ar[| L) < C(E, E»),
and consequently by (A.3),
1
100 5l < C(&, Ey). (4.131)

We are now ready to give the estimates for ||02,(hyoh™1) o | p2 and |02, Z14|| 2. Rewriting
the first term on the right of (MII) as a commutator then differentiating yields,

a3, 1

1
(92,(1115 o h_l)a/ —2Re ( Z + 621Zt6a/ 7 ) = Re{28a/[Zt7a/,H](9a, 7 )
o o . Y (4.132)
— O H02/ Z + O [Z, H]OZ :
[Z)a, H]0% Zt + Oar [Z1, ]azya/}
Expanding the right hand side of [I32) by the product rule. By (IEI), (A12),
_ 1
105 (he 0 A" Dav 2 S Nl e 105 Zull 2 + ||3§/Zt||L°°||3a/ — 2
“ . (4.133)
12l 10 Il e < C(€=E2)3§/2 +C(€ By).
For ||02, Z1t|| 12, we differentiate ([4H) with respect to o
0% Z — 0 Uy 0UROL Zy = 300 (he o W )02 Zy + 2(hy o h™ )03, Z, (4134)

+ 8(21/ (I’Lt o hil)a/aa/it,
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therefore by (E41), (E116), (E120), (E121),

103 Z1|17. < C(€, E2)E3 + C(€, Es), (4.135)
and as a consequence of (A3)),
102, Z||2 < C(€, Ey)Es? + C(€, By). (4.136)

Step 4.2. Controlling 93, A. We differentiate [.79) with respect to o/ and use the product
rule to expand. We have,

1 - 1 _
102 Allz < 7= lle= 103 Zull 2 + [10ar Z— Nl 1105 Z 1t | 2

) (4.137)
0% 5122190 Zur| e < O(€, B2) E3'? + O(€, E).
Step 4.3. Controlling 9%,U, '0;Un(hy o h™1)s. By (BI6) and (BI3),
00Uy ' 0uUn(hy 0 h™ Yo = Uy 1 0yUR05 (hy o k™) (4.138)

+ (Oar(ht o h ™ o )? +2(hy 0o R 1) 002, (he o ™) o
where
||(8o/(ht o hil)a/)2 —+ 2(ht ] hil)a/ai/(ht o hil)a/ ||L2
10ar (Rt © h™ M ar[| 2110 (he 0 B )ar || o 4 102 (he 0 B ) || 22| (Bt 0 ™) || oo
|0 (B 0 h™)ar [ 352102 (B 0 K)o |22 + 1102 (bt 0 BV | 2| (e © h ™Y [ 10
C(€, E2)EY? + C(¢, By).
(4.139)

For U,:lﬁtUhai, (ht o h™1) s, we differentiate (EI32) and use the product rule and (B.25)
to expand the derivatives,

_ _ _ 93,7 _ 1
U, 10,U02, (hy o ™) or — 2Re(U,, 1 0,U( 7 /t) + U, L 0yUR(02) Z4 O )
» . . . T (4.140)
= Re Uy, ' 0Un{200 (21,0, H]0ur —) — Our [— HIO2, Z1 + Do [ 21, IO —;

we then use (A.11)), (A.12)), (A.13), (A.16) and Holder’s inequality to do the estimates. We
have

- _ _ 1
Uy 0uUn2 (he 0 h™ el 22 S U 0:UnO00 Zil| 12|

Z o

[| Lo

_ 1 _ 1
+ 1105 Zel 21U, latUhTHLw U, 0Un 02 Zil | L= | O 7

,HL?
2 —1 1 —1 1
+ 1195 Zit||L= (1U;, " 0tUnOu 7 /HL? +1|0a U, 8tUhT”L2)
o . “ (4.141)
+ 1102 Ze|| o< I (e h_l)a’||L°°||aa’Z /||L2 + |U, 10 Un O Zi| 1< 1|02 7 /||L2

_ 1 1
+ 110 Zilloe | (B 0 b7 e [[oe 1050 12 + [ Zut,e | o2 105 5l 2

Ne% o’

_ 1
+ ||Zt,o/ ||Lao ||Uh 18tUha2/ — ||L2.

[e3% ZO/
Now by (B.13), (B.16),
1 1
U,;latUhag/Z— = ai,U,;latUhZ

’ ’
1 ,Q

1
—80/ (htoh_l)alaa/ 7

1
—2(htoh_1)a/8§,Z— (4.142)

eq:222

eq:223

eq:224

eq:226

eq:227

eq:228



EXISTENCE OF TWO DIMENSIONAL WATER WAVES WITH ANGLED CRESTS 27

and ) )
U,;latUhZ - = ——((h oh™ e — D Zy); (4.143)
_ 1 _
%LU, 18tUhZ - = (ag,f)((ht oh™ ) — D Zy)
) o “ . (4.144)
+2(0ar 7—)(9ar (s 0 h™ s — Oar Doy Zy) + Z (02, (ht o h™ o — 0% Do Z4);
we further expand
1 1
a/Da/Z = 2/Z ol =5 a’Z;
0 ; Zﬂ(aa i+ 0 Z)a,a :
and ) ) )
2Dy 7 = 3, 7 + 200 ——02, Zy + 02, Zt o
02 =7 93,7 + 20 7. 027+ 02 7.0
Therefore
1 1
10, Ul < C(@), U, 0Un0Z 5|12 < O(€, Bo)E5'* + C(&, Ey). (4.145)
By @.141),
U 0uUR0% (hy 0 h™ V|| 2 < C(&, By)Ea/? + C(€, By). (4.146)

Step 4.4. Conclusion for G3 3. We expand Gz 3 by product rules. Sum up the estimates in
Steps 4.1-4.3, we have

/ |Z U 'Gs 31* do/ < C(€, E2)E5 + C(€, E»). (4.147)

Step 5. Controlling G3,9. We estimate ||Z o U, 'Gs 0|12 using similar ideas as that in Step
4 for Proposition £3 By m we must control ||(92,(%'_o W) (Zy — i)|| 2, |02 (% o
h_l)Ztt)a/”LZ, H(?a/(% o h_l)ai,zttHLQ and ||(% o h_l)Bi,ZttHLz. First by @:BED and
Appendix [C]

||(% o h™182, Z |22 < C(€, By)Es + C(€, Ey). (4.148)
By (&35) and (A.3),
Haa,(% o 102 Z w22 < C(€, E2)Es + C(€, Ey). (4.149)
By @.9),
102 (% o kY| 2 S 102 Zill 2 (1 Zet.or 2= + 1B Zuarllzoe) + 102 Zagll 21| Ze.al| o

a
+ (1102 Zill Lo 1 Ze.or |2 + 1023 Zel| 12| Zt,0 | Lo ) | Darr Zt || oo

a _
+ |0ar Zt|| 7 o0 |0cr Do Zi | 12 + Haa'(f o h™Y)|| L2]|0ar A1 || Loe
a
+ |\Et|\Lm|\8§,A1||L2_
(4.150)
SO a
Hag,(f oh Y12 < C(€, Ey)EN* + C(€, By), (4.151)
therefore

Hag,(% o W 10w Zul2s < C(€, Eo)Es + C(€, By (4.152)

).
Now similar to (I92) and (@33)), we compute Z U, '[(0? + iada), %](2—2)3% by (B.23)
and have
ha 6a 3= ? /
—IG=)7| do’ < C(€)Bs. (4.153)

ZOL [e3

/’Z@/Uhl[(af +1iad,),
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Now we begining with (£12) for kK = 3. After expansion, commuting and precomposing
with =1, and using the above estimates, we arrive at

UM (02 + i000)Un02 Zy = (Zyy — i)@f;,(% oh ™) +e (4.154)
with
/|el|2 do' < C(&, By)Es + C(€, By). (4.155)

Going through similar calculations as in (95) to (£98), then applying (I.I06) to U = 93, Z,,
we obtain
- . a _
(Zse — z)af;,(f oh |32 < C(€, Ey)Es + C(€, Es). (4.156)
This finishes the proof for Proposition [£.4]

O
4.3. Completing the proof for Theorem [3.71

Proof. Let s > 4. Let the initial interface Z(-,0) = Z(0), the initial velocity Z(-,0) = Z;(0)
be given and satisfy (Z.8) and Z,(0) = HZ;(0); let A;(0) satisfy (ZI9) and the initial
acceleration Z;;(0) satisfy (ZI0). Assume Z,/(0) — 1 € L=(R), Z;(0) € H**/2(R), and
Z1(0) € H5(R). It is clear that E5(0) + E3(0) < co. Assume Z = Z(-,t), for t € [0,T*) is a
solution of [ZA)-(@38), such that (Z;, Zi, Z o —1) € C([0,T*), HSTY/2(R) x H*(R) x H*(R)),
and T* is the maximum existence time as defined in Theorem [ Assume T* < oo,
for otherwise we are done; and assume sup,c(o r+) €(t) := M < co. We want to show

supseo,r+) (1 Zee(t) | s + 1 Z2() || rs1/2) < oo

Step 1. Controlling || Zu(t)||r2 and ||Z:(t)||r2 by € and the initial data. We start with
| Z:(t)||L2- By a change of the variables,

d d hia
E”Ztt(t)”%g = E / |Ztt|2ha da = 2Re/zttztttho¢ dOé + 2/ |Ztt|2tho¢ dOé; (4157)

we estimate

Rt Rie
/|ztt|2tha da < hL | Zet(t)]2. (4.158)
(0% « Lo

Switching back to the Riemann mapping variable and using ([&3]) gives

/Zttztttha do = /Ztthtt do/

(4.159)
. 2 ’ 253 —1/,7 . /
:_Z/ZttAth/ do +/ZttEOh (Ztt—l)da :I+II
Replacing A := |ZA—1/|2, we estimate I by
2
I < 1Az ||| 1 Zutllel| Zeorll 22 (4.160)
,O/ Lo

In IT we estimate H% oileL2 by ([@6), where we rewrite Do/ Z; = %7,570/. Using
(A12), (A13) and (AI6) yields ’

Y“oopt < 3 |1
i I e R R E 1 ol O (4.161)
SO
1
1] S (12, 22| Zatl oo + (| 2000 (1.2 7| MZull(1Zetll 2= + 1) (4.162)
,a! || 1,00
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Sum up the above estimates and apply Appendix [C] we arrive at

d
T 1Zu@lle < c(€0)1Zut)]72 + c(€®)).
Consequently by Gronwall,

[sup) ||Ztt(t)||L2 < C(”Ztt(O)HLQ,M) < 00. (4163) eq:249
0,7+

Changing to the Lagrangian coordinate, we have

/|Zt(o/,t)|2da’=/|zt(a,t)|2ha(a,t) do,

SO

d hia
o / |2¢|?he da = 2Re/zﬁttha do —|—/|zt|2h0‘i dav. (4.164)
Using Cauchy-Schwarz and changing back to the Riemann mapping variable,
d _
G [1Pha da < 212001 Zi(0)] 2 + B o b e =201, (4.265)
therefore J
ZNZDI2: < CEONZNZ: + 11 Zut) 3=, (4.166)
by Appendix [Cl Consequently by Gronwall’s inequality and (EI63),
sup 120l < CUZO 52, 1Z(0)] M) < o (4.167)
te[o,T*

Step 2. Controlling || Z o/ || L. We know

Za
Zo/ h = )
k) © ha
and ) )
d | za Za Ria
— |—| =2|—| Re(Dpzt — —),
dt | T ~| Re(Daze—37)
so by Appendix [C]
LA s A
dt |ha| — ha
therefore
sup ||Z o (T 2. < Z o (0 2 eCONT" 4.168 eq:252
2 12Ol < 17O (4.168)

Step 3. Controlling || Z¢(t)|| gs+1/2 + || Zet(t)|| g2 Taking sup over [0, T*) on ([@I7) gives
sup  Ea(t) < By (0)ePr T .= M, < oo;

e (4.169)
sup  Es(t) < (E3(0) + ps(M, My)T*)er>MMIT™ = My < oo,
te[0,T*)
By [@.I35), E.I63),
sup || Ze()lgs < sup (103 Zee(t) || 2 + || Zee ()| 12) < oo 4.170 eq:253
S 1Zee(0)]l [07T*)(|| 1e(t)[[ 2 + (| Zee ()] £2) (4.170)
Now by (A.6),

220103 Z¢ | 2).

— 1 —
102 Zull 12 S N Z,evllzo (17— Zull a2 + 1O

We know by ([{II6) and Appendix [C]
— 1 —
105 Zel| L2, ||T32/Zt||1‘{1/2 < C(€)Es, [|Oar

1
Z

7l < Cl@)
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so using (AI68) we have

sup 03,74l 12 < |1Z,r Q)T CNMs < o0 (4.171)

Combine with (ZI67), we have

sup ||Zt( )HH3+1/2 < 0. (4172)
[0,7%)

By Proposition 2.3] this brings us a contradiction. This finishes the proof for Theorem [B.11
O

5. THE PROOF OF THEOREM [B.4]

We prove Theorem B4 by mollifying the initial data by the Poisson Kernel and approx-
imating. We denote 2’ = 2’ + iy’, where 2’,y € R. f % g is the convolution in the spatial
variable.

5.1. The initial data. Let F(z’,0) be the initial fluid velocity in the Riemann mapping
coordinate, ¥(z’,0) : P_ — §(0) be the Riemann mapping as given in 31 with Z(o/,0) =
¥(a/,0) the initial interface. We note that by the assumption
1 1
Oy (——— ) < E1(0) < oo, —_—
511<p || (qu/(zl,o))||L2(R7d ) = 1( ) &) ,ys}1<1)0||\11z’(2/,0)
sup || For (2',0)|| L2(ra0y < €1(0) < 00, sup |[|[F(2,0)||L2r,az) < o < 00,
y'<0 y'<0

— Ul p2(r,dary < co < 00;

%(-, 0), F(-,0) can be extended continuously onto P_. We denote their boundary values
by $—(a/,0) and F(c/,0). So Z(-,0) = ¥(-,0) is continuous differentiable on the open set
where \I,—(a 0) # 0, and g—(c/,0) = % where \I,—(a 0) # 0. By \1/ (,0)—1¢€

H'(R) and Sobolev embeddmg7 there is N > 0 sufficiently large, such that for |¢/| > N,
|\I%z/(o/,0) —1] <1/2,80 Z = Z(-,0) is continuous differentiable on (—oco, —NN) U (N, c0),
with |Z o/ (a/,0)| < 2, for all |o/| > N. Moreover, Z ,(-,0) —1 € H{(—o0,—N)U (N, 00)}.
5.2. The mollified data and the approximate solutions. Let ¢ > 0. We take

Z(/,0) = (o —€i,0), Z;(a’,0) = F(«/ —€i,0), h(a,0)=a (5.1)
F¢(2,0) = F(2' —€i,0), ¥(2',0) = ¥(z' —€i,0).

Notice that F<(-,0), ¥¢(-,0) are holomorphic on P_, Z¢(0) satisfies Z8) and Z;(0) =
HZ,(0). Let Z5(0) be given by (ZI0). It is clear Z¢(0), Z£(0) and Z5(0) satisfy the
assumption of Theorem Bl Let Z¢(¢t) := Z¢(-,t) be the solution as given by Theorem [B.1]
with the homeomorphism h¢(t) = h¢(-,t) : R = R, and 2(a, t) = Z°(h"(a, t),t). We know
z8(a,t) = Z5(hE(a, t),t). Let

Fe(a' +iy t) = Ky« Zy (2 1), V(2 +iy 1) = Ky = 25, (2',1),  U(-,t)

be the holomorphic functions on P_ with boundary values Z, (t), Z<,(t) and Z<(t);

(', 1)

1 1

\IJZ, ((EI + iy/, t) = Ky/ * ZTO/
by uniqueness2] We denote the energy functional & for Z¢ (t), Z,(t) by £(t) and the energy
functional &; for F€(t), U¢(t) by E5(t). Tt is clear £°(0) = ££(0) < £;(0). By Theorem B.1]

Theorem [24] and Proposition [Z3] there exists Ty > 0, Ty depends only on &;(0), such that

21By the maximum principle, (Ky/ * Zel )(Ky/ * Zsa/) =1lon P_.

’
s
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on [0, Tp], the system (29)-(Z8)-(ZI8)-(ZTI9) has a unique solution Z¢ = Z¢(-, t), satisfying
(25, Z5 i~ — 1) € O([0,To], H**1/*(R) x H*(R) x H*(R)) for s > 4, and

sup & (t) = sup £°(t) < M(&1(0)) < 0. (5.2)
[0,To] [0,T0]
Moreover by ([210), (163) and (I67),
€ € 1
sup (|| 25 (t)l| 22 + 126 ()22 + | o=y = Ulz2) < elco, £1(0)), (5.3)
[0.70] o (t)
so there is a constant Cy := C(cp, €1(0)) > 0, such that
1
sup {sup ||F(2’ + iy, ¢t )+ sup || ————— — 1 ) < Co < oo. (5.4
[o,To]{y’<0 [l F( Y )||L2(R,d ) s I \I/;(;v’ Ty t) ||L2(R,d )} 0 (5.4)

5.3. Uniformly bounded quantities. We would like to apply some compactness results to
pass to the limits of the various quantities for the water waves. It is necessary to understand
the boundedness properties of these quantities.

Let b€ := h§ o (h¢)~! =2Re Zf + Re[Zf,H](Z%/ — 1) be as given by ([2I8). By (AI8),

€ € € € 1
165 @z = AL SNZEO e + 125 0 Ol 22l 7 () = 1 2. (5.5)
Using ([@.2) to rewrite b* = Re(I — H)(Zfz%/), differentiating to get
€ € 1 € 1
166 Ollze S 1125 @2l e Ol + 1 ZE @)l Lo 100 7= ()] 2. (5.6)
We know h€¢ satisfies
d
Zhe = b°(he,1);
i (R, 2); (5.7)
he(a,0) = .

Differentiating (5.7 gives

d
Zhe, = b, (he,t)hS;
dt' "'« a( ’ ) @) (58)
he(a,0) =1
therefore
e~ tsuPlo,1 105, (Lo < Re(a,t) = eJo Ve (h€.5) ds < et suppo,q 105/ ()l (5.9)
Now by ([2IJ), (B:24), with an application of (AI8)) and (AI7),
- € € € 1
10, 0Uneb (Ol o S N 2501 p + 1280 (Dl 2 [l = () = 122
1 ) ’“1 (5.10)
125 o Ol 2 (U 0eUne —— @)l 22 + 165 ()| 2 | = () = Ll 22);
where U, ' 0,Upe Zlﬂ/ = Zlﬂ/ ((h§ o (h) ™ Ny — Do Z5) gives
-1 1 € 1 €
1Une 0Une =)l 22 < [l = Ol o= (106 () 22 + | = (O | = [| 25 o ()] 22)
1 ia 0{ o (5.11)
1Une 0Une =)z < | = @)l (166 ()| 2o + [| Dav Z5 (£)] L)
and U,;latUhe = 0 + b0, gives
106 ()| e < Uyt OeUn<b ()l + 16°(1) [ e 1B, (£) ] o= - (5.12)
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€
9
pr

Finally, differentiating ({3)) gives zf,, = (2§, + 1)(Dazf + <t), sO

€ € N € ae
125Dl e < N1250(8) + ill e (1Dazf (B) | oo + 12 () 2)- (5.13)

Let M (&1(0)), ¢(co, £1(0)), Cp be the bounds in (5.2), (53) and (54). By Proposition 2.5,
Sobolev embedding, Appendix[Cland (&IT]), the following quantities are uniformly bounded

with bounds depending only on M (&1(0)), ¢(co, £1(0)), Co:
sup || Z{ ()l Lo, sup [|Zf o (8)l| L2, sup ([ Z5(t)]| Lo, sup | Z5; o (8)]] L2,
[O,T()] [O,To] [O,T()]

[0,To]

1 1 B 1 (5.14)
sup || ()l zoe, sup [[0ar (=) (®)llz2, sup [[Upe 0eUne e (t) | L
,To] Rl [0,T0] ! [0,T0] !

and with a change of the variables and (5.9)), (5.13) and Appendix [C]
sup |27 ()l Lo + sup [|25, ()l L2 + sup [[2,(#)]| L~ < C(co, £1(0)),

O,T() O,T() 07T0
hg hg hg
sup || == ()l + sup [[0a(=Z)(®)[lz2 + sup [0 == ()| < C(co, €1(0)), (5.15)
[0,T0] *a [0,To] Fo 0,T]  Fa
sup |23, (t) || + sup [[250(t)|lL2 + sup [|z5,(8)[ L < Clco, E1(0)).
[0,70] [0,T0] [0,To]

Furthermore, by the estimates in (5.5)-(E.12), using (5:3) (514) and Appendix [C] the fol-
lowing quantities are uniformly bounded:
sup [|b(¢)|[ e + sup (|6, (£)]|L + sup [|bj(£)][z= < C(co, £1(0))
To] 0,75 [0,T5]

5.16
sup 150)1~ + sup (0= < Cleo.£4(0) (5.16)
»40

0,To

In particular, by (5:9) and Appendix[C] there are ¢, co > 0, depending only on ¢y and £ (0),
such that

he(a,t) — he(5,1)
a—p

5.4. Some useful compactness results. Here we give two compactness results that we

will use to pass to the limits.

0<c < <o < 00, Vo, €R, t € [0,Tp). (5.17)

Lemma 5.1. Let {f,} be a sequence of smooth functions on R x [0,T]. Let 1 < p < oo.
Assume that there is a constant C, independent of n, such that

sup || fn ()| Lo + sup (|02 fn ()| Lo + sup [0 fu(t)]| Lo < C. (5.18)
[0,7] [0,T] [0,T]
Then there is a function f, continuous and bounded on R x [0,T], and a subsequence { f,,},
such that fn, — f uniformly on compact subsets of R x [0,T].
Lemma [5.T]is an easy consequence of Arzela-Ascoli Theorem, we omit the proof.

Lemma 5.2. Assume that f, — f uniformly on compact subsets of R x [0,T], and as-
sume there is a constant C, such that sup,, || fullLo®x[0,r7) < C. Then Ky * f, converges
uniformly to K, x f on compact subsets of P_ x [0,T].

The proof follows easily by considering the convolution on two sets |2'| < N, and |2/| > N.
We omit the proof.

Definition 5.3. We write
fn=>f on F (5.19)

if f,, converge uniformly to f on compact subsets of E.
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5.5. Passing to the limit. Notice that h*(a,t) —a = fot hé(a, s)ds, so

sup |h(a,t) — af < Ty sup ||hi(t)||ne < ToC(eo, £1(0)) < oo. (5.20)
R x[0,To] [0,T0]
By Lemma [5.1] there is a subsequence ¢; — 0, which we still write as € instead of €;, and
functions b, h — o, w, u, ¢ := wy, continuous and bounded on R x [0, Tpy], such that
hé
b°=0b, h*=h, z=>w —<=u, z4=4q, on R x [0, Tp], (5.21)
Z€

o

as € = ¢; — 0. Moreover by (517,
h(a,t) — h(B, t)

O<CIS Oé—ﬁ SCQ<OO; Va,ﬂGR, te[O,To], (522)
hence h(-,t) : R — R is a homeomorphism, and
(h) P =ht  onRx[0,Ty], ase=¢; — 0. (5.23)
This gives
—e 1 e
Z, =woh™ !, 7 =uoh™, Z,=woh! on R x [0, Tp] (5.24)
as € = ¢; — 0. Now
€ € 1 1
F (Zl,t) = Ky/ * Zt7 \I/Z/ (Zl,t) = Ky/ * ZTO/ (525)
Let F(2/,t) = Ky * (wo h™ 1) (', t), A(z/,t) = Ky * (uo h™1)(2/,t). By Lemma 5.2
1 —
Fe(Z',t) = F(Z,1), T (2, t) = A2, t) on P_ x [0,Tp]; (5.26)

as € = ¢; — 0. Moreover F(-,t), A(-,t) are holomorphic on P_ for each t € [0,Tp], and
continuous on P_ x [0,T]. Furthermore applying the Cauchy integral formula to the first

limit in (526) yields
FS(2',t) = Fu(2')t) on P_ x [0, Tp]. (5.27)

as e =¢; — 0.

Step 1. The limit of ¥¢. We consider the limit of V¢, as € = ¢; —+ 0. We know

t
z2%(a, t) = 2%(a, 0) —|—/ zi(a, 8) ds
0

. (5.28)
= V(o —e€i,0)+ / zi («a, 8) ds,
0
therefore
Z¢(a!,t) — Z¢(!,0) = U((h9) 1/, t) — €i,0) — (' — €i,0)
¢ (5.29)
+/ 2£((h9) "/, t), 8) ds.

0

Let

We(a/,t) := U((hS) " (a/,t) — €i,0) — U(a — €i,0) + /0 25((R) 1, 1), 8)ds.  (5.30)

Observe Z¢(o/,t) — Z¢(a/, 0) is the boundary value of the holomorphic function ¥¢(2’,t) —
Pe(z’,0). By (&ZI) and [@23), fot zE((h) M, t), 8)ds — f(f w(h=(’,t), 5) ds uniformly
on compact subsets of R x [0,7p], and by (G153, fot z£((h)~(d/, ), s) ds is continuous and
uniformly bounded in L*°(R x [0, Tp]). By the assumptions lim,:_,o ¥,/(2/,0) = 1, ¥(-,0) is
continuous on P_ and ([E20), (5:23),

T((h) Y/ t) —€i,0) — U(a/ — €i,0)
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is continuous and uniformly bounded in L>®(R x [0,7p]) for 0 < ¢ < 1, and converges
uniformly on compact subsets of R x [0, Tp], as € = ¢; — 0. This give

U2 t) — U2, 0) = Ky« We(a', 1) (5.31)
and by Lemmal[5.2] U¢(z/,¢)—¥¢(2’,0) converges uniformly on compact subsets of P_ x [0, Tp]
to a function that is holomorphic on P_ for every t € [0, Tp] and continuous on P_ x [0, Ty

Therefore there is a function ¥(-, t), holomorphic on P_ for every t € [0, Tp] and continuous
on P_ x [0,Tp)], such that

V(2 1) = U(2,t) on P_ x [0,Tp) (5.32)
as € = €; — 0; as a consequence of the Cauchy integral formula,
U, (2 t) = U (2, 1) on P_ x [0, Tp] (5.33)

as € = ¢; — 0. Combining with (520, we have A(2',t) =
(2/,t) € P_ x [0,Tp] and

W= so U,/ (2',t) # 0 for all

1 N 1
Ve, (2/,t) V(1)

on P_ x [0, 7] (5.34)

as e =¢; — 0.
Denote Z(a/,t) := ¥(d/,t), o' € R, and z(a,t) = Z(h(a,t),t). B32) gives Z¢(a/,t) =
Z(d/,t), and with (0.21) it gives 2°(a, t) = z(a,t) on R x [0,Tp], as € = ¢; — 0. Moreover

by (.28),

¢
2(a,t) = 2(,0) —|—/ w(a, s)ds,
0
so w = z;. We denote Z; = z, 0 h™1.

Step 2. The limits of U§ and Ff. Observe that by (G.30), for fixed € > 0, 9,We(-,t) is a
bounded function on R x [0, Ty], so by (B31)), U = K, « 9, W€ is bounded on P_ x [0, Tp].
However we will not use this to pass to the limit for ¥¢, instead, we use (B.4).

By (B.4)) and the above observation, since 5—5/ is bounded and holomorphic on P_,
e Z

= Ky/ * ( t

Ue, Z,

sy (5.35)
By (521)), (5.24) and Lemmal5.2] 5} converges uniformly on compact subsets of P_ x [0, Tp]
to a function that is holomorphic on P_ for each t € [0, 7p] and continuous on P_ x [0, Tp).
By (32), (533), we can conclude that ¥ is continuously differentiable and

Ul = U, on P_ x [0, Tp] (5.36)

as e =¢; — 0.
Now we consider the limit of F as € = ¢; — 0. Since for fixed € > 0, 0, Zf = Z;, —b°Z;
is in L*°(R x [0, Tp]), by (&25),
Ff(2't) = Ky 0, Zy = Ky % (Zyy — b2, o0). (5.37)
By Lemma 5.2 K, * Z;, converges uniformly on compact subsets of P_ x [0,Tp]. With a
change of variables

c77¢ -1 y/ € € —€
Ky’ * (b Zt,a’) = 7/ (LL'/ — hﬁ(a,t))Q ¥ y,gb oh (aat)zta(aat) da. (538)

Because (B21): zf — 21, 25, — zu uniform on compact subsets of R x [0, Tp], and (GI4):
SuP(o, 7] ||E§a(t)||L2 < 0(00581(0))5 SUP[0,7y] ||E§ta(t)||L2 < 0(60751(0))7 Ztas Ztta €Xist in

22Because We(-,t) and 8, We(-,t) = z< (' t) — Z¢ ,(a/,0) are continuous and bounded on R,
We, (2/,1) — W, (2/,0) = Ky % (0 We) (2, 1) = 0 Ky x We(a/, 1),
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L?(R) for each t € [0,Tp], with suppo 1] [[Zta (t) 2 < Clco, €1(0)), supyy 1) [1Ztta ()l <
C(co,£1(0)), and by (E2I), ((20) and K,/ * (befia,) converges point-wise on P_ x [0, T]
to the continuous function

-1 Yy

7 ) (@ —h(a, 1) +y?
as € = ¢; — 0 and by (.14), (5I10),

1
sup || Ff (2, 1)] Lo (ryder) < (1 + =775 )C(co, £1(0)).
0.1 t L (R,dz") |y’|1/2

bo h(a,t)Zta(a,t) da

Therefore I is continuously differentiable with respect to ¢, with supyg 71 [| F+(2', ) || Lo (,dar) <
1+ W)C(CO,&(O)) and

Fi (2, t) = Fy(2',t), ase=¢; — 0 (5.39)
point-wise on P_ x [0, Tp].
Step 3. The limit of B¢. By the calculation in §2.3, we know Z¢, (Z;, — i) is the boundary
value of the function W<, Ff — WEFS, + F FS — i€, on OP_. Since U, Ff — WEFS — il

is holomorphic and F'F¢, = 9,.(F F¢), where 9., = (0w — i0y), there is a real valued
function 3¢, such that

U Ff — USFS + FFS —iVS, = —(8, —id, )P,  in P_; (5.40)
and by Z¢, (Z,, — i) = iAS, which is pure imaginary, we know
P = constant, on OP_. (5.41)

Without loss of generality we take the constant = 0. We now explore a few other properties
of €. Moving F'FS = 9,.(F F¢) to the right of (5.40) gives

1
SFf —WiFS — iU, = —(0y — 0y ) (P + §|F6|2), in P_; (5.42)
Applying (9, +i0,/) = 20,/ to (5.A2) yields
1
— AP+ 5|Ff|2) =0, in P_. (5.43)

So P + 3|F€|? is a harmonic function on P_ with boundary value %|7:|2 On the other
hand, it is easy to check that lim,/_, o (¥, Ff — WS FS — ¥, ) = —i. Therefore

1 1 —e
Pt) = 2P OF — o+ 2Ky ¢ (ZP)E ). (544
By (£20), (524) and Lemma [5.2]
BE(2',t) = —%|F(z’,t)|2 —y+ %Ky/ « ([Z:)) (2, 1), on P_ x [0,Tp) (5.45)

as € = ¢; — 0. We write
1 1 -
Bi= 5 [FE O —y+ S Ky« (1Z:°) (" 1).
B is continuous on P_ x [0, Tp] with B € C([0, Tp], C>=(P-)), and
B =0, on OP-_. (5.46)

Moreover, since K,  (|Z;|?)(2/,t) is harmonic on P_, by interior derivative estimate for
harmonic functions and by (&.26)),

(D — 10y )P = (Do — i0,)B  on P_ x [0, Tp] (5.47)

ase=c¢; — 0.
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Step 4. Conclusion. We now sum up Steps 1-3. We have shown that there are functions
U(-,t) and F(-,t), holomorphic on P_ for each fixed ¢ € [0, Tp], continuous on P_ x [0, Tp],
and continuous differentiable on P_ x [0, Ty], with g~ continuous on P_ x [0,Ty], such

that ¥¢ — ¥, <L — Z F° — F uniform on compact subsets of P_ x [0, Ty], U§ — Uy,

) ‘I/_é, v,
ve, — VU, F5, — F, uniform on compact subsets of P_ x [0,Tp], and Ff — F; point-
wise on P_ x [0,Tp], as € = ¢; — 0. We have also shown there is 3, continuous on

P_ x [0,Tp] with P = 0 on OP_ and (9, — i,/ )P continuous on P_ x [0, Tp], such that
(Opr — 10y )P — (0 — 10y )P uniformly on compact subsets of P_ x [0, Ty], as € = ¢; — 0.
Let € = ¢; — 0 in equation (£.40]), we have

V., Fy, — U, F, —I—FFZ/ — ¥, = —(895/ — iay/)m, on P_ x [O,To]. (548)
This shows W, F' is a generalized solution of the water wave equation in the sense given in
4231 Furthermore because of (5.2)), (5.4)), letting € = €; — 0 gives

sup &1(t) < M(&:(0)) < 0. (5.49)
(0,T0]

and

. 1
sup {sup ||F(z’ + iy, t)|| L2 az) + sup || — 1|l 2®,den } < Co < 00. (5.50)

[0,To] ¥'<0 y<o V(2 4y, t)
5.6. The invertability of ¥(-,t). If in addition X(¢) = {Z = ¥(d/,t) := Z(d/,1t) | ¢’ € R}
is a Jordan curve, then because lim|y/| 0 W.r (0, ) = 1 the domain () bounded above
by %(t) is winded by %(¢) exactly once. By the argument principle, ¥(-,t) : P_ — Q(t) is
one-to-one and onto, W71(-,t) : Q(t) — P_ exists and is holomorphic. By the chain rule, it
is easy to check (048] is equivalent to

(FoU™ ™), + FoU Y (Fol™), —i=—(0, —i9,)(Po¥™),  onQt). (5.51)

This is the Euler equation, the first equation of (L)) in complex form. Let Vv = F o ¥~
P =%oVU~1 Then (v, P) is a solution of the water wave equation (L) in Q(t), with fluid
interface X(t) : Z = Z(d/,t), o €R.
5.7. The chord-arc interfaces. Now assume at time ¢ = 0, the interface Z = ¥(a/,0) :=
Z(d/,0), o € R is chord-arc, that is, there is 0 < d < 1, such that

5/ ﬁ/
5 [ 1200l £ 12,0~ 20| < [ 1ZarrO)ld, Y0 <al <5 <o,

We want to show there is T > 0, depending only on &1 (0), such that for ¢ € [0, min{Ty, T%}]7
the interface Z = Z(o/,t) := ¥(/, t) remains chord-arc. We begin with

t B
—2%(a, t) + 2908, t) + 2°(a, 0) — 2°(53,0) = /0 / 2io (77, ) dyds (5.52)

for a < 5. Because

%|z;|2 — 925 2 Re Dyst (5.53)
by Gronwall, for ¢ € [0, Tp],
|26, (a, D) < |25 (o, 0)| 22 o [Pzt (o) ldr, (5.54)
SO
|50 )] < [25(0r, 0)]| D25 (v, 1) | 1Pezi(eml 7, (5.55)
by Appendix [C] (52]) and Proposition 2.5]
sup |z, (v, )| < [25(e, 0)|C(£1(0)). (5.56)

,To]

23By a similar argument as in §5.11
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therefore for t € [0, Ty],
B

t B
| [ EaGsavas < cEo) [ 1601 (557

Now z¢(a,0) = Z¢(a,0) = V(v — €i,0). Because Z o (+,0) € L}, .(R), and Z o (-,0) — 1 €
HY(R\ [-N, N]) for some large N,

8 8
T [ W=, 0ldy< [ |Za(0)ldy (5.58)

e—0 a

Let e = ¢; — 0 in (5.52). We get, for ¢ € [0, Tp],

B
et )= 25,1 - Z(0,0) = 2.0 1CEWO) [ |Zalr0ldr (559
hence for all & < 8 and 0 < ¢ < min{Tp, m},
1 B B
39 [ ZaG0ldr <ot —23 01 <2 [ |ZaGoldr (560)

This show that for < ¢ < min{Ty, M}, z = z(+,t) is absolute continuous on compact
intervals of R, with z,(-,t) € L}, .(R), and is chord-arc. So X(t) = {z(a,t) | @ € R} is
Jordan. This finishes the proof of Theorem .41

APPENDIX A. BASIC ANALYSIS PREPARATIONS

Let © C C be a domain with boundary ¥ : z = z(a), « € I, oriented clockwise. Let $) be
the Hilbert transform associated to 2

_1 z5(8)
5f(0) = = pv. [ 2 f(9)an (A1)

We have the following characterization of the trace of a holomorphic function on 2.

Proposition A.1. [19] a. Let g € LP for some 1 < p < oco. Then g is the boundary value
of a holomorphic function G on Q with G(z) — 0 at infinity if and only if

(I-$)g=0. (A.2)

b. Let f € L? for some 1 <p < oo. Then Py f = %(I—i—ﬁ)f is the boundary value of a
holomorphic function & on §, with &(z) — 0 as |z| — o.
c. H1=0.

Observe that Proposition [AT] gives $2 = I in LP.
We next present the basic estimates we will rely on for this paper. We start with the
Sobolev inequality.

Proposition A.2 (Sobolev inequality). Let f € C3(R). Then

I£17 < 20 f el f 22 (A.3)

Proposition A.3 (Hardy’s Inequality). Let f € CY(R), with f' € L?>(R). Then there exists
C > 0 independent of f such that for any x € R,

z) — 2 2
LR <. (A

Let
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be the Hilbert transform associated with P_. Let f : R — C be a function in H'/2, we note

that
) — 2
1130 = [ 0@ F ) o = 5 [[HO=TDE aray. a9

We have the following result on H'/2 functions.
Proposition A.4. Let f, g € C*(R). Then
Igll g1z S W H I (1 F gl grave + 1 22l 9l 22)- (A.6)

The proof is straightforward from the definition of H'/2 and the Hardy’s inequality. We
omit the details.
Let A; € C*(R), i =1,...m. Define

Crlies i, (o) = pv. [ FELEADZ A0 1) g (A7)

Proposition A.5. There exist constants c1 > 0, co > 0, such that
1. For any f € L?, Al € L*>°, 1<i<m,

[C1(A1, .. A, Pl < cllAfllze - |A7 L || £l 22 (A.8)
2. Forany f € L, AL e L™, 2<i<m, Ay €L?
IC1(Ars s A, P2 < call Al L2 (| Al Lo - - [[AT, [ oo || fll Loe - (A.9)

(A9) is a result of Coifman, McIntosh and Meyer [10]. (A.9) is a consequence of the Th
Theorem, a proof is given in [32].
Let A; satisfies the same assumptions as in (A7). Define

Ca(4.0)w) = [ M2 (Aile) — AW 5 () ay. (4.10)

(x —y)m
We have the following inequalities.

Proposition A.6. There exist constants cs, c4 and cs, such that
1. Forany f € L?, Al e L™, 1<i<m,

1C2(A, fllre < esl| ALl ... [[Ap el fll 2. (A.11)
2. Forany f e L™, A, e L>, 2<i<m, A} € L?
1C2(A, llrz < call ALl 2| Ad] pee - - [ AT Lo | f ]l 2o (A.12)
3. Forany f' € L?, Ay € L™, AL e L>®, 2<i<m,
1C2(A, fllLe < esl|ArllLe[[AdllLes - . | AL lze< | f]| 22 (A.13)

Using integration by parts, the operator Ca(A, f) can be easily converted into a sum of

operators of the form Cy(A4, f). (AII) and (AI2) follow from (A.8) and (A9). To get
(A13), we rewrite Ca(A, f) as the difference of the two terms A1C1(As, ..., Ay, f/) and

Cy(As, ..., Apn, A1 f’) and apply (A.8)) to each term.

Proposition A.7. There exists a constant C > 0 such that for any f,g € C*(R) with
f'eL? and ¢’ € L?,
I Hgll 2 < C Ul gare llgll L2 (A.14)
ILf, H)0argllp2 < C U N2 gl (A.15)

(AI3) is straightforward by Cauchy-Schwarz and the definition of H'/2. (AI5) follows
from integration by parts, then Cauchy-Schwarz, Hardy’s inequality, the definition of H'/2

and (AT4).
Recall [f, g; h] as given in [2.1)).

def-hhalf
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Proposition A.8. There exists a constant C > 0 such that for any f,g € C*(R) with
fl,g € L? and h € L?,
ILf,g: P2 < C NS M2 g e IRl e s (A.16)
ILf, g5 Blll Lo < CHLF N 2 N9l oo 172 2 - (A.17)

(A18) follows directly from Cauchy-Schwarz, Hardy’s inequality and Fubini Theorem;
([A-T7) follows from Cauchy-Schwarz, Hardy’s inequality and the mean value Theorem.

Proposition A.9. There exists a constant C > 0 such that for any f € C*(R) with f' € L?,
g€L?
I/, Hgll oo < C U M2z gl e - (A.18)

(A18) is straightforward from Cauchy-Schwarz and Hardy’s inequality.

Proposition A.10. There exists a constant C > 0 such that for any f,g € CY(R) with
f'.g' € L?, and h € L?,

100 [£: lg, FJAM Lo S 1N 2 19 12 17001 o - (A.19)
Taking derivative under the integral [f, [g, H]]h, (AJ9) directly follows from (A16) and

APPENDIX B. IDENTITIES

B.1. Basic identities. Here we derive a few basic identities from the system (Z9)-(238]),
without assuming Z = Z(+,t) being non-self-intersecting. Theses identities provide an alter-
native way of deriving the quasi-linearization of the system (2.9)-(2.8) in this more general
context, they also show that the argument in [2I] can be modified, so that the a priori
estimate of [2I] and the characterization of the energy in §10 of [2I] hold for solutions of
the system (Z9)-(Z8) without the non-self-intersecting requirement.

Let Z = Z(-,t) be sufficiently regulai and satisfy 29)-23):

o

Ztt +'L == iAZ,O/u
Z,=HZ, (B.1)
Zo =1=H(Zw =1), 75 -1=H(z5 -1}

where Z and Z; are related through (28], 27):
z(a,t) = Z(h(a, t),t), zi(a, t) = Zi(h(a, t),t) (B.2)
for some (sufficiently regular) homeomorphism h(-,t) : R — R. Let ahq := Ao h, Ay :=
A|Z ]?. Precomposing the first equation of (B]) with h gives ([Z3):
Ztt +1= iaza (B3)
We first show that (ZIJ) can be derived from (Bl and (B:2). Let ¥ be a holomorphic
function on P_, continuously differentiable on P_, such that
V(o t) = Z(,t), U, (' t) = Z o (), 1).
Therefore z(a,t) = ¥(h(a,t),t) and by the chain rule, z; = ¥;0h+h ¥, 0h. Precomposing
with h=! then gives
Zy =W+ Zohioh™Y
dividing by Z , yields
Zt (Oé/, t) \I/t

hioh™(d/,t) =
t+ O (Of7 ) Z7O/(O/,t) \I]z’

(o, 1). (B.4)

24Here we do not specify what precisely ”sufficiently regular” means, but assume it is enough so that
the calculations make sense.
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Notice that \;,I’—:/ is a holomorphic function on P_. By Proposition [AT] applying (I — H) to
(B.4)) then taking the real parts and using the second and third equations of (B.I]) to rewrite
into the commutator gives (2-I8)). Conversely, if h satisfies (2I8)) for a function Z satisfying
the second and third equations of (B, expanding the commutator gives

Zt )_ Zt 1 7,5 Zt

7o) =7ty EGE - 7). (B.5)

hioh™! = Re(I — H)( 7w

By Proposition [AT], (I + H)(ZZ = — ZL:/) is the boundary value of a holomorphic function
on P_, tending to zero at the sﬁgtial infinity.

In what follows we use the following notations. We write Uy = Uy, if (I —H)(U; —Uz) = 0;
that is if Uy — Us is the boundary value of a holomorphic function on P_ that tends to zero
at infinity.

Assume Z satisfies the second and third equations of (Bl) and h satisfies (ZI8), so (B.5)

holds.

Proposition B.1. Let U(-,t) : R — C be sufficiently regular, and w = U o h. Assume
U=0. We have 1.

woh ™' =2Z,DyU; (B.6)

2.
ugg oh ™t = Zy Doy U +2Z; Doy (us o bt — Z; Doy U) + Z2D?,U. (B.7)

3.
Uy HNuge + i00qu) = 224 Doy U + 224Dy (ug 0o ™ — Z4 Doy U) + Z2D2,U. (B.8)

Proof. Applying the chain rule to w = U o h and precompose with h~! gives
uoh™' = 0U + 0o Uhyo b1
Observe that U = 0 gives ;U = 0 and 9,,U = 0. (B.E) follows from (B.5]) and the fact that
product of holomorphic functions is holomorphic.
Now we apply ([B.6) to us o h~t — Z;D,U. This gives
U, 0y (uy — 2¢Dot) = Zy Doy (ug 0 h™' — Z, Do U). (B.9)
Expanding the left hand side by the product rule, and observe that 9;Dou = D, (us —
2¢Dou) + 2z D2u, so
(9t(ut — ztDau) = Ut — zttDau — ztBtDau
= uy — zuDot — 2¢ Do (uy — 2¢Dou) — sziu
Precomposing with h~1 and substituting in (B.9) gives (B.7).

(B.8)) follows from (B.7) and the fact that iad,u = (24 + 3)Dou and Dy U = 0.
g

Now assume Z satisfies . Applying (B.6) to Z; gives Zy = Z; Do Zs. Following
the rest of the argument in section 2.2.1 of [35] gives (2.I9). Similarly, applying (B.8) to Z;
and following the rest of the argument in section 2.2.3 of [35] gives

ﬁ o h71 _ — Im(2[Zt,H]7tt7a/ + 2[Ztt;H]aa/7t — [Zt, Zt, Da’7t]) (BIO)
a Ay
e (2o’ t) — 2. 0)?
— 1 Zt [0 ,t — Zt ﬂ ,t —
[Zt;Zt;Da/Zt] = E/ (a/ —61)2 Dﬁ/Zt(ﬂ/7t> dﬂ/ (Bll)

For the periodic case studied in [21], the same computations above and Proposition [B.]
hold, and the corresponding equations for (2.I8), [219), (BI0) can be derived without

25Here Z = Z(,t) need not be non-self-intersecting.
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the non-self-intersecting assumption. The periodic version of Proposition [B.I] shows that
the argument in [2I] can be modified so that the a priori estimate, Theorem 2 of [21] and
the characterization of the energy in §10 of [2I] hold more generally without the non-self-
intersecting assumption. Proposition [B.] and a small modification of the argument in [21]
show that a similar a priori estimate and a similar characterization of the energy as in [2]
hold in the whole line case for solutions of (Z9)-(Z8]).

B.2. Commutator identities. We include here for reference the various commutator iden-
tities that are necessary. The first set: (B.I2)-(BI5) has already appeared in [21].

[(’%,Da] = —(DaZt)Da; (B12)
[0, D] = —=2(Da2z) D2 — (D22)Da; (B.13)
[07,Da] = (=Dazi) Do + 2(Dazt)? Do — 2(Do2t) Do Oy (B.14)
(07 + 1004, Da| = (—2Daz1t) Do — 2(Dazt)0y Do (B.15)
We need some additional commutator identities. In general for operators A, B and C,
k
[A, BC*] = [A, B|C* + B[A,C*] = [A,B|C* + )~ BC''[A,C]C* . (B.16)
i=1
We note that for f = f(-,t), UnOaUp—1 f = 2= f. So
80( h «@ 1 —
(00, 31f = =75 7= 0af = ~Un{(he 0 k™o Boe Up-1 f}; (B.17)
_ _ O _
(U1 0:Un, Darlg = U, [0, - 1Ung = —(hi o h D Oarg. (B.18)
Applying (BI6) yields
804 2 o 804 80( 80( 80(
[51:7 (E) } [= E[atu h_a]f + [0k, E]Ef (B.19)
= =2Up{(h¢ o hil)a/ai/Uh—lf} — Uh{ai,(ht o hil)aa/Uh—lf};
0 0 0
82,—0‘] = 04[0s, —f + [0, —]0
{t ho) = OO 1 03 10 (B.20)

= —0:Un{(ht o h™ N O Up-1f} — Un{(hs 0 b 1)1 Oy Up -1 f}.
To calculate [iadq, g—z]f, we use the definition Ao h := ah,, and iad, := iAo h,‘?—z. We have

[ia0,, 2—“]]“ =[iAo hi—“, 2—0‘]]" = —iUp{ A0/ OarUp-1 f1. (B.21)

Adding (B:20) and (B.21]), we conclude that

Oa _ _
|:8t2 + 104, h—:| f= —8tUh{(ht oh 1)a/8a/Uh—1f} — Uh{(ht oh 1)0/80/[];171‘]%}

(B.22)
— iUp{ A0 00 Up-1 f}.
We note that Uh_latUh = 9y + b0, where b:= h; o h~1. Therefore
(U1 0,Un, H] = [hy o h™ " H] O (B.23)
A straightforward differentiation gives
U, ' 0Un(f, Hlg = [U, '0,Uy f, Hlg (B.24)

+ [ H)(U, '0:Ung + (he o h™Harg) = [f he o h ™ gl

eq:cl
eq:c2
eq:c3

eq:ch

eq:cl2

eq:c7

eq:20

eq:cll

eq:c8

eq:c9

[0] o [0]
Q Q Q
o) o o)
= N =
'S [ars o
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with an application of (B8] yields
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U, ' 0uUL[f, H)Owr g = (U, ' 0:Up f, H]Oarg
+ [£, H]00 U, ' 0uUng — [y he 0 A5 O gl

The following commutators are straightforward from the product rule. We have

(Z o, Uy L 0:UR) f

— Za —
- [Uhlh U, 'o.Us f

3
(e

_ _{U,;lat(;—‘*)}f = —Z o (Do Zy — (he o h™ V) f;

0, 01y = o, (Mo

ha _
= _(Uh(ht oh 1)0/ - Dazt)f?

Ra Ra Ra

by z'aza = Zt +14 (IZ{D,

[iaaou h_a]f = [(Ztt + Z')Dou

[e3

Z—a]f = (2t + i)Da(h—a)ﬁ

[e3 ZOL

by (B16), (B:27), (B:28) and the product rule,

h

(B.25)

(B.26)

(B.27)

(B.28)

. ha « p— ha —
[0 + 000y, Z—]f = 22—(Uh(ht oh™ e — Dozi) fi + Z—(Uh(ht oh™ Ve — Duozi)?f

[e3 [e3

ho _
+ Z—((%Uh(ht o h 1)0/ — 8tDa

[e3

(e}

z)f + (20 + i)Da(Z—a)f-

(63

APPENDIX C. MAIN QUANTITIES CONTROLLED BY &

(B.29)

We list here the various quantities that we have shown in [2I] are controlled by polypro-

mials of &(¢).

|02 7. |02 2. | D2 Z

1 — _
H Z,a/ Di,Zt H1/2 ’ HDa,ZttHLOO , ”
||7tt,a’ L2 ||7t,a’

o 1%l e = 1%l e

[ ] aalz L2,

[ ] % Loo;

o (I +H)Dy Zt|foo;

L4 Da/ﬁ oo H(Ztt +i)8o/

¢ aa']P)AZZ:,

In addition from (179), (186) of |
1Dar

da da 1
_ 2 2
L27/|Do¢2t| o /|Daztt| o HZ—o/

Iz

Da’ZttHLoo ) HDQ,7tHLoo ) |

L oo

1
Z o

)

Lo

1
s (20 75},
Lo s Lo

211,
(heoh™ar

< Co(e).

L2 ~

HD?X'ZtHLZ y HDaatDaEt||L2(hada) ’

‘Da’ZtHLoov

N Zee +ill e s ALl < 5

(C.1)

26The same proof for the symmetric periodic setting in [2I] applies to the whole line setting. We leave

it to the reader to check the details.

eq:cl4

eq:cl3

eq:clb

eq:cl7
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eq:1550
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