ON A CLASS OF SELF-SIMILAR 2D SURFACE WATER WAVES
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ABSTRACT. We construct a class of self-similar surface water waves and study its prop-
erties. This class of surface waves appears to be in very good agreement with a common
type of wave crests in the ocean.

1. INTRODUCTION

The focus of this paper is on understanding singularities of the self-similar type in 2-D
surface water waves.

The mathematical problem of n-dimensional water wave concerns the motion of the inter-
face separating an inviscid, incompressible, irrotational fluid, under the influence of gravity,
from a region of zero density (i.e. air) in n-dimensional space. It is assumed that the fluid
region is below the air region. Assume that the density of the fluid is 1, the gravitational
field is —gk, where g > 0, k is the unit vector pointing in the upward vertical direction, and
at time ¢ > 0, the free interface is X(t), and the fluid occupies region (t). When surface
tension is zero, the motion of the fluid is described by

vi+v:-Vv=—gk—-VP on (t), t >0,

divv =0, curlv =0, on Q(t), t >0, (1.1)
P=0, onX(t),

where v is the fluid velocity, P is the fluid pressure. It is well-known that when surface
tension is neglected, the water wave motion can be subject to the Taylor instability [6l 27, [5].
Assume that the free interface %(¢) is described by z = z(a,t), where o € R""! is the
Lagrangian coordinate, i.e. z:(a,t) = v(z(a,t),t) is the fluid velocity on the interface,
zi(a,t) = (vi+v-Vv)(z(a,t),t) is the acceleration. Let n be the unit normal pointing out

of Q(t). The Taylor sign condition relating to Taylor instability is

oP
— 5y = (Futgk)-m=co>0 (1.2)

point-wisely on the interface for some positive constant c¢o. In [29 B0], we showed that the
Taylor sign condition (L2) always holds for the n-dimensional infinite depth water wave
problem (), n > 2, as long as the interface is non-self-intersecting; and the initial value
problem of the water wave system (L]) is uniquely solvable locally in time in Sobolev
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spaces for arbitrary given data. Earlier work includes Nalimov [22] and Yosihara [33] on
local existence and uniqueness for small data in 2D. In [3] [12] 24] 28], rigorous justifications
of the KdV, KP, Boussinesq, shallow water, NLS and various other asymptotic models from
the full water wave equations were obtained, establishing in rigorous mathematical terms
the typical surface wave behaviors in corresponding regimes. In [31] [32], we proved that the
nature of the nonlinearity of the full water wave equation (L)) is of cubic or higher orders,
we then showed that for data that are smooth and small in some generalized Sobolev spaces,
solutions of equation ([LI) remain small and smooth for almost global time in 2-D, and for
all time in 3-D. In [16], for the 3-D water wave equation (LIJ), the authors constructed
a different class of smooth and small data, and showed that for these data the solutions
remain small and smooth for all time and scatter. There are much more work on water
waves recently [2] 9 10, 17, 20 211, 23] 25| B4]. Among them we mention the existence of the
so called splash singularities from smooth data for the 2-D and 3-D water waves [8] [7} [IT];
and the local wellposedness in some low regularity Sobolev classes for the Cauchy problem
of the gravity waves [IJ.

Self-similarity is an important tool in mathematical physics and in the study of singu-
larities [4], [14]. In situations in which no explicit reference length appear, such as when the
boundary effect and external forces are negligible, typical phenomenon are often self-similar.
Self-similarity has been exploited for the water waves. In [26], a class of self-similar solutions
for a linear water wave equation was constructed; and in [I5], it was done for a nonlinear
approximation of the water wave equation ().

Indeed, for the full water wave equation (L), a similarity law holds. An even wider set
of similarity laws hold if the gravity is neglected (i.e. g = 0). In the next section, we will
discuss the similarity laws for water waves with or without surface tension or gravity. In
subsequent sections, we will construct a class of self-similar surface waves and study their
properties. The self-similar solutions we construct appear to be in very good agreement
with a common type of wave phenomena we observe (see []).

In what follows we will focus on the two dimensional water waves.

2. SIMILARITY LAWS

We use complex variables and identify z = (x,y) with 2 = x +iy. Zz is the complex
conjugate of z; Im z, Re z are respectively the imaginary and real parts of z. In this section,

we discuss similarity laws for water waves with or without surface tension or gravity.
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Let z = z(a,t), @ € R be the interface X(¢) at time ¢ in Lagrangian coordinate . We

Eazaa
|2al?
equation describing water waves with surface tension is given by

Let o be the surface tension coefficient. The

know its curvature is given by Im

vi+v-Vv=—gi— VP on (t), t >0,
divv =0, curlv = 0, on Q(t), t >0, (2.1)
P=o0Im izzT;, on X(t),

where v is the fluid velocity, P is the fluid pressure. Notice that on the interface,
_ ., 0P
ZoVP(z(a,t),t) = 0u{P(z(a,t),t)} + z|za|%.

Similar to [29, BI], we can rewrite equation (2] into the following equivalent nonlinear
evolution equation of the interface z = z(a,t), a € R:

_— 1024
ENE (2.2)

Z; is the boundary value of a holomorphic function on £(¢)

Zut+gi= —Jz—aaa(hn
|20

1 op
|za| On
similarity laws for (2) and (Z2I):

If v.=v(zt), P= P(zt) with interface X(t) : z = z(a,t) are solutions for equations

&) and (@2,
Case 1: if g= 0 =0, then for all s, all A > 0,

where a = — . Notice that z;(a, t) = v(z(a, t),t). It is easy to check the following

va = XTIz, 00),  Py= A26TD Pz, M%) (2.3)

zx = A 2(Aa, M%), ay = A a(a, At) (2.4)

are also solutions of (Z1]) and (Z2),

Case 2: if g # 0, 0 = 0, then the similarity laws [23]) (24) hold for s = 1/2.

Case 3: if g =0, o # 0, then the similarity laws ([23]) (24) hold for s = 3/2.

In the case when both g # 0, o # 0, there are no similarity laws.

Now let z = z(«, t) be a solution of (Z2]). Assume that a singularity occurs at (a,t) =
(0,0) in a self-similar way. We blow-up z(a, t) by letting 2¢(«, t) = €~ 'z(eq, €t), and assume

that as € — 0 the limiting profile Z = Z(a, t) exists:
2%(a,t) = e z(ea, €¥t) — Z(a,t), ase— 0

and derivatives of z¢ approach the corresponding derivatives of Z. It is clear that Z = Z(«, t)

is self-similar:

Z(a,t) = X1 Z(Aa, At),  Zy(a,t) = N1 Zi (A, At)  for all A > 0 (2.5)
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Let a¢(a,t) = e2*"la(eq, €¥t) and assume
a(a, t) = A(a,t) as € — 0.
From the assumption that z = z(a, t) satisfies (22]), we have
On € 0202 2¢

Bz p e ) (2.6)
z¢ is the boundary value of a holomorphic function on Q¢(t)

where Q°(¢) is the rescaled fluid domain with boundary X¢(¢) : 2¢ = z¢(a, t). We see that if

0226 + €257 1gi = ia°0,2¢ — 0€* 73

(I

o = 0, the gravity and the terms 972 and ia“d, 2¢ achieve a balance when s = 1/2. If g = 0,
the surface tension term achieves a balance with terms 972¢ and ia°d,2¢ when s = 3/2. If

both surface tension and gravity are neglected, then Z(a,t) satisfies

{Ztt — i AZ,

~ 2.7
Z; is the boundary value of a holomorphic function on domain D(t) 27)
where D(t) is the limit domain of Q°¢(t) with boundary Z = Z(a,t), « € R. From the

self-similarity law (2.3]), we know that at ¢ = 0, the velocity Z; obeys the homogeneity
Zi(a,0) = X1 Z, (A, 0)  for all A > 0.

Only when s = 1, Z; can be both nontrivial and bounded. For s = 1, we see that the gravity
term in (2.6) appears negligible. However one could not neglect the surface tension, except
where the derivative of the curvature is negligibly small. The role of surface tension will
only be clear when we know the profile Z = Z(a, t).

From now on we will focus on finding a profile Z, satisfying the gravity free, surface
tension free surface water wave equation ([Z71) and the self-similarity law (2.35) with s = 1.

Notice that the self-similarity law for A in this case is
Ala,t) = MA(Aay, At) for all A > 0. (2.8)

We want the Taylor sign condition hold, that is A > 0. EI

3. SELF-SIMILAR GRAVITY FREE SURFACE TENSION FREE SURFACE WATER WAVES

Let Z(a,t) = t((B), Zi(a,t) = W(B), Zu(a,t) =t U(B) and A(a,t) =t ta(B), where
8= % and a = a(fB) > 0 for all 8 € R. Assume (Z,A) = (Z(a,t), A(a,t)) is a solution of
@20), then (¢, W,U) must satisfy

W(B) =¢(B) — B¢ (B)
U(B) = -BW'(B)
U(B) = ia(B)C'(B)

W is the boundary value of a holomorphic function on D

(3.1)

IWe know this is true if the solution z = z(a, t) satisfies the Taylor sign condition. Using the same
argument as in [30], this can also be proved directly for solutions of equation (2.7)) satisfying appropriate
assumptions at infinity.
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where D is the domain on the right as one walks in the direction of increasing S on its
boundary 0D : ¢ = ((B), B € R. Notice that W = V o ¢, where V is the profile of velocity
field in domain D. It is easy to derive from BI]) that W’(8) = —3¢"(5), so

52" (B) = ia(B)¢(B), (3:2)
andH

C/(ﬁ) — oHb(B)+¢x(8)} (3.3)
where b = b(f) is continuous and differentiable on R, and for 5 € R,

a(B) A (8) = {0, for B < 0

v(B) = B2 1, forp>0

(3.4)

¢ is a constanttl. We take —7 < ¢ < 0 for surface water waves. Let ((0) = 0. Since
a =a(f) >0, b= 0b(B) is increasing on R. Therefore ¢ = ((3),5 € R is a curve that as
8 goes from —oo to 0, concave upwards; at § = 0 turns downward by an angle of degree
|¢|; then continues concave upwardly as 8 goes from 0 to co. This appears to be in Verﬁ

good agreement with a common type of wave crests we see in the deeper part of ocean

—— T
S o

——— .\".3

Let

®:D— P, with ®(0) =
be a Riemann mapping from the fluid domain D to the lower half plane P_, and
h=h(B) = ®oC=B((B): R R.
Then h(0) = 0; ( o h=(z) = &~ !(z) and

(Coh™VY = (W1 el ' +00 = (& 1Y(z), =z€R (3.5)

2Without loss of generality we take ¢ = {(8) in arclength variable.
31t is easy to check ¢ given by (B3) is a weak solution of (2.
4The photo is from http://photos.surfline.com.
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are the traces on OP_ of the holomorphic functions ®~! and 9,®~! respectively. Now by
(1), W is the trace on dD of the holomorphic function V on D, that is

W(B)=V(((B)) BeR.
We have Woh~!(x) = Vo ® l(x), z € R is the trace on dP_ of the holomorphic function
Vo ® 1 therefore (W oh™ 1) and (Woh 1) (Coh™t) are respectively the traces on OP_
of the holomorphic functions 9,(V o ®~1) and 9,(V o @ 1)9,®~ 1. Now W' = —B¢" =
—iB (8)e' 9% | so
Woh ™Y (Coh ™) (z) =i(h" YA (boh™ 1) (z), r € R.
Let 0 < vm < m be the angle between the left and right branches of the interface { =

¢(B),B € R about  =0; 0 < um < 27 be the angle between the left and right branches of
the interface ¢ = ((8),5 € R at 8 = £o0, so
vr—¢=m,  b(+o0) = b(—00) = (n—v)m. (3.6)
The Riemann mapping ® : D — P_ therefore satisfyH
O (z) ~2Y, at z~0; O Hz) ~ M, at 2~ oo.

and (®71)/(z) may be assumed to take the form

(@71 (2) = 2" Yz — i) v (3.7)
where W is holomorphic and bounded on P_. Notice that the velocity field V is harmonic
in the fluid domain D. Since the fundamental solution of the Laplacian % In |z| satisfies
|V(% In|z])| < %, we assume the velocity field has similar behavior at infinity:

0:V(2)] S 171, atz~o0 (3.8)

We have then

c
P-1
On the other hand, (bo A1) is integrableH so we require |z(W o h™1) (¢ o h=1) ()| =
lz(h=1)Yh=Y(bo h=1) (2)] < |2|/**~! in a neighborhood of zero. Now on OP_,

120.(Vo® 10,07 =[20.Vo @ '(0.07")°| < | (0.271)*| ~ 2|7, at z~o00

20,(Vod 19,07} }Z:m =a2(Woh™ ) (Coh ™) (z) =ix(h ™ )Yh (boh ) (z)
is pure imaginary. Therefore 29, (V o ®71)0,®~! = ix for some constant KH and we have

(bo h_l)'(x) = T @ ) (3.9)

5Here we use the notation f ~ gat z ~ 0 to indicate roughly f/g and g/f are bounded in a neighborhood
of 0, f < g means f < cg for some constant c.

6We want (bo h~1) integrable, since wave phenomenon suggest surface water waves should not role up
infinitely near the crest.

TWe are not considering unusual possibilities.
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We know k > OH Notice that
ht(z) ~xlzt (WY (2) ~ 2t atz~0
W= (@) ~ale' Y () (@) ~ 2 at o] ~ oo
In order for (ho h™1)’ to be integrable on R, we must have

1/2 < p, 0<v<l1/2.

The boundary value of the holomorphic function ¥ can be written as ¥(z) = g(x) —

i Hg(z) + ¢, x € R, for some real valued function g on R, where H is the Hilbert transform:

i) = 2po. [ L2 ay,

c is a constant. Hence
(@1 () = 2" (@2 + 1) 7" i Dm0 =) gilp—v) arctan =2 gg(x) i H(x)+e (3 1)
Sum up @E9), @5), BI0), B0), we arrive at the following equation for ¢/ (z) = (@) +ox(@);
Let
1/2 <p <2, 0<v<l1/2. (3.11)
For some real valued function g on R,

(boh1Y(z) = —zh,l(m)’("h,l)/@
(b1 (@) = o]~} (@2 +1) =" 9 (312)
g=H(boh '(z) — (u—v)arctan =1)

where h=1(0) = 0, k > 0 is the constant so that

/_Oo xh=Yx)(h=1) (z) dr = (u—v)T.

We prove the following results in this paper. We have

Theorem 3.1 (Apriori Estimate). Let 1/2 < p < 2, 0 < v < 1/2. Let G(z) = g(z) +
$(n—v)In(z? +1). Assume that G is even, increasing on [0,00), and g € C(R) N L>®(R) is
a solution of the system [BI2). Then there exist xg > 0, and a constant c(u,v), depending

only on u, v, such that
1
1G(2) = 5 (p = v) In(2® + @) || Loe(r) < e(pv)

Remark 3.2. Basically, Theorem [BI] states that the Riemann Mapping ® has the property
that

8This is because (bo h=1)(z) > 0.
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where z¢p > 0 and ¥ is bounded by a universal constant ¢(u, ). Notice that for any A > 0,
the rescaled function @' = &' (2) := ®"1(\z) : 2 € P_ — D is also a Riemann Mapping.
From the proof, we will see that xy > 0 is the number satisfying

boh ™ (zg) —boh ™ (—zp) = (% —v)m.

Theorem 3.3 (Existence). Let 1/2 < u <2, 0<v <1/2. In C(R)NL*>(R) there exists a
solution g of the system [BI3), such that the function G = G(z) = g(z)+ 4 (p—v)In(z?+1) :

R — R is even and increasing on [0,00). Moreover, xg' € L*(R).

Remark 3.4. Given g € L>°(R) N C(R) a solution of the system (B12), we can construct
a solution for system (B and then the systems ([Z7) and (LI)(with g = 0) through the
following procedure. First we construct from (312 the homeomorphism h~! : R — R with
h=1(0) = 0 and the increasing function b, satisfying b(oco) = (u — v) arctan _71|I:OO We
then obtain the curve ¢ = ¢(3) satisfying ¢(0) = 0 and ¢'(3) = CE+E=1mx(B) for g € R.
Let a(B) = 8%b'(B). We know a(B) > 0. Let W = ((B) — B¢'(B), U = —BW'(B). 1t is easy
to check ({,W,U,a) satisfies the first three equations in system (BI). Now let ¥ be the
bounded holomorphic function on P_ taking boundary value g — iHg + (v — 1), and let =
be the holomorphic function on P_, with Z(0) = 0, and

2 (2) = 2"z — i) Ve,

Notice that Z/'(z) # 0 for z € P_, therefore = is conformal on P_. It is easy to check
Z(z) = (o h™YY(x). Therefore Z(z) = ( o h=!(z) for z € R. It then follows from
the argument principle that = is a Riemann Mapping from P_ to the domain D. Now
W' = —B¢"(B) = —ifb (B)e’T#=Dm) therefore

ik

(Woh Y (z) = r€R

xZ (2)

so (Woh™!)" is the trace on OP_ of the holomorphic function —=£—~ consequently W o h~!

= (2)°
is the trace on OP_ of the antiderivative of #”zz), we name it A, which is also holomorphic
on P_. W is then the boundary value of the holomorphic function Ac=~! on D. This shows
that (¢, W, U, a) constructed as above is a solution for the surface water wave system (B.1]).
(Z,A) = (t¢(%),t7a(%)), @ € R, t # 0 is then a solution for 7). From the equivalence of
@) and (1)) (with g = 0), we have a self-similar solution for (Z7) and (II))(with g = 0).
Moreover this solution satisfies the Taylor sign condition. That is a > 0 or —g—ﬁ > 0 on the

interface.

9We can set b(co) to equal to any number. The difference a different b(cc) makes is a rotation of the
interface.



ON A CLASS OF SELF-SIMILAR 2D SURFACE WATER WAVES 9
4. DISCUSSION

Before we prove Theorems B and B3] we give a brief discussion on the self-similar
gravity free surface tension free surface water wave we found in section Bl First, we want
to understand the effect of the surface tension to this wave. Let Z = Z(a,t) = t((¥),
a € R, where ( is the wave profile found in Theorem 33l Let 5 = %. We have Z,, = ¢'(B),
Zoo =tV (B)C'(B), for B # 0, and we calculate and find the surface tension term for Z
in equation (22)) is

Za

ZaZaa
o——0 -
| Zal?

O (I
(ImZF

) = —al'(B)t 20" (B), for B # 0.

Now we calculate b” from equation (BI2). We use the following notations. We write f ~ g
if 1/¢ < f/g < ¢ for some positive constant ¢; we write f < g if f < ¢g for some positive

constant ¢. First we mention that from (54) in section B we have

N z) ~ z(h™1Y (2), forz € R (4.1)
We know
bl ° h—l — (bO h_l)l _ K
(=Y zh=t(p1)*
therefore
1=3v for |2] <1
b/ h71 ~ |$| ) —
k(@) {|:E|1_3”, for |x| > 1.
Also
_ 1 bOh (boh™ ) 1 (h=1) (1) (boh=1y
" 1 — _ _ _ <
LCY ‘(h*l) ( ) |= ’ - -1 2 (hfl)/)’ ~ 2 (h-1)2

then

1—4v <
|b// ° h_1($)| S 1 5 |CE| for |£L'| < 1
22|h=1 ()| (h=1)"? lz['*=* for |z| > 1.

Now from (£I)) and Theorem B3]

plsl—  for g <1

&= hip) = {mm"l for 8] > 1

therefore

B2 for|| <1
b
= {mr for 8] > 1

1 |ﬁ|%74 for [8] <1
s {W“‘ for 8] > 1

We see the strength of the surface tension term is

Zo ZoZ e 2 v|alv 4 for 0 <o <t
— 075504 (Im <
’ |Za|2 a( |Za|3 ‘ ~ { 27%|a|i74 for |CY| 2 t
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and the acceleration

tv|aly ! for |a] <t

t7%|a|%71 for |a| >t

|Zu| = 1t U(B)] = [t~ 8% (B)| ~ {

Comparing with the acceleration Z;; and the term iAZ, = t~‘ia(’ (%), for t close enough
to zero, the effect from surface tension is negligibly small where |a| > t2/3~. The effect of
surface tension is significant where |a| < ¢2/3.

Similarly, comparing with the acceleration Z, the gravity gi is negligible where |a| >
tﬁ_, the gravity is important where |a| < =l

Nevertheless, this discussion and the heuristic one in section [2] deserve to be made rig-
orous. We plan to study the asymptotic stability of the surface water wave found in The-
orem [3.3] and the effect of gravity and surface tension in rigorous mathematical terms in
upcoming works.

We can also calculate the velocity profile W for the solution found in Theorem B3l First
we take b(0) = —% = —¥>17, so that the phase b+ ¢x of ¢’ is an odd function, and the
wave profile ¢ = ((8), 8 € R is symmetric about the vertical axis 8 = 0. It is easy to see

from W’ = —ifb'(5)e’®+9X) that the horizontal velocity Re W is an odd function, and the

vertical velocity Im W is even. We have

BBl for |B| <1

b ~ 1
oE () {mmﬁ for 8] > 1

and
b(0o) = b(B) = %2, for f > 1.

So for 8 in any bounded interval, W is bounded and continuous. Notice that b(co) + ¢ =

“T_lﬂ'. For 8 > 1 We calculate
- i(L5t) g ! i(b(v)—b(o0))
W(B) —W(1) =—ie' = W (7)e dy
1

and find that as 8 — oo, W(f) asymptotically points in the direction —ie?*7 ™ and has
magnitude O(/3 %71) if 4 < 1. When p = 1, the horizontal velocity Re W is bounded, the
vertical velocity points in the direction —i, and has magnitude O(In 3). For p > 1, W is
bounded for all § € R

10This photo is taken by the author at San Diego, CA.
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5. THE PrROOF OF THE MAIN THEOREMS

We prove Theorem by Schaefer’s fixed point theorem. We use the following version,
which is a slight modification from the one stated in Chapter 9 of [13]. The same proof as

in [I3] works for this one as well.

Theorem 5.1 (Schaefer’s Fixed Point Theorem). Let X be a Banach space, X1 be a convex
subset of X, and 0 € X1. SupposeT : X — X is continuous and compact, and T : X1 — X;.
Assume further that the set

{u € X1 |u=ANTu] for some 0 < X< Xp}

is bounded. Here A\g > 0 is a constant. Then T has a fized point in X;.

Let n>1/2, 0 <v < 1/2. Let

X={9eCE)NLZR)| lim g(z)=0},

z—+o0

with norm ||g[| = ||gl|zo(r) = l|9]loc. For g € X, we define T'[g] by:
-1
Tlg] = H(F — (u — v) arctan ?) (5.1)

where H is the Hilbert transform, h=1(0) = 0,

i) = s
(P71 (@) = [a]" ! (@? 4+ 1)o@
F(o0) = (p—v)arctan 24| __

F(—00) = (1 — v) arctan = |

T=—00

Notice that H1 = 0. For z € R, let G(z) = g(x) + (1 — v)In(2? + 1),

X1 ={g9g€ X |G iseven, OSG(x)—G(y)S(u—u)(ln§+2), forall 0 <y <z}

For I C R an interval, let fI g = ﬁ i) ; 9- In what follows we use the notations specified
above without further clarifying. ¢(u, v), ¢(u, v, M) etc. are constants depending on u, v or

u,v, M, they need not be the same in different contexts.
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5.1. The continuity and compactness of 7. We have the following

Lemma 5.2. 1. Let g € X. We have for all x € R,

1
b1 (@)] < =|al”(2? + 1)2 - P)elall
174

(5.3)
W1 (2)] > e )|z (22 + 1)2 W Wefi 9 > e~ (=D g (22 4 1) 2= e llgllee
2. Let g € X1. We have for x € R,
1 1
- h_l(,r) < —|$|V_1(x2 + 1)%(”—1/)69(1)
) : (5.4)

L ht(a) > elmr=60) =12 4 1)3 ) o(@)
X

Proof. The first inequalities in (53) and (&4) are straightforward. We prove the second

inequalities using Jensen’s inequality. Let x > 0. We have

i (z) = /I(h—l)’(y) dy > zefo (=1 Inly|+5 (p=v) In(y*+1)+9(y) dy _ . ofy (v=1)In|y[+G(y)) dy
0

Using integration by parts, we get

¥ 1 1
/ (v =Dyl + 5(n = v)In(y® + 1)) dy = 2{(v = DInz] + 5 (p = v) In(2* + 1)}
0
x 2 1
[t =) 2 e = el + G- ) G2 + 1)}~ (- 1)
The second inequality in (B3] therefore follows. For the second inequality in (B4]) and
g € X1 we estimate

x T 1 T x/2
0< ][ G—][ G=—( G(y1) dyr —/ G(y2) dy2)
z/2 0 z/2 0

x

IN

1 T z/2
(1 — V){—(/ Iny; dy; —/ Inyo dyz) + 1}
T Jz/2 0

< (u—v)(In2+1)

therefore
][ GZ][ G- (up—vr)(n2+1)
0 x/2
>G(x/2) — (p—v)(In2+4+1) > G(z) — (p—v)(2In2 + 3)
The second inequality in (&.4]) therefore follows. O

Lemma 5.3. Let g € X. There exists a constant ¢(u,v) > 0, depending on u,v, such that

1

“2llgllee « 1 < ( 2[lglloo
e K cl i, V)e
c(u, u)

This is straightforward, we omit the proof.

Lemma 5.4. Let g € X, f(z) = F(z) — (1 — v) arctan =t. We have
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1.
()] < e(p, v)e 9l a2 4 (u = )|z, for |2 > 1
|f((E)| < 2(/'L - V)ﬂ—a for allz € R (55)
1 1
/ < 4|9l _
If'(x)] < c(p,v)e TP 1 + (u I/)—x2 T for all x

where c(p, V) is a constant depending on [, v

2. Assume ||gllcc < M. Then
ITg)(x)] < e, v, M) (|| 27 4 |2|7V/2), for |af =4 (5.6)

where c(p,v, M) is a constant depending on p,v, M.

Proof. (B3 is straightforward, we omit the proof.
We use (B5) to prove (5.6). Assume 2 > 4. Notice that

Tlgla) = i) = = [ Mdy+l/| ELC)

lz—y|<1 r—=y z—y|>1 r—=y

we have

1 1 Y _ _
e[t [ POy < cluw M)l 4 fol )
lz—y|<1 |$ - y| T
We further decompose

II:l/ Maly—l—l/ Mdy:IIl—I—IIQ

I<|z—y|<z T =Y z—y/>2 T —Y

and we know |y| > |z| — | — y, so
[TL] < e(p, v, M) (|27 + |2 7) In |z

Now
1 1
IIQZ—/ Mdy—i——/ Mdyzflm—i—ﬂm
u> Szy<—iz ——m<y< x Yy

m T—y m T —

where since for y > x y—x > 4y > 0, and for y < — x we have y — x < y < 0, therefore

(L1 | < e(p, v, M)(J2]* 2 + |2 )
For 1155, we further decompose (notlce that z'/? <
1

g
2%
ol =15 [ / e
T ‘y‘<11/217— 1/2<|y|l<ie T =Y

< Clp, v, M)(|a| 712 + [ 27H)
This proves (5.0) for # > 4. The proof for z < —4 is similar, we omit. O

The above three Lemmas is sufficient for the proof of the compactness of T': X — X.
We need the following Lemma for the continuity of 7.

Fori=1,2,let g; € X, (h; V) (z) = |z|**(2® +1)2 3 (V) e9i(@)

Fl(z) =

2
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with h;1(0) = 0, Fi(co) — Fi(—o0) = (u — v)m, Fi(oo) = (u — v) arctan =1 and

z=00"

lgilloe < M.

Lemma 5.5. We have

1
! !
_ < _ - -
|Fi(x) — F3(x)| < c(p,v, M)||g2 — 910 2?7 (@2 ) forx e R
1 5.7
IFy @) = Fa0)] < e, M) gz = g1l gy Jor fol 21 5
Fi(@) - Ba(@)| < el v, M)llga — g1 loor forz € R.
Proof. We know
Flo) - Fi(z) = — "~ %2 Ko (hEI(I)(h51)’(x) )
why ' (2)(hy ') (@) why (2)(hy ') (2) “hit(2)(hy ) (2)
Now .
(h2:1)l(‘r) _ egg(m)—gl(;ﬂ)
(hy ™)' (x)
(hgi)(iﬂ) _ (hgi)/(e) _ o92(0)-1(0)
(hy ) (@) (hy7)'(0)
for some 0 < |0 < |z|. Here we used the mean value Theorem. So
@051 0

2 2 — 1] < 2¢?l92=91ll0 |1 gy — 1]
hit (@) (hy ) (x) |

Therefore from [*_(F{(z) — Fj(x)) dz = 0 we have

Ik — ha] 2e2192791 11 g) — g1
R1

and
1
for some constant ¢(, v, M) depending on p, v, M. The second and last inequalities in (5.7))

[Fi(z) = Fy(x)| < e(p, v, M)lg2 — g1l

follow by integration. O

We are now ready to prove
Proposition 5.6. T': X — X is compact and continuous.

Proof. Recall that for 1 < p < oo, the Hilbert transform H : LP(R) — LP(R) is bounded.
Let g € X, f = F — (u — v) arctan =% be as in Lemma 54l We know T'[g] = H(f). Take
1< rqg<oosothat (2u—1)r > 1 and 2vg < 1. From Lemma 54 we have f € L"(R), and
f' € LYR). Define

Y(I) = {f € L'(I)| f' € L()}

with norm || fllyry = | fllzry + I.f'[| La(r). Therefore for g € X, T'[g] € Y(R), and

1T [9lly(ry < (i v, [|9llo0),
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and from Lemma [5.0] for g1, g2 € X, with ||g;||co < M,

IT1g1] — Tlg2llly(r) < c(p, v, M)[|g1 — galloo-

Now it follows from the same proof as for Sobolev embeddings (see [13]) that Y(R) C X
and the embedding is continuous. Therefore T': X — X is continuous. The same proof
for Sobolev compact embeddings (i.e. use Arzela-Ascoli Theorem, see [I3]) also shows that
Y (I) is compactly embedded in C(I) for any bounded interval I C R. Using (5.0) and a

standard diagonal argument, we have that T': X — X is compact.

5.2. A priori estimate. First we have the following Lemma

Lemma 5.7. Let § € CY(R). Assume §' is even, nonnegative, and decreasing on [0,00);
and F(00) — §(—o0) = (u — v)w. Then the function & = HF(x) — HF(0) is even, and is

increasing on [0,00). Moreover fory >z >0,
Sy
0< #50) - 1500 =+ [ T gy ey 5:5)
where

—2(p—v) <R(z,y) <2(p—v)

Proof. From the assumptions it is easy to show that the function & = HF(z) — HF(0) is

even, and is increasing on [0, 00). For y > x > 0, we know

H3(y)—H / Sy —7) S(y+v)—5(x— )ﬂLS(aﬂLv)d7
+ - +
/Sy 7) =3y +7) /%w Sz v)d7
/ Sy —7) S(yﬂw)—S(ﬂc—v)JrS(ﬂ:Jrv)d7
aé
Now
/ Sy —7) (y+7)—3(w— )+§(x+7)d7
Ool
/ /37— dT—/@T-l-’ydT
and
OS/ l/yS’(T—”y)de'ySl/y/ S/(T—’Y)d”YdTS'u_VW
similarly

o</ 2
Yy
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Also,

Y _ _ Y y+y Y _
Og/ Sy+v) -3 v)dwz/ (][ 3’)d7§/ Fly—)dy < P Vx
0 2y 0 Jy—y 0 2

Now we further rewrite
L[S, L[S 280),
T Jy v TTx ) ¥
+%/y§(w—7)—3(—7)—3(:v+7)+3(7) iy

v

y

and we have

og/jg("”‘”){%”dw=/j%/j3’<¢—vwdv

! ’ T—x)—=3§(7— r< i
< /()(s( )~ §(r—y))dr <

14
s
X

similarly

™

y _ _
OS/ St =80 4 L~V
@ gl 2
Sum up the above calculation we have (5.8)

Notice that H (arctan =1) — H (arctan =1)(0) = 1 In(2? 4 1). Therefore

Tlg)(r) ~ T1g](0) + 5 (s — »)Ina? +1) = HF () ~ HF(0)

and from Lemma [B.7] we have
T: X1 — Xy
We use the following notations: we use R to indicate a function that satisfies
c1(p,v) <R < ea(p,v)

for some constants ¢;(u, ) depending only on p,v. €™ indicates a function that is bounded
above and below by two positive constants depending only on u, v. We often do the following
calculation: Assume c;(p,v) <R < ea(p, v). For a function f € C*(I), satisfying f’ > 0 on

interval I, we know for x1 < x2, 1, 22 € I,

x2

&1, 0) (f (02) — flan)) < / ) () d < e, v)(F () — F(21)),

x1

we therefore simply write

/ PP ) de = A (fa) — (f(a0)).

1

The two PM’s are not necessarily the same. In general, fi’s and e™’s appearing in different
contexts need not be the same.

We have the following a priori estimate for T : X; — Xj.
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Proposition 5.8. Suppose g € X satisfies

1-2v 2pu—1
(w—=v) 2(n—v)
Then ||g]loo < c(p, V), where (i, v) is a constant depending only on u,v.

1. (5.9)

g = MT[g], for some 0 < XA < min{2

Proof. Let z > 0, and 0 < A < min{ 2%;_216), 2%z:11/) }. Let g € X and F' be defined by (E.2)).

Notice that F satisfies the assumption of Lemma [5.7] Therefore

HF(z) — HF(0) = l/ox wc@ﬂﬁ.

™
Let
1 [*F — F(—
u(z) = _/ Fy) = F(=y) 4, (5.10)
™Jo Y
Then
1
Tlg)(z) = T[g](0) — §(u —v)In(2z® + 1) + u(z) + R (5.11)
Assume g satisfies (3.9). Then
1
g(z) = MT'[g](0) — E(u — ) In(z® + 1) +u(z) +N) (5.12)
Now from (EI0]), we have
zu'(z) = l(F(:zc) — F(-x)), (zu'(z)) = zF’(:zc) (5.13)
T T
where by (G&.4])
R
Fl(2) = =57 =
e2AT[9)(0) |z |2v (22 + 1)(1=N)(u—r) g2)u(z)
We rewrite
reh
F/(.I) — 62)‘T[9](0)(E2V€2>‘u(1) ’ 0<z S 1 (514)

ke
G2AT[91(0) 2o+ 2(1—N) (h—v) g2hu(z) ’ x> 1
where 9{; are bounded above and below by constants depending only on p, v.
From (EI3) we know 0 < zu/(z) < g —v. Since 0 < A < 524 we have 1 — 2v —

= 2(p—v)’
2 zu/(x) > 0. Therefore

X / 1
(x2ue2)\u(w)) = 22V 2 u(z)

(1 —2v —2\zu'(z)) >0

and for 0 <z <1,
2 ke’ T

T e27\T[g](0) (x2ue2)\u(;ﬂ)
= (zu/(2)) (1 — 2v — 2\zu/ (7))

Let 0 < y < 1. Integrating both sides of ([I3) from 0 to y we get

ke™ Y

e2AT[g](0) 42v e2Xu(y) =yu'(y)(1 — 2v — My (y))

li 2 / /
) = —F'(2)(1 - 2v — 2\ (w)) (5.15)

But
1—2v

<1-2v—Ayu'(y) <1-—2w
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So we have
R
/ - Ke Y

v (y) = o) g2 e2hu(y) for 0 <y <1

and
R
2Xu(y),,/ _ Ke —2v
W) = oY

By integrating from 0 to = we get

D) g _gy KO _piow g <1 1

(& — 1= mx or0<x =~ (5 6)
Substitute (E.I6]) into (E14]), we obtain
ml —2v
Fl(z) = - xﬂe% ) for0<a<1

2AT[g](0 ot
XTI (1 + 2A 7wy @' )

Therefore for 0 < x <1,

K@m

_ 1 R 1—2v
This implies for 0 < x <1
R
Ke 1—20 _ L ox(F(@)=F(0)e ™
0< g = ﬁ(e —1) <c(p,v)

for some constant ¢(u, ) > 0 depending only on u,v. Going back to (B.I0), we obtain
1
0 <u(z) < o\ In(1 + 2Xc(p, v)) < c(p,v) for 0 <z <1. (5.17)

For x > 1 the discussion is similar. Notice for 0 < X\ < 522=L. 1 - 20— 2(1 = \)(u —v) —

2(p—v)’
22 zu/ () <1 —2v —2(1 — A)(u — v) < 0. Therefore
x /
(I2v+2(17)\)(,u7u) e2 u(zx) )
1 I
= N () ) (1—2v—2(1 = A)(p—v) — 22z (z)) <0

and for z > 1,

2 ket

X /
T e2ATg1(0) (x21/+2(17)\)(,u7v) e22u(x) )

= %F’(m)(l =20 =2(1=X)(p —v) — 22z ()) (5.18)

= (zu/(2)) (1 —2v — 2(1 = \)(p — v) — 2A\zu/(z))
Integrating (BI8)) from oo to y, and notice that
x

. ’ o _ . _
Jm wul(x) = p—v, o lim e ey = O

we get for y > 1,

ket Y

DTIGN0) 20 2(1—N) (1) g2Au(y)
= (yu'(y) —p+v){Q =20 =20 = N)(u—v)) = Ayu'(y) + p—v)}

Now
1=2p<1-2v—-2(1=-N)(p—v)) = Ay (y) + p—v)

1
=1=2p+Ap—v) = Ayu'(y) < 5(1 = 2p)
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Therefore
R
=y —yu'(y) = o .
€2AT[9](0) y2V+2(1_)‘)(H—V)62>\u(y)
and
R
2 u(y)—2A(p—v)Iny B~V o _ Ke —2p
€ ( u (y)) - 62)\'1“[9](0) Y (519)

Now zu/(z) — p+ v <0, so u(z) — (u — v) Inzx is decreasing on [0, 00). Let
lim (u(z) — (p—v)Inz) = Uy
Tr—r00

Us is either finite or —oco. If we recall (BI0)), Lemma 7 and that lim, o T'[g](x) = O

we know U, must be finite and in fact
—2(p—v) < Us + T[g](0) < 2(u — v)

Integration (5I9) from x > 1 to oo, we obtain

62)\u(m)—2)\(u—u) Inz €2>\UOO — 92\ re™ ,’E1_2M (5 20)
e22T'[g](0) '
Substitute into (&I4]), we get for x > 1,
9%2 —2;,L
ron ke 2z
F'(z) = =
22\T'[9](0) (p2A\Uso 1-2
e2AT191(0) (e + 2)\62)\T[g](0)x )
Integrating from y > 1 to oo, we obtain
ke™

1 % 1-2
F(oo) = F(y) = e In(1+ 2N T+ U= Y ")

Therefore for x > 1,
ke 1—2u _ 1

— e~ R
0< SxamorT® =gy @ T 1) <o)

for some constant ¢(u, ) depending only on u, . Going back to (520), we have

0<u(z)—(p—v)lne —Uyx < % In(1 + 2Xe(p, v)) < c(p,v) for x > 1 (5.21)

Now from (&I7T), we know 0 < u(1) < ¢(p,v), and from (EZI), 0 < u(1l) — Uso < (s, V).
Then Us, consequently T'[¢g](0) must be bounded from above and below by two constants
that depend only on p,v. Combining (E.I7) and (5.21]), we have
o= (1= ) (e + Dl o) < el 0)
for a constant ¢(u,v) depending only on p,v. Now from (5I2), because g € X is even, we
get
glloc < (s v)

where ¢(u, v) is a constant depending only on i, v. This proves Proposition .8

HBecause T[g] € X.
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We can now conclude from Schaefer’s fixed point Theorem that the system (BI2) has
a solution g € X;. This proves the first part of Theorem To prove that the solution
g satisfies zg' € L>(R), we notice that from the equation g = H(F — (u — v) arctan =1),
where F is as defined in (52)), we have

x
22 4+1

T

(Eg/:H(ZCF/—(/,L—I/) TH

), (zg") = H((@F' — (n—v) ))

Using the LP? Boundedness of the Hilbert transform H, it is quite straightforward to check

and (2F' — (p — v)3z55) € LYR) for

that zF" — (u — v) 57 € L"(R) for r > 2u+1’
1 < ¢ < 5. Therefore we have xg’ € Y (R). This implies g’ € L°°(R), and finishes the
proof of Theorem B3]

The proof for the a priori estimate in Theorem [3.1]is very much the same as for Propo-
sition We just give some main steps. First let g € X, F be defined as in (52)), and
G(z) = g(z) + 2(p — v) In(z? 4+ 1). Assume g is a fixed point of the mapping 7' defined by

EI)-E2). Then
G(z) = G(0) + HF () — HF(0)

Assume G even, and increasing on [0, 00). It is easy to check that F satisfies the assumption

of Lemma 5.7, therefore in fact g € X7, and (4] holds. Moreover we have from Lemma [5.7]
HF(z) —HF(0) =u(z)+ "R  forz>0

where

and for = > 0,

! 2

i T
where

F/ o He‘}% . K/e% 1

(CC) T p2ve2G(x) T 02G(0) 42v p2u(x)
Now

x ; 1 o /

(x2”e2u(w)) T p2ve2u(z) (1 —2v — 22u/(x))

Notice that zu'(z) = %(F(I) — F(—ux)) is strictly increasing for z > 0, -IU/(I)LE:O =0,

lim, o0 2t/ () = p—v > 1/2 — v. Let 29 > 0 be such that 2zou'(xg) =1 — 2v. Then
1—2v—2zu/(z) >0, for0<z < x, 1—2v—2zu/(z) <0, forz > xo.

Now follow very much the same argument as in the proof of Proposition 5.8 on 0 < z < xg

and = > xg. We arrive at the result of Theorem [3.1]
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