KAC DIAGRAMS FOR ELLIPTIC WEYL GROUP ELEMENTS
STEPHEN DEBACKER AND JACOB HALEY

ABSTRACT. Suppose g is a semisimple complex Lie algebra and b is a Cartan subalgebra of g. To the pair (g,h) one can
associate both a Weyl group and a set of Kac diagrams. There is a natural map from the set of elliptic conjugacy classes in the
Weyl group to the set of Kac diagrams. In both this setting and the twisted setting, this paper (a) shows that this map is injective
and (b) explicitly describes this map’s image.

INTRODUCTION

Suppose g is a semisimple complex Lie algebra and b is a Cartan subalgebra of g. To the pair (g, ) one can associate
both a Weyl group and a set of Kac diagrams. There is a natural map from the set of elliptic conjugacy classes in the Weyl
group to the set of Kac diagrams. In both this setting and the twisted setting, this paper (a) shows that this map is injective
and (b) explicitly describes this map’s image.

The map ). Let G denote a connected semisimple complex group such that the Lie algebra of G is g. Let A denote
the maximal torus in G such that the Lie algebra of A is hj. Fix a pinning (A, B, {X,|a € A}) of G where B is a Borel
subgroup of G that contains A, A is the set of simple roots of G with respect to A and B, and X, is an element of the
Lie algebra of the root group corresponding to v € A. Fix ¢ € Aut(g) that stabilizes this pinning. The automorphism ¢ is
called a pinned automorphism and has the following properties: ¥(A) = A, 9(B) = B, and 9 permutes the elements of the
set {X,|a € A}. If H is a group on which ¥ acts, then for x,y € H we say that x is ¥-conjugate to y in H provided that
there exists i € H such that z = hyd(h) .

Let W denote the Weyl group Ng(A)/A. Since W is generated by the simple reflections w,, for o € A, we have that ¢}
acts on W. An element w € W is said to be 0- -elliptic provided that the ¥-conjugacy class of w in W does not intersect any
proper subgroup of W of the form W for 6 ¢ A with 9(0) = 0. Here Wy is the subgroup of W generated by the simple
reflections wg for 3 € 6.

Suppose wy, wy € W are 9-elliptic. Let nj € Ng(A) be alift of w;. Since all lifts of w; into N (A) are 9)-conjugate
by an element of A (see, for example, [ 1, Lemma 1.1.3], [6, Remark 4.1], or [8, Theorem 1] for the general case and [16,
Lemma 1.3] or [23, Section 4.1] for the non-twisted case), we conclude that w; is ¥-conjugate to wo in W if and only if nq
is ¥-conjugate to ng in N (A). Moreover, both n; x ¢ and ng x 1 have finite order in Ng(A) x (). Thus, there exists a
function 1) from W2, the set of ¥-conjugacy classes of ¥-elliptic elements in W, to G, the set of ¥-conjugacy classes
of ¥-torsion elements in G. An element g € G is called a ¥-torsion element provided that g x v has finite order in G » (1J).
In Section 3 we prove

Theorem 3.1.3. The map ¢c: We - GV~ is injective.

Note that there is something to prove here. From the given we know that we have a well-defined map from W to the
¥-conjugacy classes of 1J-torsion elements in N (A). To prove the theorem, one needs to show that if ny,ns € Ng(A) are
lifts of w1, ws € We such that nq and ny are ¥-conjugate in G, then ny and ny are ¥-conjugate in N (A); this is false if
we don’t require both w; and wo to be J-elliptic. The proof of Theorem 3.1.3 involves case-by-case checking.

Kac diagrams and the map . Reeder provides an absolutely beautiful treatment of Kac diagrams in [20]. Throughout
this paper we have tried to align our treatment of Kac diagrams with the treatment found there.

Let ® = ®(G, A) denote the set of roots of G with respect to A. The perfect pairing (, }: X.(A) x X*(A) allows us
to regard o € ® as a linear function on V' = X,(A) ® R. If S denotes the maximal compact torus in A, then the map
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exp: V — S, defined by a(exp(v)) = €2™4@?) for all a € ®, is a surjective map. The hyperplanes H,  in V defined by
the kernels of the affine roots v — a(v)—n for o € ® and n € Z produce a simplicial decomposition of V', and the connected
components in the complement of these hyperplanes are called alcoves. The affine Weyl group wea .- X, (A) % W acts
on V. This action preserves the hyperplane structure and Wt acts transitively on the alcoves. Our pinning { X, |« € A}
determines a unique alcove C' that contains the origin of V' in its closure. By uniqueness, we have 9(C') = C. Let A (resp.
G?) denote the connected component of the ¥-fixed points of A (resp. G).

Suppose g is a finite order element of G, say of order m. Fix a primitive m™ root of unity &. There exists h € G
such that =1 g(h) lives in the torus A” (see, for example, Lemma 1.2.2). Thus, there exists A € X, (A”) such that
h~lgi(h) = M(€). After conjugating A(¢) by an element of the group Ngs(A) we may assume that \/m belongs to the
closure of Cy, the alcove for GV that contains the origin and intersects C” nontrivially. A Kac diagram associated to g
encodes the location of \/m via a labeling of the affine Dynkin diagram for GY. See Section 4 for the technical details of
this labeling.

Let x denote the set of Kac diagrams that arise as above, and we let k. denote the equivalence classes in x deter-
mined by automorphisms of the affine Dynkin diagram of GV arising from the action of StabWSH(Cﬁ). Here WSH =

(projyv X, (A)) x» W is the affine Weyl group for G¥. This association between ¥-torsion elements of G and Kac dia-
grams descends to a map xg: GYtor 5 k. Tt is known (see, for example, [ 13, Chapter X, Theorems 5.15 and 5.16], [14,
Chapter 8], [18, 7° of Section 4 of Chapter 4], or [20, Theorem 3.7]) that this map is bijective when  is adjoint.

Under the assumption that g is simple, in Section 4 we give a complete description of the Kac diagrams associated to
J-elliptic elements in w.

The composition (¢ = xg © ¥ and applications. The composition (g = xg © Vg W - k. has been extensively
studied. For example, it is known to be independent of the isogeny type of G (see, for example, [!, comments following
Proposition 6.6] or [5, Remark 2.2.1, Lemma 3.3.6, and the fact that x,, = x7;, encodes the Kac diagram associated to n]),
so we will write ¢ rather than (. It is also known that every equivalence class in the image of ( is a singleton (see [,
Proposition 6.8] or [5, Lemma 3.5.1]). The map ( is known to be injective for groups of type A,, (there is only one elliptic
conjugacy class in W) as well as groups of types 245, D, for 4 < m < 8, 3Dy, E,,, ’Eg, Fy, and G (see the tabulations
in[1], [3], [16], [21], and [22]). Moreover, if we denote by reseyireg ¢ the restriction of ¢ to the set of regular (in the sense of
Springer [26]) ¥-elliptic ¥-conjugacy classes in W, then resejireg ¢ is known to be injective [ 19, discussion in Section 2.1].
Since ( is independent of the isogeny type of GG and x ¢ is a bijective map when G is adjoint, Theorem 3.1.3 implies

Corollary 2.1.1. The map ¢ : W¢ — k. is injective.

In Section 2 we show that Corollary 2.1.1 gives a new proof of the fact that every Weyl group is rational. In the context
of totally ramified tame tori in a group over a field with non-trivial discrete valuation and cohomological dimension less
than one, the Corollary implies that the point in the reduced building associated to such a torus completely determines the
torus up to conjugation. We believe that this latter fact will play a role in harmonic analysis on reductive p-adic groups.
Corollary 2.1.1 is also implicitly used in the proof of [1, Proposition 7.1].

Remark. If we replace C with any algebraically closed field, then the results of this paper still hold with very mild restric-
tions on p, the characteristic of the field. The theory of Kac diagrams goes through as long as one assumes that p does not
divide the order of the 1¥-torsion element under consideration [ 16, Section 2]. This restriction on p ensures that the roots of
unity, denoted by £ in this paper, that arise in the constructions exist.

Remark. Since applications will often require that G be reductive rather than semisimple, we note that if (G is reductive,
then one defines ¢ to be (g where G’ is the derived group of G.

Finally, this paper involves a fair bit of notational gymnastics. Although we independently derived our findings multiple
times and compared our findings to results in the literature, there are bound to be typos and more serious errors. So, be
cautious.
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1. NOTATION AND TWO WELL-KNOWN RESULTS

1.1. Notation. In addition to the notation introduced in the Introduction, we will need the following.

Let K denote the square matrix with ones on the anti-diagonal and zeroes elsewhere. The size of K will be evident from
context. For example, if we are working with G = SOgy,1, then K is a (20 + 1) x (2¢ + 1) matrix.

If X is an n x m matrix with entries in C, then X denotes the transpose of X.

Suppose £ € Zi»1 and / = (€, > £y—1 > -+ > (1) is a partition of £ into  parts. For 1 < v < pdefine £}, := {1+ Lo +---+{,_1.
Note that ¢1 = 0 and £}, + £, = £.

For the vector space R™ we let e; denote the i standard basis vector for 1 < i < n. So e; = (1,0,0,...,0), e2
(0,1,0,0,...,0), etc.

Suppose X is set. If 7 is a function from X to X, then X7 denotes the set of x € X such that 7(x) = z. If X also has
the structure of a connected complex group and 7 is an automorphism of X, then X7 denotes the connected component
of the (7)-fixed points of X. If y € X and H is a group that acts on X, then 7y := {h-y|h e H}.

1.2. Two known results. We begin by proving an elementary result from linear algebra.

Lemma 1.2.1. Suppose F is a field and U is a finite dimensional F'-vector space. Let (ﬂl,‘ﬂg, ..+, Um) be a basis for
U. Suppose ji,jo,...,jm € Z and T:U — U is a linear map such that T'(iiy) = (=1)’*tgs1 for 1 < k < m and
T () = (=1)!™uq. If T™ = +1dy, then the characteristic polynomial of T is t™ ¥ 1.

Proof. If T™ = Idy, then we conclude that Y2}, jj is even. If 7™ = —Idy, then we conclude that Y7}, ji is odd. Since
the characteristic polynomial of T' is
tm - (_1)221:1 jka

the result follows. []

The next result is well known to experts, but we could not find a reference that did not place conditions on the isogeny
class of G.

Lemma 1.2.2. If g € G, then g is U-conjugate in G to an element of A”.

Proof. Recall that an automorphism of G is said to be quasi-semisimple if it preserves a Borel-torus pair in G.
Since ¥ is quasi-semisimple and g x 1 has finite order, it follows that g x 19 is quasi-semisimple [27, §7 and §9]. Hence,
g =1 preserves a Borel-torus pair (A’, B) in G. Since all Borel-torus pairs in G are conjugate, there exists h € G such that
h(A,B) = (A", B"). We then have
h(A,B) = (A", B') = g-9(A", B') = g9(h) - ¥(A, B) = g¥(h)(A, B),

which implies that h~'g(h) € A. Thanks to [7, Lemma 7.2], we know A = A” . (1 — 1) A. The result follows. ]

2. AN APPLICATION OF THE INJECTIVITY OF ( = g © ¥g

A finite group H is said to be rational provided that for any h € H we have that 7 is H-conjugate to h whenever j is
relatively prime to the order of h. There are many equivalent definitions of rationality, and the nomenclature is explained
by the fact [25, Corollary 2 of Section 13.1] that H is rational if and only if every irreducible character of H takes values
in Q.

It is known that every Weyl group is a rational group (see, for example, [15, Section 3 of Chapter 2 and Chapter 5]
or [26, Theorem 8.5]). In this section, we give another proof of this fact.

2.1. Weyl groups are rational. As noted in the Introduction, the fact that ¢ is independent of the isogeny type of G
together with Theorem 3.1.3 implies

Corollary 2.1.1. The map ¢: W — k.. is injective.
Using this, we show:

Lemma 2.1.2. Every Weyl group is rational.
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Proof. Suppose W is a Weyl group. We will prove this by induction. If W is trivial, then there is nothing to prove. Suppose
then that W is not trivial and the statement is true for every parabolic subgroup of W.

Suppose w € W. If the W-orbit of w intersects a proper parabolic subgroup W’ of W, then without loss of generality
we may assume that w € W’. Since the order of w in W’ is equal to the order of w in W, by induction we have that if j is
relatively prime to the order of w in T, then w? is W'-conjugate, hence W -conjugate, to w.

Suppose now that the W-orbit of w does not intersect a proper parabolic subgroup of W. That is, suppose w is elliptic
in W. It will be enough to show that if p is a prime that does not divide the order of w, then w? and w are W -conjugate.
Fix such a prime p.

Let H be a connected reductive group defined over Z with maximal Z-torus A such that Ngg(A)/A is W. Then H is a
Qj-split group where Q,, denotes the p-adic completion of Q. Let @p be an algebraic closure of Q. Let Q," denote the
maximal unramified extension of Q,, in Q, and let Q}, denote the maximal tame extension of Q,, in Q. We have Q)" < Q..
Fix a topological generator Fr for Gal(Q}"/Q,) and a topological generator o for Gal(Qj,/Qp") such that if Fr and o also
denote lifts of these elements into Gal(Q},/Qj), then FrloFr = 0P,

Let W' denote the set of tame elements in TV, that is, those elements w’ € W such that p does not divide the order of w’.
If w’ e W*, then there exists i € H(Q}) such that the image of h~'o(h) in W is w’ and the map w’ — H(@")("A) defines
a bijective map (., from W', the conjugacy classes of tame elements in W, to C*, the set of H(an)—conjugacy classes of
Q)" -minisotropic maximal Q)"-tori in H [5, Lemma 3.4.1]. A Q),"-torus T in H is said to be Q)" -minisotropic provided
that X*(T/Z(H)) /") i trivial.

Since H is Q,,-split, we have that Fr and o both act trivially on W. Thus, the commutative diagram of bijective maps
in [5, Lemma 5.1.2] becomes

we S5 e 14 gy

1o 1eor 1o
ct 14, ¢t By
Since p does not divide the order of w € W*, the diagram implies Fr(p, (Yw)) = o, (Y(wP)).
Fix a Fr-stable alcove D in the reduced Bruhat-Tits building of H(Q}"). From [5, Section 2.2] we know that 0o (Mw)
and Fr(¢, (")) identify unique points, call them x and ', in the closure of D. Note that ' = Fr(z). From [3, Section 3.5]
the barycentric coordinates of z are determined by ¢ (") and those of ' by ¢("V(wP)). Since H is Qp-split, we have that

Fr fixes D pointwise. Thus, 2’ = Fr(z) = z. Thanks to Corollary 2.1.1, we know that the map ( is injective. Consequently,
wP is W-conjugate to w. [ ]

3. THE MAP v IS INJECTIVE

The proof of Theorem 3.1.3 has two steps. In Section 3.1 we show that we may reduce to the case when G is isogenous
to a simple complex adjoint group. In Sections 3.2 to 3.8 we show that for a given simple complex adjoint group G’, the
map 1) is injective for some G that is isogenous to G’. The case-by-case work we carry out was made much easier thanks
to the clearly written material in [9, Sections 3 and 4], [10, Section 3.4], and [1 1, Section 2].

Remark 3.0.1. Note that the order of a lift of a ¥)-elliptic Weyl group element is independent of the lift. Thus, if w; and wo
are ¥-elliptic elements of W that lift to n1 and ng with ny x 9 and ny x 9 having different orders, then we have w is not
¥-conjugate to wo in W. On the other hand, it sometimes happens that 77 x ¢ and no x ¢ have the same order, yet w; is
not 9-conjugate to ws in 1. So looking at orders to establish injectivity will not work in general.

3.1. Reduction to the almost-simple case. We begin by showing that the injectivity of ¢ is independent of the isogeny
type of G.

Lemma 3.1.1. Suppose H and I are semisimple complex groups that are isogenous to G. We have that the map
wH: We N Hz?—tor

is injective if and only if the map
¢I: We N Iﬁ—tor
is injective.
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Proof. Suppose p: H — I is an isogeny. Let Ay (resp. Aj) be a maximal torus in H (resp I) with p[Ay] = A;. Fix
wq,wy € We. Choose ny, € Ny (Ap) and ng € Np(Ay) lifting wy,.

Suppose first that vy is injective. If there exists i € I such that 47,9(i)™1 = 7o, then there exists h € H such that
hni9(h)~' € naAg. Since all lifts of wy € W® into Nz (Ap) are ¥-conjugate by an element of A, we may assume that
hni9(h)~! = ngy. Since ¢ is injective, we conclude that w is ¥¥-conjugate to ws in W. That is, 1y is injective.

Suppose now that that 17 is injective. If there exists 4 € H such that hny9(h)™! = ng, then by taking i = p(h) and
n}, = p(nk), we have inj9(i)~! = nb. Since all lifts of wy, € W into N;(A;) are 9-conjugate by an element of A, we
may assume that i1,9(i)~1 = ng. Since 7 is injective, we conclude that w; is 1J-conjugate to ws in W. That is, g is
injective. u

Corollary 3.1.2. The map ¢ is injective if and only if ¥ is injective for every almost-simple factor H of G.

Proof. Since the injectivity of 1 is independent of the isogeny type of G, we may assume G is simply connected. Since G
is simply connected, we may write [ 17, Theorem 21.51 and discussion in 24.a] the C-group G as a product of almost-simple
simply connected complex groups: G = G1 x Gy x --- x G+. The result follows. ]

Theorem 3.1.3. The map e : We - GV~ s injective.

Proof. Thanks to Corollary 3.1.2 it is enough to show that ¢ is injective for G’ being an almost-simple complex group.
Thanks to Lemma 3.1.1, it is enough to show that 1) is injective for some G that is isogenous to G’. This is done on a
case-by-case basis in Sections 3.2 to 3.8. ]

3.2. Injectivity of ¢ for type A,_, with ¢ > 3. In this situation there is only one elliptic conjugacy class in the Weyl
group. Thus, the injectivity of 1) is automatic. However, in the interest of establishing notation in a familiar setting, we
carry out a proof that has the same flavor as the proofs for the other root system types.

Let G = SLy = SL(C) realized as the set of ¢ x ¢ matrices of determinant 1. The Lie algebra of G is then g, the set of
¢ x £ matrices of trace zero. We take A to be the diagonal matrices in G and B to be the upper triangular matrices in G. For
a = Diag(ay,az,...,ap) € A<SLypand 1 < k < ¥, we let ag(a) = ap/ax,1 be the simple roots of G with respect to A and
B.

Following Bourbaki [2, Planche I] we identify V with the hyperplane in R? for which the sum of the coordinates is zero,
identify @ with the vectors e; — e; with 1 <14 # j </, and identify A with the roots oy, = e}, — g1 for 1 <k < /.

For 1 < k < £ we define s, € SL, to be the ¢ x £ matrix such that

1 i=jandi¢ {k,k+1}

1 t=kandj=k+1
(sk)ij = . .

-1 t=k+landj=k

0 otherwise.

The image of the order four element s in W is the simple reflection corresponding to ar.

The Coxeter class is the only elliptic conjugacy class in W, and it corresponds to the partition ¢ = (¢) of £. Define
N = Hé] 15;. This is a lift of a Coxeter element in W, and it has order 2/ if £ is even or  if £ is odd.

Any element g € SLy acts on C’ by matrix multiplication. The characteristic polynomial of ¢ with respect to this action
is an SLy-conjugation invariant polynomial. Thanks to Lemma 1.2.1 the characteristic polynomial of n,) with respect to
this action is gn,,, (t) = tf+ (1)~

Since any two lifts of an elliptic element in W are A- conjugate and since there exists a unique conjugacy class of elliptic
elements in W, we conclude that two elliptic elements of W are T -conjugate if and only if their lifts are SL,-conjugate.

3.3. Injectivity of ¢ for type By with ¢ > 2. Let G = SO9p,1 = SOgp41(C) realized as those g € SLog,q such that
g=(Kg'K)T. Recall that K denotes the (2¢ + 1) x (2¢ + 1) matrix with ones on the anti-diagonal and zeroes elsewhere.
Then g, the Lie algebra of G, is s09¢,1 realized as the Lie subalgebra of slyp,; consisting of those matrices X for which
X = -KXTK. We take A to be the diagonal matrices in G and B to be the upper triangular matrices in G. For a =
Diag(a1,as,...,ar,1,a;',...,a3",a7t) € A < SOgpi1, we let ay(a) = as and ag(a) = ag/agsr for 1 < k < £ be the
simple roots of GG with respect to A and B.
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Following Bourbaki [2, Planche II] , we identify V with R, identify ® with the set of vectors +e; for 1 < i < ¢ and
xe; + e for 1 <4< j </, and identify A with
a1 =€1—€2, 02 =€2—€3, ..., 001 =€-1~ €y, Oy =¢€y.
We define ¢y € SO9p,1 to be the (2¢ + 1) x (2¢ + 1) matrix such that

1 1<i=j<lorl+2<i=5<20+1
1 i+jandi,je{l,0+2}
(te)ij = o
-1 1=5=0+1
0 otherwise,

and for 1 < k < £ we define s5, € SOg¢41 to be the (2€ + 1) x (2£ + 1) matrix such that
i=jandi¢ {k,k+1,20-k+2,20-k+1}
i+jandi,je{k k+1}

i#jandi je{20—k+1,20-k+2}
otherwise.

(sk)ij =

O = =

The image of the order two element ¢ in W is the simple reflection corresponding to ay while the image of the order two
element s in W is the simple reflection corresponding to a. For 1 < k < £ define t5 € SO9¢,1 by
Uk = Sk * Sk+1 " Sk+2 " - Se-2Sp-1"tg Sp-1-Sp-2 """ Sk+1 * Sk-
Note that the ;, defined above is denoted by ¢5_1 in [10, §3.4].
The elliptic conjugacy classes are parameterized by the partitions of £ [12, 7.16]. Fix a partition £ = (£, > {,,_1 > --- > {1)

of /. Recall that for 1 < v < u we define ¢], = {1 + {3 + --- + £,_1. We define ny to be the product ¢y - ¢ - -+ - ¢;, where
Cu = 8pr 41" Spr 42 Spr 4,1 Lo vp,. Thus
o
ny=[1(se 1 se2 S ve,-1-te10,).
v=1

The image of n; in W is an elliptic element belonging to the conjugacy class associated to ‘.

Remark 3.3.1. Since w € W is regular elliptic if and only if §* = {0} and (w) acts freely on @, the regular elliptic elements
of W correspond to partitions of the form (d, d, . ..,d) where d € Zs; divides /.

Any element g € SOq,1 acts on C**! by matrix multiplication. The characteristic polynomial of g with respect to this
action is an SOy, 1-conjugation invariant polynomial. Using Lemma 1.2.1, one finds that the characteristic polynomial of
nz with respect to this action is

oy () = (t— (“1)1) - H (2 1),

If £ and ' are two partitions of £ for which the associated elements n; and n; of Ng(A) are G-conjugate, then we have
dn; = qny,- The only way this can happen is if £ = 0.

_ Since any two lifts of an elliptic element in W are A-conjugate, we conclude that two elliptic elements of W are
W -conjugate if and only if their lifts are SO9y,1-conjugate.

3.4. Injectivity of ¢ for type C; with ¢ > 2. Recall that K denotes the £ x £ matrix with ones on the anti-diagonal and
zeroes elsewhere. Denote by J the product of K and Diag(1,1,...,1,1,-1,-1,...,-1,-1); here there are ¢ copies of 1
followed by ¢ copies of —1. We realize G = Spy, = Sps,(C) as those g € SLy, such that g7 Jg = J and we realize sp,
as those X ¢ sly, such that X7'.J = —JX. We take A to be the diagonal matrices in G and B to be the upper triangular
matrices in Spyy. For a = Diag(ay,as, ..., ay, azl, .,a3ta7t) € A, welet ag(a) = a? and ax(a) = agfagq for1 < k<4
be the simple roots of G with respect to A and B.

Following Bourbaki [2, Planche IIT] , we identify V with R, identify ® with the set of vectors +2¢; for 1 < i < £ and
+e; + e for 1 <i < j </, and identify A with the roots

Q1 =€1—€e, g =€2-€3,..., 041 =€1— €y, 0y = 2ey.
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We define ¢y € Spy, to be the 2¢ x 2¢ matrix such that

1 1<i=j<florl+1<i=5<2(
i=fandj=/0+1
t9):s =
(te)ig =74 i=f+landj="¢
0 otherwise,

and for 1 < k < £ we define sj € Spy, to be the 2/ x 2¢ matrix such that

i=jandi¢ {k,k+1,20-k+1,20-k}
i+jandi,je{k k+1}
i+jandi,je{20-k,20-k+1}
otherwise.

(sk)ij =

O = = =

The image of the order four element ¢, in W is the simple reflection corresponding to oy while the image of the order two
element sy, in W is the simple reflection corresponding to ;. For 1 < k < £ define tj, € Spy, by

L = Sk - Ska1 " Ska2 - " 50-2 - Sp—1-Lg-80-1 - Sp-2 """ Syl * Sk

Note that the ;. defined above is denoted by ¢;_1 in [10, §3.4].
Since the Weyl group of type C; may be naturally identified with the Weyl group of type By, the elliptic conjugacy
classes in W correspond to partitions £ = (£, > £,,_1 > -+ > {1) of £ [12, 7.16]. Recall that for 1 < v < u we define ¢;, =

£y + €y + -+ £,—1. We define nj to be the product ¢y - c2 - -+ - ¢, where ¢, = g1 41+ Spr 40+ Spr 4,1~ ter 40, Thus
o
ny=[1(se+1Se+2 S0 ve,-1te10,).
v=1

The image of n; in W is an elliptic element belonging to the conjugacy class associated to ‘.

Remark 3.4.1. Since w € W is regular elliptic if and only if h* = {0} and (w) acts freely on @, the regular elliptic elements
of W correspond to partitions of the form (d, d, . ..,d) where d € Z; divides /.

Any element g € Spy, acts on C?* by matrix multiplication. The characteristic polynomial of g with respect to this action
is an Spy,-conjugation invariant polynomial. Using Lemma 1.2.1, one finds that the characteristic polynomial of n; with
respect to this action is

4 (8) = [T + 1),
v=1

If £ and ¢ are two partitions of ¢ for which the associated elements n ; and ny of Ng(A) are G-conjugate, then we have
dn; = Qny- The only way this can happen is if (=7.

_ Since any two lifts of an elliptic element in W are A-conjugate, we conclude that two elliptic elements of W are
W -conjugate if and only if their lifts are Sp,,-conjugate.

3.5. Injectivity of g for type D, with ¢ > 3. Let G = SOy = SOy(C) realized as those g € GLg, such that
g = (Kg'K)T and det(g) = 1. If we remove the determinant one condition, then g is an element of Oy, = Og(C).
Then g, the Lie algebra of G, is soq, realized as the Lie subalgebra of sly, consisting of those matrices X for which
X = -KXTK. We take A to be the diagonal matrices in G' and B to be the upper triangular matrices in G. For
a = Diag(al,ag,...,ag,azl,...,agl,ail) € A, we let ay(a) = ap_1 - ag and ax(a) = agfagsq for 1 < k < £ be the
simple roots of G with respect to A and B.

Following Bourbaki [2, Planche IV] we identify V' with RZ, identify ® with the vectors +e; £ e; for 1 <i < j < ?, and
identify A with the roots

Q1 =€ —€2,p=€2—-€3, ..., 01 =€1 €, Qy=¢€p1+¢€y.
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For 1 < k < ¢ we define £, € Ogy to be the 2/ x 2¢ matrix such that

1 l1<i=j<2landi,j¢{k20-k+1}
(tr)ij =41 i+jandi,je{k,20—k+1}
0 otherwise.

For 1 < k < £ we define s, € SO9y to be the 2¢ x 2¢ matrix such that
1 i=jandi¢ {kk+1,20-k+1,20-k}

1 i+jandi,je{k,k+1}

(Sk)ij = .. ..
1 i+jandi,je{20-k,20-k+1}
0 otherwise.

The image of the order two element sy, in W is the simple reflection corresponding to c.
The elliptic conjugacy classes in 1 correspond to partitions ¢ = (€, > £,,_1 > --- > 1) of £ where p is even [12, 7.20].
Fix such a partition. Recall that for 1 < v < u we define £}, = {1 + ly + -+ £,,_1. We define n; to be the product ¢y -cy -+ ¢y

where ¢, = Spr 41 8p 107+ Ser 4,1 - ter v, - Note that ¢, € Ogy, but since p is even we have that n; belongs to SOgp. We
have
o
ng=[1(se 1 se12 e ve,-1-te10,).
v=1

Let O; denote the conjugacy class in W of the image of n; in W. The correspondence ( Oj defines a bijective
correspondence between partitions of £ into an even number of parts and ¥-elliptic ¥-conjugacy classes in V.

Remark 3.5.1. Since w € W is regular elliptic if and only if h* = {0} and (w) acts freely on ®, the regular elliptic elements
of W correspond to partitions of the form (d,d, ..., d) where d € Zs; divides ¢ and 5 is even or (e,e,...,e,e, 1) where
e € Z1 divides £ - 1 and £ is odd.

Any element g € SOy acts on C? by matrix multiplication. The characteristic polynomial of g with respect to this
action is an SO¢-conjugation invariant polynomial. Using Lemma 1.2.1, one finds that the characteristic polynomial of n;
with respect to this action is

I
Qng(t) = Ij[l(tﬂy - 1)'

If £ and ' are two partitions of £ for which the associated elements n; and n; of Ng(A) are G-conjugate, then we have
dn; = qny- The only way this can happen is if £ = l.

_ Since any two lifts of an elliptic element in W are A-conjugate, we conclude that two elliptic elements of W are
W -conjugate if and only if their lifts are SO94-conjugate.

3.6. Injectivity of ¢); for type A,_; with £ > 3. We adopt the notation of Section 3.2. In particular, we have G = SLy,
g = sly, and the roots in A are oy := e —epyq for 1 <k < L.

We begin by defining an involution of (7, and hence g. Let K denote the ¢ x £ matrix with ones on the anti-diagonal and
zeroes elsewhere. We define an order two element J as follows. If £ is odd, then J = K. If £ is even, then J is the product
of K with Diag(,4,...,i,i,—i,—1,...,—i,—i); here there are £/2 copies of ¢ followed by ¢/2 copies of —i. In all cases we
have that det(J) = (_1)[§J; that is, J has determinant 1 if £ is congruent to 0 or 1 modulo 4 and is —1 otherwise. We also
have that .J, and hence Ad(.J), always has order two. We define the involution ¥ on G by ¥(g) = Ad(J) (g~ 1) for g € G.
We abuse notation and denote the resulting involution on g by ¥ as well. Note that (X ) = — Ad(J)(XT) = ~JXTJ for
X eg.

For 1 < k < ¢ we have s, € SL, as in Section 3.2 and we define 5, € GL, to be the £ x £ matrix

i=jandi¢ {k,k+1}
t=kandj=k+1
i=k+landj=k
otherwise.

(Sk)ij =

O = = =
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The image of the order four element s, in W is the simple reflection corresponding to c.
Suppose £ = £, > {,_1 > --- > {1 is a partition of ¢ for which each ¢, is odd. Recall that ¢;, = {1 + {3 +--- + £,,_;. For
1<v<p,set
Cu = Spr,11°Se0,42 " S00,43 """ Sg1 4(0,-2) " Se1,+(£,-1)
For 1 < v < p, the element ¢, has order ¢,,. If £ modulo 4 is 0 or 1, then define
Cl = 31 . 82 . 83 ceee e 5(51_2) . 8(@1—1)
and note that this element has order ¢;. If £ modulo 4 is 2 or 3 and #; > 1, then define
Cl1=81°82-83 " S(f1—2) . g(fl—l)'
If £ modulo 4 is 2 or 3 and ¢; = 1, then define ¢; = Diag(-1,1,1,1,...,1,1,1). Note that if £ is congruent to 2 or 3 modulo
4, then the order of c; is 2¢. ~
Define n; = ¢y - co - -+ - ¢, We have nj := nyJ € SLy. Let w; denote the image of n; in W and let O; denote the ©J-
conjugacy class of w; in . The correspondence [ O; between partitions of £ into odd parts and ¥J-elliptic ¥-conjugacy
classes in W is a bijection [12, 7.14]. Moreover, ny is a lift of w; into Ng(A).

Remark 3.6.1. Since w € W is regular 9-elliptic if and only if h*>? = {0} and (wx 1) acts freely on ®, the regular ¥-elliptic
elements of W correspond to partitions of the form (d, d, ..., d,d, 1) where d € Zs; is odd and divides /-1 or (e, e, ..., €)
where e € Z1 is odd and divides ¢

We wish to calculate the characteristic polynomial, gy, of the linear map 7; € Hom(sl,, sly) defined by T;(X) =
Ad(n))d(X) = —Ad(ngJ)(XT) = - Ad(7z)(XT). Since ¥ o Ad(g) = Ad(9¥(g)) o ¥ for all g € GLy, it follows that
Gng = Qgny9(g1) for all g € SL,.

Lemma 3.6.2. We have

1 L u - cm C
qnz(t)z_t+1.(Ijl(tg”+1))-(ljl(t2£f—1)(57 1>/2).( G <ep,ea>_1)gd<zp,ea>).

1<p<o<u

Proof. By identifying the standard ordered basis of C* with (eer+1,€042,- -, €0 40,1, €11 40, ) We have an embedding of
GLy, into GL,. Under this identification, we think of ¢, as being an element of GLy, , and hence 71; € I1,_, GLy,. Note
that the image of ¢, in the Weyl group of GL,, is a Coxeter element, hence has order ¢, in this Weyl group.

For 1 < p,0 < pu we define the block B, , to be the vector subspace of sl, consisting of matrices X for which X;; # 0
if and only if 4 € {£), +1,€,+2,..., 0, + €, — 1} and j € {€, + 1,0, +2,..., 0, + {, — 1}. We let Sy denote the sum of
diagonal blocks, that is So = ¥ 1<,<,, Buy. We identify Sp with the Lie algebra of the group of determinant one matrices in

t_1GLy,. For 1 < p <o < pu, we define the vector subspace Sy, of sly by Sys = Byo + Bop. If we think of GLy, xG'Ly,
as a subgroup of [1%_, GLy, c GLy in the natural way, then .S, is a (GLg, xG Ly, ) x 9'-module where 9'(X) = -XT,

Treating sl as a ([1%_; GLy, ) x ¢¥'-module, we have

slp =5y @ @ Spo’-
1<p<o<p
The polynomial gy, is the product of the characteristic polynomials for the action of 72; x ¥’ on each of the (p? — ;1)/2+1
summands above. We now calculate these characteristic polynomials.

The (GLg, x GLy,) » 9'-module S,, is also an A-module and, as such, may be written as a direct sum of root
spaces. The image of c,c, x 9’ in the twisted Weyl group of (GLg, x GLg,) » ' acts freely on these roots, with or-
bits of size 2lcm(4,, {,). Since the dimension of S, is 2¢,¢,, there are gcd(¥¢,, {,) of these orbits. Since the image of
(cpco )™ fa) in A is trivial, it follows from Lemma 1.2.1 that the characteristic polynomial of Ad(c,c,) % ¥', hence of
Ad(ny) ¥, acting on S, , is (121em(lpte) _ 1)ged(lp lo)

We now calculate the characteristic polynomial for the action of 72; x 9" acting on Sp. Since ;% ¥’ fixes the center of
gl , this characteristic polynomial is equal to % times the product for 1 < v < 4 of the characteristic polynomials for the
action of ¢, x 9 on gl, . Since the transpose operation is trivial on 9, the set of diagonal elements in gl, , the action of
¢, » ¥’ factors through to an action of w, x —1 where w,, is a Coxeter element in W,, the Weyl group of GL,, . Thus the
characteristic polynomial for the action ¢, x ¥ on 9, is (t + 1). The image of ¢, x ¢ in W, x ¢’ acts freely on the roots
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of GLg, with respect to A. Since the orbits for this action have 2/, elements and the dimension of gly, /0, is /2 1,, there
are (£, — 1)/2 of these orbits. Since 2 is trivial, it follows from Lemma 1.2.1 that the characteristic polynomial for the
action ¢, x ¥ on gl (C)/d, is (¢3* —1)(*»=1)/2_ Thus, the characteristic polynomial for the action of ny» 19" acting on Sy

is % T (% + 1) [T, (£ - 1)E=D/2, )

Lemma 3.6.3. If Cand U are two partitions of £ with In; = qny,> then (=7

Proof. Recall that lisa partition of £ into odd parts. List out all the roots of ¢,,, and call the list S. The list S has dim(g)
entries. There exists an m € N so that every element of S looks like &5, where &2y, is a fixed primitive (2m)™ root of
unity and v € N. Choose the largest odd 4 € N for which there exists a primitive (2h)™ root of unity, call it £, in S with the
property that every power of £ occurs in S. For such a £ remove one copy of each power of £ from .S — note, we are only
removing 2h elements from S. Continue this process until it cannot be repeated — that is, until the list S consists of roots
of unity & such that ¢/ is not in .S for some j. The number of times this process can happen is equal to the number of times
one appears as a root of gy,
There will be £ — 1 roots remaining, and these will be the roots of

1 £
3.64 -t::—||t”+1.
( ) pg( ) 1 1/:1( )
That is, this algorithm recovers p; from gy, and hence it recovers /. [

By construction, we have gy, = Qo p9(o-1) for all « € G. Since any two lifts of a J-elliptic element in W to elements

in Ng(A) x 9 are ¥-conjugate by an element of A, we conclude from Lemma 3.6.3 that two ¥-elliptic elements of TV are
9¥-conjugate in W if and only if their lifts into N (A) are ¥-conjugate in SL,.

3.7. Injectivity of 1 for type 2Dy, | with £ > 2. Let G = SOq,2 and let g be 509y, realized as in Section 3.5. We take A
to be the diagonal matrices in G and B to be the upper triangular matrices in G. We realize V, ®, and A as in Section 3.5.
In particular, the elements of A are

Q1 =€1—€2,02=€62—€3,...,04_1 =€p_1 —€¢,0p =€y —Cpy1, pt1 = €7t €441.

Let J be the (2¢ + 2) x (2¢ + 2) matrix such that J;; = 1 fori # £ + 1,0+ 2, Jy41 012 = Jrr2,041 = 1, and all other entries
are zero. Then J € Ogy,9. We define an involution ¥ on g by 9(X) = JX J.
For 1 < k < ¢ we define s € SOgp,5 to be the (2¢ + 2) x (2 + 2) matrix such that

i=jandi¢ {k,k+1,20-k+3,20-k+2}
i+jandi,je{k k+1}
i+jandi,je{20-k+2,20-k+3}
otherwise.

(sk)ij =

O = = =

The image of the order two element s in W is the simple reflection corresponding to .. For 1 < k < £+1 define ¢ € Ogy9
by
Uk = Sk Sk+1 " Sk+2 " Se-2°Se-1"8¢+J ~ S+ Sg-1+Sp-2" " Sg41 - Sk-
Note that tp,1 = J. R B
The J-elliptic conjugacy classes in W correspond to partitions ¢ = (¢, > £,,_1 > --- > {1) of £+ 1 where y is odd [12,
7.20]. Fix such a partition. Recall that for 1 < v < p we define ), = {1 + lo + --- + £,,_1. We define N to be the product
C1-Ca - Cy where Cy = 801418042 S0 44,1 -tg;/+gu. Thus

"
iy =[1(se 1 se2 - Seve,-1 -t 10,).
v=1

Let O denote the ¥-conjugacy class in W of the image of n; = n;J in W. The correspondence (<~ Oy defines a bijective
correspondence between partitions of £ + 1 with an odd number of parts and ¥-elliptic ¥-conjugacy classes in W.
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Remark 3.7.1. Since w € W is regular ¥-elliptic if and only if h***¥ = {0} and (w x ¥ acts freely on ®, the regular
J-elliptic elements of W correspond to partitions of the form (d,d, ..., d) where d € Zs; divides ¢ + 1 and erTl is odd or
(e,e,...,e,e,1) where e € Zs; divides £ and g is even.

Any element g € SOs,9 acts on C2**2 by matrix multiplication. The characteristic polynomial, call it qq» of gJ with
respect to this action is an SOg¢.,2-conjugation invariant polynomial, hence qg = g,49(,-1) for all g,z € SOgp42. Using
Lemma 1.2.1, one finds that

n, (t) = f[l(t% -1).

If £ and ¢ are two partitions of ¢ for which the associated elements n; and n; of Ng(A) are ¥-conjugate in G, then we
have ¢, = qy,,. The only way this can happen is if £ = 0.

Since any two lifts of an elliptic element in W » ¢ into N¢g(A) x ¥ are A-conjugate, we conclude that two ¥-elliptic
elements of TV are J-conjugate in W if and only if their lifts into N (A) are ¥-conjugate in SOqp, 5.

3.8. Injectivity of ¢ for the remaining types of groups. Suppose G is a simple adjoint group of type Fy, Ga, Eg, E7,
Eg, 3Dy, or °Es. An inspection of the tables in [ 1, Section 9] shows that the map ( is injective. Since G is adjoint, we know
X¢ 1s bijective. Since ( = xg o ¥g, we conclude that )¢ must be injective.

From Lemma 3.1.1 we conclude that ¢ must be injective independent of the isogeny type of G. In particular, ¢ is
injective when G is an almost-simple group of type Fy, Go, Fg, Ev, Fs, 3Dy, or 2E6.

4. KAC DIAGRAMS FOR ¥-ELLIPTIC CONJUGACY CLASSES IN W

In this section g is a simple complex Lie algebra and G is a semisimple complex group with Lie algebra g. Suppose the
pinned automorphism ¢ has order f.

4.1. Notation for Kac diagrams. We begin by recalling the setup of [20] for Kac diagrams.

Let (Wa)aea € V = X, (A) ® R be the fundamental coweights with respect to A. That is, Wo () = dqp for a, 3 € A.
Here 0, = 1 if a = 3 and is zero otherwise.

For a € ® = (G, A), define & = resy s a and set 7, = 3. 3 where the sum is over those 3 € ® such that 3 € Ryga. The
set @y := {7, | € B} is the reduced root system for GV with respect to A”. The set Ay = {7, | € A} is a basis for
with respect to GV, BY, and AV. If 9 is nontrivial, then |Ay]| < |A].

The Weyl group Ngo(A) /A19 is WY, and V7 is the reflection representation for W7, As before we have an affine
simplicial decomposition of V7, and the set of simple roots Ay determines a unique alcove Cyy that contains the origin of
V. Note that Cy n C¥ # &, and it can happen that Cyy is not C.

4.1.1. The constants b, and c,. Let 7 denote the highest root in ®y with respect to Ay and write Yo = ¥ en, ¢y for
¢y € Zsp. The constants ¢y may be found in [2, Planche I — IX].
For v € Ay choose o € A such that y = y,. Let |y, denote the size of the ()-orbit of «v and set

1
fiy = = > Vg,
fis
For v € Ay we define b, € Z( by requiring
by f
fir(p) = —— =0
Y cy |,)/|19 P

for all p € Ay. If ¥ is trivial, then A = Ay, f =1, 7|19 =1, and fi, = @, for all 7 € Ay = A. It follows that b., = ¢, for all
v € A. If ¥ is not trivial, then the constants b, may be found in, for example, [20, Table 2]. Whenever we need to know the
values of b, we will provide them.

If we define o = 1 -, then Ay = AU {0} is a basis with respect to Cyy for the affine roots determined by G and A”.
We set ¢, = by, = 1.
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4.1.2. Kac diagrams. As discussed in the introduction, if g € G has order m, then g determines a point, call it z4, in the
closure of Cy. A Kac diagram is a labeling of the affine Dynkin diagram that encodes the location of this point. We explain
how this works.

Let (v |y € Ay) denote the vertices of Cjy. We let v, be the origin and then

s .
= — - ’LL’Y
by f
for v € Ay. Every element x in the closure of Cy may be written in barycentric coordinates as

xXr = Z 337“7
76519

Uy

where )’z =1 and z > 0 for all 7. From, for example [20, Theorem 3.7], these conditions imply the existence of s, € Z5
such that

f f 1 .
4.1.1) Tg == D7 Syby vy = 3 syby vy =— 3 sy [yl iy
m ’yEAg ’YEAﬂ ’yEAg
We will also have
(4.1.2) m=f > syby.
vely

The list (s, |7 € Aqg) determines a Kac diagram attached to g as follows. First, remove any factors that are common
to all of the s, so that we may assume that the s, are relatively prime. Then label the node in the affine Dynkin diagram
corresponding to v € Ay with the corresponding non-negative integer s .

Remark 4.1.3. Suppose we are given a Kac diagram for GV with labels (s |7 € Ay). If we define m using Equation 4.1.2
and these s., then Equation 4.1.1 determines a point in Cly.

Remark 4.1.4. If G is adjoint, then the s, are automatically relatively prime and constructing an element g from a given
Kac diagram is straightforward. However, if G is not adjoint, then the condition that the labels of the Kac diagram be
relatively prime is often too restrictive — there may not even be an element of order m = f )" s,b in G. In this case one
can first construct an element in the adjoint form of G and then lift this element into G.

Remark 4.1.5. In this paper we restrict our attention to finite order elements of G that normalize A and have J-elliptic
image in W. Let n be such an element, and assume it has order m. Let £ be a primitive m*” root of unity. In this case,
there exists A € X, (A”) such that n is 9-conjugate to A(£) and the point z,, € Cy is equal to A/m (see, for example, [5,
Lemma 3.5.1]). From Equation (4.1.1) we must have X\ = ¥ ca, 54 Y]y - iy With s, |y > 0. In terms of the explicit
realizations of G we have adopted, this means that this A must look like

A(t) = Diag(t*,t,...)
for a; € Z with a1 > ag > ---.
Remark 4.1.5 will be used repeatedly in Sections 4.2 — 4.7.

4.2. How to create the Kac diagram for the elliptic conjugacy class in T for A,_; with ¢ > 2. We adopt the notation
of Section 3.2. As discussed earlier, there is only one elliptic conjugacy class in the Weyl group. We will show how to
construct the Kac diagram associated to this elliptic conjugacy class. We adopt the notation of Section 3.2.

Since ¥ is trivial, we have f = 1. We take the simple roots v in Ay = A to be the roots v = a for 1 < k < £. For
coweights we take fi; = eq +eg + - +e;— t(ep +eg+-+eg) for 1 <i < L.

The affine Dynkin diagram is

o Al
00
for ¢ = 2, and it is
Ba! V2 Ye-2  Ye-1
@)
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for £ > 2. We have by, = ¢, = 1 for 0 < k </, so the b, are given by the diagram
11

for ¢ = 2, and by the diagram

for ¢ > 2.
The elliptic-conjugacy class in T corresponds to the partition (¢) of £, and we constructed a representative ne) for

this conjugacy class in Section 3.2. The characteristic polynomial of n . with respect to its natural action on Ctis
NS t! + (~1)*. We need to consider two cases.

4.2.1. Lis even. Since { is even we have gy, (t) = t* + 1. Let m = 2¢ and let £ be a primitive m™ root of unity. We have

02
gy (1) = [Tt =€) (8 - D),
a=1
Guided by Remark 4.1.5 we create the length ¢ decreasing list (¢ — 1,/ -3,...,3,1,-1,-3,...,—(¢ — 1)). Denote

by o; the 7™ item in this list to obtain a decreasing list (o1 > o9 > 03 > -+ > 04y > 0y). The element dey =

Diag(£71,£%2,...,£%¢1,£°9) in SLy has characteristic polynomial g, @ for its standard action on C*.

Since the linear factors (¢ — £97) for 1 < j < £ must occur in g, 0> We conclude that, up to the action of W, d(y) is the
unique element of A that is G-conjugate to ny).

We can now read off the Kac diagram for nyy from d(4). Note that d(,) = A (&) where

)\(g) =201 + 202+ ...+ 2fp-1.
Since ||, is 1 for all v € Ay and

L. 3 y
Aoy/m = —[2f1 + 2/ + ... +2f1-1],

.l
from Equation 4.1.1 we conclude that the s, are all 2 for v € A. In order to satisfy Equation 4.1.2 we must also have
54, = 2. Dividing all terms by 2, we have:

Lemma 4.2.1. The Kac diagram for the elliptic conjugacy class in a group of type Ay_1 with £ > 2 even is the same as the
diagram for b, above.

Example 4.2.2. In Figure 1 for groups of type A; we show the location of the vertices vy and v; of the fundamental alcove
as well as the point determined by \(9)/4. The Kac diagram for n9) is <=1,

o ° o
Vo Ay vy
i

FIGURE 1. The location of the point determined by A 9) /4 for groups of type Ay

4.2.2. Lis odd. Since { is odd we have gy, (t) =t — 1. Let m = £ and let & be a primitive m™ root of unity. We have

(e-1)/2
QTL(g)(t) = (t_]') H (t_é‘a)(t_é'*fl).
a=0
Guided by Remark 4.1.5 we create the length ¢ decreasing list ((¢ - 1)/2,(¢-3)/2,...,1,0,-1,...,—-(£ - 1)/2). De-

note the " item in this list by o; to obtain a decreasing list (o1 > 09 > 03 > -+ > 04_1 > 0y). The element d(g) =
Diag(£71,£92,...,£%¢1,£°9) in SLy has characteristic polynomial Gn,,, for its standard action on C*.

Since the linear factors (¢t — £97) for 1 < j < £ must occur in g, (> We conclude that, up to the action of W, d(y) is the
unique element of A that is G-conjugate to ny).
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We can now read off the Kac diagram for nyy from d (. Note that d(y) = Ay (§) where
Ay = Pa + fig + ..+ L1
Since ||, is 1 for all v € Ay and

1

from Equation 4.1.1 we conclude that the s, are all 1 for v € A. In order to satisfy Equation 4.1.2 we must also have
84, = 1. Thus, we have:

Lemma 4.2.3. The Kac diagram for the elliptic conjugacy class in a group of type Ay_1 with £ > 3 odd is the same as the
diagram for by above.

Example 4.2.4. In Figure 2 for groups of type Ao we show the location of the vertices vg, v1, and vy of the fundamental
alcove as well as the point determined by A 3) /3. The Kac diagram for n(3) is 1 \T/ 1

V2

[ ]
A3)

3

Vo U1

FIGURE 2. The location of the point determined by A 3) /3 for groups of type A,

4.3. How to create a Kac diagram for n; for B, with / > 3. We adopt the notation of Section 3.3. Fix a partition lof ¢.
We will show how to construct the Kac diagram for n;.

Since 9 is trivial, we have f = 1. We take the simple roots v in Ay = A to be the roots 3 = ap for 1 < k£ < £. For
coweights we take fi; = ey +ea +---+e; for1 <i < /.

The affine Dynkin diagram is

Moo 08 Ye-2 Ye-1 Ve
O—0—0— - —0—0=0
O
We have b,, = c,, for 0 <k </, so the b, are given by the diagram
1—2—2—2— " —2—2 =2
1

A Kac diagram describes a diagonal matrix in SO, that is G-conjugate to n;. Thus, we want to find a diagonal matrix
in SO4y,1 such that its characteristic polynomial for the standard action on C*+! is

o
ang(8) = (t = (~1)") - TT(#* - 1).
v=1
Let m = 2lem(¢1,42,...,¢,) and let £ be a primitive m™ root of unity. We have

I M 4,-1
()= (¢ = (1) [T = 1) = (= (1) TT - (D) T (=m0 (e - g,

ay=
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Guided by Remark 4.1.5 we create a length ¢ decreasing list as follows: order the positive integers ma,, /2¢, in decreasing
order, then pre-append [ /2] copies of m/2 and post-append | /2| zeroes. We thus obtain a list (o7 > 03 > 03 > -+ >
o¢-1 > 0y). The element d; = Diag(£7,£92,...,£7¢1,£7¢,1,£79¢, 67701, 792,791 ) in SOgy41 has characteristic
polynomial g, for its standard action on C2%*1, Since the linear factors (¢ — (1)*) along with (¢ — £%) and (¢t — £799) for
1 < j < £ must occur in ¢y, we conclude that, up to the action of W, dj is the unique element of A that is G-conjugate to
ng.
We can now read off the Kac diagram for n; from d;. Note that d; = \;(§) where
Ap= (01 =02)fin + (02 = 03) fig + - + (04-1 = 0¢) fle-1 + Tyfle-

Since ||, is 1 for all v € Ay and

1 y y y y
Ag/m = %[(01 — o) + (09— 03) i + -+ + (0p—1 — 0¢) fu—1 + O¢fie],

from Equation 4.1.1 we conclude that the s, = 0¢ and s, = 0y, — 041 for 1 <k </ —1. From Equation 4.1.2 we conclude
that s,, = m — (o1 + 02). Remove any factors that are common to all of the s, for ~y € A and label the extended affine
Dynkin diagram with the resulting s.

We have proved:

Lemma 4.3.1. Fix a partition { = (bpsly-t,. ... 0o, 01) of £ > 3. Let m = 2lem(¥y,0o,...,¢,). Append [11/2] copies
of m/2 and |1/2| copies of zero to the list (a,m/2¢, |1 <v < pand1<a, <{,—1) and then place the elements of the
resulting list in decreasing order: (o1 > 09 > 03 > -+ > 0y_1 > 0y). After removing any factors that are common to all of
the labels, the Kac diagram for n; in a group of type By with £ > 3 is given by

01— 02

= 0y

09 — 03
|
03— 04
|
04— 05
O¢-1—0y

O¢-2—0y-1

\
/
m— (o1 +02)

Example 4.3.2. As an example, here is the diagram for n5 4 4. 1) in SO29.

0o—4—1—0—3—2—0—2—3—0—1—4—0=0

0

The results here agree with those found in the table in [19, Section A.3]. The partitions (in the notation of [19, Section
A.3]) for the Kac diagrams appearing there are (from top to bottom): (n), (n/2,n/2) for neven, (n/k,n/k,n/k,... ,nj/k,n/k)
for k > 2 even and k divides n, and (n/k,n/k,n/k,...,n/k,n/k) for k > 1 odd and k divides n. The final two partitions in
the previous sentence are identical and this correspondence between Kac diagrams and partitions agrees with [2 1, Table 12].
From Remark 3.3.1 these partitions correspond to the regular elliptic elements in a Weyl group of type B,,.

4.4. How to create a Kac diagram for n; for C;, with ¢ > 2. We adopt the notation of Section 3.4. Fix a partition lof ¢.
We will show how to construct the Kac diagram for n;.

Since 9 is trivial, we have f = 1. We take the simple roots v in Ay = A to be the roots v = o for 1 < k£ < £. For
fundamental coweights with respect to our basis we take fi; = e + €2 +---+¢; for 1 <i < fand fip = 1/2(eq +ea + -+ €p).
The affine Dynkin diagram is

Yo ga! Y2 Ye-2 Ye-1 Ve
O=>=0—0—++ —0—0 <=0
We have b,, = c,, for 0 < k </, so the b, are given by the diagram

1=2—2— - —2—2<«1
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A Kac diagram describes a diagonal matrix in Spy, that is G-conjugate to n;. Thus, we want to find a diagonal matrix
in Spy, such that its characteristic polynomial for the standard action on C% is

I
Qng(t) = H(tﬂy + 1)'
v=1

Let m = 4lem(4y,42,...,£,); this is the order of n;. Let  be a primitive m™ root of unity. We have

uo by
an(t) _ H H (t _ €(2al,—1)m/4fy))(t _ 5—(2a,,—1)m/4€1,)).

v=1a,=1
Guided by Remark 4.1.5 we create a length ¢ decreasing list as follows: order the positive integers (2a, — 1)m/4¢, for
1<v<pandl<a, <4, in decreasing order. We thus obtain a list S = (o1 > 09 > 03 > -+ > 0y_1 > 0¢).

The element d; = Diag(§7",£72,...,§7¢1,£7¢,£77¢, 7961, ... ,§772,£771) in Spy, has characteristic polynomial gy,
for its standard action on C?‘. Since the linear factors (¢ — £°7) and (¢t — £79) for 1 < j < £ must occur in Gn;» We conclude
that, up to the action of W, dj is the unique element of A that is G-conjugate to 7.

We can now read off the Kac diagram for n; from d;. Note that d; = \;(§) where

Ap= (o1 -02)fin+ (02— 03)fia + ...+ (001 = 0¢) fie-1 + 200flp-

Since ||, is 1 for all v € Ay and
1
Az/m = E[(O'l - 0'2)/21 + (02 - Ug)ﬂg +...+ (O'g_l - Uz)ﬂg_l + 20’[}15],

from Equation 4.1.1 we conclude that s.,, = 204 and s,, = (0} — op41) for 1 <k < ¢ —1. The coefficient s, = m — 207 is
derived using Equation 4.1.2. Remove any factors that are common to all of the s, for 7 € A and label the extended affine
Dynkin diagram with the resulting s.

We have proved:

Lemma 4.4.1. Fix a partition { = (U ly—ty ... o, 0) of £ > 2. Let m = 4lem(y,0a,...,¢,). Take the list ((2a, —
1)m/4¢, |1 <v<pandl < a, <{,) and place the elements in decreasing order: (o1 > 09 > 03 > -+ > 0y_1 > 0¢). After
removing any factors that are common to all of the labels, the Kac diagram for nj in a group of type Cy with £ > 2 is given
by

=20y

m — 20’1
01 — 02
02— 03
0¢-2—0¢-1
0¢-1—0y¢

Example 4.4.2. As examples, here is the diagram for g 5 2y in Spag
0=1—9—0—3—7—5—5—T7T—3—0—9—1 <10
here is the diagram for n(5 1) in Spg
2=1—1<«<2
and here is the diagram for n3) in Spg

l1=1—1<=1

Example 4.4.3. In Figure 3 for groups of type C we show the location' of the vertices vy, v1, and vo of the fundamental
alcove as well as the points determined by A;/m. The Kac diagram for (2) is 1 = 1 < 1 and the Kac diagram for

(1,1)is 1 = 0 < 1.

INote that the (weighted) barycenter for C is different from that of 243 and 2D — see Figures 4 and 6.
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V2

Vo U1

FIGURE 3. The location of points determined by A; for groups of type Cs

During the publishing process, a typo was introduced in the table in [19, Section A.4]. For the case k | n and k > 1 the
Kac diagram should have a 1 on the g node; that is, it should be

(k —1) zeroes (k —1) zeroes (k —1) zeroes
PN N PN
1-=0—0""0—1—0—0""0—1""1—0—0 " 0<=1
where there are n/k strings of k — 1 zeroes. With this change, the partitions (in the notation of [19, Section A.4]) for the
Kac diagrams appearing there are (from top to bottom): (n) and (n/k,n/k,n/k,...,n/k,n/k) with k > 1 and dividing n.
This correspondence between Kac diagrams and partitions agrees with [21, Table 13]. From Remark 3.4.1 these partitions
correspond to the regular elliptic elements in a Weyl group of type C;,.

4.5. How to create a Kac diagram for n; for D, with £ > 4. We adopt the notation of Section 3.5. Fix a partition lof ¢
with an even number of parts. We will show how to construct the Kac diagram for n;.

Since 4 is trivial, we have f = 1. We take the simple roots v in Ay = A to be the roots v = ap for 1 < k£ < £. For
fundamental coweights with respect to our basis we take ji; = ey +eg+--+e;for 1 <i < -2, iy_1 =1/2(ex1 +eg+--€p_o+
er-1—eg),and jig = 1/2(e1 + eg + ---ep_o + e4_1 + €¢). The affine Dynkin diagram is

Ba! 72 73 Ye-3 Ye-2  Ye-1
oO—Oo0o—O0—+++ —O0—0—O0
O Y O Ve

We have b,, = c,, for 0 <k </, sothe b, are given by the diagram
l1—2—2— —2—2—1

1 1

A Kac diagram describes a diagonal matrix in SOq, that is G-conjugate to n;. Thus, we want to find a diagonal matrix
in SOy such that its characteristic polynomial for the standard action on C% is

4y (1) = H (12 - 1).

Let m = 2lem(¢y, £2,...,£,) and let  be a primitive m™ root of unity. We have
1 p 6,-1
qnz(t) = H(t%y -1)= H(t ~1)(t+1) H (t- gmau/Qeu)(t _ g—mau/%u).
v=1 v=1 ay=1

Guided by Remark 4.1.5 we create a length ¢ decreasing list as follows: order the positive integers ma,, /2¢, in decreasing
order, then pre-append /2 copies of m/2 and post-append /2 zeroes. We thus obtain a list (o1 > 09 > 03 > -+ > 0p_1 >
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o¢). The element d; = Diag(£7t,£72,...,£7¢1,£7¢,£79¢, 67701, ,£792,£791) in SOg has characteristic polynomial
qn, for its standard action on c?,
Since the linear factors (¢ —¢£?7) and (¢ - §77) for 1 < j < £ must occur in gy, we conclude that, up to the action of W,

dj is the unique element of A that is G-conjugate to n;.
We can now read off the Kac diagram for n; from d;. Note that d; = A\;(£) where

A= (o1 —02)fir + (02 —03)fig + ...+ (0p—2 — 0p_1) fig—2 + (0¢-1 — 0¢) fro—1 + (Op—1 + O¢) fig.

Since ||, is 1 for all v € Ay and
1 y y y y y
Ag/m = E[(Ul —09)in + (02 = 03)fiz + ... + (0p-2 = 0p-1) fe-2 + (04-1 = 0¢) flg-1 + (Op-1 + 00) fir ],

from Equation 4.1.1 we conclude that s, = 0y_1 + 0y and s,, = (0 — ok41) for 1 < k < £ —1. The coefficient s., =
m — (o1 +02) is derived using Equation 4.1.2. Remove any factors that are common to all of the s, for 7y € A and label the
extended affine Dynkin diagram with the resulting s.,.

We have proved:

Lemma 4.5.1. Fix a partition { = (L ly=1s- -, 2, 01) of £ > 4 with ji even. Let m = 2lem(4y, 4o, ..., ¢,). Append /2
copies of m/2 and 11/2 copies of zero to the list (a,m[20, |1 <v < pand 1< a, <¥, - 1) and then place the elements of
the resulting list in decreasing order: (o1 > 09 > 03 > --- > 0y_1 > 0y). After removing any factors that are common to all
of the labels, the Kac diagram for nj in a group of type Dy with £ > 4 is given by

01— 02 O¢-1—0y¢
™ [a\] —
T~& § ¢ g & &
| — 1 — | — — 1 — 1 —
o~ o < < o) ™
/b S S < < w'\
s} e} o}

m— (o1 +02) Op-1+0y

Example 4.5.2. As an example, here is the diagram for n(s 4 4 1) in SOss.

0—4—1—"0—3—2—0—2—3—0—1—4—0

0 0

Many Kac diagrams for type D, appear in the literature. The results here agree with those found in [3]. For 0 < k < ¢/2
the Kac diagram of the conjugacy class of n,_y, 1), which corresponds to the label Dy(ay_1) in the notation of [4], may
be extracted from [24, Appendix B], and our results agree with the results found there. They also agree with those found
in the table in [19, Section A.5]; the partitions (in the notation of [19, Section A.5]) for the Kac diagrams appearing there
are (from top to bottom): (n - 1,1), (n/2,n/2) for n even, (1,1,1,...,1,1) for n even, (n/k,n/k,n/k,...,n/k,n/k)
for 2 < k < n even and dividing n, and ((n - 1)/k,(n-1)/k,(n-1)/k,...,(n=1)/k,(n-1)/k,1) for1 <k <n-1
odd and k dividing (n — 1). This correspondence between Kac diagrams and partitions agrees with [21, Table 14]. From
Remark 3.5.1 these partitions correspond to the regular elliptic elements in a Weyl group of type D,,.

4.6. How to create Kac diagrams for A,_; with ¢ > 3. We adopt the notation of Section 3.6. Fix a partition ? of ¢ for
which all parts are odd. We will show how to construct the Kac diagram for n; x 4.
Note that ¥ acts on R by 9((x1, 22, ...,2¢)) = (¢, —~T¢_1, ..., —22,—x1 ). Thus, the fixed points in V are

(xlax27ﬂj37 ceey —I3, T2, —551).

If £ is odd, then the ((£+ 1)/2)" coordinate must be zero. In either case, we can restrict our attention to the first | £/2]
coordinates and identify V" with RL¢/2.
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4.6.1. How to create Kac diagrams for ?A,_1 with £ = 2n > 4. Suppose ¢ = 2n is even.

We have f =2 and V¥ = R™. We can take the simple roots v in Ay to be the roots yj, = resys 2ak =2(ag — ka) for
1<k <nand v, =resys o, = 2x,. The fundamental coweights with respect to our basis are ji; = 5 (61 +eg+ - +e;) for
1 <4 <n. For n > 3, the affine Dynkin diagram is

71 Y2 73 -2 Tn-1 TIn
O—O0—O0— =+ —0—0 < 0
O Y0
and the b, are given by the diagram
1—2—2—2— —2—2 <1
1

If n = 2, then A3 @ D3 with ¢ acting by an automorphism of order two. In this case the affine Dynkin diagram is

Yo 20N

O<=0=20
and the b, are given by the diagram

l=1=1

Since each ¢, is odd and ¢ = 2n is even, we must have that y is even. Let m = 2lem(¢y,4s,...,¢,), and let £ be
a primitive m" root of unity. Create a length n list of positive odd integers by appending 11/2 copies of m/2 to the list
((2a,-1)m/2¢,|1 <v < p, 1<a, <¥¢,/2). Place the items on this length n list into decreasing order: (o1 > o > -+ > 0y,).
We fix a square root £ 112 of & and consider the diagonal matrix

d;= Diag(£a1/27502/2’ o 750’71/275—0'71/275—0'71—1/2’ N 75—01/2)'

Note that d; belongs to AV,
In Lemma 4.6.5 we prove that d; is ¥-conjugate to n;. Assuming this, we now read off the Kac diagram for n; from d;;.

Note that d; = A\;(§) where
)‘E = (01 - 02)/11 + (02 - U3)ﬂ2 +...0t (Un—l - Un)ﬂn—l + Opfin-

Since |yn|y = 1, |vk]y =2 for 1 <k <n, and
1
)\Z/m = E[Z (0'1 —0'2)/2';21 +2- (0'2 —0'3)/2'[LQ +...+2- (Un—l _Un)/2'/1n—l +0p [Ln],

from Equation 4.1.1 we conclude that s, = 0, and s, = (0 —op41)/2for 1 <k <n-1.

Using Equation 4.1.2 we have that the coefficient s.,; is (m — (o1 + 02))/2. Remove any factors that are common to all
of the s, for v € A and label the extended affine Dynkin diagram with the resulting s..

We have proved:

Lemma 4.6.1. Fix a partition { = (s ly—ty ... o, 00) of £ = 2n with £, odd for 1 < v < pandn > 2. Let m =
2lem(fly,4a,...,¢,). Append ]2 copies of m/2 to the list ((2a, —1)m/20, |1 <v < pand 1< a, < {,/2) and then place
the elements of the resulting list in decreasing order: (o1 > 09 > 03 > +++ > 0p_1 > 0y ). After removing any factors that are
common to all of the labels, the Kac diagram for n; x 0 in a group of type 2Agp_1 = 2A,_1 is given by

(01 -02)/2

(0'2—0'3)/2
(0'3-0'4)/2
(04—05)/2

\
/

(m—(o1+02))/2
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when n > 2 and by

N

~

~

~ [a\]

S =
N

+

o =02 = Ib

o}

N— —

| e}
N—

£

whenn = 2.

Example 4.6.2. As an example, here is the Kac diagram for n(7 5 5 3) in (twisted) SLgo.

0—15—6—0—9—5—7—0—3 <15

0

Example 4.6.3. In Figure 4 for groups of type 245 we show the location of the vertices vg, v1, and vy of the fundamental
alcove as well as the points determined by A;/m. The Kac diagram for (3,1)is 1 <= 1 = 1 and the Kac diagram for

(1,1,1,1)is 0 = 1 = 0.

A(1,1,1,1
0 ‘1)2: 5 )

FIGURE 4. The location of points determined by A; for groups of type 2A5

The results of this section agree with those found in the table in [19, Section A.2]; the partitions (in the notation of [19,
Section A.2]) for the Kac diagrams appearing there are (from top to bottom): (2n —1,1), (1,1,1,...,1,1), (n,n,1) for
odd n, (d,d,d,...,d,d,1) with d odd appearing 2k — 1 times where d - (2k — 1) + 1 = 2n, and (d,d,d,d,...,d,d) with
d odd and appearing 2k times where kd = n. This correspondence between Kac diagrams and partitions agrees with [21,
Table 11]. From Remark 3.6.1 these partitions correspond to the regular ¥-elliptic elements in a twisted Weyl group of type

2
Agp-1.

4.6.2. A proof of Lemma 4.6.5. Recall that £ = 2n, so we are looking at 2A,,_;.
The proof involves a bit of notation. For 1 <,k < ¢let E(i,j) denote the £ x £ matrix in gl, such that £(%, j),c = 0ir0jc.
If either i <m and j > nori >nand j < n, then ¥(E;;) = Ey_ji1-i+1. Otherwise, we have V(Esj) = —Ey_ji1 p—is1-

Lemma 4.6.4. The characteristic polynomial of Ad(dj) o ¥ acting on sl is

1 £ k - cm C
qnz(t) =7 (El(tfv + 1)) . (TH:l(t% _ 1)(& 1)/2) . ( I1 (t%! (Lorte) _ 1)8 d(ep,&o))_

1<p<p<p
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Proof. We have that ¢ = 2n, m = 2lcm(41,0o,...,£,), and £ is a primitive m™ root of unity. We first define a diagonal
element d% that has the same entries as d;, but is more amenable to computation.

d% - Diag(é(ZH—Q)(m/ZMu)’E(ZH—4)(m/4€H), o ’63(m/4éu)’€m/4ﬂu’
5(5#,1—2)(m/4€u,1) , 5(6“,1—4)(m/4ZM,1)’ . 753(7”/4[#*1)’ é"ffL/M;kl7

(U=2)(m/at) ((Li-1)(m/atr)  (3(mfar) em/als
gm/47 Y gm/4, g—m/4, s 7€_m/47
5—771/4(1 ’ 5—3(771/4(1), o ’5—((1—4)(771/451)’E—(Zl—Q)(m/4f1),
5—m/4€#,1 , 5_3("1/4(#*1)’ . 75—“#*1_4)("5/4(#*1)7 g—(fufl_Q)(m/Mufl)’
é‘*m/‘uu , 5*3(7”/4[#)7 . 7{‘*(5#*4)(7”/45#)7 57(2#72)(711/46#)).

In the middle of the matrix there are 11/2 copies of €™ followed by /2 copies of ™4 Since d;, is W"-conjugate to

dy, it is enough to compute the characteristic polynomial of Ad(d%) o 1} acting on sly. Thus, it is enough to show that the
characteristic polynomial of Ad(d%) o ¢} acting on gl, is

(t + 1) . qnz(t) = (ﬁ(teu + 1)) . (Iﬁ[(t%T - 1)@7_1)/2) . ( H (t2lcm(£m€<ﬁ) _ 1)gcd(€p,€¢)) )
v=1 T=1

1<p<p<p
For 1 < i < ¢, define d] by (d;;)n‘ = ¢% . That is, the power of & appearing in the i™ diagonal element of d% is d;. Note
that d = —dj_,, .
For 1 < i < £ we have (Ad(d%) 0o 9)E(i,0 —i+1) = £2%E(i,{ —i+1). Thus, the vector space U, of anti-diagonal
elements in gl, is (Ad(d%) o 1})-stable and the characteristic polynomial for the action of Ad(d%) oY onU, is

V4 , 14 (eu_l)/2 X . K
H(t _ §2di) — (t _ gm/?)u . H H (t _ 5(22—1)(m/2&,))(t _ 5—(21—1)(771/25,,)) - H(t&, " 1)
i=1 v=l =1 v=1

For1<i<n-p/2wehave (Ad(d})od)E(i,i) = —E(f—i+1,0-i+1) and (Ad(d}) o) E({—i+1,{-i+1) = —E(i, ).
Thus, the vector space U, spanned by
(E(i,i),BE(l-i+1,0—i+1)[1<i<n—p/2)
in gl, is (Ad(dé) o J)-stable, and the characteristic polynomial for the action of Ad(d}) o ¥ on Uy is (12 = 1) M2,
For pairs (i,7) where 1 <i<nandi < j < {—iwe have
(Ad(d}) 09)E(i,j) = £ S E(-j+1,0-i+1)
and o
(Ad(df) o ) E(L-j+1,0—i+1) = %L E(, j)
where the sign is positive if j > n and is negative otherwise. Similarly, for pairs (i,5) where 1 < j <mand j<i </l —j we
have
(Ad(dy) 0 0)E(i,j) = €% G B0~ j+1,6~i+1)
and ’_
(Ad(df) o )E(L-j+1,0—i+1) =% L E(, )
where the sign is positive if ¢ > n and is negative otherwise. Let P denote the set of pairs (7, j) such that (exactly) one of
the following is true:
e l<i<mandi<j</l—i,
e I1<j<nandj<i<{l-j,or
e i=jandn—p/2<i<n.
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Then, U, the span of the elements
(E(i,5), E(t-j+1,0-i+1)| (i,5) e P),

is (Ad(dé) o 1})-stable since the span of any pair (E(i,7), E({ —j + 1,£ —i + 1)) occurring in the definition of U is
(Ad(d%) o1})-stable. Moreover, U is a vector space complement in gl, to the vector subspace U, & Uy of gl,. We are going
to break U into p(u +1)/2 smaller (Ad(d%) o 1))-stable subspaces, and evaluate the characteristic polynomial of the action
of Ad(d%) o 1 on each of these smaller spaces.

For 0 < v < i, define £, = (¢, —1)/2 and (/! =
length £, lists

ST (0 + 1,0 +2, b+ pf2-v 1= (0, + )+ 1,0 — (0, +00) 42,01

. V+1€ Note that £5 = n — 1/2 and £}; = 0. For 1 < v < i, define the

and
SC= (01,0 +2,.. . 0+l n—pf2+ v, 0= (b, + 00+ 10— (0, + 00 +2,....0-0).
Note that S}, and .S;, differ only at the middle element. For 1 < 7 < 11 let U denote the subspace of U spanned by
(E(,7),E(l-j+1,0-i+1)| (1,§) e (SrxS2)nP).
For 1 < p < ¢ < plet Uy, denote the subspace of U spanned by
(E(i,7), E({-j+1,-i+1)| (i,7) € (S, x S7) nP).

(&0 )e( @, v )

of U into (Ad(d%) o1J))-invariant subspaces, and we will now compute the characteristic polynomial of Ad(d}) o+ on each
of these subspaces.

Fix 7 with 1 < 7 < pu. By examining “diagonals” that are parallel to the main diagonal, we see that the characteristic
polynomial for the action of Ad(d}) o) on U- is

T, k(m/tr )y (£r-1)/2 (" -1) ooz
[T (- ghomeoyevn - ((C21) )
k=1 1

t2

We have the decomposition

Now fix a pair (p, p) with 1 < p < < p. For (4,7) € P n (S}, x S3), we have that the characteristic polynomial for the
action of Ad(d%) o9 on the span of the pair (E(4,7), E({—j+1,{—i+1))is t? —¢2(di=4}) "Since the map (i,7) — g2(di=dj)
from P n (] x Sg) to C* has both (a) fibers of the same cardinality and (b) the same image as the map i, x pg, - C*
that sends (a, b) to a - b~1, we conclude that the characteristic polynomial for the action of Ad(dy) 0¥ on Uy, is

ng(epvgqa)

[T #-w)-= [T &-9 = (g2lembptie) _ 1ysed(bpls)

geﬂe,ﬁ’]ﬁﬂew 6e/j‘lcrn(€p,&p)

We now put it all together. As an Ad(d%) o ¥-module, we have

g[g:Ua@Ud@(éUT)@( P UW).

T=1 1<p<p<p

Thus, the characteristic polynomial for the action of Ad(dﬁ) o) on gl, is

L 4y 2 n w2 £ (t% ) (=07 2lem(£p,0,) ged(€p,l,)
[T +1))- (- [T\ | I ¢ -1)
v=1 T=1 1<p<p<pu

which, after simplifying, is (¢ + 1) - gn,. ]

Lemma 4.6.5. d; is ¥-conjugate to n;.
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Proof. Recall that m is even.

If d’ = Diag(e®, e, ... g™ g+l gini2 | g%n) where aj = —agp+1-5 for j > n + 1, then the characteristic
polynomial of d” o 1 acting on sy, is
#-1" 2a; ~2a; 2 2(ai-a;)\ (42 —2(ai-a;
=@ -e) . T (- eem))(@ - 720me)),
t+1 i<j<On—i

Since the eigenvalues of an order m element must be m™ roots of unity, from the above paragraph we see that any
element d’ € A for which the order of d’ x 9 is m can be chosen to look like

d' = Diag(€7, €57, €7, €00t gone2 | gton)

where £ is our fixed m™ root of unity, x; = —Tap41-j for j > n + 1, the z; € %Z satisfy m/2 > x1 > x9 > -+ > x, > 0, and
x; — x; is and integer for 1 < ¢, j < n. Fix a square root of £ so that d’ can be written unambiguously. We will show that

d' =dj.
14
The characteristic polynomial of d’ o 1 acting on sy, is
(t2 _ 1)n :  f2x 2 2 ¢ 2zi—xi)\ (42 —2(xi-z4)
——TIE-&)-¢™) - T - ) (" -¢ 7).
t+1 i<j<2n—i

In the polynomial gy, every root is paired with its additive inverse, except for the roots that appear in py, the polynomial
described in Equation 3.6.4 that is associated to n;. Thus, if d’ and n; are 1¥-conjugate, then we must have

Lt -2y (t-€7%) p;= L (t =€) (t - 5_2“)'

t+1 e t+1
Thanks to Lemma 4.6.4, this implies that there is a bijective map f from the set {1,2,...n} to itself such that z; €
o¢;)/2+mZ forall 1 < j <n. Since m/2 > x1 > x5 > 22, >0and m/2 > 01 2 02 > -+ > 0y, > 0, we conclude that
zj=o0jforl<j<n. [

4.6.3. How to create Kac diagrams for >A,_; with £ = 2n +1 > 2. Suppose £ = 2n + 1 is odd.

We can take the simple roots v in Ay to be the roots v, = resys 2ay = 2(xg — xp41) for 1 < k < mand v, =
resy o 2(ay + et ) = 4x,. The projections of the fundamental coweights @; are then fi; = %(el +eg+-+e;)forl <i<n.
The affine Dynkin diagram is

N
O0=20
for n = 2 and the diagram
Y M 72 Yn-2 Yn-1 In
O=>0—0— -+ —O0—0 =0
for n > 2. The b, are given by the diagram
1=2
for n = 2 and
1=2—2— —2—2 =2

forn > 2.

Since each ¢, is odd and £ = 2n + 1 is odd, we must have that  is odd. Let m = 2lem(¢y,42,...,¢,), and let £ be a
primitive m™ root of unity. Create a length n list of non-negative integers by appending (. — 1)/2 copies of 0 to the list
((aym)[(26,) |1 <v <, 1<ay, <£,/2). Place the items on this list into decreasing order: (o1 > 02 > -+ > 0, ). Consider
the diagonal matrix

dz = Diag(go-l?g(j-z? M 7§0n7 175_0.”75_0”_17 A 75_01)7

which is an element of AY. In Lemma 4.6.10 we prove that dj is U-conjugate to n;. Assuming this, we now read off the
Kac diagram for n; from d;. We have d; = \;(£) where

/\lﬁ = 2(01 - Ug)ﬂl + 2(02 - 03)/12 +...+ 2(Un_1 - Un)/ln—l + QO'nﬂn.
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Since ||, is 2 for all y € Ay and
1
Aglm=—[

m
from Equation 4.1.1 we conclude that s, = 0, and s,, = (o) —op41) for 1 <k <n—1. From Equation 4.1.2, we conclude
5y, = m/2 - 201. Remove any factors that are common to all of the s, for v € A, and label the extended Dynkin diagram

with the resulting s,.
We have proved:

2(0’1 - 0'2),[1,1 + 2(0’2 - 0'3),&2 + ...+ 2(O'n_1 - Un),an—l + 20’nﬂn],

Lemma 4.6.6. Fix a partition { = (s ly—t,..., b2, 01) of £ = 2n+ 1 for n > 2 with ¢, odd for 1 < v < p. Let m =
2lem(£y,4s,...,¢,). Append (pn— 1)/2 copies of zero to the list (ma, [2¢, |1 <v < pand 1< a, <{,/2) and then place
the elements of the resulting list in decreasing order: (o1 > 09 > 03 > -+ > 0p—1 > 05, ). After removing any factors that are
common to all of the labels, the Kac diagram for n; x 0 in a group of type %Ay, is given by

= 0oy,

m/2 - 20‘1
01— 02
02 — 03

On-2 —0On-1

On-1—0n

when n > 1 and by

m/2 - 20’1
i
2

when n = 1. [

Example 4.6.7. As an example, here is the Kac diagram for ng 5 5 3 3) in (twisted) SLgs
5=>2—0—3—0—0—5—1—0—4—5—0=0,

Example 4.6.8. In Figure 5 for groups of type A, we show the location of the vertices v and v; of the fundamental

alcove as well as the points determined by A;/m. The Kac diagram for (3) is 1 = 1 and the Kac diagram for (1,1,1)

is 1=0

°
Yo

@ O
_ A AG) U1
2 6

FIGURE 5. The location of points determined by A; for groups of type 2A,

The results here agree with those found in the tables in [19, Section A.1]. The partitions for the Kac diagrams appearing
in the first table are (from top to bottom): (3) and (1,1,1). This correspondence between Kac diagrams and partitions
agrees with [21, Table 9]. The partitions (in the notation of [ 19, Section A.1]) for the Kac diagrams appearing in the second
table are (from top to bottom): (2n+1), (1,1,1,...,1,1), (d,d,d,...,d,d) where d is odd and appears 2k + 1 times where
d(2k +1) =2n+1, and (d,d,d,...,d,d,1) where d is odd and appears 2k times where dk = n. This correspondence
between Kac diagrams and partitions agrees with [21, Table 10]. From Remark 3.6.1 these partitions correspond to the
regular J-elliptic elements in a twisted Weyl group of type 2Ag,,1.

4.6.4. A proof of Lemma 4.6.10. Recall that £ = 2n + 1, so we are looking at 2A,,,.
As in Section 4.6.2 for 1 <4,k < ¢ let E(4, j) denote the £ x £ matrix such that E (4, j),. = d;-J;c. Unlike in Section 4.6.2
we have ﬁ(Eij) = —Eg_j+1,g_i+1.

Lemma 4.6.9. The characteristic polynomial of Ad(dj) o ¥ acting on sly is

o Ja
qnz(t) = # . (l_[l(tfu + 1)) . (Hl(tQET _ 1)(@7—1)/2) X (1 H (t2lcm(€p,€¢) _ 1)gcd(£p,2w)) )
v= T= <p<pu
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Proof. We have that £ = 2n + 1, m = 2lem(¢y, 42, ...,¢,), and { is a primitive m™ root of unity. We first define a diagonal
element d% that has the same entries as dz, but is more amenable to computation. For 1 < v < p, define ¢, = (¢, — 1)/2.

d% _ Diag(giu(m/geﬂ)’5(@—1)(m/24u)7 . 752(m/2éu)’£m/2€u’
géu,l(m/%,l), 5(2“,1—1)(771/212#,1)’ o 752(m/2€M,1)’ gm/%,ﬂ’

€g1(m/2€1)’f(@l—l)(m/Q&)’ . 752(m/2€1)’£m/2€17
50’ ”_’50, 1= é—O)é—O s 7507
{m/%l : 672(m/2€1)7 o 757(2171)(711/241) : (Zl(m/%)’
(m/%u—l 7 5*2(Tn/2%—1)7 o 75*(l7u—1*1)(m/25u—1)’ gfgu—l(m/%—l)’
é‘_m/%u’é“_2(m/2€u), . ,‘S_(gﬂ_l)(m/%u)’ g_gu(m/%u))'

In the middle of the matrix there are ;. copies of £” centered around the 1 = £° that occurs in the center of the matrix. Since

d% is W7-conjugate to dj, it is enough to compute the characteristic polynomial of Ad(d;,) o 1} acting on sl;. Thus, it is
enough to show that the characteristic polynomial of Ad( d%) o 1) acting on gl is

(t + 1) . Qng(t) = (ﬁ(te" + 1)) . (ﬁ(t%T - 1)@7—1)/2) . ( H (tQICm@w&P) _ 1)gcd(€p,€¢)) )
v=1 T=1

1<p<p<p
For 1 < i < ¢, define d} by (dé)lZ = ¢% . That is, the power of £ appearing in the i diagonal element of d% is d.
For 1 < i < ¢ we have (Ad(d%) o W)E(i, 0 —i+1) = €% E(i,{ — i +1). Thus, the vector space U, of anti-diagonal
elements in gl, is (Ad(d%) o 1})-stable and the characteristic polynomial for the action of Ad(d%) oy onU, is

¢ , by )
H(t+f2di) _ H H(t+€2z(m/2€,,))’
i=1 v=14=1
and we have
L 2i(m/2)y T TS 9i(m/200)+m/2y _ Tor 15 (2i46,)(m)200)\ _ T (44
TTTT(e+ €020 = TTT (e - 202y < TTT] (e = g2 = [T (1% + ).
v=11i=1 v=11i=1 v=11i=1 v=1

Thus, the characteristic polynomial for the action of Ad(d%) ovonU,is

o
[T +1).
v=1
For1<i<n-(p-1)/2 wehave (Ad(d})o0)E(i,i) = -E(l-i+1,{-i+1)and (Ad(d}) o) E({—i+1,0-i+]1) =
—E(i,4). Thus, the vector space Uy spanned by
(E(i,i), E(l-i+1,0—i+1)|[1<i<n—(u—-1)/2)
in gl is (Ad(dé) o 1#)-stable, and the characteristic polynomial for the action of Ad(d%) o on Uyis (2 - 1) =D/2,
For pairs (i,7) where 1 <i<nandi<j</{—iwe have
(Ad(dy) 0 9)E(i,j) = €5 U E(C-j+1,0-i+1)
and
(Ad(dy) o) E(L-j+1,0-i+1) =5 BB, 5).
Similarly, for pairs (i,j) where 1 < j <nand j <i < ¢ - j we have

(Ad(dy) 0 9)E(i,j) = €5 HE(C-j+1,0-i+1)
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and
(Ad(dy) o) E(L—j+1,0—i+1) =5 HE(i, ).

Let P denote the set of pairs (7, j) such that (exactly) one of the following is true:

e l<i<mandi<j</l—i,

e l<j<nandj<i<f-j,or

ei=jandn-(u-1)/2<i<n.
Then, U, the span of the elements

(E(i,7),E(l-j+1,0-i+1)| (i,5)€P),

is (Ad(dé) o 1})-stable since the span of any pair (E(i,7), E({ —j + 1,£ —i + 1)) occurring in the definition of U is
(Ad(d%) o1))-stable. Moreover, U is a vector space complement in gl, to the vector subspace U, ® Uy of gl,. We are going
to break U into p(u +1)/2 smaller (Ad(d%) o 19)-stable subspaces, and evaluate the characteristic polynomial of the action
of Ad(d%) o 1 on each of these smaller spaces.

For 0 < v < u, define ¢/ = Y#_ 7;. Note that £ =n - (1~ 1)/2 and ¢, = 0. For 1 < v < pu, define the length £, lists

j=v+1
ST (0 + 1,0 +2, b+ (u=1)[2-v 42,0 = (b, + 0+ 1,0 — (0, +00) +2,...,0=1")
and
SC= (0 + 1,00+ 2, 0+ lyn—(u=1)2+v, b= (L, + )+ 1,0~ (b, + 0 +2,...,0-17).
Note that S}, and S, differ only at the middle element. For 1 < 7 < p let U, denote the subspace of U spanned by
(E(i,7),E(l-j+1,0-i+1)| (1,§) e (SrxS)nP).
For 1< p < < plet Uy, denote the subspace of U spanned by
(E(i,7), E({-j+1,-i+1)| (i,7) € (S, x S7) nP).
We have the decomposition
U= (éUT)@( S Upso)
=1 1<p<p<p

of U into (Ad(d}) o1¥)-invariant subspaces, and we will now compute the characteristic polynomial of Ad(d}) o on each
of these subspaces.

Fix 7 with 1 < 7 < pu. By examining “diagonals” that are parallel to the main diagonal, we see that the characteristic
polynomial for the action of Ad(d}) o) on U- is

(tZZ-,- _ 1) (27'71)/2
)

-
Hl(tz _ ghm/t)y (=12 _ (
k=1

Now fix a pair (p, p) with 1 < p < ¢ < p. For (4,7) € P n (S x S¢,), we have that the characteristic polynomial for the
action of Ad(d%) o9 on the span of the pair (E(4,5), E({—j+1,{—i+1))is t? —¢2(di=4}) "Since the map (i,7) — g2(di=dj)
from P n (] x S3) to C* has both (a) fibers of the same cardinality and (b) the same image as the map s, x pg, -~ C*
which sends (a,b) to a-b~!, we conclude that the characteristic polynomial for the action of Ad(dé) o onU,, is

ged(€p,ly)

H (t2 - (Cu)) = H (t2 -9) = (t2lcm(4pvf¢) _ 1)gcd(£p,éw)'

Cepie, MEtie,, O€tiem(ep,00)

We now put it all together. As an Ad(dé) o ¥-module, we have

I
g[g:U,I@Ud@(EBUT)@( b UW).
T=1 1<p<p<p
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Thus, the characteristic polynomial for the action of Ad(d%) o) on gl, is

b w (tQET ~1) ((--1)/2
(H(t v+ 1)) . (t2 - 1)n_(l‘_1)/2 . H (W) . H (t21cm(€pzftp) — l)ng(fpvew)
v=1 -

T=1 1<p<p<p
which, after simplifying, is (¢ + 1) - gn,- |
Lemma 4.6.10. d; is U-conjugate to n;.

Proof. If d" = Diag(e®, g%, .. g% g+l gint2 . g%n+1) where aj = —agn+2-; for j > n + 1, then the characteristic
polynomial of d”’ o ¥ acting on slo, 41 is

(t2 _ 1)n . H(t _ EQai)(t _ E—Qai) . H (tQ _ 62(ai—aj))(t2 _ E_Q(Qi_aj)).
=1

1<i<j<2n+1-i

Note that a,,1 = 0, and therefore for 1 < i < n the factor (> — £2%) = (t> — £2(®=4n+1)) occurs in the characteristic
polynomial of d” o 1 acting on slo,41.

Since the eigenvalues of an order m element must be m™ roots of unity, from the above paragraph we see that any
element d’ € A” for which the order of d’ x 1 is m can be chosen to look like

d’ — ])ia‘g(é'l'n’é'$n—17 . 7£z1 , §$n+1 , £$n+2 . £$2n+1)

where £ is our fixed m™ root of unity, x; = —Top42-j for j > n+1, and the x; € Z satisfy m2>x1 >x9 > 2Ty > Tpyq =
0. We will show that d’ = d;.
The characteristic polynomial of d’ o ¥ acting on slo,, 1 is

n
(t2 _ 1)77, . H(t _ §2xi)(t _ 5—2:@) . H (t2 _ 52(xi—a}j))(t2 _ 5—2(121'—1‘]'))'
i=1 1<i<j<2n+1-i
In the polynomial gy, every root is paired with its additive inverse, except for the roots that appear in py, the polynomial
described in Equation 3.6.4 that is associated to n;. Thus, if d’ and n; are 1J-conjugate, then we must have

ﬁ(t_gm:i)(t_g—%ci) =p;= ﬁ(t_gmn)(t_g_ggi)‘

Thanks to Lemma 4.6.9, this implies that there is a bijective map f from the set {1,2,...n} to itself such that z; €
oy + mZ forall 1 < j < n. Since m/2>xy > w9 > > x, >0and m/2 > 01 > 09 > -+ > 0, > 0, we conclude that
zj=0jforl<j<n. [

4.7. How to create a Kac diagram for n; for 2Dy, 1 with ¢ > 2. We adopt the notation of Section 3.7. Fix a partition 7 of
(£ + 1) with an odd number of parts. We will show how to construct the Kac diagram for n; x 1J.

We have f = 2. We take the simple roots v in Ay = A to be the roots v = ay, for 1 < k < £ and vy = ay_1 + o = 2e4. For
fundamental coweights with respect to our basis we take fi; = e +ea +---+e; for 1 <i</land jiy = 1/2(e1 + €2 +---ep_o +
eo-1 + e¢). The affine Dynkin diagram is

YoM 72 Ye-2 Ye-1 Ve

O«<0—0— -+ —0—0 =20
and the b are given by the diagram

l=1—1— —1—1=1

A Kac diagram describes a diagonal matrix in SOg¢, that is -conjugate to n; in G. Thus, we want to find a diagonal
matrix d; in SOg¢,2 such that the characteristic polynomial of d; x ¥ for the standard action on C2+2 is

4y (1) = H (2 - 1).
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Let m = 2lem(¢y, £2,...,£,) and let  be a primitive m™ root of unity. We have
7 1 61
Gug(8) = T2 = 1) = [T(t = 1)( + 1) [] (¢ - gmovl2ey (¢ - gmout2te)
v=1 v=1 a,=1

Guided by Remark 4.1.5 we create a length ¢ decreasing list as follows: order the positive integers ma,, /2¢, in decreasing
order, then pre-append (i — 1)/2 copies of m/2 and post-append (u — 1)/2 zeroes. We thus obtain a list (o1 > 09 > 03 >
-2 09_1 2 0g). Define d; = Diag(£71,£72,...,£9¢1,£9¢,1, 1,679,791 ..., €792, ) in AY. Then d;j o9 acting on
C2%*2 has characteristic polynomial In;-

Since the linear factors (¢ — 1) and (¢ + 1) along with (¢t — £97) and (¢t — {99 for 1 < j < £ are exactly the linear factors
that must occur in gy, we conclude that, up to the ¥-conjugation in W, dj is the unique element of A that is ¥-conjugate
ton;in G.

We now read off the Kac diagram for n; from d;. Note that d; = A;(§) where

A= (o1 —=02)fir + (02 = 03)fig + ...+ (0g—1 = 04) fg—1 + 20l

Since |yg|y =1 for 1 <k <4, vy =2, and

1 y y 3 .
Aglm = E[(Ul —o9)fi1 + (02— 03)fiz + ... + (001 — 0¢) fre-1 + 20¢fie],

we have s, = o¢ and s, = (0 — 0p41) for 1 <k < £ - 1. The coefficient s, = m/2 — o is derived using Equation 4.1.2.
Remove any factors that are common to all of the s, for v € A and label the corresponding affine Kac diagram with the
resulting s.,.

We have proved:

Lemma 4.7.1. Fix a partition { = (s lyt,... a2, 00) of (0 + 1) with puodd and € > 2. Let m = 2lem(4q, 4o, ..., 4,,).
Append (11— 1)/2 copies of m/2 and (11 — 1)/2 zeroes to the list (ma, [2¢, |1 <v < pand 1 < ay, <€, — 1) and then place
the elements of the resulting list in decreasing order: (o1 > 09 > 03 > -+ > 0y_1 > 0y ). After removing any factors that are
common to all of the labels, the Kac diagram for n; x 1 in a group of type 2Dyq with £ > 2 is given by

30'6' ]

m/2 - o
o1 -0
|
Goz ~ e
o1 - o

Example 4.7.2. As an example, here is the Kac diagram for n5 4 3y in (twisted) SO24.
0<=12—3 —5—4—6—6—4—5—3—12= 0.

Example 4.7.3. In Figure 6 for groups of type 2D3 we show the location of the vertices vg, v, and vy of the fundamental
alcove as well as the points determined by A;/m. The Kac diagram for (3)is 1 <= 1 = 1 and the Kac diagram for

(1,1,1) is 0 <= 1 = 0. Even though nothing else in their derivation agrees, since A3 = 2Dj it is correct that the
location of the points in Figures 4 and 6 corresponding to the 9J-elliptic ¥-conjugacy classes in their respective Weyl groups
coincide.

During the publishing process, a typo was introduced to the table in [19, Section A.6]. For the case k even, k | n, and
k > 2 the Kac diagram should have a 0 on the 7y node; that is, it should be

k/2 zeroes (k-1) zeroes (k-1) zeroes k/2 zeroes
NS SN N R N
0o<«0—0""0—1—00—0"0—1—0—0"0—1""1—0—0"""0=0

where there are (n/k—1) strings of (k—1) zeroes. With this change, the partitions (in the notation of [19, Section A.6]) for
the Kac diagrams appearing there are (from top to bottom): (n+1), (n/2,n/2,1) for neven, (n/k,n/k,n/k,...,n/k,n/k,1)
for 2 < k even and dividing n, and ((n +1)/k,(n+1)/k,(n+1)/k,...,(n+1)/k,(n+1)/k) for 1 < k odd and dividing
n + 1. This correspondence between Kac diagrams and partitions agrees with [21, Table 15]. From Remark 3.7.1 these
partitions correspond to the regular 9J-elliptic elements in a twisted Weyl group of type 2D, 1.
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U2

A1,1,1
V0 ‘Ul — (2 )

FIGURE 6. The location of points determined by A; for groups of type 2Ds

4.8. Kac diagrams for the remaining types of groups. As noted in Section 3.8, the Kac diagrams associated to J-elliptic
conjugacy classes in W for the remaining types of groups (Ga, Fy, Eg, E7, Es, 3Dy, or 2E6) are known. See [, Section 9].
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