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ABSTRACT. Suppose k is a nonarchimedean local field, K is a maximally unramified extension of k, and G is a connected
reductive k-group. If T is a K-minisotropic maximal k-torus in G, then we use Bruhat-Tits theory to describe the stable classes
in the G-orbit of T, the rational classes in the G-orbit of T, and the k-embeddings, up to rational conjugacy, into G of T. We
also provide, via Bruhat-Tits theory, a complete and explicit description of: the rational conjugacy classes of K-minisotropic
maximal tame k-tori in G; the stable classes of K-minisotropic maximal tame k-tori in G; and the k-embeddings, up to rational
conjugacy, into G of a K-minisotropic maximal tame k-torus of G.

INTRODUCTION

Suppose k is a nonarchimedean local field, K is a maximally unramified extension of k, and G is a connected reductive
k-group. If T is a maximal k-torus in G, then TK, the maximal K-split torus in T, is defined over k and T is a maximal
K-minisotropic k-torus in L = CG(TK), the centralizer in G of TK . The group L is an unramified twisted Levi subgroup
of G; that is, L is a k-group that occurs as the Levi component of a parabolicK-subgroup of G. Consequently, an approach
to parameterizing the rational conjugacy classes of maximal tori in G is to

● parameterize the rational conjugacy classes of unramified twisted Levi subgroups of G and
● for each unramified twisted Levi subgroup L of G parameterize the L(k)-conjugacy classes of K-minisotropic

maximal k-tori in L.
This paper takes up the latter problem. The former problem is the subject of [13]. Future work will take up the problem of
parameterizing, via Bruhat-Tits theory, the rational classes of tame tori in a connected reductive k-group.

In an attempt to improve the exposition, we will assume in this introduction that G is semisimple and k-split.
Recall that aK-torus T in G is calledK-anisotropic provided that X∗(T) does not contain non-trivial characters that are

defined over K. Such tori are sometimes also referred to as totally ramified K-tori. Let G denote the group of K-rational
points of G.

We begin by studying the set of G-conjugacy classes of K-anisotropic maximal K-tori in G. Whereas unramified tori
interact very nicely with Bruhat-Tits theory (for example, the apartment of a maximal unramified torus in G is always an
affine subspace of the building of G which decomposes as a union of facets for G), the same is very much not true for
totally ramified tori. However, as shown in Section 2, we can always associate to T, a totally ramified maximal K-torus
in G, a unique point xT in the reduced Bruhat-Tits building of G. Moreover, this point xT has the remarkable property
that its G-orbit intersects the closure of each alcove in the reduced building of G exactly once. We then combine results of
Haines and Rapoport [17] and Kottwitz [27, Section 7] to establish the following fundamental fact: the stabilizer in G of
xT can be written as the product of T and the parahoric subgroup attached to xT .

Without some assumptions on k and G, we cannot say much about xT outside of groups of type An. However, under
the assumption that the characteristic of f does not divide the order of the Weyl group, in Section 3 we explicitly describe
the point attached to our totally ramified maximal K-torus T of G. This can be done because, under these tameness
assumptions, the G-conjugacy classes of totally ramified maximal K-tori are parameterized by the elliptic conjugacy
classes in the Weyl group. On the other hand, elliptic conjugacy classes in the Weyl group have unique (normalized) Kac
coordinates, and these coordinates determine, up to G-conjugacy, the point xT (see Lemma 3.5.1).

Having described, albeit under modest tameness assumptions, the complete set ofG-conjugacy classes of totally ramified
maximalK-tori, in Section 4 we turn to the question of when such aG-conjugacy class contains a torus that is defined over
k. We show that this will happen if and only if OT , the G-conjugacy class of T, is stable under the action of Gal(K/k).
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In Section 5 we again invoke a tameness assumption and use the parameterization of Section 3 to convert the criterion
described above into an easy to check condition about Weyl group conjugacy classes. We then use this condition to show
that (when G is k-split) every G-orbit of totally ramified K-tori in G contains a torus which is defined over k. See
Corollary 5.4.4 for the precise statement.

When we assume that our totally ramified maximal torus T is defined over k, we can prove several results about OkT ,
the set of tori in OT that are defined over k. In particular, in Section 6 we establish natural parameterizations of both the
k-stable classes in OkT and the rational classes in OkT . We also establish a natural parameterization of the k-embeddings,
up to rational conjugacy, of T into G. Recall that a k-embedding of T into G is a k-morphism f ∶T →G for which there
exists g ∈ G such that f(t) = gtg−1 for all t ∈ T . Along the way to establishing these results, in Section 6.3 we show that
there is a natural identification of a quotient of T with the Ω group of G. Recall that the Ω group of G is the quotient of the
stabilizer of an Iwahori subgroup by the Iwahori subgroup.

Our main result is Theorem 7.1.1; it provides a complete accounting of the rational classes, k-stable classes, and k-
embeddings of all tame totally ramified maximal k-tori in G. We also work out several examples in Section 7. In particular,
up toGFr-conjugacy, we enumerate all of the tame totally ramified k-tori in G and describe all of their k-embeddings into G
for G being SLn, unramified SUn, Sp4, G2, or ramified SU3. These calculations are quite challenging (for me). Although
I’ve done all of the calculations multiple times, I am sure that errors remain. So, be cautious.

Motivated by the examples discussed above, in Section 8 we look at how the parameterizations introduced in Section 6
behave under certain isogenies.

Finally, in Section 9 we establish the existence of a totally ramified torus for which the associated point in the building
is the barycenter of an alcove. We call such a torus a K-minisotropic Coxeter torus, and we explore some of its properties.

The results of Sections 2 and 3 hold under less restrictive hypotheses on k; see the discussion at the start of each of these
sections.
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1. NOTATION, THE TITS GROUP, AND SOME FACTS ABOUT TORI

Suppose k is a local field with non-trivial discrete valuation ν and residue field f of characteristic p and cardinality q. Let
G denote a connected reductive k-group. Let W̃ denote the absolute Weyl group of G. Let G′ denote the derived group
of G, Gsc the simply connected cover of G′, and Gad the adjoint group of G. Let η∶Gsc →G denote the composition of
the k-maps Gsc →G′ and G′ ↪G. Let Z denote the center of G.

1.1. Basic notation. Let k̄ denote a fixed separable closure of k, let ν denote the unique extension of ν to k̄, and let ϖ ∈ k
be a uniformizer. Let K denote the maximal unramified extension of k in k̄, and let F denote the residue field of K; it
is an algebraic closure of f. Let RK denote the ring of integers in K. Let I = Gal(k̄/K) denote the inertial subgroup of
Gal(k̄/k). Let Fr be a topological generator for Gal(K/k) ≅ Gal(k̄/k)/I , which we identify with Gal(F/f). We suppose
that Fr−1(x) = xq for all x ∈ F. Choose a lift of Fr to an element, which we will also call Fr, of Gal(k̄/k). Let L denote
the completion of K, and let RL denote the ring of integers in L.

Let A denote a maximal K-split k-torus in G that contains a maximal k-split torus of G; such a torus exists and is
unique up to rational conjugacy (see [34, Theorem 6.1] or in [13, Theorem 3.4.1] take an unramified torus corresponding
to a pair of the form (F,T) ∈ Im with F an alcove). Since G is K-quasi-split, there exists a Borel K-subgroup B that
contains A, and hence A# = CG(A) is a maximally K-split k-torus in G that is contained in B. Let Φ = Φ(G,A) denote
the set of roots of G with respect to G and A and Π = Π(G,A,B) the set of simple roots with respect to G, A, and B.
Similarly, let Φ̃ = Φ(G,A#) denote the set of roots of G with respect to G and A# and Π̃ = Π(G,A#,B) the set of simple
roots with respect to G, A#, and B.

Let K̃ denote the splitting field over K of A#.
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If H is an algebraic K-group, then we let H denote the group of K-points of H, and we let H̃ denote the group of K̃
points of H. If H is an F-group, we will often denote the group of F-points of H by H as well.

We let kt denote the maximal tame extension of k in k̄, and we let σ denote a topological generator of Gal(kt/K).
If G is a group and x, y ∈ G, then xy = xyx−1. If τ is an automorphism of G, then two elements x, y ∈ G are said to be

τ -conjugate (in G) provided that there exists g ∈ G such that g−1xτ(g) = y.
If X and Y are sets, f ∶X → Y is a function, A ⊂ X , and B ⊂ Y , then f[A] ⊂ Y denotes the image of A under f while

f−1[B] ⊂X denotes the preimage of B.
If F is a field, H is an F -group, and τ is an F -automorphism of H, then we let Fixτ(H) denote the τ -fixed points in

H and we let Hτ denote Fixτ(H)○, the connected component of Fixτ(H). Both Fixτ(H) and Hτ are F -groups. An
F -homomorphism between reductive F -groups H and H′ is called an isogeny provided that it is surjective with finite
central kernel.

1.2. Notation for Bruhat-Tits theory. Let Ψ = Ψ(G,A,K, ν) denote the set of affine roots of G with respect to A,
K, and ν. For ψ ∈ Ψ we let ψ̇ ∈ Φ denote its gradient. The elements of Ψ define the facet structure on the apartment
A(A) = A(A,K). Fix a Fr-stable alcove C in A(A) and let ∆ = ∆(G,A,K, ν,C) denote the set of simple affine roots
in Ψ determined by C. Without loss of generality, we assume that Π = Π(G,A,B) is a subset of {ψ̇ ∣ψ ∈∆}.

For each facetH in the Bruhat-Tits building B(G) = B(G,K) ofG we letGH,0 denote the parahoric subgroup attached
to H and we let GH,0+ denote the pro-unipotent radical of GH,0. The quotient GH,0/GH,0+ is the group of F-points of a
connected reductive F-group which we denote by GH .

Suppose H is a facet in A(A,K) such that H ⊂ C̄. Let A = AH denote the torus in GH corresponding to the image
of the parahoric subgroup A0 = A ∩GH,0 of A in GH . (We may drop the subscript H since these tori are independent of
the choice of H in A(A,K).) Let BCH denote the Borel subgroup of GH corresponding to GC,0/GH,0+ . Note that A is a
maximal f-torus in BCH , and hence in GH . Note that X∗(A) may be canonically identified with X∗(AH).

Let F0 denote the unique facet contained in the closure of C̄ such that (a) F0 is special and (b) the set of simple roots
determined by GF0 , A, and BCF0

corresponds to Π. See [35, Section 2.10] and [36, Section 7.1] for the existence of such
a facet when G is absolutely simple and simply connected; since the existence of such a minimal facet is independent of
isogeny class, the general case follows by considering the almost simple factors of G. The uniqueness of such a facet
follows from condition (b). Note that F0 will be a special facet over the splitting field of A#, and so is absolutely special in
B(G,K); see [18, Section 5] or [24, Appendix G] for more about absolutely special facets.

1.3. A realization of the Tits group. Recall that K̃ denotes the splitting field of A# over K. Set Γ̃ = Gal(K̃/K) and
G̃ = G(K̃), Ã# = A#(K̃), and B̃ = B(K̃). We may and do identify W̃ with NG̃(Ã#)/Ã#. For a facet F ⊂ B(G̃), let G̃F
denote the connected reductive F-group whose group of F-rational points is G̃F,0/G̃F,0+ . Let Ã# denote the F-torus in G̃F0

whose group of F-points coincides with the image of the parahoric subgroup Ã#

0 = Ã# ∩ G̃F0,0 of Ã# in G̃F0(F). Similarly,
Let B̃ denote the Borel F-group in G̃F0 whose group of F-points coincides with the image of B̃ ∩ G̃F0,0 in G̃F0(F). Choose
a pinning (G,A#,B,{Xa}a∈Π̃) that is Γ̃-stable and compatible with F0. When we say the pinning is compatible with F0,
we mean that Xa ∈ Lie(G̃F0,0) for all a ∈ Π̃ and if X̄a denotes the image of Xa in Lie(G̃F0), then (G̃F0 , Ã

#, B̃,{X̄a}a∈Π̃)
is a pinning of (G̃F0 , Ã

#, B̃).
For a ∈ Π̃ we let Ga denote the K̃-subgroup of G generated by the root groups Ua and U−a in G and set A#

a =
Ga ∩A#. Since for all nontrivial u ∈Ua(K̃), the intersection uU−a(K̃)u∩NGa(K̃)

(A#
a) has cardinality one, the pinning

(G,A#,B,{Xa}a∈Π̃) uniquely identifies an element na ∈ NGa(K̃)
(A#

a) ≤ NG̃(A#). We have n2a = ǎ(−1) ∈ Ã# where

ǎ ∈ X∗(A#) is the coroot associated to a. Suppose τ ≤ Ã# denotes the elementary abelian two-group generated by
{ǎ(−1) ∣a ∈ Π̃} and W̃ denotes the (finite) subgroup of NG̃(A#) generated by {na ∣a ∈ Π̃}. Note that since our pinning is
Γ̃-stable, we have that Γ̃ acts on both τ and W̃ . If π∶NG̃(A#) → W̃ denotes the usual projection, then thanks to [47] we
have an exact sequence

1Ð→ τ Ð→ W̃ πÐ→ W̃ Ð→ 1.

of finite groups with Γ̃-action. Note that τ is a subgroup of G̃F0,0, and, since our pinning is compatible with F0, we have
that W̃ is also a subgroup of G̃F0,0. The group W̃ is called the Tits group (with respect to our chosen pinning).

Remark 1.3.1. Since the root groups Ua for a ∈ Π̃ belong to G′, we conclude that W̃ ≤ G̃′F0,0
≤ G̃′.
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1.4. Facts about tori. We recall some facts about tori that will be used later. Recall that every K-torus in G splits over a
separable extension [30, Corollary 12.19].

1.4.1. On the structure of parahoric subgroups of tori. Suppose T is a k-torus. Since T is abelian and any two maximal
K-split tori in T are T = T(K)-conjugate, there is a unique maximal K-split K-torus, TK , in T. Since it is unique and
T is a k-torus, TK is a k-torus as well. Recall that RK denotes the ring of integers in K. The maximal bounded subgroup
of TK is TK0 = TK(RK), and TK0 is the parahoric subgroup of TK .

Let T0 denote the parahoric subgroup of T and let T0+ denote its pro-unipotent radical. The quotient T0/T0+ is isomor-
phic to the F-points of an f-torus T. Moreover, TK0 = T0 ∩ TK and the image of TK0 in T0/T0+ may be identified with the
F-points of T. From this we conclude that T0 = TK0 T0+ .

Since T0, TK0 , and T0+ are Fr-stable and H1(Fr, TK0 ∩ T0+) is trivial, we have TFr
0 = (TK0 )Fr TFr

0+ .

Remark 1.4.1. Let t denote the Lie algebra of T. If G is K-split, we can (canonically) write t = t̄ ⊕ t̄⊥ where t̄ is the Lie
algebra of TK and t̄⊥ = (Cg(̄t))′ ∩ t, where (Cg(̄t))′ denotes the derived Lie algebra of Cg(̄t). If G is not K-split, then
we need to replace t̄ with the center of Cg(̄t).
1.4.2. Splitting fields of tori in quasi-split groups. Suppose F is a field and H is an F -quasi-split group. Let (B,S) be a
Borel-torus pair for H; so B is a Borel F -subgroup of H and S is a maximal F -torus of H that is contained in B.

Lemma 1.4.2. Suppose T is a maximal F -torus in H. If E is the splitting field of T, then S is E-split.

Proof. Since T is E-split, there exists a Borel E-subgroup B′ of H such that T ≤ B′. Since all Borel E-subgroups of G
are H(E)-conjugate [5, Theorem 20.9 (i)], there exists h ∈ H(E) such that hT ≤ B. Since hT and S are maximal E-tori
in B, they are B(E)-conjugate [5, Proposition 20.5]. Consequently, since S is H(E)-conjugate to the E-split torus T, we
conclude that S is E-split as well. ∎

2. POINTS IN THE REDUCED BUILDING ATTACHED TO K-MINISOTROPIC MAXIMAL TORI

In this section we loosen our restrictions on k: it can be any complete field with nontrivial discrete valuation ν and
perfect residue field f such that K is strictly Henselian and has cohomological dimension ≤ 1.

Recall from §1.2 that C is an alcove in the apartment A(A) in B(G). Let C ′ denote the image of C in Bred(G), the
reduced building of G. Similarly, A′(A) will denote the image of A(A) in Bred(G).
Definition 2.0.1. A K-torus T in G is said to be K-minisotropic provided that X∗(T/Z)Gal(k̄/K) is trivial.

In this section we show that to every K-minisotropic maximal torus in G we can associate a unique point in the closure
of the alcove C ′. We then describe the stabilizer of this point in Lemma 2.3.1 (see also Remark 2.3.3).

Under the assumption that the torus splits over a tame extension, we describe this point explicitly in Section 3.

2.1. Results on G-conjugacy. An element γ ∈ G(k̄) is called semisimple provided that it belongs to a maximal torus in
G. The element γ is said to be strongly regular semisimple provided that there exists a maximal torus T in G such that

● γ ∈ T(k̄),
● α(γ) ≠ 1 for all α ∈ Φ(G,T), and
● the stabilizer of γ in the Weyl group of T is trivial.

The set Gsrss(k̄) of strongly regular semisimple elements in G(k̄) is both dense and open. In fact, for any maximal k-torus
T of G the set T(k̄) ∩Gsrss(k̄) of strongly regular semisimple elements in T(k̄) is both dense and open. Since T is
unirational, this implies that T(k) contains a strongly regular semisimple element. If γ ∈ Gsrss(k̄), then the centralizer
of γ is a maximal torus in G. An element that satisfies the first two conditions, but not the third, is said to be regular
semisimple.

Lemma 2.1.1. Suppose H is a connected reductive K-group. Two elements of Hsrss = Hsrss(K) are H-conjugate if and
only if they are H(k̄)-conjugate.

Proof. Suppose x, y ∈ H =H(K) are strongly regular semisimple. It will be enough to show that if there exists g ∈H(k̄)
for which gx = y, then there exists h ∈ H for which hx = y. Since x is strongly regular semisimple, its centralizer is a
maximal K-torus in H, call it T. For all γ ∈ Gal(k̄/K) we have γ(g)−1gx = x, hence g−1γ(g) ∈ T(k̄). Thanks to [6,
Section 8.6], we have that H1(K,T) is trivial. Hence there exists t ∈ T(k̄) such that γ(gt) = gt for all γ ∈ Gal(k̄/K). Set
h = gt. ∎
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Remark 2.1.2 (Loren Spice). Suppose that kalg/k̄ is an algebraic closure of k̄. Two semisimple elements γ and γ′ of G(k̄)
are G(kalg)-conjugate if and only if they are G(k̄)-conjugate. Indeed, since every k̄-torus is k̄-split [30, Corollary 12.19],
we may, and do, assume, after conjugating by an element of G(k̄), that both γ and γ′ belong to the group of k̄-points of a
k̄-split, maximal torus S in Gk̄. Suppose that g ∈G(kalg) satisfies Int(g)γ = γ′. Since both S and Int(g−1)S are maximal
kalg-split tori in H ∶= CG(γ)○, there exists h ∈H(kalg) such that Int(g−1)S = Int(h)S. Then Int(gh)Skalg = Skalg , so that
gh belongs to NG(S)(kalg). Since NG(S) is smooth with identity component CG(S) = S, we have that there is some
n ∈ NG(S)(k̄) whose image in the Weyl group (NG(S)/S)(kalg) is the same as the image of gh; i.e., so that n belongs to
ghS(kalg). In particular, Int(n)γ equals Int(gh)γ = Int(g)γ = γ′.

Definition 2.1.3. Suppose Ti is a maximal K-torus in G. We say that T1 is K-stably conjugate to T2 in G provided that
there exists h ∈G(k̄) such that Ad(h)∶T1 → T2 is a K-morphism.

Corollary 2.1.4. Suppose H is a connected reductive K-group. Two maximal K-tori in H are H-conjugate if and only if
they are K-stably-conjugate in H.

Proof. If T is a maximal K-torus in H, then T contains a strongly regular semisimple element. The result follows from
Lemma 2.1.1. ∎

Corollary 2.1.5. Two maximal K-tori in G are G-conjugate if and only if the corresponding maximal K-tori in G∗ are
G∗-conjugate. Here ∗ is either sc or ad.

Proof. The canonical k-maps G → Gad and Gsc → Gad establish natural bijective correspondences among (a) the set of
maximal K-tori in G, (b) the set of maximal K-tori in Gad, and (c) the set of maximal K-tori in Gsc. Moreover, under
these correspondences two maximal K-tori in G are K-stably-conjugate if and only if the corresponding maximal K-tori
in G∗ are K-stably-conjugate. Here ∗ is either sc or ad.

The result follows from Corollary 2.1.4. ∎

If we assume that K has characteristic zero, then there are similar results on the Lie algebra level.

Lemma 2.1.6. Suppose K has characteristic zero. Suppose H is a connected reductive K-group with Lie algebra h. Two
regular semisimple elements of h(K) are H-conjugate if and only if they are H(k̄)-conjugate.

Proof. The proof is nearly identical to that of Lemma 2.1.1. ∎

Let g denote the Lie algebra of G, and denote by g′ the Lie algebra of G′ the derived group of G. When K has
characteristic zero, we may and do identify the Lie algebras of Gsc and Gad with g′.

Corollary 2.1.7. Suppose K has characteristic zero. Suppose X1,X2 ∈ g′(K) are regular semisimple. The following are
equivalent:

● X1 is G-conjugate to X2.
● X1 is Gsc-conjugate to X2.
● X1 is Gad-conjugate to X2. ∎

Since, in characteristic zero, every maximal k-torus in G or G∗ arises as the centralizer of a regular semisimple element
of g′(k), we have that a maximal k-torus T in G corresponds to the maximal k-torus T∗ in G∗ provided that there exists
a regular semisimple X ∈ g′(k) such that T = CG(X) and T∗ = CG∗(X). This correspondence is well defined since
CG(Cg′(X)) = CG(X ′) and CG∗(Cg′(X)) = CG∗(X ′) for all regular semisimpleX ′ belonging to the Cartan subalgebra
Cg′(X)(K). Thus, in characteristic zero Corollary 2.1.7 gives another proof of Corollary 2.1.5.

2.2. Points in the reduced building associated to K-minisotropic maximal tori of G. Suppose T is a K-minisotropic
maximal torus in G.

Let T = T(K). We may associate to T a point xT in the reduced building of G as follows: if E is a Galois extension
of K over which T splits and A′ denotes the apartment of T in Bred(G,E), then the set of Gal(E/K)-fixed points of A′
in Bred(G,E) is a point. If E/K is not tame, it is possible that this point may not lie in Bred(G). However, thanks to the
non-positive curvature of buildings, there is a unique closest point, xT , in Bred(G) = Bred(G,K) to the Gal(E/K)-fixed
point of A′. Moreover, thanks to uniqueness, the point xT ∈ Bred(G) is fixed by T . Let F denote the facet in the building
of G whose image under the projection to the reduced building contains xT .
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Remark 2.2.1. Since Bred(G) is independent of the isogeny type of G′, we have Bred(G) = B(Gsc) = B(Gad). Thanks to
Corollary 2.1.5, the G-orbit of xT is equal to the G∗-orbit of xT where ∗ is either sc or ad. That is, the subset G ⋅ xT in
Bred(G) is independent of the isogeny type of G′.

Lemma 2.2.2. The set G ⋅ xT ∩ C̄ ′ has cardinality one.

Proof. Thanks to Corollary 2.1.5, the G-orbit of xT is equal to the Gsc-orbit of xT . Since C̄ ′ is a fundamental domain for
the action of Gsc on B(Gsc), the result follows. ∎

2.3. Some consequences of results of Haines and Rapoport and of Kottwitz. In [27, Section 7] Kottwitz shows that
there is a functorial surjective homomorphism κG∶G Ð→ X∗(Ẑ(G)I). Here I denotes Gal(k̄/K), and Ẑ(G) de-
notes the center of the dual group of G. If π1(G)I denotes the I-coinvariants of the fundamental group of G, then
X∗(Ẑ(G)I) ≅ π1(G)I and we have a functorial surjective homomorphism κG∶G Ð→ π1(G)I (see [23, Section 3.3]). In
[17, Proposition 3] Haines and Rapoport show that for any facet F ′ in B(G) the restriction of κG to StabG(F ′) has kernel
GF ′,0.

These results have many interesting consequences. As an example, which can be vastly generalized as in [23, Corol-
lary 3.3.1], we have η[(Gsc)x,0] ≤ Gx,0 where η∶Gsc →G denotes the composition Gsc →G′ ↪G and x is any point in
B(Gsc) = B(G′) = Bred(G). In this section, we record some additional consequences.

The following result plays a fundamental role throughout the remainder of this paper.

Lemma 2.3.1. Suppose T is a K-minisotropic maximal torus in G. Let xT denote the point in the reduced building of G
attached to T , and recall that F denotes the facet in the building of G whose image under the projection to the reduced
building contains xT . We have

StabG(F ) = TGF,0.
Remark 2.3.2. Recall that the building of T does not always embed into that of G. In the proof below we use that F is
T -stable.

Proof. For any maximal K-torus S in G, the map π1(S)I
ι→ π1(G)I is surjective. Consequently, we have that for all

g ∈ StabG(F ) there is a t ∈ T such that κG(g) = ι(κT (t)). We then have t−1g ∈ ker(κG). Thus, t−1g ∈ StabG(F ) ∩
ker(κG) = GF,0. ∎
Remark 2.3.3. This result can be restated as:

StabG(xT ) = TGxT ,0.
Corollary 2.3.4. The map T → StabG(F )/GF,0 is surjective with kernel η[Tsc]T0. Here Tsc is the torus in Gsc corre-
sponding to T

Proof. The surjectivity of the map follows from Lemma 2.3.1. Since taking coinvariants is right exact, the exact sequence

1Ð→ X∗(Tsc)
η∗Ð→ X∗(T)Ð→ π1(G)Ð→ 1

yields
X∗(Tsc)IÐ→X∗(T)I Ð→ π1(G)I Ð→ 1.

Using the results of Kottwitz and Haines and Rapoport discussed above and the fact that π1(S) = X∗(S) for any K-torus
S, we conclude that we have an exact sequence

Tsc/(Tsc)0
η̄Ð→ T /T0 Ð→ StabG(F )/GF,0 Ð→ 1.

The result follows. ∎
Lemma 2.3.5. Suppose g ∈ G′ and y ∈ B(G′) is special. If g ∈ StabG′(y), then g ∈ G′y,0.

Proof. Let ḡ denote the image of g in Gad and let A#

ad denote the maximal k-torus in Gad corresponding to A#. We first
show that ḡ ∈ (Gad)y,0. Since ḡ ∈ StabGad

(y), it is enough to show that StabGad
(y) ⊂ (Gad)y,0. Suppose h ∈ StabGad

(y).
Since (Gad)y,0 acts transitively on the apartments that contain y, there exists k ∈ (Gad)y,0 such that khA#

ad = A#

ad; that
is, kh ∈ NGad

(A#

ad). Since y is special, there exists j ∈ (Gad)y,0 that has the same image in W̃ as kh. Thus j−1kh ∈
A#

ad ∩ StabGad
(y). However, from [10, Propositions 4.4.3 and 4.4.16] we have A#

ad ∩ StabGad
(y) = (A#

ad)0 ≤ (Gad)y,0.
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Since (Gad)y,0 is the kernel of the restriction to Staby(Gad) of κGad
, G′y,0 is the kernel of the restriction to Staby(G′)

of κG′ , and the map from X∗(Ẑ(G′)I) to X∗(Ẑ(Gad)I) is injective, by functoriality we conclude that since ḡ ∈ (Gad)y,0
we must have g ∈ G′y,0. ∎

Remark 2.3.6. Suppose H and L are connected semisimple k-groups and ρ∶H → L is an isogeny. Suppose x ∈ B(H) =
B(L). We have that ρ carries FixH(x) into FixL(x) and (resH ρ)−1[FixL(x)], the preimage of FixL(x) under resH ρ,
is a subgroup of FixH(x). Moreover, since the map from X∗(Ẑ(H)I) to X∗(Ẑ(L)I) is injective, using the results of
Kottwitz and Haines-Rapoport, we conclude that (resH ρ)−1[Lx,0] is Hx,0. That is, for all h ∈ StabH(x) we have h ∈Hx,0

if and only if ρ(h) ∈ Lx,0.

3. POINTS IN THE REDUCED BUILDING ATTACHED TO TAME MAXIMAL K-TORI OF G

As in Section 2, we loosen our restrictions on k: it can be any complete field with nontrivial discrete valuation ν and
perfect residue field f such that either (a) f is finite or (b) k is strictly Henselian and quasi-finite. Note that in the latter case
we have that k = K. In either case, we have that Gal(kt/K) has a topological generator σ, K is strictly Henselian, and
K has cohomological dimension ≤ 1 (see [42, II.3.3.c)] for case (a) and [44, XIII, Props. 3 and 5] for case (b)). If f has
characteristic zero, then we set p = 0.

A K-torus T of G will be called tame provided that T is kt-split. A main result of this section is the explicit identifica-
tion, up to G-conjugacy, of the point xT attached to a tame K-minisotropic maximal torus of G.

3.1. Tame elements in Weyl groups. We let x0 ∈ C̄ ′ denote the image of F0 in Bred(G). (The facet F0 ⊂ C̄ was
introduced in Section 1.2.)

If G contains a tame maximal torus, then from Lemma 1.4.2 we know that A# splits over a tame extension. Thus, in this
section we assume that K̃, the splitting field of A# over K, is a tame extension of K. Under this assumption there exists

ℓ′ ∈ Z≥1 such that K̃ = ktσ
ℓ′

, K̃σ = K, and Γ̃ is the cyclic group Gal(kt/K)/Gal(kt/K̃). We let σ̄ denote the image of σ
in this quotient. Denote by Aut(Π̃) the automorphism group of the Dynkin diagram associated to Π̃ and let τσ̄ denote the
image of σ̄ in Aut(Π̃).

Definition 3.1.1. An element w ∈ W̃ is called tame provided that p does not divide the order of (w, τσ̄) in W̃ ⋊Aut(Π̃).
An element n ∈ W̃ will be called tame provided that its image, under the projection map W̃ → W̃ , is tame.

Remark 3.1.2. Since the order of Aut(Π̃) always divides the order of W̃ , we conclude from Cauchy’s theorem that every
element of W̃ is tame if and only if p does not divide the order of W̃ .

Lemma 3.1.3. Suppose n ∈ W̃ . We have n is tame if and only if p does not divide the order of nσ̄ in W̃ ⋊ Γ̃.

Proof. Recall that K̃ is a tame extension of K. The kernel of the projection map from W̃ ⋊ Γ̃ to W̃ ⋊ Aut(Π̃) is of the
form τ ⋊ ⟨σ̄j⟩ where τ ⊂ Ã# is an elementary abelian two group and j divides the order of Γ̃. Since p does not divide the
order of Γ̃ and two divides the order of every nontrivial Weyl group, the result follows. ∎

Definition 3.1.4. Suppose n ∈ W̃ is tame, and let ℓ denote the order of nσ̄ in W̃ ⋊ Γ̃. Since p does not divide ℓ, we can
form the tame degree ℓ extension Kn = ktσ

ℓ

of K; note that K̃ ≤Kn.

3.2. On the σ-conjugacy classes of tame elements of W̃ . The results of this section will feel familiar to those who have
studied conjugacy classes in disconnected groups. I was influenced by the presentation in [31].

Let Ã#

0 denote the parahoric subgroup of Ã# and Ã#

0+ its pro-unipotent radical. Similarly, let A#

0 denote the parahoric
subgroup of A# and A#

0+ its pro-unipotent radical. Since A# is K̃-split, we have Ã#

0 = Ã# ∩ G̃x0,0.

Lemma 3.2.1. If n ∈ W̃ is tame, then there exists a K̃-Borel-torus pair (A′,B′) such that

● nσ(A′,B′) = (A′,B′) and
● x0 ∈ A′(A′, K̃).

Remark 3.2.2. Since the automorphism nσ fixes a Borel-torus pair, it is an example of a quasi-semisimple (or quass)
automorphism.
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Proof. Recall that K̃ is a tame extension of K.
Choose tame n ∈ W̃ . Let ℓ denote the order of nσ̄ in W̃⋊Γ̃. Define the continuous 1-cocycle τ ∈ Z1(Gal(kt/K),G(kt))

by
τ(σj) = Nσ

j (n) ∶= nσ(n)σ2(n)⋯σj−2(n)σj−1(n).
Since the surjection Gal(k̄/K) → Gal(kt/K) yields H1(Gal(k̄/K),G) ≅ H1(Gal(kt/K),G(kt)) (see [42, I.5.8] and
use the fact that kt has cohomological dimension ≤ 1), the 1-cocycle τ defines a twisted K-group, which we denote by τG.
In fact, since K has cohomological dimension ≤ 1, the groups τG and G are isomorphic as K-groups.

Since (Ad(n) ○ σ)ℓ = σℓ, we have τG(Kn) = G(Kn), τG(K) = G(Kn)nσ, and τG(K̃) = G(Kn)ñσ
ℓ′

where

ñ = τ(σℓ′). (Recall that K̃ = kσℓ′
t .) Since n ∈ G̃x0,0, we have ñ ∈ G̃x0,0. In fact, since nσñ = ñ, we conclude that

ñ ∈ Stab
τG(K)(x0). From Remark 1.3.1 we have that n, and hence ñ, belongs to G′(Kn) = τG

′(Kn) and hence
ñ ∈ τG′(K). From Lemma 2.3.5 we conclude that ñ ∈ τG′(K)x0,0 ≤ τG(K)x0,0.

Since x0 ∈ Bred(G,Kn) = Bred(τG,Kn) is fixed by both σ and n, it is fixed by nσ. Since τG is K-quasi-split,
we can choose a maximally K-split K-torus τA

′ in τG and a Borel K-subgroup τB
′ of τG containing τA

′ such that
x0 ∈ A′(τA′,K) = A′(τA′,Kn)nσ and the topologically semisimple element ñ ∈ τG(K)x0,0 belongs to τA

′(K).
Since nστA′ = τA

′ and ñ ∈ τA′(K), we have σℓ
′
τA
′ = ñ−1(nσ)ℓ′τA′ = τA

′. Similarly, since nστB′ = τB
′ and

ñ ∈ τA′(K) ≤ τB′(K), we have σℓ
′
τB
′ = ñ−1(nσ)ℓ′τB′ = τB′.

Thus, there is a K̃-Borel-torus pair (A′,B′) in G such that A′(K̃) = τA
′(K̃) and B′(K̃) = τB

′(K̃). Note that
nσ(A′,B′) = (A′,B′) and x0 ∈ A′(τA′,K) ⊂ A′(τA′, K̃) = A′(A′, K̃). ∎

Corollary 3.2.3. If n ∈ W̃ is tame, then n is σ-conjugate by an element of G̃x0,0 to an element of Ã#

0.

Proof. Recall that K̃ is a tame extension of K.
Thanks to Lemma 3.2.1 we can find a K̃-Borel-torus pair (A′,B′) in G such that nσ(A′,B′) = (A′,B′) and x0 ∈

A′(A#, K̃)∩A′(A′, K̃). Choose h ∈ G̃x0,0 such that h(A#,B) = (A′,B′). Since σ(A#,B) = (A#,B) and nσ(A′,B′) =
(A′,B′), we then have

h−1nσ(h)(A#,B) = h−1nσh(A#,B) = h−1nσ(A′,B′) = h−1(A′,B′) = (A#,B).
Thus h−1nσ(h) ∈ Ã# ∩ G̃x0,0 = Ã

#

0. ∎

Lemma 3.2.4. If n ∈ W̃ is tame, then n is σ-conjugate by an element of G̃x0,0 to an element of A#

0Ã
#

0+ = A0Ã
#

0+ .

Proof. Recall that K̃ is a tame extension of K.
From Corollary 3.2.3 we know that there exists h ∈ G̃x0,0 such that h−1nσ(h) ∈ Ã#

0.
We identify A in G̃x0 by A ≤ Gx0 = G̃σ̄x0 ≤ G̃x0 . Note that Ã# equals CG̃x0

(A) and A has finite index in Fixσ̄(Ã#).
The map x ↦ σ̄(x) defines a finite order automorphism of Ã#. Since A has finite index in Fixσ̄(Ã#) and H1(Γ̃,A) ≅

Hom(Γ̃,A) is finite, we conclude that Fixσ̄(Ã#/A) is finite. Thus, by [46, Theorem 10.1], we conclude that the map
ā ↦ σ̄(ā)−1ā from Ã#/A to itself is surjective. Consequently, there exists ȳ ∈ Ã# such that, modulo A, σ̄(ȳ)−1ȳ is
congruent to the image of h−1nσ(h) in Ã#. Let y be an element of Ã#

0 that lifts ȳ. Since A# is abelian, we may replace h
by hy to conclude that h−1nσ(h) ∈ A0Ã

#

0+ . ∎

Lemma 3.2.5. Suppose n ∈ W̃ is tame and nσ̄ has order ℓ in W̃ ⋊ Γ̃. If ξ is a primitive ℓth root of unity in K, then n is
σ-conjugate by an element of G̃x0,0 to an element of A0 of the form λ(ξ) where λ ∈ X∗(A).

Proof. Recall that K̃ is a tame extension of K.
Let ξ be a primitive ℓth root of unity in K and let ξ̄ denote the image of ξ in F.
From Lemma 3.2.4 we can choose h ∈ G̃x0,0 such that h−1nσ(h) ∈ A0Ã

#

0+ .
Choose a sequence 0 < r1 < r2 < ⋯ such that for all s > 0 we have G̃x0,s ≠ G̃x0,s+ if and only if s = rj for some j.

Here G̃x0,s and G̃x0,s+ are Moy-Prasad subgroups [32, 33] of G̃. For s > 0 set Ã#
s = Ã# ∩ G̃x0,s, Ã

#

s+ = Ã# ∩ G̃x0,s+ and
Ã#

s∶s+ = Ã#
s/Ã#

s+ . Similarly, define A#
s = A# ∩Gx0,s, A

#

s+ = A# ∩Gx0,s+ , and A#

s∶s+ = A#
s/A#

s+ .
For every j ≥ 1 the linear map ȳ ↦ (1− σ̄)ȳ from the F-vector space Ã#

rj ∶r
+
j
/A#

rj ∶r
+
j

to itself is an isomorphism. Thus for

every element x ∈ Ã#
rj there exists y ∈ Ã#

rj such that σ̄(y)−1xy ∈ A#
rj Ã

#

r+j
.
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Applying this to h−1nσ(h) ∈ A0Ã
#

0+ = A0Ã
#
r1 , we conclude, using the fact that A# is abelian, that there exists y1 ∈ Ã#

r1

such that if h1 = hy1 we have h−11 nσ(h1) ∈ A0A
#

0+Ã
#
r2 . We may repeat this process to conclude that there exists yj ∈ Ã#

rj

such that if hj = (hj−1)yj , then h−1j nσ(hj) ∈ A0A
#

0+Ã
#
rj+1 . Letting j go to infinity we conclude that there is an h∞ ∈

G(L̃)x0,0 such that h−1∞nσ(h∞) ∈A#(L)0 = A0A
#(L)0+ . Here L denotes the completion of K and L̃ = L⊗K K̃ denotes

the completion of K̃; note that σ̄ extends (continuously) to an automorphism of L̃ whose fixed point set is L.
Choose a ∈ A0A

#(L)0+ such that h−1∞nσ(h∞) = a. Since the order of nσ̄ in W̃ ⋊ Γ̃ is ℓ, we have

N σ̄
ℓ (n) = nσ̄(n)σ̄2(n)⋯σ̄ℓ−2(n)σ̄ℓ−1(n) = 1.

Thus, since a = σj(a) for all j ∈ Z≥1 and σℓ(h∞) = h∞, we have

aℓ =
ℓ−1

∏
j=0

σj(a) =
ℓ−1

∏
j=0

σj(h−1∞nσ(h∞)) = h−1∞N σ̄
ℓ (n)σℓ(h∞) = 1.

Let ā denote the image of a in A. Since āℓ = 1, there exists λ ∈ X∗(A) such that ā = λ(ξ̄). Since X∗(A) = X∗(A), we
may and do think of λ as an element of X∗(A). Thus, a = λ(ξ)ã where ã ∈ A#(L)0+ . Since 1 = aℓ = ãℓ and ℓ is coprime
to p, we conclude that ã = 1. Thus, a = λ(ξ) ∈ A0.

If k ≠K, in which case L may not be K, we need to show that we can take h∞ ∈ G̃x0,0. We proceed as follows. Choose
finite extensions k′ ≤ k̃′ of k with k′ ≤K and k̃′ ≤ K̃ such that Gal(k̃′/k′) is isomorphic to Gal(K̃/K), A is a maximal k′

split torus in G, A# is a maximal k̃′-split torus in G, x0 ∈ B(G, k′), we have h,n ∈G(k̃′)x0,0, ξ ∈ k′, etc. The entire proof
above goes through with Ã# replaced by A#(k̃′), A# replaced by A#(k′), etc. Since k′ is complete, we conclude that we
have h∞ ∈G(k̃′)x0,0 ≤ G̃x0,0. ∎

By taking the reductive quotient, we recover a very special version of the known general result that if ḡ ∈ G such that ḡσ
has finite order coprime to p, then g is σ-conjugate in G to an element of A:

Corollary 3.2.6. Suppose n ∈ W̃ is tame and nσ̄ has order ℓ in W̃ ⋊ Γ̃. Let n̄ ∈ NG(A) denote the image of n in G. If ξ
is a primitive ℓth root of unity in F, then n̄ is σ-conjugate by an element of G to an element of A of the form λ(ξ) where
λ ∈ X∗(A).

Proof. This follows from Lemma 3.2.5 by looking at the reductive quotient. ∎

Remark 3.2.7. Note that the element λ ∈ X∗(A) = X∗(A) encodes what is known as the Kac coordinates or, equivalently,
the Kac diagram of the image of n̄σ in Aut(Lie(G)). Note that since µ(ξ) = 1 for all µ ∈ ℓX∗(A), the element λ cannot be
unique. First introduced by Kac in [21] (see also [20, Chapter X, Section 5] or [22, Chapter 8]), the use of Kac coordinates
for p-adic groups was initiated in [40] and [41]. We will have more to say about Kac coordinates in Section 3.5.

3.3. From tame elements of W̃ to maximal K-tori in G. Mark Reeder is responsible for the key ideas of this section:
the definition of the element gn and how to use gn to define the maximal K-torus Tn of G. I thank him for explaining
these ideas to me; I am responsible for all errors.

Choose a tame n ∈ W̃ , and suppose nσ̄ has order ℓn in W̃ ⋊ Γ̃.
Recall that ϖ ∈ k is a uniformizer. Choose a uniformizer π ∈ Kn such that πℓn = ϖ. Set ξ = σ(π)/π; note that ξ ∈ K is

a primitive ℓth
n root of unity. Thanks to Lemma 3.2.5 there exist h ∈ G̃x0,0 and λn ∈ X∗(A) such that h−1nσ(h) = λn(ξ).

Define xn ∈ A′(A) by xn = x0 + λn/ℓn, define gn ∈ G(Kn)xn,0 by gn = λn(π)h−1λn(π)−1, and define the maximal
Kn-split torus Tn of G by T = gnA#.

Remark 3.3.1. The point xn = λn(π) ⋅ x0 is an absolutely special vertex in Bred(G,Kn).

Lemma 3.3.2. The torus Tn is defined over K.

Proof. We first compute g−1n σ(gn):
g−1n σ(gn) = (λn(π)hλn(π)−1)(σ(λn(π)h−1λn(π)−1)) = λn(π)hλn(π)−1λn(ξ)λn(π)σ(h)−1λn(πξ)−1

= λn(π)hλn(ξ)σ(h)−1λn(πξ)−1 = λn(π)nλn(πξ)−1 = n[n−1λn(π)nλn(πξ)]
= na′
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where a′ = n−1λn(π)λn(πξ) ∈ A#(Kn). Consequently, σ(Tn) = σ(gnA#) = gnna′A# = gnA# = Tn, and so Tn is defined
over K. ∎

While the maximalK-torus Tn of G depends on many choices, we now show that theG-conjugacy class of Tn depends
only on the σ-conjugacy class of the image of n in W̃ .

Suppose w ∈ W̃ . If w′ is σ-conjugate to w, then w′ and w have the same order in W̃ ⋊ Γ̃. Thus, if w is tame, then every
element in the σ-conjugacy class of w is tame as well. Let W̃ t denote the set of tame elements in W̃ . Let W∼σ (resp. W̃ t

∼σ
)

denote the set of σ-conjugacy classes in W̃ (resp. W̃ t).

Definition 3.3.3. We let C denote the set of G-conjugacy classes of maximal K-tori in G.

Corollary 3.3.4. The assignment n↦ Tn from tame elements in W̃ to maximal K-tori in G induces an injective map

φσ ∶ W̃ t
∼σ
→ C.

Proof. For wi ∈ W̃ t with i ∈ {1,2} we let ni ∈ W̃ be in the preimage of wi under the natural projection W̃ → W̃ . Recall
that to the element ni we can associate gi ∈ G(kt) such that g−1i σ(gi)A# = niA#. Let Oi ∈ C denote the G-orbit of
Tni = giA#.

We first show that the orbit Oi depends only on the σ-conjugacy class of wi. Suppose T ∈ Oi. Then T is kt-split
and so there exists g ∈ G(kt) such that T = gA#. Let w′ denote the image of g−1σ(g) ∈ NG(kt)(A#) in W̃ . Since T is
G-conjugate to Ti, there exists ki ∈ G such that T = kiTi. Thus gA# = kigiA#. Consequently, there exists n ∈ NG(kt)(A#)
such that g−1i k

−1
i g = n, so k−1i g = gin. Note that

w′ = g−1σ(g)A# = (k−1i g)−1σ(k−1i g)A# = (gin)−1σ(gin)A# = n−1niσ(n)A# = u−1wiσ(u)
where u denotes the image of n in W̃ . Thus, w′ is σ-conjugate to wi.

We now show that if w1 is σ-conjugate to w2, then O1 = O2. If w1 is σ-conjugate to w2, then there exists n ∈ NG̃(A#)
such that n−1n2σ(n)A# = n1A#, or (g2n)−1σ(g2n)A# = g−11 σ(g1)A#. Consequently, there exists t ∈ T1(kt) such that
g2ng

−1
1 t = σ(g2ng−11 ). Thus, for all γ ∈ T1, we have

σ(g2ng−11 γ) = σ(g2ng−11 )γ = g2ng−11 tγ = g2ng−11 γ.
That is, g2ng−11 maps K-points of T1 to K-points of T2. Thus, by Lemma 2.1.1, we have that T1 and T2 are G-conjugate.
That is, O1 = O2. We can therefore define a function φσ ∶ W̃ t

∼σ
→ C by sending the σ-conjugacy class of wi ∈ W̃ t to the

G-conjugacy class of Ti.
Finally, we show that φσ is injective. Suppose c1 and c2 are two σ-conjugacy classes in W̃ t with φσ(c1) = φσ(c2).

Suppose wi ∈ ci. Since φσ(c1) = φσ(c2), there exists g ∈ G such that gT1 = T2, and so gg1A# = g2A#. Consequently, there
exists n′ ∈ NG(kt)(A#) such that g−11 g−1g2 = n′, so g−1g2 = g1n′. Note that

n2A
# = g−12 σ(g2)A# = (g−1g2)−1σ(g−1g2)A# = (g1n′)−1σ(g1n′)A# = n′−1n1σ(n′)A#.

Consequently, c1 = c2. ∎
Definition 3.3.5. An element w ∈ W̃ t is called σ-elliptic provided that the σ-conjugacy class of w does not intersect a
proper parabolic subgroup W̃θ of W̃ where θ ⊂ Π̃, θ ≠ Π̃, and σ(θ) = θ. Here W̃θ is the subgroup of W̃ generated by the
simple reflections corresponding to the roots in θ. An element n ∈ W̃ will be called σ-elliptic provided that its image in W̃
is σ-elliptic. A σ-conjugacy class in W̃ is called σ-elliptic provided that some (hence any) element in c is σ-elliptic.

Lemma 3.3.6. Suppose n ∈ W̃ is tame. We have n is σ-elliptic if and only if Tn is K-minisotropic. Moreover, if Tn is
K-minisotropic, then xTn = xn.

Proof. Let n̄ denote the image of n in W̃ .
Suppose n is not σ-elliptic. Without loss of generality, we may assume that n̄ ∈ W̃θ for some proper θ ⊂ Π̃ with

σ(θ) = θ. Let Mθ denote the Levi subgroup of G that contains A# and corresponds to θ. That is, Mθ is the centralizer of
(∩α∈θ ker(α))○. Note that (n̄, σ̄) is tame in W̃θ ⋊ Γ̃ and we can construct gn in Mθ(kt) for which g−1n σ(gn) has image n̄
in W̃θ. By construction, gnA# ≤Mθ is a K-torus which is not K-minisotropic for G.

Suppose Tn is not K-minisotropic. After conjugating by an element of G, we may assume that Tn ⊂ Mθ for some
σ-stable proper θ ⊂ Π̃. Since gnA# and A# are kt-split tori in Mθ, there exists m ∈Mθ(kt) such that gnA# = mA#. As in
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the proof of Corollary 3.3.4 we have that the images of m−1σ(m) and g−1n σ(gn) in W̃ are σ-conjugate. Since the image of
m−1σ(m) belongs to W̃θ, we conclude that n is not σ-elliptic.

Suppose Tn is K-minisotropic. Since Tn splits over the tame extension Kn, the point xn is the σ-fixed point of the
image of A′(Tn,Kn) in Bred(G,Kn). Hence, we have xn = xTn . ∎
Corollary 3.3.7. w ∈ W̃ t is σ-elliptic if and only if the only fixed point for the action of wσ on X∗(A#)/X∗(Z) is 0.

Proof. Suppose n ∈ W̃ is a lift of w. Since the action of σ on A(T,Kn) corresponds to the action of wσ on A(A#,Kn),
the result follows from Lemma 3.3.6. ∎
Remark 3.3.8. Suppose w ∈ W̃ t is σ-elliptic. Since any two lifts of w into NG̃′(A#) are Ã#-conjugate, we conclude that
any two lifts of w into W̃ ≤ G̃′ have the same order. Thus, when w ∈ W̃ t is σ-elliptic, the ℓ and Kn of Definition 3.1.4
depend only on the σ-conjugacy class of w.

Lemma 3.3.9. If w ∈ W̃ t is σ-elliptic, then we may choose gn in Lemma 3.3.2 such that g−1n σ(gn) = z ⋅ λn(π)n for some
z ∈ Z̃0.

Remark 3.3.10. Note that g−1n σ(gn) ∈ G(Kn)xn,0. Also, since W̃ ≤ G̃′, we can replace G by G′ in every result of
Section 3.3 to this point. Thus, we can choose h, gn ∈ G̃′, hence z ∈ Z̃0 ∩ G̃′.
Proof. Let Z̃ denote the maximal split torus in the center of G̃x0 ; note that this is the image of Z̃0 ∩ G̃x0,0 in G̃x0 . Since
w is σ-elliptic, the map 1 −wσ∶ Ã#/Z̃ → Ã#/Z̃ is surjective. Thus, by using an approximation argument as in the proof of
Lemma 3.2.5, we can produce a ∈ Ã# and z ∈ Z̃0 such that anσ(a)−1n−1 = z ⋅ nλn(ξ). In the proof of Lemma 3.3.2 replace
h, which has the property that hλn(ξ)σ(h)−1 = n, with h̃ ∶= ah and replace gn with g̃ ∶= λn(π)̃h−1 to obtain

g̃−1n σ(g̃n) = λn(π)(ahλn(ξ)σ(h)−1σ(a)−1λn(ξ)−1) = λn(π)(anσ(a)−1n−1nλn(ξ)−1) = z ⋅ λn(π)n.
Note that g̃nA# = gnA#. ∎

As in [41, Theorem 4.1] is also possible to explicitly describe the reductive quotient at the point xn:

Lemma 3.3.11. Suppose n ∈ W̃ is tame. The map Ad(λn(π))∶G(Kn)x0,0 →G(Kn)xn,0 identifies Gxn with G
λn(ξ)
x0 .

Proof. Since A#(Kn) ∩G(Kn)x0,0 = A#(Kn) ∩G(Kn)xn,0 and λn(ξ) centralizes A#(Kn), it suffices to look at what
happens on root subgroups of Gx0 .

Suppose α ∈ Φ(G,A). Choose α̇ ∈ Φ(G,A#) satisfying resA(α̇) = α. Since λn ∈ X∗(A), we have ⟨λn, α⟩ =
⟨λn, α̇⟩ = ⟨λn, σα̇⟩ where ⟨ , ⟩∶X∗(A#) × X∗(A#) denotes the natural pairing. For all X in the root space g(Kn)α̇, we
have σ(λn(π)X) = ξ⟨λn,α⟩ ⋅ λn(π)(σ(X)). Thus, if Uα denotes the unipotent subgroup of G corresponding to α, then
Ad(λn(π))maps Uα ∩Gx0,0 to Uα ∩Gxn,0 if and only if ξ⟨λn,α⟩ = 1. Since x0 is absolutely special, the result follows. ∎

Lemma 3.3.12. Suppose n ∈ W̃ is tame. We have Gλnx0,0 ≤ Gxn,0.

Proof. If k ∈ Gλnx0,0, then k ∈ Gx0+rλn,0 for all r ∈ R. Thus Gλnx0,0 ≤ Gx0+λn/ℓn,0 = Gxn,0. ∎
When n is σ-elliptic, we revisit and sharpen this result in Section 3.5.

3.4. Parameterizing maximal tame K-tori of G. Recall that a K-torus T of G will be called tame provided that T is
kt-split. Note that if T is tame, then every G-conjugate of T is tame as well. We let Ct denote the set of G-conjugacy
classes of tame maximal K-tori of G.

Lemma 3.4.1. The image of the injective map
φσ ∶ W̃ t

∼σ
→ C

of Corollary 3.3.4 is Ct.
Proof. By construction, the image of φσ lies in Ct. So, we only need to show that if O ∈ Ct, then there exists c ∈ W̃ t

∼σ
such

that φσ(c) = O. Fix O ∈ Ct. Choose T ∈ O. Let E ≤ kt be the Galois extension over which T splits. From Lemma 1.4.2
we have that A# splits over E, and so K̃ ≤ E. Choose g ∈ G(E) such that T = gA#. Let w denote the image of g−1σ(g)
in W̃ . If E = kσj

t , then ∣Gal(K̃/K)∣ divides j and wj is the image of

(g−1σ(g))j = (g−1σ(g))σ(g−1σ(g))σ2(g−1σ(g))⋯σ(j−1)(g−1σ(g)) = g−1σj(g) = 1
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in W̃ . Thus, the order of wσ̄ ∈ W̃ × Γ̃ divides j, hence w is tame. Let c denote the σ-conjugacy class of w. Note that
c ∈ W̃ t

∼σ
and φσ(c) = O. ∎

Definition 3.4.2. We will say that G is K-tame provided that C = Ct.
Corollary 3.4.3. Recall that we are assuming that K̃ is a tame extension of K. We have G is K-tame if and only if
W̃ t = W̃ . Moreover, if G is K-tame, then the map φσ ∶ W̃∼σ → C is bijective.

Proof. From Lemma 3.4.1 it is enough to prove that G is K-tame if and only if W̃ t = W̃ .
If K is quasi-finite, then this is [13, Lemma 4.2.1]. Thus, for the remainder of the proof we may and do assume that f is

finite.
We first show that we may assume that G is k-quasi-split. Indeed, G is an inner form of a k-quasi-split group G∗.

This means there is a k̄-isomorphism φ∶G∗ → G such that for all γ ∈ Gal(k̄/k) there exists gγ ∈ G∗(k̄) such that
cγ = φ−1 ○ γ ○φ = Ad(gγ) ∈G∗ad(k̄). Since K has cohomological dimension ≤ 1, we may assume that cγ = 1 ∈ G∗ad for all
γ ∈ I = Gal(k̄/K). Thus γ(φ) = φ for all γ ∈ I and we conclude that φ∶G∗ → G is a K-isomorphism that identifies G∗

with G. Thus, without loss of generality, we may replace G with G∗ and assume G is k-quasi-split.
Suppose W̃ = W̃ t. Suppose T ∈ O ∈ C. The action of Gal(k̄/k) on T factors through W̃ ⋊ Aut(Π̃) ≅ NG(T)/T ⋊

Aut(Π̃). Since W̃ = W̃ t, we conclude that p does not divide the order of W̃ ⋊Aut(Π̃), hence Gal(k̄/kt) acts trivially on
T. That is, T splits over a tame extension of K and O ∈ Ct.

Suppose C = Ct. It will be enough to show that if p ∣ ∣W̃ t∣, then there is a K-torus in G that doesn’t split over kt. Since
we are assuming that G is k-quasi-split, this follows from Part 1. of [16, Corollary 2.6]. ∎
Remark 3.4.4. Suppose f is a finite field. In [16, Theorem 2.4] Fintzen explores the extent to which the condition W̃ t = W̃
can be relaxed when we are interested in maximal k-tori rather than maximalK-tori. One can think of this as asking: when
does the G-orbit of a maximal K-torus of G that splits over a tame extension of K contain a maximal k-torus of G? This
question is addressed in Sections 4 and 5.

Remark 3.4.5. Suppose f is a finite field. In the notation of the proof of Corollary 3.4.3 we have for all γ ∈ Gal(k̄/K) that

Ad(gFr) = cFr = φ−1 ○ Fr ○ (φ ○Ad(gFr−1γFr)) = cγFr = cγγ(cFr) = Ad(gγ) ○ γ(Ad(gFr)) = γ(Ad(gFr)).
Here we are using that Fr normalizes Gal(k̄/K) and Ad(gγ) = 1 ∈ G∗ad for all γ ∈ Gal(k̄/K). Thus we have Ad(gFr) ∈
G∗ad. Moreover, as groups with Gal(K/k)-action we can identify G with G∗ where Fr acts on G∗ by Ad(gFr) ○ Fr. Since
f is finite, there is an alcove D in B(G∗) = B(G) that is Ad(gFr)○Fr-stable. Choose h ∈ G∗ such that hC =D. Since cFr ∈
H1(Fr,G∗ad) is cohomologous to Ad(h−1)cFrAd(Fr(h)), we may replace Ad(gFr) with Ad(h−1)Ad(gFr)Ad(Fr(h))
and assume Ad(gFr) stabilizes C. That is, at the level of K-points all inner forms of G can be thought of as G∗ with
Fr acting by Ad(g) ○ Fr for some Ad(g) ∈ StabG∗

ad
(C). Moreover, one can show that for every Ad(g) ∈ StabG∗

ad
(C),

the group G∗ with Fr acting by Ad(g) ○ Fr defines an inner form of G. Since, by Lang-Steinberg, we have (Gad)C,0 =
(1 − Ad(g)Fr)(Gad)C,0, it follows that every element of the coset Ad(g)(Gad)C,0 is cohomologous to Ad(g). So, for
example, Ad(g) is cohomologous to an element of NGad

(A): since C ⊂ A(Ad(g) ⋅ A), there exists Ad(k) ∈ (Gad)C,0
such that (Ad(g)Ad(k)) ⋅A =A.

3.5. Kac coordinates. As discussed in Remark 3.2.7 the element λn ∈ X∗(A) encodes Kac coordinates of the image of
nσ in Aut(g). We illustrate how this works for an n that is σ-elliptic.

The point xn = x0+λn/ℓn = λn(π) ⋅x0 is an element ofA′(A) and so there exists d ∈ NG(A) such that yn ∶= d ⋅xn ∈ C̄ ′.
Note that ψ(xn) = ψ(x0) + ⟨ψ̇, λn⟩/ℓn ∈ Q for all ψ ∈ Ψ. Thus, it makes sense to define jn to be the least natural number
for which ψ(xn) ∈ 1

jn
Z for all ψ ∈ Ψ. The ∣∆∣-tuple (jn ⋅ ψ(yn) ∣ψ ∈ ∆) defines Kac coordinates of n. If the point xn

belongs to the closure of C ′, then the coordinates are called normalized Kac coordinates. Tables of some Kac coordinates
(or, equivalently, Kac diagrams) and values of jn may be found in [1], [9], [29], [38], [40], and [41]. An exhaustive list of
Kac diagrams for σ-elliptic Weyl group elements may be produced by combining the results of [1, §9] and [15, §4].

Thanks to Lemmas 2.2.2 and 3.3.6, since n is σ-elliptic we have that xn is uniquely determined, up to the action
of NG(A), by jn and the Kac coordinates of n. In fact, we can do better as the following lemma shows (see also [1,
Lemma 6.4]).

Lemma 3.5.1. Suppose n ∈ W̃ is tame and σ-elliptic. We can choose λn ∈ X∗(G′ ∩A) such that xn = x0 + λn/ℓn ∈ C̄ ′.
In fact, this uniquely identifies λn.
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Proof. Choose d ∈ NG(A#) such that yn = d ⋅ xn ∈ C̄ ′. Write d = am where m ∈ NGx0,0
(A) and a ∈ A#. The element a

acts on A′(A) by translation, say µ ∈ X∗(A). Then yn = am ⋅ xn = x0 + µ +m ⋅ λn/ℓn. After replacing the h and λn that
are used to define gn at the start of Section 3.3 by hm−1 and m ⋅ λn, we may assume that yn = x0 + (ℓnµ + λn)/ℓn. Since
(ℓnµ + λn)(ξ) = λn(ξ), we may also replace λn with ℓnµ + λn. Thus, yn = xn = x0 + λn/ℓn ∈ C̄ ′.

Since W̃ is in G̃x0,0 ∩ G̃′ ≤ G̃′, we can carry out all of the proofs involving W̃ , λn, etc. inside of G′. In particular, we
can assume λn ∈ X∗(G′∩A). The statement about uniqueness follows immediately from the fact that since n is σ-elliptic,
we have that the G-orbit of xn intersects C̄ ′ exactly once. ∎

When λn is chosen such that xn = x0+λn/ℓn ∈ C̄ ′, it is often, but not always, true that we can improve on Lemma 3.3.12
by identifying Gxn with Gλnx0 . An example where we can’t identify them is discussed in Example 3.6.3: for the group G2

and the element −1 ∈ A1 × Ã1 in the Weyl group we have Gxn is isomorphic to SO4 while Gλnx0 is isomorphic to GL2. In
Lemma 3.5.3 we discuss conditions under which we can identify Gxn with Gλnx0 .

Definition 3.5.2. For a facet F inA′(A), let M(F ) denote the Levi K-subgroup generated by A# and the root groups Uα

where α runs over those roots in Φ(G,A#) for which there exists ψ ∈ Ψ such that ψ̇ = resA α and ψ is constant on F .

Lemma 3.5.3. Suppose n ∈ W̃ is tame and σ-elliptic. Choose λn such that xn = x0 + λn/ℓn ∈ C̄ ′. Let Fn denote the
facet in A′(A) to which xn belongs. If Fn contains x0 in its closure, then we can identify Gxn with Gλnx0 via the equality
Gλnx0,0 =M(Fn)xn,0.

Proof. If x0 = F̄n, then since x0 = x0 + λn, we conclude that λn is central. The result follows.
Suppose x0 ≠ F̄n. Since Fn contains xn = x0 + λn/ℓn we conclude that the intersection of the ray r⃗ = {x0 + rλn ∣ r ≥ 0}

with Fn contains an open segment of r⃗. Thus M(Fn) = Gλn and so M(Fn)xn,0 = Gλnx0,0. Since the reductive quotient of
M(Fn)xn,0 is Gxn , the result follows. ∎

3.6. Examples. We illustrate the results of this section by looking at a number of examples. Since the tori of interest
depend on the σ-conjugacy class of the image of n in W̃ (rather than n), below we label the points and tori that occur by
their corresponding σ-conjugacy class in W̃ . Also, recall that when illustrating the various xT that arise, the isogeny class
of G′ doesn’t matter (see Remark 2.2.1).

Example 3.6.1. Suppose G has Φ ≅ Φ̃ ≅ An−1 and either f has characteristic zero or p does not divide n. Fix a basis
Π = {α1, α2, . . . , αn−1} for the root system of G with respect to the torus A. Let w = ∏n−1i=1 wi denote a Coxeter element
where wi is the simple reflection in W̃ corresponding to αi ∈ Π. Let c denote the W̃ -conjugacy class of w in W̃ and let Oc
denote the corresponding G-conjugacy class of K-minisotropic maximal K-tori in G. The barycenter of C ′ is the unique
point in the alcove C ′ corresponding to Oc.

Example 3.6.2. Suppose either f has characteristic zero or p > 2 and G has type C2. Without loss of generality we assume
G is Sp4. For each Sp4(K)-conjugacy class of K-anisotropic maximal tori in Sp4(K) we identify, in Figure 1, the unique
point in an alcove corresponding to that class.

Fix a basis Π = {α,β} for the root system of Sp4 with respect to the torus A. Assume α is the short root. The
(absolutely) special vertex x0 of Sp4(K) in Figure 1 lies on hyperplanes defined by affine roots with gradients α and β,
and the pictured alcove is the unique alcove that contains x0 in its closure and on which these affine roots are positive. Ifwα
andwβ denote the simple reflections corresponding to α and β, then the two elliptic conjugacy classes in the Weyl group are
C2 = {wαwβ,wβwα} and −1 ∈ A1 ×A1 = {wαwβwαwβ}. Let OC2 and O−1 denote the corresponding Sp4(K)-conjugacy
classes ofK-minisotropic maximalK-tori in Sp4. Since the square of every element inC2 is −1, we can read off the unique
points in the alcove that correspond toOC2 andO−1 from [40, Section 8.2.2]. ForOC2 the point is xC2 = x0+(3α̌+4β̌)/8,
and for O−1 the point is x−1 = x0 + (α̌ + 2β̌)/4.

Example 3.6.3. Suppose either f has characteristic zero or p > 3. For each G2(K)-conjugacy class of K-anisotropic
maximal tori in G2 we identify, in Figure 2, the unique point in an alcove corresponding to that class.

Fix a basis Π = {α,β} for the root system of G2 with respect to the torus A. Assume α is the short root. The special
vertex x0 of G2(K) in Figure 2 lies on hyperplanes defined by affine roots with gradients α and β, and the pictured
alcove is the unique alcove that contains x0 in its closure and on which these affine roots are positive. If wα and wβ
denote the simple reflections corresponding to α and β, then the three elliptic conjugacy classes in the Weyl group are
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x0

xC2

x−1

FIGURE 1. The embeddings of buildings of tame K-minisotropic maximal tori in type C2

G2 = {wαwβ,wβwα}, A2 = {wαwβwαwβ,wβwαwβwα} and −1 ∈ A1 × Ã1 = {wαwβwαwβwαwβ}. Let OG2 , OA2 , and
O−1 denote the corresponding G2(K)-conjugacy classes ofK-minisotropic maximalK-tori in G2. From [41, Section 5.1]
the unique points in the alcove that correspond toOG2 ,OA2 , andO−1 are: xG2 = x0+(3α̌+5β̌)/6; xA2 = x0+(α̌+2β̌)/3;
and x−1 = x0 + (α̌ + 2β̌)/2.

x0

x−1

xA2

xG2

FIGURE 2. The embeddings of buildings of tame K-minisotropic maximal tori in G2

Example 3.6.4. Suppose p > 3 and G has type 2A2. Without loss of generality we assume G is simply connected. For
each G-conjugacy class of K-anisotropic maximal tori in a ramified SU(3) we identify, in Figure 3, the unique point in an
alcove corresponding to that class. Thinking of SU(3,K) as the σ-fixed points of SL3(K̃), the dotted equilateral triangle
is a σ-stable alcove of SL3(K̃). If Π̃ = {α,β}, then σ(α) = β. The absolutely special vertex, x0, of SU(3) pictured in
Figure 3 lies on the hyperplanes defined by affine roots with gradients α and β while the other vertex, z, lies on a hyperplane
defined by an affine root with gradient α + β. Since p ≠ 2, the reductive quotient at x0 is PGL2 and at z it is SL2.

The σ-conjugacy classes in W̃ are c1 = {1,wαwβ,wβwα}, cwα = {wα,wβ}, and cw0 = {w0 = wαwβwα}. Note that
wασ acts by −1 × wβwα on X∗(A#) and w0σ acts by −1 on X∗(A#). In particular, both cwα and cw0 are σ-conjugacy
classes of σ-elliptic elements in W̃ . Let Ocwα

and Ocw0
denote the corresponding SU3(K)-conjugacy classes of K-

minisotropic maximal K-tori in SU3. From [40, Table 9] the unique points in the alcove that correspond toOcwα
andOcw0

are: xcwα
= x0 + α̌+β̌

6 and xcw0
= x0.
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x0
xcw0

z
xcwα

FIGURE 3. The embeddings of buildings of tame K-minisotropic maximal tori in type 2A2

Remark 3.6.5. In at least one respect, Example 3.6.4 is a little misleading. In general, facets do not behave well under
extensions that are not unramified. For example, for ramified SU(4) an alcove over K intersects multiple alcoves over K̃.
It can also happen, even when k is residually quasi-split, that an alcove over k is not contained in any alcove over a totally
ramified splitting extension (consider, for example, SL1(D) for D an index two division algebra over k).

Example 3.6.6. Suppose either f has characteristic zero or p > 3. Suppose G is a group of type 3D4. For each G(K)-
conjugacy class of K-anisotropic maximal tori in G we identify, in Figure 4, the unique point in an alcove corresponding
to that class.

Fix a basis Π̃ = {α1, α2, α3, α4} for the root system of D4 with respect to the torus A#. Assume α2 corresponds to the
node with three adjacent edges in the Dynkin diagram of D4 and that σ acts by σ(α1) = α3, σ(α3) = α4, and σ(α4) = α1.
The four σ-elliptic σ-conjugacy classes in W̃ correspond to the conjugacy classes F4, F4(a1), A2 × Ã2, and C3 ×A1 in the
Weyl group of type F4, and we will label them as such (this correspondence is discussed prior to [29, Lemma 4.11] and the
labeling is that of [11, Table 8]). If wi denotes the simple reflection corresponding to αi, then from [19, Theorem 7.5 and
§7.22] the F4 class is represented by w1w2, the F4(a1) class is represented by w3w2w1w3, the A2× Ã2 class is represented
by w1w2w4w3w2w1w2w4, and the C3 ×A1 class is represented by w3w2w1w2w3w2.

Let C ′ denote an alcove of A(A,K), and let x0 denote the absolutely special vertex in the closure of C ′. If ω̌i ∈
X∗(A#)⊗R denotes the fundamental coweight for αi, then the vertices of C ′ can be taken to be x0, x0 + v⃗1, and x0 + v⃗2
where v⃗1 = (ω̌1 + ω̌3 + ω̌4)/6 and v⃗2 = ω̌2/3 (see [39, §4.4]). The reductive quotient at x0 + v⃗1 is of type A1 × Ã1, and
at x0 + v⃗2 it is of type A2. The unique points in the alcove that correspond to OF4 , OF4(a1), OA2×Ã2

, and OC3×A1 are:
xF4 = x0 + v⃗1/2 + v⃗2/4; xF4(a1) = x0 + v⃗2/2; xA2×Ã2

= x0 + v⃗2; and xC3×A1 = x0 + v⃗1.

Remark 3.6.7. In the tame case, the location of a point xTn in C̄ ′ that occurs for a K-minisotropic maximal torus of G
depends only on the existence of ℓth

n roots of unity inK. Thus, in the tame setting the set of points that occur depends only on
Π̃ and the image of σ in the automorphism group of the Dynkin diagram associated to Π̃. It seems likely that no additional
points occur when we remove the tameness assumption, but I don’t know how to prove this. See also Remark 6.3.4 and the
discussion immediately preceding Definition 9.0.2.

3.7. A comment on other vertices in C̄ ′. In this subsection we assume that G is K-split; that is, A# = A. See Re-
mark 3.7.3 for a discussion of the situation when G is not K-split.

Suppose y is a vertex in C̄ ′. Let Φ(y) ≤ Φ denote the root system of Gy with respect to A. Let G(y) denote the
connected reductive group generated by A = A# and the root groups Uα where α runs over those elements of Φ(G,A)
belonging to Φ(y). As affine spaces, we may and do identify the apartment of A in Bred(G(y)) with A′(A); under this
identification, every G(y)-facet in A′(A) will be a union of G-facets.

Note that since G is K-split, we have that y is absolutely special in A′(A) ⊂ Bred(G(y)). Let W̃(y) ≤ G(y)y,0 denote
a Tits group for W̃ (y) ∶= NG(y)(A#)/A# = NG(y)(A)/A. Let C(y)′ denote the unique G(y)-alcove in A′(A) that
contains C ′. The chamber C(y)′ determines a set of simple affine roots ∆(y) for Ψ(G(y),A,K, ν).
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x0

xC3×A1

xF4(a1)

xA2×Ã2

xF4

FIGURE 4. The embeddings of buildings of tame K-minisotropic maximal tori in 3D4

Suppose n ∈ W̃(y) is tame and σ-elliptic. Let ℓn denote the order of n and choose a uniformizer π ∈Kn = kσ
ℓn

t . Define
a ℓth

n root of unity by σ(π) = ξπ. Thanks to the work above with y in place of x0, we can find λn ∈ X∗(T) and h ∈ G(y)y,0
such that

● h−1nσ(h) = λn(ξ) and
● yn = y + λn/ℓn ∈ C(y)

′
.

If we define gn = λn(π)h−1λn(π)−1 ∈ G(y)(Kn)yn,0, then n and g−1n σ(gn) ∈ NG(y)(Kn)(A) have the same image in
W̃ (y). The maximal K-torus gnA = gnA# of G(y) is K-minisotropic and the unique point in Bred(G(y)) associated to it
is yn.

Example 3.7.1. We offer a cautionary example to show that the point identified in C̄ ′ for a given G-conjugacy class of
maximal K-minisotropic tori might not be the point identified in C(y)′ for a corresponding G(y)-conjugacy class. Adopt
the notation of Example 3.6.3. Suppose y is the vertex at the right angle in Figure 2; i.e., the vertex there with the label
x−1. In Figure 5 we identify the unique point, denoted y−1, in C(y)′ corresponding to the Coxeter element −1 ∈ A1 × Ã1

in the Weyl group of G(y) ≅ SO4. The dotted lines show the G2-facet structure, and the shaded region is C ′. Note that y
and y−1 are G2-conjugate.

x0

x−1 = y

y−1

FIGURE 5. An embedding of the building of a K-minisotropic maximal torus in SO4 (inside G2)

Remark 3.7.2. We continue to assume that G is K-split. Observe that for y ≠ x0, the pinning (G,A = A#,B,{Xa}a∈Π)
of G from Section 1.3 does not define a pinning of Gy. However, if B(y) denotes the Borel subgroup of G(y) generated
by A and those root groups Uα where α is the gradient of some ψ ∈ ∆(y) with ψ(y) = 0, then it is possible to choose
a pinning (G(y),A = A#,B(y),{Ya}a∈Π(y)) of G(y) that is compatible, in the obvious sense, with y such that Yb =
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Xb for all b ∈ Π ∩ Π(y). In fact, we can fix pinnings in such a way that if y, y′ are two vertices in C̄ ′ with pinnings
(G(y),A,B(y),{Ya}a∈Π(y)) and (G(y′),A,B(y′),{Y ′a}a∈Π(y′)) that are compatible with y and y′ respectively, then
Yb = Y ′b for all b ∈ Π(y) ∩Π(y′).

Remark 3.7.3. If G is not K-split, then one needs to be more careful. For example, suppose y is a non-special vertex in
the building B(G,K) where G = SU(4) splits over a quadratic extension E of K. In this case y is special in B(G,E),
and there does not exist a full rank reductive subgroup H of G such that y is absolutely special in B(H,K) and Gy = Hy.
In general, one might hope to choose a subgroup H of G such that (a) the K-rank of H is the same as the K-rank of G,
(b) y is absolutely special in B(H,K), and (c) we have Gy = Hy; this is being investigated in [37].

4. ON THE EXISTENCE OF K-MINISOTROPIC MAXIMAL k-TORI OF G

From now until the end of the paper we assume that k is a nonarchimedean local field; in particular, f is finite. Recall
that Fr is an element of Gal(k̄/k) that lifts a topological generator of Gal(K/k).

In this section we provide, in Lemma 4.0.3, a criterion for determining when the G-orbit of a K-minisotropic maximal
K-torus of G contains a torus defined over k. Recall that C denotes the set of G-conjugacy classes of maximal K-tori in
G.

Lemma 4.0.1. If O ∈ C, then Fr(O) ∈ C.

Proof. Suppose T ∈ O ∈ C. Choose a strongly regular semisimple γ ∈ T . Note that Fr(T) = CG(Fr(γ)) is again a
maximal K-torus of G. Since Fr(G) = G, the result follows. ∎

Lemma 4.0.2. If T is a K-minisotropic maximal torus in G, then the torus Fr(T) is also a K-minisotropic maximal torus
in G.

Proof. For all δ ∈ Gal(k̄/K) we have δ(Fr(T)) = Fr(δ′(T)) = Fr(T) where δ′ = Fr−1δFr ∈ Gal(k̄/K). Thus, Fr(T)
is a maximal K-torus in G. An element χ ∈ X∗(T) is fixed by Gal(k̄/K) if and only if Fr(χ) ∈ X∗(Fr(T)) is fixed by
Gal(k̄/K); so Fr(T) is also a K-minisotropic torus. ∎

Lemma 4.0.3. Assume that T is a K-minisotropic maximal torus in G, not necessarily defined over k. Let O denote the
G-orbit of T. There exists a torus in O that is Fr-stable if and only if Fr(O) = O.

Proof. If there is a torus inO that is Fr-stable, then without loss of generality we may assume Fr(T) = T. This immediately
implies Fr(O) = O.

Suppose Fr(O) = O. Without loss of generality the point xT corresponding to T belongs to C̄ ′. Since Fr(O) = O, there
exists h ∈ G such that Fr(T) = hT. Since C̄ ′ is Fr-stable, we have Fr(xT ) ∈ C̄ ′. On the other hand, by uniqueness we have
h ⋅ xT = Fr(xT ). Thanks to Lemma 2.2.2 we conclude that h ⋅ xT = xT and so h ∈ StabG(xT ). From Lemma 2.3.1 we
know StabG(xT ) = GxT ,0T , so without loss of generality we may assume h ∈ GxT ,0. From Lang-Steinberg, there exists
k ∈ GxT ,0 for which h−1 = k−1Fr(k). So Fr(T ) = hT = Fr(k−1)kT, which implies Fr(kT) = kT. ∎

Corollary 4.0.4. Suppose γ ∈ G is K-elliptic and strongly regular semisimple. If the G-orbit of γ is Fr-stable, then the
G-orbit of γ contains a Frobenius-fixed point.

Proof. Let T denote the centralizer of γ. Since Fr(T) is the centralizer of Fr(γ) and Fr(γ) is G-conjugate to γ, we
conclude that the G-orbit of T is Fr-stable. Thanks to Lemma 4.0.3 there exists h ∈ G such that hT is Frobenius fixed.
Replacing γ with hγ we may and do assume that γ ∈ T and T is defined over k. Note that Fr(γ) ∈ T and Fr(γ) = nγ for
some n ∈ G. Since γ is strongly regular semisimple, we must have n ∈ NG(T ) ≤ StabG(xT ). From Lemma 2.3.1 we
know StabG(xT ) = GxT ,0T , so without loss of generality we may assume n ∈ GxT ,0. From Lang-Steinberg, there exists
j ∈ GxT ,0 for which n−1 = j−1Fr(j). The element jγ is Frobenius fixed. ∎

Remark 4.0.5. When the derived group of G is simply connected, Corollary 4.0.4 may be derived from [28, Theorem 4.1
and Lemma 3.3].

5. ON THE EXISTENCE OF K-MINISOTROPIC MAXIMAL k-TORI OF G IN THE TAME SITUATION

Note that Fr−1σFr = σq. Moreover, Fr acts on the set of tame extensions of K as well as W̃ and A#.
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5.1. A simple criterion. In this section we translate, in the tame setting, the criterion of Lemma 4.0.3 into a condition on
the σ-conjugacy classes in the Weyl group.

Lemma 5.1.1. If O ∈ Ct, then Fr(O) ∈ Ct.

Proof. Suppose T ∈ O ∈ Ct. Let E be a tame extension of K over which T splits. Thanks to Lemma 4.0.1 we know that
Fr(T) is again a maximalK-torus of G. Since Fr(T) splits over the tame extension Fr(E) ofK, we have Fr(O) ∈ Ct. ∎

Since σq is a generator for Gal(kt/K), it also stabilizes every tame extension of K; in particular, it stabilizes K̃. Let
W̃ t
∼σq denote the set of σq-conjugacy classes in W̃ t and let φσq ∶ W̃ t

∼σq → C denote the resulting map from the set of
σq-conjugacy classes in W̃ t to the set of G-conjugacy classes of maximal K-tori in G.

For d ∈ Z≥1 and w ∈ W̃ set
Nd(w) = w ⋅ σ(w)⋯σ(d−2)(w) ⋅ σ(d−1)(w).

The map Nq induces a well-defined map from W∼σ to W∼σq and Fr defines a map from W∼σq to W∼σ .

Lemma 5.1.2. The diagram below commutes.

W̃ t
∼σ

W̃ t
∼σq W̃ t

∼σ

Ct Ct Ct

Nq

φσ

Fr

φσq φσ

Id Fr

Moreover, each map is a bijection.

Proof. The statement (and proof) of Lemma 3.4.1 holds when σ is replaced by any generator of Gal(kt/K), so we conclude
that all three vertical arrows are bijections.

Suppose c is a σ-conjugacy class in W̃ t. Then there exists g ∈G(kt) such that the image of g−1σ(g) in W̃ is an element
of c. We have (Id ○φσ)(c) = {hgA# ∣h ∈ G}. The image of g−1σq(g) = (g−1σ(g))σ(g−1σ(g))⋯σq−1(g−1σ(g)) in W̃
belongs to Nq(c) and so

(φσq ○Nq)(c) = φσq(Nq(c)) = {hgA# ∣h ∈ G}.
Thus φσq ○Nq = Id ○φσ.

Suppose c̃ is a σq-conjugacy class in W̃ t. Let Õ = φσq(c̃) ∈ C. There exists g̃ ∈ G(kt) such that the image of
g̃−1σq(g̃) in W̃ is an element of c̃. We have (Fr ○ φσq)(c̃) = Fr(Õ) = {hFr(g̃)A# ∣h ∈ G}. The image of Fr(g̃−1σq(g̃)) =
Fr(g̃)−1σ(Fr(g̃)) in W̃ belongs to Fr(c̃) and so

(φσ ○ Fr)(c̃) = φσ(Fr(c̃)) = {hFr(g̃)A# ∣h ∈ G}.

Since this is Fr(Õ), we have φσ ○ Fr = Fr ○ φσq .
Since G is Fr-stable, the map Fr−1∶Ct → Ct is the inverse to Fr∶Ct → Ct. The result follows. ∎

Corollary 5.1.3. Suppose c ∈ W̃ t
∼σ

is σ-elliptic. There exists a torus in φσ(c) that is Fr-stable if and only if c = (Fr○Nq)(c).

Proof. From Lemma 5.1.2 we know that Fr(φσ(c)) = φσ(c) if and only if c = (Fr ○ Nq)(c). The result follows from
Lemmas 3.3.6 and 4.0.3. ∎

5.2. An application of the rationality of Weyl groups. A finite group H is said to be rational provided that for any
h ∈ H we have that hj is H-conjugate to h whenever j is relatively prime to the order of h. There are many equivalent
definitions of rationality, and the nomenclature is explained by the fact [43, Section 13.1] that H is rational if and only if
every irreducible character of H takes values in Q.

It is known that every Weyl group is a rational group (see, for example, [15, Lemma 2.1.2], [26, Section 3 of Chapter 2
and Chapter 5], or [45, Theorem 8.5]).

Corollary 5.2.1. If G is K-split, then the diagram
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W̃ t
∼ W̃ t

∼

Ct Ct

Fr

φσ φσ

Fr

commutes and each map is a bijection. Here W̃ t
∼ is the set of W̃ -conjugacy classes in W̃ t. Moreover, the vertical maps are

independent of the choice of topological generator σ of Gal(kt/K). When G is k-split, all maps are independent of the
choice of topological generators Fr for Gal(K/k) and σ for Gal(kt/K).

Proof. Since G is K-split, we have A =A# and σ acts trivially on W̃ . Thus, Nq(ẇ) = ẇq for all ẇ ∈ W̃ .
Choose w ∈ W̃ t. Since W̃ is a rational group and q is relatively prime to the order of w, we have that wq and w are

conjugate in W̃ . Thus Nq(c) = c for all c ∈ W̃ t
∼σ

. The claims about the commutativity of the diagram and bijectivity of its
maps follow from Lemma 5.1.2.

We now show that the vertical maps are independent of the choice of the topological generator σ. Let σ′ be another
choice of topological generator for Gal(kt/K). Suppose w ∈ c ∈ W̃ t

∼. Choose g ∈G(kt) such that g−1σ(g) ∈ NG(kt)(A)
has image w in W̃ . Let E/K be the splitting field of gA. Set ℓ = [E ∶ K]. Without loss of generality, we may assume that
g ∈ G(E). Note that for all k ∈ Z≥1, the elements (g−1σ(g))k and g−1σk(g) of NG(E)(A) have the same image in W̃ ,
namely wk. Putting k = ℓ, we conclude that wℓ = 1. Let σ̄ (resp. σ̄′) denote the image of σ (resp. σ′) in Gal(E/K). Since
σ̄′ generates Gal(E/K), there exists m ∈ Z≥1 with (m,ℓ) = 1 such that σ̄′ = σ̄m. Putting k = m, we conclude that the
image g−1σ′(g) ∈ NG(E)(A) is wm. Since m is relatively prime to the order of w and W̃ is a rational group, w and wm

are conjugate in W̃ . Thus wm ∈ c. We conclude that φσ(c) = φσ′(c) = G(gA).
Suppose now that G is k-split. In this case any choice of Fr acts trivially on W̃ ; hence the horizontal maps are both the

identity. Hence, when G is k-split, the maps in the diagram are independent of the choice of both Fr and σ. ∎

Remark 5.2.2. Suppose G is not K-split and σ′ is another choice of topological generator for Gal(kt/K). If the image of
σ and σ′ in Aut(Π̃) agree, then by arguing as in the proof of Corollary 5.2.1 it follows from [1, Proposition 2.6] that φσ
and φσ′ induce the same map from W̃ t

∼ to Ct.

Remark 5.2.3. If G is k-split, then from Corollary 5.2.1 the condition c = (Fr ○Nq)(c) of Corollary 5.1.3 holds for every
tame elliptic conjugacy class c of the Weyl group. However, if we remove the assumption that G is k-split, then this
condition is no longer guaranteed to hold. For example, suppose k′ is an unramified degree three extension of k and let
G = Rk′/kG2. As a K-group, we have GK ≅ G2 ×G2 ×G2, and Fr-acts by cyclically permuting the three copies of G2.
By placing one of each of the three distinct elliptic conjugacy classes A1 × Ã1, A2, and G2 on each of the three G2 factors
of G, we obtain an elliptic conjugacy class in the Weyl group of Rk′/kG2 which is not Fr ○Nq-stable.

5.3. Cautionary example. Suppose T is a maximal K-torus in G. We know from our work above that if T is K-
minisotropic and Fr(GT) = GT, then GT contains a k-torus. At the other extreme, we also know that if T is a maximally
K-split maximalK-torus in G, then GT is Fr-stable and, since every maximal k-split torus of G is contained in a maximally
K-split maximal k-torus of G, GT contains a k-torus.

These examples and the results above suggest that there might be an elegant general theory relating the existence of k-
tori in an orbit O in Ct to the Fr-invariance of O. In this section we present an example showing that the natural condition
Fr(O) = O does not guarantee that O contains a k-torus.

Example 5.3.1. Suppose that the residual characteristic of k is larger than three and let H be a connected reductive group of
type A2 such that HFr ≅ SL1(D) where D is a division algebra of index 3 over k. Recall that we may identify H =H(K)
with SL3(K). Let A denote a maximal K-split k-torus in H; it is unique up to HFr-conjugacy. Let W̃ = NH(A)/A.
Suppose C is the alcove in A(A) ⊂ B(H) for which CFr ≠ ∅. Let {ψ0, ψ1, ψ2} be the simple affine K-roots determined
by H, A, ν, and C. We assume that the ψi are labeled such that Fr(ψi) = ψi+1 mod 3.

Let T denote a maximal K-torus in H that corresponds, under Corollary 3.4.3, to the W̃ -conjugacy class of the simple
reflection wψ̇1

. Since this W̃ -conjugacy class is Fr-stable, from Corollary 5.2.1 we conclude that Fr(T) is H-conjugate
to T. Since T splits over a quadratic extension of K and all maximal k-tori in G correspond to extensions E ≤ D whose
ramification degree over k is not 2, we conclude that HT cannot contain a k-torus.
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5.4. Results when G is K-tame. We gather here the statements of the main results of this section under the hypothesis
that G is K-tame. Recall that when G is K-tame we have W̃ = W̃ t and C = Ct (see Definition 3.4.2 and Corollary 3.4.3).
The following three results follow immediately from Lemma 5.1.2, Corollary 5.1.3, and Corollary 5.2.1.

Lemma 5.4.1. Suppose G is K-tame. The diagram below commutes.

W̃∼σ W̃∼σq W̃∼σ

C C C

Nq

φσ

Fr

φσq φσ

Id Fr

Moreover, each map is a bijection. ∎
Corollary 5.4.2. Suppose that G is K-tame. Suppose c ∈ W̃∼σ is σ-elliptic. There exists a torus in φσ(c) that is Fr-stable
if and only if c = (Fr ○Nq)(c). ∎
Corollary 5.4.3. If G is K-tame and K-split, then the diagram

W̃∼ W̃∼

C C

Fr

φσ φσ

Fr

commutes and each map is a bijection. Here W̃∼ is the set of W̃ -conjugacy classes in W̃ . When G is K-tame and k-split,
all maps are independent of the choice of generators Fr for Gal(K/k) and σ for Gal(kt/K). ∎
Corollary 5.4.4. If G is K-tame and k-split, then every G-orbit of K-minisotropic maximal K-tori in G contains a torus
defined over k.

Proof. Since G is k-split, the top horizontal map of the diagram in Corollary 5.4.3 becomes the identity. The result follows
from Lemma 4.0.3. ∎

6. RESULTS ABOUT K-MINISOTROPIC MAXIMAL k-TORI IN G

Suppose that T is a K-minisotropic maximal k-torus of G. The set of Fr-stable tori in the G-orbit of T is denoted
OkT . In this section we parameterize three sets related to OkT : we parameterize the GFr-conjugacy classes in OkT ; we
parameterize the k-stable-conjugacy classes in OkT (see Definition 6.4.1); and we parameterize, up to GFr-conjugacy, the
k-embeddings of T into G (see Definition 6.2.1).

Recall from §2.2 that we can associate a point xT in Bred(G) to T . Since T is defined over k, we have Fr(T ) = T and
so by uniqueness we conclude that xT is Frobenius fixed. Thus, we can assume xT ∈ C̄ ′Fr ⊂ Bred(G)Fr = Bred(G, k).
Recall that F is the unique facet in B(G) whose image in Bred(G) contains xT .

6.1. Points in the reduced building associated toK-minisotropic maximal k-tori of G. Suppose T is aK-minisotropic
maximal k-torus of G.

Lemma 6.1.1. The set
GFr ⋅ xT ∩ C̄ ′Fr

has cardinality one.

Remark 6.1.2. The proof below also works if k is not residually quasi-split, but we must replace the alcove C ′Fr in
Bred(G, k) with an alcove D in Bred(G, k) that is contained in the closure of C ′. The statement would then read:

G(k) ⋅ xT ∩ D̄ has cardinality one.

Proof. From Lemma 2.2.2 we know that G ⋅ xT ∩ C̄ ′ has cardinality one, and so GFr ⋅ xT ∩ C̄ ′Fr has at most one point.
Since xT ∈ C̄ ′Fr, the result follows. ∎
Lemma 6.1.3. Suppose T′ is a maximal k-torus in G. If T′ is G-conjugate to T, then there exist h ∈ GFr and k′ ∈
StabG(xT ) such that k

′hT′ = T.
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Proof. Since T′ is G-conjugate to T, we have that T′ is a K-minisotropic maximal k-torus in G. Thus, we may associate
to T′ a point xT ′ in Bred(G, k). Choose h ∈ GFr such that hxT ′ ∈ C̄ ′Fr.

From Lemma 2.2.2 we know hxT ′ = xT . Since T and T′ are G-conjugate, there exists k′ ∈ G such that T = k′hT′. So
xT = k′hxT ′ = k′xT , which implies k′ ∈ StabG(xT ). ∎
Lemma 6.1.4. Recall that in this section xT is Frobenius fixed.

G ⋅ xT ∩ Bred(G)Fr = GFr ⋅ xT
Proof. It is enough to show that G ⋅ xT ∩ Bred(G)Fr ⊂ GFr ⋅ xT . Suppose g ∈ G such that g ⋅ xT is Frobenius fixed. Then
g ⋅ xT belongs to some alcove of Bred(G)Fr and so there exists h ∈ GFr such that h−1g ⋅ xT ∈ C̄ ′Fr. From Lemma 2.2.2 the
point h−1g ⋅ xT must be xT and so g ⋅ xT = h ⋅ xT ∈ GFr ⋅ xT . ∎
6.2. k-embeddings of T into G. For many questions in harmonic analysis we want to understand the ways to k-embed
T into G up to GFr-conjugacy.

Definition 6.2.1. Suppose S is a maximal k-torus in G. A k-embedding of S into G is a map f ∶S→G such that
(1) there exists g ∈ G such that f(s) = gs for all s ∈ S and
(2) f is a k-morphism.

Remark 6.2.2. In Definition 6.2.1 it would be more standard to take g ∈G(k̄). However, since f is completely determined
by what it does to any strongly regular semisimple element of TFr, from Lemma 2.1.1 we can restrict our attention to g ∈ G.

If f ∶T→G is a k-embedding, then f is completely determined by where it sends any given strongly regular semisimple
element of TFr. So, we begin by studying strongly regular semisimple elements.

Definition 6.2.3. Suppose γ ∈ GFr is strongly regular semisimple. An element γ′ ∈ GFr is k-stably-conjugate to γ provided
that there exists g ∈ G such that gγ = γ′. Let Okγ denote the set of elements of GFr that are k-stably-conjugate to γ.

Definition 6.2.4. TF ∶= T ∩GF,0
In the notation of Corollary 2.3.4 we have that TF = η[Tsc]T0. In general, TF is neither T nor is it the parahoric subgroup

T0. For example, for p > 2 and a K-minisotropic maximal k-torus in SL2 that splits over a quadratic ramified extension,
we have T /TF is trivial and TF /T0 is isomorphic to Z/2Z. However, for p > 2 and a K-minisotropic maximal k-torus in
PGL2 that splits over a quadratic ramified extension, we have T /TF is isomorphic to Z/2Z and TF /T0 is trivial.

Definition 6.2.5. For a Fr-module A, let AFr denote the Fr-coinvariants. That is

AFr = A/(1 − Fr)A.
Thanks to Lang-Steinberg, we have T0 ≤ (1 − Fr)TF ≤ TF . We can have T0 ≠ (1 − Fr)TF and (1 − Fr)TF ≠ TF ; to see

this suppose p > 3 and consider ramified elliptic maximal k-tori in SL3 for various choices of k.

Definition 6.2.6. Let T̄F ∶= TF /T0.

Since (1 − Fr)T0 = T0, we have T̄F ≅ (TF )Fr. We will often use this identification.

Lemma 6.2.7. Suppose γ ∈ TFr is strongly regular semisimple. There is natural bijection between the set ofGFr-conjugacy
classes in Okγ and the Frobenius coinvariants of TF . That is

Okγ/GFr-conjugacy ←→ (T̄F )Fr.

Remark 6.2.8. Lemma 6.2.7 implies that (T̄F )Fr is a finite group. This also follows from the fact that T̄○F = (1 − Fr)T̄○F .

Proof. If γ′ ∈ Okγ , then there is an h ∈ G such that γ′ = hγ. Since T is k-stably-conjugate toCG(γ′), thanks to Lemma 6.1.3
there is a g ∈ GFr such that the point in Bred(G) attached to both T and g(CG(γ′)) is xT . That is, we may replace γ′ by
ghγ and assume, thanks to Lemma 2.3.1, that γ′ = kγ for k ∈ GF,0. Since kγ = Fr(kγ) = Fr(k)γ, we have k−1Fr(k) ∈ TF .
Moreover, if γ′ = k′γ for k′ ∈ GF,0, then k−1k′ ∈ TF which implies that k′ = ks for some s ∈ TF . Hence (k′)−1Fr(k′) =
s−1(k−1Fr(k))Fr(s) = (k−1Fr(k))(s−1Fr(s)). That is, we have a well-defined map λ∶Okγ → TF /(1 − Fr)TF = (TF )Fr.

On the other hand, if t ∈ TF , then, thanks to Lang-Steinberg, there is a k ∈ GF,0 such that k−1Fr(k) = t. Note that
kγ ∈ Okγ and λ(kγ) is the image of t in TF /(1 − Fr)TF .
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To complete the proof, we need to show that if γ1, γ2 ∈ Okγ , then γ1 is GFr-conjugate to γ2 if and only if λ(γ1) = λ(γ2).
As above, after possibly conjugating by an element of GFr, we can write γi = kiγ with ki ∈ GF,0.

Suppose λ(γ1) = λ(γ2). Then there exists s ∈ TF such that (k−11 Fr(k1))(s−1Fr(s)) = k−12 Fr(k2). Note that γ1 =
k1sk

−1
2 γ2 and Fr(k1sk−12 ) = k1sk−12 , so γ1 is GFr-conjugate to γ2.

Suppose γ1 is GFr-conjugate to γ2. Then, thanks to Lemma 6.1.3, there exists h ∈ GFr
F,0 such that hγ1 = γ2. Note that

k−12 hk1 ∈ TF . Thus, there is a t ∈ TF such that k−12 hk1 = t−1, or k2 = hk1t. Note that

k−12 Fr(k2) = t−1k−11 h−1Fr(h)Fr(k1)Fr(t) = (k−11 Fr(k1))(t−1Fr(t)).
Hence, λ(γ1) = λ(γ2). ∎
Corollary 6.2.9. Suppose t1, t2, . . . , td ∈ TF represent the elements of (TF )Fr and choose ki ∈ GF,0 such that k−1i Fr(ki) =
ti. Then

{fi∶T→G ∣ fi(t) = kit for t ∈ T }
is a complete set of representatives for the GFr-conjugacy classes of k-embeddings of T into G.

Proof. If γ ∈ TFr is strongly regular semisimple, then the k-embeddings of T into G are in one-to-one correspondence
with the GFr-conjugacy classes in Okγ . ∎

6.3. K-minisotropic maximal tori in G and the Ω group. The original aim of this subsection was to prove Corol-
lary 6.3.10, which is used in the proof of Lemma 6.4.7 . The derivation of Corollary 6.3.10 gave rise to some interesting
results about the Ω group. We develop some of these results here.

Recall that C is a Fr-stable alcove in B(G) such that F ⊂ C and xT belongs to the image of F in Bred(G). In this
section we show that T /TF is isomorphic to Ω = StabG(C)/GC,0 and that StabGFr(F ) = TFrGFr

F,0.
We begin by recalling a known fact, though I am not sure where it is proved in the literature.

Lemma 6.3.1. Suppose H is a facet in B(G) with H ⊂ C. There is a natural group homomorphism

φ∶StabG(H)→ Ω

with kernel GH,0. Moreover, if H is Fr-stable, then φ is Fr-equivariant and φ descends to a group homomorphism

φ∶StabGFr(H)→ ΩFr,

which has kernel GFr
H,0.

Proof. Suppose t ∈ StabG(H). Since H ⊂ C̄, t ⋅ H = H , and all Borel subgroups in a connected reductive group are
conjugate, there exists k ∈ GH,0 such that kt ⋅ C = C; that is, kt ∈ StabG(C). Fix such a k. If k′ ∈ GH,0 also has the
property that k′t ⋅C = C, then

(k′t)(kt)−1 = k′k−1 ∈ GH,0
and

k′k−1 ⋅C = (k′t)(kt)−1 ⋅C = C.
Since parabolic subgroups of a reductive group are self-normalizing (see also [14, Lemma 4.2.1]), we have k′k−1 ∈ GC,0.
So, (k′t)(kt)−1 ∈ GC,0. Thus, as GC,0 is normal in StabG(C), we have k′t ∈ GC,0kt = ktGC,0. Consequently, we have a
function φ∶StabG(H)→ StabG(C)/GC,0 defined by t↦ ktGC,0.

To see that φ is a group homomorphism, fix t, t′ ∈ StabG(H) and choose k, k′ ∈ GH,0 such that φ(t) = ktGC,0 and
φ(t′) = k′t′GC,0. A calculation shows that φ(t)φ(t′) = (ktk′)(tt′)GC,0. Since (ktk′)(tt′)C = C, with ktk′ ∈ GH,0, we
conclude that φ(tt′) = φ(t)φ(t′).

By construction, the group homomorphism φ has kernel GH,0.
Suppose now that H is Fr-stable. We have Fr(φ(t)) = Fr(k)Fr(t)Fr(GC,0). Since H and C are Frobenius stable, we

have Fr(k) ∈ GH,0 and Fr(GC,0) = GC,0. It follows that Fr(φ(t)) = Fr(k)Fr(t)GC,0 = φ(Fr(t)).
That φ descends to a map on Frobenius-fixed points

φ∶StabGFr(H)→ StabGFr(C)/GFr
C,0

with kernel GFr
H,0 follows by repeating the initial part of this argument with all the groups replaced by their Frobenius-fixed

points. ∎
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Lemma 6.3.2. There is a natural surjective, Fr-equivariant, group homomorphism from T to Ω with kernel TF .

Proof. From Lemma 6.3.1 there is a Fr-equivariant map φ∶StabG(F )→ Ω with kernel GF,0. Since T ≤ StabG(F ) and T
is Fr-stable, we may restrict φ to T to obtain a Fr-equivariant group homomorphism φ∶T → Ω.

We first show that TF = ker(φ). If t ∈ TF , then t−1 ∈ GF,0 and t−1t ⋅ C = C. So, φ(t) = t−1tGC,0 = GC,0, and we
conclude that t ∈ ker(φ). On the other hand, if t ∈ ker(φ), then there exists k ∈ GF,0 such that kt ⋅ GC,0 = GC,0. This
means tGC,0 = k−1GC,0 ⊂ GF,0. We conclude that t ∈ GF,0, hence t is in TF .

We now show that φ is surjective. Suppose ω ∈ Ω and choose g ∈ StabG(C) such that ω = gGC,0. From Lemma 2.2.2
we conclude that gF = F . Hence, from Lemma 2.3.1 there exist t ∈ T and k ∈ GF,0 such that g = kt. We conclude that
φ(t) = ω. ∎

Corollary 6.3.3. The point xT is fixed by Ω.

Proof. Suppose g ∈ StabG(C). From Lemma 6.3.2, there exist t ∈ T and k ∈ GF,0 such that tk = g. Since kxT = xT and
txT = xT , we conclude that gxT = xT . ∎

Remark 6.3.4. Since the point xT is independent of isogeny type (see Remark 2.2.1), we see that xT must be invariant under
the action of Ωad = StabGad

(C)/(Gad)C,0. So, for example, for groups of type An the point xT must be the barycenter of
C ′.

Remark 6.3.5. If G is almost simple, then Fr(xT ) = xT . In the tame case, this follows from [1, Proposition 6.8]. To see that
this holds in general, express xT in barycentric coordinates: xT = ∑ψ∈∆ xψvψ where the vψ are the vertices of C̄, xψ ≥ 0,
and ∑xψ = 1. As noted in Remark 6.3.4, we have ω(xT ) = xT for all ω ∈ Ωad. Thus, xψ = xω(ψ) for all ω ∈ Ωad and
ψ ∈ ∆. By case-by-case checking, one sees that this implies that xψ = xτ(ψ) for all automorphisms τ of the affine Dynkin
diagram. Since Fr(C) = C, we conclude that Fr(∆) = ∆, and hence Fr induces an automorphism of the affine Dynkin
diagram. Thus, xFr(ψ) = xψ for all ψ ∈ ∆, and so Fr(xT ) = xT . If G is tame, this implies that every G-conjugacy class of
K-minisotropic maximal K-tori contains a torus defined over k. If G is not almost simple, then the example discussed in
Remark 5.2.3 shows that there exists xT such that Fr(xT ) ≠ xT .

Lemma 6.3.6. We have
(T̄F )Fr ≅ TF ⋅ (1 − Fr)T /(1 − Fr)T.

Remark 6.3.7. Since taking torsion points is left exact while H1(Fr, T̄F ) ≅ ((T̄F )Fr)tor and H1(Fr, T ) ≅ (TFr)tor, we
conclude from Lemma 6.3.6 that the inclusion TF → T induces an injection H1(Fr, T̄F )→ H1(Fr, T ).

Proof. Since T0 = (1 − Fr)T0, we have (T̄F )Fr ≅ TF /(1 − Fr)TF = (TF )Fr.
Fix a strongly regular semisimple γ ∈ TFr. As proved in Lemma 6.2.7, the map λ∶Okγ → TF /(1 − Fr)TF = (TF )Fr

descends to a bijective map from Okγ/GFr-conjugacy to (TF )Fr. Define

µ∶TF /(1 − Fr)TF → TF ⋅ (1 − Fr)T /(1 − Fr)T
by µ(t(1 − Fr)TF ) = t(1 − Fr)T for t(1 − Fr)TF ∈ (TF )Fr. This map is surjective, and so the map λ̃ ∶= µ ○ λ from the set
of GFr-conjugacy classes in Okγ to TF ⋅ (1 − Fr)T /(1 − Fr)T is surjective. It will be enough to show that λ̃ is injective.

Suppose γ1, γ2 ∈ Okγ and λ̃(γ1) = λ̃(γ2). After possibly conjugating by an element of GFr, we can write γi = kiγ with
ki ∈ GF,0. Since λ̃(γ1) = λ̃(γ2), there exists s ∈ T such that (k−11 Fr(k1))(s−1Fr(s)) = k−12 Fr(k2). Note that γ1 = k1sk

−1
2 γ2

and Fr(k1sk−12 ) = k1sk−12 , so γ1 is GFr-conjugate to γ2. ∎

Lemma 6.3.8. The sequence
1Ð→ (T̄F )Fr Ð→ (T /T0)Fr Ð→ ΩFr Ð→ 1

is exact.

Proof. Since
1Ð→ T̄F Ð→ T /T0 Ð→ ΩÐ→ 1

is an exact sequence of Fr-modules and taking coinvariants is right exact, it is enough to check that the map (T̄F )Fr →
(T /T0)Fr is injective. Note that by exactness the image of (T̄F )Fr in (T /T0)Fr is ker((T /T0)Fr → ΩFr).

We first show that TF ⋅ (1 − Fr)T /(1 − Fr)T = ker((T /T0)Fr → ΩFr).
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“⊃” Suppose t ∈ T such that the image of t in (T /T0)Fr belongs to ker((T /T0)Fr → ΩFr). As in the proof of Lemma 6.3.2
we may choose k ∈ GF,0 such that kt ∈ StabG(C). Since the image of t in (T /T0)Fr belongs to ker((T /T0)Fr → ΩFr)
and (1 − Fr)GF,0 = GF,0, we have kt ∈ g−1Fr(g)GC,0 for some g ∈ StabG(C). Again using Lemma 6.3.2 we can write
g = k′s where k′ ∈ GF,0 and s ∈ T . So, kt ∈ s−1(k′)−1Fr(k′)Fr(s)GC,0. Since GC,0 ≤ GF,0 and Fr(s)F = F , after some
manipulation we arrive at

tsFr(s−1) = stsFr(s−1)s−1 ∈ sk−1k′−1Fr(k′)Fr(s)GC,0 ⊂ GF,0.
Consequently, t ∈ TF ⋅ (1 − Fr)T . Thus, since (1 − Fr)T0 = T0, we have that ker((T /T0)Fr → ΩFr) is contained in
TF ⋅ (1 − Fr)T /(1 − Fr)T .

“⊂” On the other hand, if t̄ = t(1−Fr)T with t ∈ TF , then from Lemma 6.3.2 we know that the image of t in Ω is trivial.
Thus TF ⋅ (1 − Fr)T /(1 − Fr)T = ker((T /T0)Fr → ΩFr).

From Lemma 6.3.6 we conclude that ker((T /T0)Fr → ΩFr) and (TF )Fr have the same finite cardinality. The result
follows. ∎
Remark 6.3.9. If G is semisimple, then the natural injections T → T and StabG(C)→ G induce isomorphisms

(T /T0)Fr = tor((T /T0)Fr) ≅ H1(Fr, T ) and ΩFr = tor(ΩFr) ≅ H1(Fr,G).
Under these isomorphisms, the map (T /T0)Fr → ΩFr becomes H1(Fr, T )→ H1(Fr,G). Since the cardinality of ker(H1(Fr, T )→
H1(Fr,G)) measures the number of rational classes in the k-stable class of any strongly regular semisimple element of
TFr, Lemma 6.3.8 follows from Lemma 6.2.7.

Corollary 6.3.10.
StabGFr(F ) = TFrGFr

F,0.

Remark 6.3.11. This can also be stated as StabGFr(xT ) = TFrGFr
xT ,0

.

Proof. Suppose g ∈ StabGFr(F ). From Lemma 2.3.1 we may choose t ∈ T and k ∈ GF,0 such that g = tk. Since
tk = g = Fr(g) = Fr(t)Fr(k), we conclude that t−1Fr(t) ∈ TF . Since t−1Fr(t) ⋅ T0 maps to the identity in Ω, from
Lemma 6.3.8 it is in the image of the map (T̄F )Fr → (T /T0)Fr. Thus, we conclude that there exists s ∈ TF ≤ GF,0 such
that t−1Fr(t) = s−1Fr(s) mod T0; replacing t by ts−1 we conclude that t−1Fr(t) ∈ T0. Since H1(Fr, T0) is trivial, there
exists r ∈ T0 such that t−1Fr(t) = r−1Fr(r). Replacing t by tr−1, we conclude that t ∈ TFr. Note that g ∈ tGFr

F,0. ∎
Alternate Proof. The short exact sequence

1Ð→ TF Ð→ T ×GF,0 Ð→ StabG(F )Ð→ 1

gives rise to the long exact sequence

1Ð→ TFr
F Ð→ TFr ×GFr

F,0 Ð→ StabGFr(F )Ð→ H1(Fr, TF )Ð→ H1(Fr, T ×GF,0).
Since H1(Fr, T ×GF,0) ≅ H1(Fr, T ) and, by Remark 6.3.7, H1(Fr, TF ) injects into H1(Fr, T ), the result follows. ∎

Definition 6.3.12. Set OT,xT = Ad(GxT ,0)T and let OkT,xT denote the set of Fr-stable tori in OT,xT .

Corollary 6.3.13. The injection OkT,xT ↪ O
k
T induces a bijection between the set of GFr

xT ,0
-conjugacy classes in OkT,xT

and the set of GFr-conjugacy classes in OkT.

Proof. Since every GFr
xT ,0

-conjugacy class in OkT,xT determines a GFr-conjugacy class in OkT, it is enough to show that if
C is a GFr-conjugacy class in OkT, then C ∩OkT,xT is a single GFr

xT ,0
-conjugacy class.

Suppose C is a GFr-conjugacy class in OkT. We first show that C ∩OkT,xT is nonempty. Choose T′ ∈ C. Let xT ′ denote
the (unique) point in Bred(G)Fr associated to T′. Since T′ = gT for some g ∈ G, we conclude that xT ′ = g ⋅ xT . Since
GFr acts transitively on the alcoves in Bred(G)Fr, there exists h ∈ GFr such that h ⋅ xT ′ = xhT ′ belongs to C̄ ′Fr. From
Lemma 2.2.2 we conclude that h ⋅ xT ′ = hg ⋅ xT = xT . Since hT′ = hgT and hg ⋅ xT = xT , from Lemma 2.3.1 we conclude
that there exists j ∈ GxT ,0 such that hT′ = jT. That is, C ∩OkT,xT is nonempty.

Suppose C1,C2 ⊂ C ∩OkT,xT are two GFr
xT ,0

-conjugacy classes. Choose Ti ∈ Ci. Since T1,T2 ∈ C, there exists g ∈ GFr

such that gT1 = T2. Since xT1 = xT2 = xT , we conclude that g ∈ StabGFr(xT ). From Corollary 6.3.10 we conclude that
there exists j ∈ GFr

xT ,0
such that jT1 = T2. That is, C1 = C2. ∎
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Corollary 6.3.14. If F = C, then for every Fr-stable facet H contained in the closure of C we can assume that the
representatives for StabGFr(H)/GFr

H,0 lie in TFr.

Proof. Suppose H is a Fr-stable facet that is contained in the closure of C. If h ∈ StabGFr(H), then there exists k ∈ GFr
H,0

such that hkC = C. From Corollary 6.3.10 we can assume that hk ∈ TFrGFr
C,0. Thus,

hGFr
H,0 = hkGFr

H,0 ⊂ TFrGFr
C,0G

Fr
H,0 = TFrGFr

H,0. ∎

A similar proof shows:

Corollary 6.3.15. Suppose T is any K-minisotropic maximal K-torus, not assumed to be defined over k. If F = C, then
for every facet H contained in the closure of C we can assume that the representatives for StabG(H)/GH,0 lie in T . ∎

6.4. k-stable conjugacy and GFr-conjugacy of tori. In this section we analyze the Fr-structure of GT where T is a
K-minisotropic maximal k-torus. Recall that OkT denotes the set of k-tori in G that are G-conjugate to T.

Definition 6.4.1. If T′,T′′ ∈ OkT , then we will say that T′ is k-stably-conjugate to T′′ provided that there is a g ∈ G such
that gT′ = T′′ and Ad(g)∶T ′ → T ′′ is a k-morphism. If T′,T′′ ∈ OkT , we will say that T′ is GFr-conjugate to T′′ provided
that there is a g ∈ GFr such that gT′ = T′′.

Note that if two tori T1,T2 ∈ OkT are k-stably-conjugate, then there is an x ∈ G such that x(T1(k)) = T2(k).

Remark 6.4.2. As in Definition 6.2.1 it would be more standard to define the notion of k-stably-conjugate in Definition 6.4.1
by taking g ∈G(k̄). However, Lemma 2.1.1 allows us to restrict our attention to g ∈ G.

We first describe OkT /GFr-conjugacy, the set of rational conjugacy classes in OkT . For this we introduce the group W̄T

and the notion of Frobenius conjugacy.

Definition 6.4.3. Set WT = NG(T)/T and W̄T = NGF,0
(T)/T0 where T0 is the parahoric subgroup of T .

Remark 6.4.4. Note that, in general, W̄T is not isomorphic to either WT = NG(T)/T or NG(T)/TF . Indeed, for SL2 and
p > 2 we have that W̄T has order four while both WT and NG(T)/TF = NGF,0

(T)/TF have order two.

Definition 6.4.5. Suppose H is a group on which ⟨Fr⟩ acts. Two elements h,h′ ∈ H are said to be Frobenius conjugate
provided that there exists x ∈ H such that x−1hFr(x) = h′. We denote the set of Frobenius-conjugacy classes of H by
H∼Fr .

Remark 6.4.6. If H is abelian, then H∼Fr =HFr.

Lemma 6.4.7. There is a natural bijection between the set of GFr-conjugacy classes in OkT and the set of Fr-conjugacy
classes in W̄T . That is

OkT /GFr-conjugacy ←→ (W̄T )∼Fr .

Remark 6.4.8. Since taking coinvariants is right exact and T0 = (1 − Fr)T0, we have (W̄T )∼Fr ≅ (NGF,0
(T ))∼Fr .

Proof. Suppose T′ ∈ OkT . From Lemma 6.1.3 we may assume, after conjugating by an element of GFr, that T and T′

are conjugate, as K-tori, by an element of StabG(F ). Thanks to Lemma 2.3.1, we may assume that T and T′ are, in
fact, conjugate by an element of GF,0. Choose k ∈ GF,0 such that kT = T′. Since both T and T′ are k-tori, they are
Fr-stable. Thus, k−1Fr(k) ∈ NGF,0

(T). If k′ ∈ GF,0 is another element such that k
′
T = T′, then m ∶= k−1k′ ∈ NGF,0

(T)
and (k′)−1Fr(k′) = m−1(k−1Fr(k))Fr(m). Consequently, after taking the quotient by T0, we have a well-defined map
ρ∶OkT → (W̄T )∼Fr .

On the other hand, if m̄ ∈ W̄T , then we can choose m ∈ NGF,0
(T) lifting m̄. Thanks to Lang-Steinberg, there is a

k ∈ GF,0 such that k−1Fr(k) =m. Note that kT ∈ OkT and ρ(kT) is the Fr-conjugacy class of m̄. That is, ρ is surjective.
To complete the proof, we need to show that if T1,T2 ∈ OkT , then T1 is GFr-conjugate to T2 if and only if ρ(T1) =

ρ(T2). As above, after possibly conjugating by an element of GFr, we can write Ti = giT with gi ∈ GF,0.
Suppose ρ(T1) = ρ(T2). Then there exist m ∈ NGF,0

(T) and t ∈ T0 such that

mg−11 Fr(g1)Fr(m)−1 = tg−12 Fr(g2).
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Since g2tg−12 ∈ g2T0, by Lang-Steinberg, there is a k ∈ g2T0 such that k−1Fr(k) = g2tg−12 . Thus,

Fr(kg2mg−11 ) = kg2mg−11
showing that T1 and T2 are conjugate by kg2mg−11 ∈ GFr.

Suppose T1 is GFr-conjugate to T2. Then thanks to Corollary 6.3.10 with T = T1, there exists h ∈ GFr
F,0 such that

h(T1(k)) = T2(k). Thus, for all strongly regular semisimple γ ∈ T1(k) we have hγ ∈ T2(k). Since hg1T = g2T, we have
m ∶= g−12 hg1 ∈ NGF,0

(T). Thus

g−12 Fr(g2) =mg−11 h−1Fr(hg1m−1) =mg−11 Fr(g1)Fr(m−1).
We conclude that ρ(T1) = ρ(T2). ∎

Remark 6.4.9. It would be nice if the intersection of a Frobenius-conjugacy class in W̄T with T̄F would lie in (1−Fr)T̄F ,
giving us an injective map (T̄F )Fr → (W̄T )∼Fr . However, this is not true. For example, when p > 2 and −1 /∈ (k×)2
consider a ramified elliptic maximal k-torus in SL2.

We wish to describe OkT /≈, the set of k-stable-conjugacy classes in OkT .

Lemma 6.4.10. There is natural bijection between the set of k-stable conjugacy classes in OkT and the set of Frobenius
conjugacy classes in WT = NG(T)/T . That is

OkT /≈ ←→ (WT )∼Fr .

Proof. Note that WT may be naturally identified, as groups with Fr-action, with W̄T /T̄F .
As in the proof of Lemma 6.4.7, we have a surjective, well-defined map µ∶OkT → (W̄T /T̄F )∼Fr .
To complete the proof, we need to show that if T1,T2 ∈ OkT , then T1 is k-stably-conjugate to T2 if and only if

µ(T1) = µ(T2). Thanks to Lemma 2.3.1 and Lemma 6.1.3, after conjugating by an element ofGFr, we can write Ti = kiT
with ki ∈ GF,0.

Suppose µ(T1) = µ(T2). Then there exist m ∈ NGF,0
(T) and t ∈ TF such that

mk−11 Fr(k1)Fr(m−1) = t−1k−12 Fr(k2).

For all γ ∈ T1(k) we have Fr(k2mk−11 γ) = k2tmk−11 γ. Since mk−11 γ ∈ T(K), we have tmk−11 γ = mk−11 γ. Thus, Fr(k2mk−11 γ) =
k2mk

−1
1 γ, and we conclude that T1 is k-stably-conjugate to T2.

Suppose T1 is k-stably-conjugate to T2. Then there exists h ∈ GF,0 such that h(T1(k)) = T2(k). Thus, for all strongly
regular semisimple γ ∈ T1(k) we have hγ ∈ T2(k). Thus s = h−1Fr(h) ∈ T1(K) = k1(T(K)) and k−11 s ∈ TF . Since
hk1T = k2T, we have m ∶= k−12 hk1 ∈ NGF,0

(T). Thus

k−12 Fr(k2) = (mk−11 h−1)Fr(hk1m−1) = (mk
−1
1 s)(mk−11 Fr(k1)Fr(m−1)).

Since mk
−1
1 s ∈ TF , we conclude that µ(T1) = µ(T2). ∎

Different choices of “base point” T for the orbit GT will result in different realizations of the action of Fr. We explore
how these different realizations are related.

Definition 6.4.11. Suppose T′ ∈ OkT . Choose h ∈ G such that T ′ = hT . Set mh = h−1Fr(h) and let m̄h denote the image
of mh in WT . Let WT,m̄h

denote the group WT , but with Fr acting by Fr ⋅ x = m̄hFr(x). Similarly, we let T̄F,m̄h
(resp.,

(T /T0+)m̄h
) denote the group T̄F (resp. T /T0+), but with Fr acting by Fr ⋅ t = m̄hFr(t).

Lemma 6.4.12. Recall that T′ = hT ∈ OkT with h ∈ G. Let F ′ denote the facet corresponding to T ′.

(1) The group homomorphism that sends m′ ∈ NG(T′) to h−1m′h ∈ NG(T) induces a Fr-equivariant isomorphism

φh∶WT ′ →WT,m̄h
.

(2) The group homomorphism that sends t′ ∈ T ′ to h−1t′h ∈ T induces Fr-equivariant isomorphisms

φh∶T ′/T ′0+ → (T /T0+)m̄h
and φh∶ T̄ ′F ′ → T̄F,m̄h

. ∎
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6.5. The rational structure of GT: a summary. In this subsection we gather some of the key results and definitions of
the previous subsections. Recall that T is a K-minisotropic maximal k-torus, and OkT denotes the set of tori in GT that are
defined over k.

● k-stable classes in OkT . Two tori T1,T2 ∈ OkT are said to be k-stably-conjugate provided that there is an x ∈ G
such that xt1 ∈ TFr

2 for all t1 ∈ TFr
1 . The k-stable classes inOkT are parameterized by (WT )∼Fr , the set of Frobenius-

conjugacy classes in NG(T)/T . (Lemma 6.4.10)
● k-embeddings of T. If T′ ∈ OkT , then a k-embedding of T′ into G is a k-morphism f ∶T′ → G that arises via

conjugation for some x ∈ G. Up to GFr-conjugation, the set of k-embeddings of T into G is parameterized by
(T̄F )Fr, the group of Fr-coinvariants in T̄F = (T ∩ GF,0)/T0. If T′ ∈ OkT belongs to the stable class indexed
by w ∈ c ∈ (WT )∼Fr , then the set of k-embeddings of T′ into G is parameterized by (T̄F )wFr, the group of
wFr-coinvariants in T̄F . (Lemmas 6.2.7 and 6.4.12)
● GFr-conjugacy classes in OkT . The set of GFr-conjugacy classes in OkT is parameterized by (W̄T )∼Fr , the set of

Frobenius-conjugacy classes in W̄T = NGF,0
(T)/T0. (Lemma 6.4.7)

6.6. A comment on the relationship between the normalizer of T over K and the normalizer of T over kt. We now
check that the parahoric subgroup GF,0 interacts with the normalizer of T as expected.

Lemma 6.6.1. If E is a Galois extension of K over which T splits and y is the Gal(E/K)-fixed point of A′(T,E) in
Bred(G,E), then

NG(T) ∩GF,0 ⊂G(E)y,0.
If G is K-tame, then

NG(T) ∩GF,0+ = T ∩GF,0+ = T0+ .

Proof. Suppose m ∈ NG(T) ∩ GF,0. Our first goal is to show that m ∈ G(E)y,0. Note that xT is the unique closest
point in Bred(G,K) to y. Similarly, y is the unique point in A′(T,E) closest to xT . Indeed, the unique point, call it z,
in A′(T,E) nearest xT has the property that dist(xT , z) = dist(γ(xT ), γ(z)) = dist(xT , γ(z)) for all γ ∈ Gal(E/K).
Thus, by uniqueness, we conclude that z is Gal(E/K) fixed; hence it must be y.

Since y is the unique Gal(E/K)-fixed point inA′(T,E), my ∈ A′(T,E), and γ(my) =my for all γ ∈ Gal(E/K), we
conclude that my = y. From [3, Lemma 2.12], we have m ∈ GF,0 ≤G(E)F,0, and so from [14, Lemma 4.2.1] we conclude
that m ∈G(E)y,0.

For the second claim, it is enough to show NG(T)∩GF,0+ ⊂ T . Choose m ∈ NG(T)∩GF,0+ Note that m ∈G(E)y,0 ∩
G(E)xT ,0+ , which means that the image of m in the reductive quotient G(E)y,0/G(E)y,0+ must be unipotent. Since G
is K-tame, we can assume E is a tame extension of K and so the image of m in G(E)y,0/G(E)y,0+ is semisimple. Thus,
the image of m is the trivial element. Consequently, m fixes an open neighborhood U in A′(T,E) with y ∈ Ū , hence m
must fix all of A′(T,E) and so m ∈ T(E). Since m ∈ NG(T) ∩T(E), we conclude that m ∈ T . ∎

Remark 6.6.2. The proof of Lemma 6.6.1 shows that, in fact, NG(T) ≤ NG(E)y,0(T) ⋅ T .

Remark 6.6.3. Tameness may or may not be required for the second statement of Lemma 6.6.1. However, it is required for
the current proof. For example, for f of characteristic two we have

[1 0
1 1
] [0 1

1 0
] [1 0

1 1
] = [1 1

0 1
]

in SL2(f). That is, without some assumptions on the characteristic of our field, nontrivial elements of the normalizer of a
torus can be unipotent!

Remark 6.6.4. Thanks to Lemma 6.6.1 when T splits over a tame extension, we can interpret NGF,0
(T)/(T ∩GF,0+) as

StabGF
(T) where GF is the connected reductive f-group corresponding to the quotient GF,0/GF,0+ . By StabGF

(T) we
mean the group of x̄ ∈ StabGF

(T) for which there exists a lift x ∈ GF,0 such that xT = T.

7. THE MAIN RESULT AND EXAMPLES

We begin by stating the parameterization theorem of this paper. We then develop some machinery for calculating the
objects that appear in this theorem, and we end by looking at a number of examples.
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7.1. The main result. Before stating the main result, we develop and recall some notation.
Let (W̃ t,e

∼ )Fr○Nq denote the set of Fr ○ Nq-fixed points in the set of σ-elliptic tame σ-conjugacy classes in W̃ . For
c ∈ (W̃ t,e

∼ )Fr○Nq , choose w ∈ c and let n ∈ W̃ be a lift of w. Thanks to Remark 3.3.8 it makes sense to denote the order of
nσ ∈ W̃ ⋊ Γ̃ by ℓc and to define Kc = ktσ

ℓc . Let π denote a uniformizer in the tame extension of K of degree ℓc such that
πℓc =ϖ. Let λc denote the unique element in X∗(A ∩G′) such that

● n is σ-conjugate to λc(σ(π)/π) by an element of G̃x0,0 (see Lemma 3.2.5) and
● xc ∶= x0 + λc/ℓc is an element of C̄ ′ (see Lemma 3.5.1).

If c ∈ (W̃ t,e
∼ )Fr○Nq , then there exists a tame K-minisotropic maximal k-torus Tc in G for which the point associated to

T c is xc (see Lemma 3.3.6 and Corollaries 3.3.4 and 5.1.3). Set T cxc = T c ∩Gxc,0.

Theorem 7.1.1. Recall that k is a nonarchimedean local field. For each c ∈ (W̃ t,e
∼ )Fr○Nq fix a tame K-minisotropic

maximal k-torus Tc in G for which the point associated to T c is xc.

(1) The set of GFr-conjugacy classes of tame K-minisotropic maximal k-tori in G is parameterized by the set

{(c, c̃) ∣ c ∈ (W̃ t,e
∼ )Fr○Nq and c̃ ∈ (W̄T c)∼Fr}.

Here (W̄T c)∼Fr denotes the set of Fr-conjugacy classes in W̄T c ∶= NGxc,0
(Tc)/T c0 . More precisely, for each

c̃ ∈ (W̄T c)∼Fr we fix kc̃ ∈ Gxc,0 such that k−1c̃ Fr(kc̃) ∈ NGxc,0
(Tc) is a lift of a member of c̃. Then each GFr-

conjugacy class in OkT c has exactly one representative in the set

{Ad(kc̃)Tc ∣ c̃ ∈ (W̄T c)∼Fr}.

(2) The set of k-stable classes of tame K-minisotropic maximal k-tori in G is parameterized by the set

{(c, ĉ) ∣ c ∈ (W̃ t,e
∼ )Fr○Nq and ĉ ∈ (WT c)∼Fr}.

Here (WT c)∼Fr denotes the set of Fr-conjugacy classes in WT c ∶= NGxc,0
(Tc)/T cxc . More precisely, for each

ĉ ∈ (WT c)∼Fr we fix kĉ ∈ Gxc,0 such that k−1ĉ Fr(kĉ) ∈ NGxc,0
(Tc) is a lift of a member of ĉ. Then each k-stable

conjugacy class in OkT c has exactly one representative in the set

{Ad(kĉ)Tc ∣ ĉ ∈ (WT c)∼Fr}.

(3) Suppose c ∈ (W̃ t,e
∼ )Fr○Nq and ĉ ∈ (WT c)∼Fr. Let T = Ad(kĉ)Tc where kĉ is chosen as in (2). Let m̄ de-

note the image of k−1ĉ Fr(kĉ) in WT c . The set of k-embeddings of T into G is parameterized by (T̄cxc)m̄Fr, the
group of m̄Fr-coinvariants in T̄cxc = T cxc/T c0 . More precisely, for each c̄ ∈ (T̄cxc)m̄Fr we fix kc̄ ∈ Gxc,0 such that
k−1c̄ (m̄Fr(kc̄)m̄−1) ∈ T cxc is a lift of a member of c̄. Then

{fc̄ ∶T→G ∣ fc̄(s) = Ad(kĉkc̄k−1ĉ )s for s ∈ T and c̄ ∈ (T̄cxc)m̄Fr}

is a complete set of representatives for the GFr-conjugacy classes of k-embeddings of T into G.

Remark 7.1.2. If ĉ ∈ (WT c)∼Fr, then the fiber over ĉ of the natural map

(W̄T c)∼Fr → (WT c)∼Fr
parameterizes the set of GFr-conjugacy classes of tame K-minisotropic maximal k-tori that appear in the k-stable class
corresponding to ĉ.

Proof. From Lemma 3.4.1 every G-conjugacy class of tame maximal K-tori in G corresponds to an element of W̃ t
∼. Thus

the assignment c ↦ GTc from (W̃ t,e
∼ )Fr○Nq to the set of G-conjugacy classes of tame K-minisotropic maximal tori in

G has image consisting of exactly those G-conjugacy classes of tame K-minisotropic maximal tori that contain a torus
defined over k.

Consequently, to establish statements (1) and (2) of the theorem it is enough to show that for every c ∈ (W̃ t,e
∼ )Fr○Nq

the GFr-conjugacy classes and k-stable classes in OkT c can be parameterized as claimed. This follows from Lemmas 6.4.7
and 6.4.10.

Statement (3) follows from Corollary 6.2.9 and Lemma 6.4.12. ∎
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7.2. A recasting of part (1) of Theorem 7.1.1. In Corollary 7.2.4 below we recast part (1) of Theorem 7.1.1 in a way that
does not require the choice of a base point Tc. While perhaps more elegant from the point of view of avoiding choices,
this new description is considerably less concrete.

7.2.1. A result about nearby tori. We begin with a result about tori that are, in some sense, close to each other at depth
zero.

Lemma 7.2.1. For this lemma we let E be any extension of k and let fE denote its residue field. Suppose x ∈ B(G,E)
and T is a maximal fE-torus in the connected reductive fE-group GEx corresponding to the quotient G(E)x,0/G(E)x,0+ .
Suppose T1,T2 are E-split maximal tori such that x ∈ A(Ti,E).

● If the image of Ti(E) ∩G(E)x,0 in GEx is T, then T1 and T2 are G(E)x,0+-conjugate.
● If for all n ∈ N there exists k ∈G(E)x,n such that kT1 = T2, then T1 = T2.
● If g ∈ NG(E)(T1) ∩G(E)x,0+ , then g ∈ T1(E)0+ .

Proof. Since x belongs toA(T1,E)∩A(T2,E), there exists an h ∈G(E)x,0 such that hT1 = T2. Let h̄ denote the image
of h in GEx . By hypothesis, h̄T = T; thus, h̄ ∈ NGE

x
(T). Consequently, by looking at the affine Bruhat decomposition, we

see that there exist an n ∈ NG(E)(T1) ∩G(E)x,0 and a g ∈ G(E)x,0+ such that h = gn. We have T2 = hT1 = gT1. This
establishes the first claim.

For the second claim, suppose T1 ≠ T2. Then there exists t ∈ T1(E) such that t /∈ T2(E). Since T2(E) is closed, there
exists ℓ ∈ N such that t ⋅G(E)x,ℓ∩T2(E) = ∅. By hypothesis, for all n ∈ N there exists k ∈G(E)x,n such that kt ∈ T2(E).
This implies that t ∈ T2(E) modulo G(E)x,m for all m ∈ N. This contradicts the fact that t ⋅G(E)x,ℓ ∩T2(E) = ∅.

For the final claim we note that since g ∈ NG(E)(T1), we have that A(T1,E) is stabilized by g. If C is an alcove in
A(T1,E) such that F ⊂ C̄, then since g ∈ G(E)x,0+ we have that g fixes C pointwise. Therefore, since gA(T1,E) =
A(T1,E) and g fixes C pointwise, we conclude that g fixes A(T1,E) pointwise. Thus, we conclude that g ∈ T1(E) ∩
G(E)x,0+ = T1(E)0+ . ∎

7.2.2. Recasting part (1) of Theorem 7.1.1. The point xc of Theorem 7.1.1 determines a facet Fc in B(G,Kc). Let
Gc denote the connected reductive F-group attached to Fc. We identify Gc with G(Kc)Fc,0/G(Kc)Fc,0+ , and we have
Gσc = Gxc . (Recall that Gσc denotes the connected component of FixGc(σ).) We let Ã# denote the maximal torus in Gc
corresponding to A#. That is, the group of F-points of Ã# coincides with the image of A#(Kc) ∩G(Kc)Fc,0 in Gc.

If T is a maximal F-torus in Gc then there exists g ∈ Gc such that T = gÃ#. If T is σ-stable, then g−1σ(g) ∈ NGc(Ã#)
determines a σ-conjugacy class in W̃ . This gives a well-defined map from the set of σ-stable maximal tori in Gc to W̃ t

∼σ
.

Let Oc denote the preimage of c under this map, and let OFr
c denote the subset of Oc consisting of tori that are Fr-stable.

Note that Gxc (= Gxc,0/Gxc,0+) acts on Oc while GFr
xc acts on Oc and OFr

c .
Recall from Definition 6.3.12 that OkTc,xc

denotes the set of Fr-stable tori in Ad(Gxc,0)Tc. For T ∈ OkTc,xc
let φ(T) ∈

OFr
c be the torus whose group of F-points corresponds to the image of G(Kc)xc,0 ∩T(Kc) in Gc. In this way we define a

GFr
xc,0-equivariant map φ∶OkTc,xc

→ OFr
c .

Lemma 7.2.2. If T ∈ OFr
c and T1,T2 ∈ φ−1[T], then T1 and T2 are GFr

xc,0+-conjugate.

With minor changes (e.g., changing K to Kc and Γ to Gal(Kc/k)), this proof is the same as the proof of [12,
Lemma 2.2.2].

Proof. From Lemma 7.2.1 there exists g ∈ G(Kc)xc,0+ such that T2 = gT1. For γ ∈ Gal(Kc/k), let cg(γ) ∶= g−1γ(g) ∈
NG(Kc)(T1); cg is a one-cocycle. Since Fc is Gal(Kc/k)-stable and g ∈G(Kc)xc,0+ , we have cg(γ) ∈G(Kc)xc,0+ . From
Lemma 7.2.1 we conclude that cg(γ) ∈ T1(Kc)0+ .

Since H1(Gal(Kc/k),T1(Kc)0+) is trivial [25, Theorem 13.8.5 (1)], there exists a z ∈ T1(Kc)0+ such that gz is fixed
by Gal(Kc/k). We have gzT1 = T2 and, thanks to [25, Proposition 12.9.4], gz ∈G(Kc)Gal(Kc/k)

xc,0+ = GFr
xc,0+ . ∎

Lemma 7.2.3. The GFr
xc,0-equivariant map φ∶OkTc,xc

→ OFr
c is surjective.

Proof. Fix T ∈ OFr
c . Since T ∈ Oc, there exists ℓ ∈G(Kc)xc,0 such that T = ℓTc is a lift of T; that is, T corresponds to the

image of T(Kc) ∩G(Kc)xc,0 in Gc.
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Let E ≤ Kc be a finite Galois extension of k such that T is E-split. It will be enough to show that there exists
ℓ ∈G(E)xc,0+ such that ℓT is a k-torus.

Suppose that for all ℓ ∈G(E)xc,0+ we have that ℓT is not a k-torus. Then, thanks to Lemma 7.2.1, for all ℓ ∈G(E)xc,0+
there exists sℓ ∈ Q>0 such that

● γ(ℓT) is contained in the G(E)xc,sℓ-orbit of ℓT for all γ ∈ Gal(E/k) and
● there exists γ ∈ Gal(E/k) such that γ(ℓT) is not contained in the G(E)xc,s+ℓ -orbit of ℓT

Since G(E)xc,0+ is compact and the assignment ℓ ↦ sℓ is locally constant, there exists h ∈ G(E)xc,0+ such that sh ≥ sℓ
for all ℓ ∈ G(E)xc,0+ . Without loss of generality, we set T = hT. We then have s1 ≥ sℓ for all ℓ ∈ G(E)xc,0+ . We will
produce j ∈G(E)xc,0+ such that sj > s1, a contradiction.

If γ, ρ ∈ Gal(E/k), then γρ(T) = ℓγρT = γ(ℓρT) = γ(ℓρ)ℓγT. Hence fT(γ, ρ) ∶= ℓ−1γ ⋅ γ(ℓρ)−1 ⋅ ℓγρ is an element of
G(E)xc,s1 ∩NG(T). From Lemma 7.2.1 we conclude that fT(γ, ρ) ∈ T(E)s1 . Since G(E)xc,s1∶s+1 is abelian, one checks
that the induced function f̄ ∶Gal(E/k) × Gal(E/k) → T(E)s1∶s+1 is a 2-cocycle. Since H2(Gal(E/k),T(E)s1∶s+1 ) is
trivial [25, Theorem 13.8.5 (2)], there exists ᾱ∶Gal(E/k)→ T(E)s1∶s+1 , written γ ↦ ᾱγ , such that f̄(γ, σ) = γᾱσ ⋅ ᾱ−1γσ ⋅ ᾱγ
for all γ, σ ∈ Gal(E/k). If ℓ̄γ denotes the image of ℓγ in T(E)s1∶s+1 , then one checks that γ ↦ ℓ̄γᾱγ defines a 1-cocycle with
values in G(E)xc,s1∶s+1 . Since H1(Gal(E/k),G(E)s1∶s+1 ) is trivial [25, Theorem 13.8.5 (2)], there exists j ∈ G(E)xc,s1
such that the image of γ(j)−1j in G(E)xc,s1∶s+1 is ℓ̄γᾱγ for all γ ∈ Gal(E/k). If αγ ∈ T(E)s1 is any lift of ᾱγ then there
exists xγ ∈G(E)xc,s+1 such that ℓγαγ = γ(j)−1jxγ . Thus, for all γ ∈ Gal(E/k) we have

γ(jT) = γ(j)ℓγT = jxγα−1γ T = jxγj−1(jT).
Since jxγj−1 ∈G(E)xc,s+1 , we conclude that sj is greater than s1. ∎

Corollary 7.2.4. The GFr
xc-conjugacy classes in OFr

c are in bijective correspondence with the GFr-conjugacy classes in
OkTc .

Proof. From Lemma 7.2.3 and Lemma 7.2.2 the GFr
xc,0-equivariant map φ∶OkTc,xc

→ OFr
c descends to a bijective map from

the set of GFr
xc,0-conjugacy classes in OkTc,xc

to the set of GFr
xc-conjugacy classes in OFr

c . The result now follows from
Corollary 6.3.13. ∎

7.3. A more concrete realization of WT , T /T0+ , TF /T0+ , and W̄T in the tame setting. Fix c ∈ W̃ t
∼σ

, w ∈ c, n ∈ W̃ with
image w in W̃ . Choose h, λ = λn, g = gn ∈G(Kn)xn,0 as in §3.3 and set T = gA#. Note that the image of nσ ∶= g−1σ(g)
in W̃ is w. Let F ⊂ B(G) be the facet corresponding to xn ∈ Bred(G).

Because it will help with the bookkeeping later, we will refer to w as wσ.

Lemma 7.3.1. We have
(1) The group homomorphism that sends m ∈ NG(T) to g−1mg ∈ NG(Kn)(A#) induces an isomorphism

ρg ∶NG(T)/T Ð→ W̃wσσ.

(2) The group homomorphism that sends t ∈ T to g−1tg ∈A#(Kn) induces an isomorphism

ρg ∶T /T0+ Ð→ (A#(Kn)/A#(Kn)0+)wσσ.

(3) The group homomorphism that sends t ∈ TF to g−1tg ∈A#(Kn)0 induces an injective map

ρg ∶TF /T0+ Ð→ (Ã#)wσσ.

(4) If wσ is σ-elliptic, then for g as in Lemma 3.3.9 the group homomorphism that sends m ∈ NGF,0
(T ) to g−1mg ∈

NG(Kn)(A#) induces an injective map

ρg ∶NGF,0
(T)/T0+ Ð→ (NG̃x0

(Ã#))nλ(ξ)σ.

Moreover, if G is simply connected, then T0 = T0+ , W̄T = NGF,0
(T)/T0+ , and the maps of both (3) and (4) are isomor-

phisms.

Remark 7.3.2. The maps in (3) and (4) both fail to be surjective when G = PGL2. See also Lemma 7.4.9.
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Proof. Recall that nσ ∈ NG(Kn)(A#) has image wσ in W̃ .
We begin by showing (1). Suppose m ∈ NG(T). Since

nσσ(g−1mg)nσ−1 = (g−1σ(g))(σ(g−1)mσ(g))(σ(g−1)g) = g−1mg,
the map sendingm ∈ NG(T) to g−1mg ∈ NG(Kn)(A#) induces a homomorphism fromNG(T) to W̃wσσ. Since the kernel
of this homomorphism is T , the map descends to an injective map ρg ∶WT → W̃wσσ.

We now show that ρg is surjective. Choose w′ ∈ W̃wσ. Fix n′ ∈ NG(Kn)(A#) such that the image of n′ in W̃ is w′. We
have

σ(gn′) = g(g−1σ(g))σ(n′)(σ(g)−1g)g−1 = g(nσσ(n′))g−1 = g(n′a) = gn′ga
for some a ∈ A#(Kn). As ga ∈ T(Kn) we conclude that the coset (gn′)T(Kn) is σ-invariant. Since H1(σ,T(Kn)) is
trivial, we conclude that every σ-invariant coset in NG(Kn)(T)/T(Kn) has a representative in NG(T)/T . Hence, ρg is
surjective.

We now show that (2) holds. Note that

T0+ = T ∩GF,0+ = T(Kn)σ ∩ (G(Kn)F,0+)σ = (T(Kn) ∩G(Kn)F,0+)σ

= (g(A#(Kn)) ∩G(Kn)F,0+)σ = (g(A#(Kn) ∩G(Kn)F,0+))σ = (g(A#(Kn)0+))σ.

Since H1(σ,T(Kn)0+) is trivial, we conclude that T /T0+ is isomorphic to

(g(A#(Kn))/g(A#(Kn)0+))σ = (g(A#(Kn)/(A#(Kn)0+)))σ.
Since wσ is the image of g−1σ(g) in W̃ , we conclude that (g(A#(Kn)/(A#(Kn)0+)))σ is isomorphic, via their identifica-
tion under the map Ad(g), to (A#(Kn)/(A#(Kn)0+))wσσ.

For (3), recall that TF = T ∩GF,0 and g ∈ GF,0, so g−1TF g ≤A#(Kn)0. Thus, from (2) we have an injective map from
TF /T0+ to (A#(Kn)0/A#(Kn)0+)wσσ. Since (A#(Kn)0/A#(Kn)0+) is isomorphic to Ã#, the result follows.

We now show that (4) is valid. From Lemma 3.3.9 we may assume that g−1σ(g) = z ⋅λ(π)n for some z ∈ Z̃0. Supposem ∈
NGF,0

(T). Since g ∈G(Kn)F,0 we have g−1mg ∈ NG(Kn)F,0
(A#). Since conjugation by g carries topologically unipotent

elements inGF,0 to topologically unipotent elements in G(Kn)F,0, we have a well-defined injective group homomorphism
from W̄T to StabG(Kn)xn,0/G(Kn)xn,0+ (A

#) with image in (StabG(Kn)xn,0/G(Kn)xn,0+ (A
#))nσσ. Here the stabilizer in

the quotient is to be interpreted as in Remark 6.6.4. Since xn = λ(π) ⋅ x0, nσ = z ⋅ λ(π)n, and G(Kn)x0,0/G(Kn)x0,0+ is
isomorphic to G̃x0 the result follows.

Finally, if G is simply connected and x ∈G(Kn)x0,0 has image in (G(Kn)x0,0/G(Kn)x0,0+)nλ(ξ)σ, then gλ(π)xλ−1(π)g−1
belongs to StabG(K)(F ) ⋅G(Kn)F,0+ =G(K)F,0 ⋅G(Kn)F,0+ . It follows that the maps of both (3) and (4) are surjective,
hence isomorphisms. ∎

Remark 7.3.3. If y ∈ G(Kn) also has the property that yA# = T, then there exists a ñ ∈ NG(Kn)(A#) such that g = yñ.
Thus, ρy(NG(T)/T ) = w̄W̃wσσw̄−1 = W̃ (w̄wσσ(w̄)−1)σ where w̄ denotes the image of ñ in W̃ . Similarly, ρy(T /T0+) =
(A#(Kn)/(A#(Kn)0+))(w̄wσσ(w̄)−1)σ.

7.4. The action of Fr. Suppose GT contains a k-torus. It may happen that T = gA is not defined over k. However, if GT
contains a Fr-stable element, then there exists ℓ ∈ G such that ℓgA = ℓT is defined over k. In fact, if T is K-minisotropic,
then from Lemma 2.3.1 and Lemma 6.1.1 we can also assume ℓ ∈ Gxn,0. Note that (ℓg)−1σ(ℓg) = g−1σ(g) = nσ.

Definition 7.4.1. Suppose T = gA is defined over k and g ∈ G(Kn)xn,0. Define nFr ∈ NG(Kn)xn,0
(A#) by nFr ∶=

g−1Fr(g). Let wFr denote the image of nFr in W̃ .

Lemma 7.4.2. We have that nFr ○ Fr stabilizes NG(Kn)xn,0
(A#)nσσ while wFr ○ Fr stabilizes W̃wσσ.

Proof. It will be enough to prove the first statement. Suppose m ∈ NG(Kn)xn,0
(A#) and Ad(nσ)σ(m) =m. We have

Ad(nσ)σ[Ad(nFr)Fr(m)] = Ad[(g−1σ(g))σ(g−1Fr(g))]σ(Fr(m))
= Ad[(g−1σ(Fr(g))]σ(Fr(m))
= Ad(nFr)Fr[Ad(g−1σq(g))σq(m)]



32 STEPHEN DEBACKER

Since
Ad(g−1σq(g))σq(m) = Ad(g−1σq−1(g))σq−1[Ad(g−1σ(g))σ(m)] = Ad(g−1σq−1(g))σq−1[m],

after q − 1 iterations we conclude that Ad(g−1σq(g))σq(m) =m. Hence, we have shown

Ad(nσ)σ[Ad(nFr)Fr(m)] = Ad(nFr)Fr(m),
as required. ∎

Lemma 7.4.3. Via Ad(g−1) (that is, ρg), the action of Fr on WT and T /T0+ corresponds to the action of wFr ○Fr on W̃wσ

and (A#(Kn)/A#(Kn)0+)wσ.

Proof. We will verify this for W̃wσσ; the proof for (A#(Kn)/A#(Kn)0+)wσσ is similar. The map from NG(T ) to
NG(Kn)(A#)/A#(Kn) is given by m↦ g−1mg. Thus Fr(m) maps to

g−1Fr(m)g = g−1Fr(gg−1)Fr(m)Fr(gg−1)g = (g−1Fr(g))Fr(g−1mg)(Fr(g)−1g).
The result follows from looking at the images of these elements in W̃wσσ. ∎
Lemma 7.4.4. We have

Fr(Nq(nσ)) = n−1Frnσσ(nFr) and Fr(Nq(wσ)) = w−1Frwσσ(wFr).
Proof. For the first equality we have:

Fr(Nq(nσ)) = Fr(nσ ⋅ σ(nσ)⋯σq−1(nσ)) = Fr(g−1σ(g) ⋅ σ(g−1σ(g))⋯σq−1(g−1σ(g)))
= Fr(g−1σq(g)) = Fr(g−1(Fr−1 ○ σ ○ Fr)(g)) = Fr(g−1)σ(Fr(g))
= Fr(g−1)(gg−1)σ((gg−1)Fr(g)) = (Fr(g−1)g)(g−1σ(g))σ(g−1Fr(g))
= n−1Frnσσ(nFr).

The second equality follows from the first. ∎
Corollary 7.4.5. Recall that nFr ∈ NG(Kn)F,0

(A#). The equality

Fr(Nq(nσ)) = n−1Frnσσ(nFr)
of Lemma 7.4.4 uniquely determines the element nFr up to left multiplication by an element of (NG(Kn)F,0

(A#))nσ○σ.
Similarly, the equality

Fr(Nq(wσ)) = w−1Frwσσ(wFr)
uniquely determines the element wFr up to left multiplication by an element of W̃wσσ.

Proof. It will be enough to establish the first statement. Suppose y ∈ NG(Kn)F,0
(A#) satisfies

Fr(Nq(nσ)) = y−1nσσ(y).
We then have

nσσ(nFry−1)n−1σ = nFry−1

and the result follows. ∎
Lemma 7.4.6. Suppose c is σ-elliptic. Suppose T′ = hT ∈ OkT with h ∈ G. Set mh = h−1Fr(h) ∈ NG(T) and let
wh denote the image of g−1mhg in W̃ . Via the map Ad(g−1) ○ Ad(h−1) ( i.e., the composition ρg ○ φh where φh is
defined in Lemma 6.4.12) the action of Fr on WT and T /T0+ corresponds to the action of (whwFr) ○ Fr on W̃wσσ and
(A#(Kn)/A#(Kn)0+)wσσ.

Proof. This follows from Lemmas 6.4.12 and 7.4.3. ∎
Remark 7.4.7. If G is K-split, then from Lemmas 7.4.3 and 7.4.4 we have Fr(wqσ) = w−1FrwσwFr and (WT )∼Fr is in
bijection with the set of wFr ○ Fr-conjugacy classes in W̃wσ .

Remark 7.4.8. Note that from Corollary 7.4.5 the element wFr will only be determined (in W̃ ) up to left multiplication by
an element of W̃wσ , but from Lemma 7.4.6 this is exactly what must happen as different choices of base point for GT will
result in different realizations of the various actions.
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Lemma 7.4.9. Suppose G is semisimple and c is σ-elliptic. The group homomorphism that sends t ∈ T to g−1tg ∈A#(Kn)
induces an isomorphism ρg ∶T /T0+ → Ã#wσσ.

Remark 7.4.10. If G is simply connected, then since Kn/K is tame we have G(Kn)σF,0 = GF,0. Thus, in this case,
TF = T /T0+ and so TF is isomorphic to Ã#wσσ in agreement with Lemma 7.3.1.

Proof. Since c is σ-elliptic, we have that T is a bounded subgroup of G. It follows that T is bounded in T(Kn), and so
T ⊂ T(RKn) where RKn denotes the ring of integers of Kn. Since g ∈G(Kn)F,0, we have

T = T(RKn)σ = (T(Kn) ∩G(Kn)F,0)σ = (g(A#(Kn)) ∩G(Kn)F,0)σ = (g(A#(RKn)))σ.
From the proof of Lemma 7.3.1 we have T0+ = (g(A#(Kn)0+))σ. Identify Ã# with the image of A#(RKn)/A#(Kn)0+ in
G(Kn)F,0/G(Kn)F,0+ . Since H1(σ,T0+) is trivial, we conclude that T /T0+ is isomorphic to

(g(A#(RKn)/g(A#(Kn)0+))σ = (ḡ(A#(RKn)/(A#(Kn)0+)))σ = (ḡÃ#)σ

where ḡ denotes the image of g in G(Kn)F,0/G(Kn)F,0+ .
Since wσ denotes the image of g−1σ(g) ∈ NG(Kn)(A#) in W̃ , we have that (ḡÃ#)σ is isomorphic to Ã#wσσ via their

identification under the map Ad(ḡ). ∎
Corollary 7.4.11. Suppose G is simply connected and wσ is σ-elliptic. The set of k-stable classes in OkT is indexed by
(W̃wσσ)∼wFr○Fr . If T′ is a k-torus in the wFr ○Fr-class corresponding to w′ ∈ W̃wσσ, then, up to GFr-conjugacy, the set of
k-embeddings of T′ into G is indexed by Ã#wσσ

w′wFr○Fr
.

Proof. This follows from Lemmas 6.2.7, 6.4.10, 7.3.1, and 7.4.3. ∎
7.5. The action of Fr when G is k-quasi-split and n is σ-elliptic. In this subsection we refine the results of subsection 7.4
under the additional assumptions that G is k-quasi-split and n is σ-elliptic.

Since G is k-quasi-split, we may assume that x0 is Frobenius fixed, and so, since xn is Fr-invariant, we have that
Fr(λ) = λ. In this section we also assume that Fr is chosen such that Fr(π) = π.

Since n is σ-elliptic, from Lemma 3.3.9 we may assume that nσ = z ⋅ λ(π)n. for some z ∈ Z̃0.

Definition 7.5.1. Define nF ∈ NG(Kn)x0,0
(A#) by nF = λ

−1(π)nFr.

Corollary 7.5.2. If G is k-quasi-split and n is σ-elliptic, then we have that nF ○ Fr stabilizes NG(Kn)x0,0
(A#)nλ(ξ)σ.

Proof. Suppose x ∈ NG(Kn)x0,0
(A#) such that nλ(ξ)σ(x) = x. Then

λ(π)x = λ(π)nλ(ξ)σ(x) = nσσ(λ(π)x).
Thus, λ(π)x ∈ (NG(Kn)xn,0

(A#))nσσ. Since λ(π)nF ○Fr = nFr ○Fr, the result follows by unwinding definitions and using
Lemma 7.4.2. ∎
Corollary 7.5.3. If G is k-quasi-split and n is σ-elliptic, then we have

Fr[Nq(nλ(ξ)z)] = n−1F (nλ(ξ)z)σ(nF ).
Proof. We have

Fr[Nq(nλ(ξ)z)] = Fr[Nq(λ
−1(π)nσλ(ξ))] = Fr[Nq(λ−1(π)nσσ(λ(π)))]

= Fr[(λ−1(π)nσσ(λ(π))) ⋅ σ(λ−1(π)nσσ(λ(π))) ⋅ σ2(λ−1(π)nσσ(λ(π))) ⋅ ⋯ ⋅ σq−1(λ−1(π)nσσ(λ(π))]
= λ−1(π)Fr[Nq(nσ)σq(λ(π))] = λ−1(π)Fr[Nq(nσ)]λ(π) ⋅ Fr[λ−1(π)σq(λ(π))]
= λ−1(π)Fr[Nq(nσ)]λ(π) ⋅ λ(Fr(ξq))

From Lemma 7.4.4, this becomes

λ−1(π)n−1Frnσσ(nFr)λ(π) ⋅ λ(Fr(Fr−1(ξ))) = (n−1F nz) ⋅ λ−1(π)σ(nFr)λ(π) ⋅ λ(ξ)
= (n−1F nz) ⋅ λ−1(π)σ(λ(π)) ⋅ σ(λ−1(π)nFrλ(π)) ⋅ σ(λ−1(π))λ(π) ⋅ λ(ξ)
= (n−1F nzλ(ξ))σ(nF ) ⋅ λ−1(ξ) ⋅ λ(ξ)
= n−1F (nλ(ξ)z)σ(nF ).
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∎
Corollary 7.5.4. If G is k-quasi-split and n is σ-elliptic, then the equality

Fr(Nq(nλ(ξ)z)) = n−1F nλ(ξ)zσ(nF )
uniquely determines the element nF up to left multiplication by an element of (NG(Kn)x0,0

(A#))nλ(ξ)○σ.

Proof. The proof is very similar to that of Corollary 7.4.5. ∎
Corollary 7.5.5. Suppose G is k-quasi-split and simply connected. Suppose also that n is σ-elliptic. The set of G(k)-
classes in OkT is indexed by ((NG̃x0

(Ã#))nλ(ξ)σ)∼nF ○Fr .

Proof. This follows from Lemma 6.4.7, Lemma 7.3.1, and tracing through how Fr acts on (NG̃x0
(Ã#))nλ(ξ)σ. ∎

7.6. Example: the Coxeter conjugacy class for K-split groups. Suppose G is K-split. Since G is K-split, we have
that σ acts trivially on W̃ and Π = Π̃. Suppose wσ is a Coxeter element∏α∈Π̃wα in W̃ ; here wα is the simple reflection in
W̃ corresponding to α. We have that W̃wσ = ⟨wσ⟩. Let ℓ denote the order of wσ and suppose throughout this section that
(p, ℓ) = 1.

Since (p, ℓ) = 1, we know that wqσ is W̃ -conjugate to wσ. Since Fr preserves Φ̃, it must carry Π̃ to another basis for
Φ̃. Thus Fr(wσ) is again a Coxeter element of W̃ . Since the set of Coxeter elements form a single W̃ -conjugacy class,
we conclude that the Coxeter conjugacy class in W̃ is stable under Fr ○Nq. Thus, from Corollary 5.1.3 we may choose a
Fr-stable maximal torus T of G in φσ(W̃wσ).

From Lemma 6.4.10 we have that the elements of the set of k-stable conjugacy classes in OkT are indexed by (WT )∼Fr .
Since y = wqσ also generates ⟨wσ⟩ = W̃wσ , from Lemma 7.4.3 and the fact that WT is abelian we have that (WT )∼Fr is
isomorphic to ⟨wσ⟩/⟨y−1(wFrFr(y)w−1Fr )⟩. From Lemma 7.4.4 we have that y−1(wFrFr(y)w−1Fr ) = (w−1σ )q−1. Thus, the
elements of the set of k-stable conjugacy classes in OkT are indexed by ⟨wσ⟩/⟨wq−1σ ⟩ ≅ Z/(ℓ, q − 1).

The group TF /T0 may be identified with Zx0 , the center of Gx0 . Thus, from Lemma 6.2.7, we conclude that, up to
GFr-conjugacy, the group (Zx0)Fr parameterizes the k-embeddings of T into G.

Since Zx0 is central in the reductive quotient Gx0 , we conclude that wσ acts trivially on Zx0 . Thus, if T′ is a k-
torus in one of the stable classes in OkT , then, up to GFr-conjugacy, the set of k-embeddings of T′ into G is indexed by
(Zx0)whwσ○Fr ≅ (Zx0)Fr. If we also assume that G is k-split, then (Zx0)Fr = Zx0/{xq−1 ∣x ∈ Zx0}.

7.7. Example: SLn and unramified SUn. Suppose G+ is the k-group SLn and G− is the k-group unramified SUn.
Suppose p does not divide n, and let wσ be a Coxeter element in W̃ . Note that the Coxeter class is the only σ-elliptic class
in W̃ .

From the discussion in §7.6, we can choose a k-torus T in theG±-orbit φσ(W̃wσ) and the elements of the set of k-stable
classes in OkT are indexed by ⟨wσ⟩/⟨wq−1σ ⟩, which is isomorphic to Z/(n, q − 1).

Since G± is simply connected, from Remark 7.4.10 we have TF ≃ Ã#wσσ, which, in this case, may be identified with
µn, the center of G±. The action of wFr on Ã#wσσ is trivial and the action of Fr on Ã#wσσ is given by x ↦ (x±1)q. Thus,
(Ã#wσσ) ∼wFr○Fr is isomorphic to Z/(n, q ∓ 1). We conclude that there are, up to GFr

± -conjugacy, (n, q ∓ 1) k-embeddings
of T into G.

The set OkT breaks into (n, q − 1) k-stable classes. If T′ is a k-torus in one of these classes, then, up to GFr
± -conjugacy,

it can be embedded into G± in (n, q ∓ 1) ways.

7.8. Example: Sp4. Suppose p > 2. We adopt the notation of Example 3.6.2.
As discussed in Example 3.6.2 there are two G-conjugacy classes of K-minisotropic maximal K-tori in Sp4, denoted

OC2 andO−1, corresponding to the two elliptic W̃ -conjugacy classes C2 and −1. Since Sp4 is k-split, from Corollary 5.4.3
each of OC2 and O−1 contains tori that are defined over k.

A Coxeter element of Sp4 has order 4 and the center of Sp4 is isomorphic to µ2. Therefore, OkC2
decomposes into

(q − 1,4) k-stable classes. If T is a torus in one of these classes, then, up to Sp4(k)-conjugacy, it k-embeds into Sp4 in
two ways. Since W̄T is isomorphic to µ8, the number of Sp4(k)-conjugacy classes in OkC2

is (q − 1,8).
The set Ok−1 breaks into five k-stable orbits, corresponding to the five conjugacy classes in W̃ −1 = W̃ . Note that we can

take wFr to be the trivial element in W̃ . A conjugacy class c in W̃ will be called α-even if for some (hence any) element
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w in c we have that wα appears an even number of times in some (hence any) expression for w in terms of the simple
reflections wα and wβ . If T′ belongs to a k-stable class that is indexed by an α-even conjugacy class (of which there are
three), then, up to Sp4(k)-conjugacy, T′ has four k-embeddings into Sp4. If T′ belongs to a k-stable class that is not
indexed by an α-even conjugacy class (of which there are two), then, up to Sp4(k)-conjugacy, T′ has two k-embeddings
into Sp4.

For some choice of T ∈ Ok−1, the group C̃2 ∶= NGxT ,0(T)/T0 has 32 elements and is isomorphic to the group, under
matrix multiplication, of two-by-two matrices whose elements look like

[a 0
0 b
] or [0 c

d 0
]

with a, b, c, d ∈ {1, i,−1,−i} and Fr(i) = ±i depending on whether or not −1 is a square in f×. One calculates that if 4 does
not divide q − 1, then Ok−1 breaks into six Sp4(k)-conjugacy classes. If 4 does divide q − 1, then Ok−1 breaks into fourteen
Sp4(k)-conjugacy classes; more specifically, in this case two of the stable classes break into two Sp4(k)-orbits each, two
break into three Sp4(k)-orbits each, and one breaks into four Sp4(k)-orbits.

7.9. Example: PSp4. Suppose p > 2. We adopt the notation of Example 7.8.
There are two G-conjugacy classes of K-minisotropic maximal K-tori in PSp4, denoted OC2 and O−1, corresponding

to the two elliptic W̃ -conjugacy classes C2 and −1. Since PSp4 is k-split, from Corollary 5.4.3 each of OC2 and O−1
contains tori that are defined over k.

A Coxeter element of PSp4 has order 4 and the center of PSp4 is trivial. Therefore, OkC2
decomposes into (q − 1,4)

k-stable classes. If T is a torus in one of these classes, then, up to PSp4(k)-conjugacy, it k-embeds into PSp4 in one way;
hence, the number of PSp4(k)-conjugacy classes in OkC2

is also (q − 1,4).
As in the case of Sp4, the set Ok−1 breaks into five k-stable orbits indexed by the W̃ -conjugacy classes in W̃ . If T′

belongs to a k-stable class that is indexed by an α-even conjugacy class, then, up to PSp4(k)-conjugacy, T′ has two
k-embeddings into PSp4. If T′ belongs to a k-stable class that is not indexed by an α-even conjugacy class, then, up to
PSp4(k)-conjugacy, T′ has one k-embedding into PSp4.

For some choice of T ∈ Ok−1, the group NGxT ,0(T)/T0 has 16 elements and is isomorphic to the C̃2/µ2. One calculates
that if 4 does not divide q −1, thenOk−1 breaks into six PSp4(k)-conjugacy classes. If 4 does divide q −1, thenOk−1 breaks
into ten PSp4(k)-conjugacy classes; more specifically, in this case each stable classes breaks into two PSp4(k)-orbits
each.

7.10. Example: G2. Suppose p > 3. We adopt the notation of Example 3.6.3. As discussed in Example 3.6.3 there are
three G-conjugacy classes of K-minisotropic maximal K-tori in G2, denoted OG2 , OA2 , and O−1 corresponding to the
three elliptic W̃ -conjugacy classes G2, A2, and −1. Since G2 is k-split, from Corollary 5.4.3 each of OG2 , OA2 , and O−1
contains tori that are defined over k.

A Coxeter element of G2 has order 6 and the center of G2 is trivial. Therefore, OkG2
decomposes into (q − 1,6) k-stable

classes. Since G2 has trivial center, if T′ is a torus in one of these classes, then, up to G2(k)-conjugacy, it k-embeds into
G2 in one way. This shows that the number of G2(k)-conjugacy classes in OkG2

is (q − 1,6); this can also be verified by
calculating W̄T .

Suppose T ∈ OkA2
. The group W̄T is isomorphic to µ6, and TF is isomorphic to µ3. One calculates that (W̄T )Fr =

(W̄T )∼Fr is µ6(f) – that is, there are six k-stable classes inOkA2
when the cubic roots of unity belong to f and two otherwise.

For half of the k-stable classes in OkA2
a torus T′ in the class will embed, up to G2(k)-conjugacy, into G2 in three ways.

For the other half of the classes a torus T′ in the class will embed, up to G2(k)-conjugacy, into G2 in one way. Finally,
there are twelve GFr-conjugacy classes of tori in OkA2

when 3 = ∣µ3(f)∣ and three otherwise.
Alternatively, if wσ = wαwβwαwβ , then WT ≅ W̃wσσ = W̃wσ = ⟨wαwβ⟩. Up to left multiplication by an element of

W̃wσ , from Corollary 7.4.5 we have wFr is trivial if q is congruent to 1 modulo 6 and wFr is wα if q is congruent to −1
modulo 6. (Note that µ3(f) = 1 if and only if q is congruent to −1 mod 6.) When wFr = 1, there are six k-stable classes in
OkA2

and a torus T′ indexed by (wαwβ)j ∈ ⟨wαwβ⟩ will, up to G2(k)-conjugacy, k-embed into G2 in three ways when j
is even and in one way when j is odd. When wFr is wα, then there are two K-stable classes in OkA2

and a torus T′ indexed
by w̄ ∈ ⟨wαwβ⟩/⟨(wαwβ)2⟩ will, up to G2(k)-conjugacy, k-embed into G2 in three ways if w̄ is not trivial and in one way
if w̄ is trivial.
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If ∣µ3(f)∣ = 3, then OkA2
breaks into twelve G2(k)-conjugacy classes. If ∣µ3(f)∣ = 1, then OkA2

breaks into three G2(k)-
conjugacy classes.

For some choice of T ∈ Ok−1, the group W̄T is isomorphic to the Weyl group of G2 and TF is isomorphic to µ2×µ2. Thus
Ok−1 decomposes into six k-stable classes – one for eachwFr-conjugacy class in W̃ −1 = W̃ . If T′ belongs to a k-stable class
that is indexed by a wFr-conjugacy class with one element then, up to G2(k)-conjugacy, T′ has four k-embeddings into G.
If T′ belongs to a k-stable class that is indexed by a wFr-conjugacy class with three elements then, up to G2(k)-conjugacy,
T′ has two k-embeddings into G. If T′ belongs to a k-stable class that is indexed by a wFr-conjugacy class with two
elements then, up to G2(k)-conjugacy, T′ has one k-embedding into G.

The group NGxT ,0(T)/T0 has 48 elements and is isomorphic to a Tit’s group of G2 with generators nα and nβ of order
four where Fr(nα) = nα and Fr(nβ) = nqβ . Independent of how Fr acts,Ol−1 breaks into ten G2(k)-conjugacy classes. The
k-stable classes indexed by a wFr-class with an odd number of elements each break into two G2(k)-conjugacy classes.

7.11. Example: ramified SU3. Suppose p > 3. We adopt the notation of Example 3.6.4. As discussed in Exam-
ple 3.6.4 there are two G-conjugacy classes of K-minisotropic maximal K-tori in ramified SU3, denoted Ocwα

and
Ocw0

, corresponding to the twisted Coxeter element wασ and the element −1 = w0σ. Since cwα = (Fr ○ Nq)(cwα)
and cw0 = (Fr ○Nq)(cw0), from Corollary 5.1.3 we conclude that each of Ocwα

and Ocw0
contains tori that are defined

over k.
Suppose T ∈ Okcwα

. Then WT is isomorphic to µ3. Therefore, for the twisted Coxeter class, we have that Okcwα

decomposes into ∣(µ3)Fr∣ = ∣µ3(f)∣ k-stable classes. Since Ã#wασ ≅ T̄F is trivial, for T′ in a given k-stable class there is,
up to SU3(k)-conjugacy, only one k-embedding of T′ into SU3.

Suppose T ∈ Okcw0
. Then WT is isomorphic to S3, the symmetric group on three letters. Since W̃ −1 = W̃ , we can

assume wFr = 1. Thus Okcwα
decomposes into three k-stable classes – one for each Fr-conjugacy class in W̃ −1 = W̃ . We

have Ã#−1 is µ2 ×µ2. If T′ belongs to a k-stable class that is indexed by a Fr-conjugacy class with one element then, up to
SU3(k)-conjugacy, T′ has four k-embeddings into SU3. If T′ belongs to a k-stable class that is indexed by a Fr-conjugacy
class with three elements then, up to SU3(k)-conjugacy, T′ has two k-embeddings into SU3. If T′ belongs to a k-stable
class that is indexed by a Fr-conjugacy class with two elements then, up to SU3(k)-conjugacy, T′ has one k-embedding
into SU3.

8. K-MINISOTROPIC TORI IN ISOGENOUS GROUPS

Motivated by the examples of Sp4 and PSp4 discussed in Examples 7.8 and 7.9 we show that information about K-
minisotropic maximal tori can, in some cases, be derived from information about the analogous tori in isogenous groups.

8.1. On the surjectivity of isogenies at the level of parahoric groups for tori. Recall that L is the completion of K
and RL denotes its ring of integers. Let T and T′ be tori over K, hence they are tori over L. We denote by T and T ′
the connected Néron models of T and T′, such that T̄0 ∶= T (RL) ⊂ T̄ ∶= T(L) is the parahoric subgroup of T̄ and
T̄ ′0 ∶= T ′(RL) ⊂ T̄ ′ ∶= T′(L) is the parahoric subgroup of T̄ ′.

Suppose ρ ∶ T → T′ is an isogeny. Since T and T ′ are (lft-)Néron models, ρ extends uniquely to a morphism ρ ∶
T → T ′ [7, Proposition 6]. From [25, Proposition B.9.1], we have T̄0+ ∶= T (RL)0+ = ker(T (RL) → T (F)) and
T̄ ′0+ ∶= T ′(RL)0+ = ker(T ′(RL)→ T ′(F)).

Proposition 8.1.1. If ρ ∶ T → T′ is an isogeny whose order is prime-to-p, then ρ[T̄0] = T̄ ′0, ρ[T̄0+] = T̄ ′0+ , and ρ is
surjective on special fibers.
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Proof (Cheng-Chiang Tsai). We first claim that C ∶= coker(T̄0
ρÐ→ T̄ ′0) is finite and prime-to-p. Indeed, we have a Snake

Lemma diagram

ker(ρ∗)I

1 T̄0 T̄ X∗(T)I 1

1 T̄ ′0 T̄ ′ X∗(T′)I 1

C H1(L,ker(ρ))

κT̄

κT̄ ′

where ker(ρ∗) and H1(L,ker(ρ)) are both finite and prime-to-p, hence the claim.
Next, we claim that ρ ∶ T → T ′ is surjective on special fibers. Suppose on the contrary that it is not. Since F is infinite,

we then have coker(T (F) → T ′(F)) is infinite. Since T̄ ′0 = T ′(RL) surjects onto T ′(F), we have that C is also infinite, a
contradiction.

Looking again at a Snake Lemma diagram

ker(T (F)→ T ′(F))

1 ker(T (RL)→ T (F)) T (RL) T (F) 1

1 ker(T ′(RL)→ T ′(F)) T ′(RL) T ′(F) 1

coker(f ♭) C

ρ♭

we need to show that ρ♭ is surjective. Since we already know that T (F) surjects onto T ′(F) and that both C and
ker(T (F) → T ′(F)) are finite and prime-to-p, it suffices to show that coker(f ♭) is pro-p. This follows from the fact
that ker(T ′(RL)→ T ′(F)) is pro-p [25, Proposition A.4.23]. ∎

Corollary 8.1.2. Suppose T and T′ are tori that are defined overK. If ρ ∶ T→ T′ is an isogeny whose order is prime-to-p,
then ρ[T0] = T ′0 and ρ[T0+] = T ′0+ .

Proof (Cheng-Chiang Tsai). Suppose γ′ ∈ T ′0. From Proposition 8.1.1 there exists γ ∈ T̄0 = T (RL) such that ρ(γ) = γ′.
The fiber of ρ over γ′ is a finite scheme over K, and so any element of the fiber must be defined over a finite extension, call
itK ′, ofK. Thus, γ ∈ T(K ′)∩T(L) = T(K). We conclude that γ ∈ T0. A similar argument shows that ρ[T0+] = T ′0+ . ∎

8.2. On the surjectivity of isogenies at the level of parahoric subgroups. Suppose H and L are reductive K-groups
and ρ∶H→ L is a K-isogeny. Note that ρ carries H into L and, for x ∈ B(H) = B(L), it carries StabH(x) into StabL(x).
Thus, from [23, Corollary 3.3.1] the map ρ carries Hx,0 into Lx,0. We show that, under mild conditions, the latter map is
surjective.

A version of the lemma below, but for k rather than K, occurs in [23, Lemma 3.3.2].

Lemma 8.2.1. If p does not divide the order of ker(ρ), then the map resHx,0+ ρ∶Hx,0+ → Lx,0+ is surjective. Similarly, the
map resHx,0 ρ∶Hx,0 → Lx,0 is surjective.

Proof. Let AH denote a maximal K-split torus in H such that x belongs to the apartment of AH . Let AL denote the
corresponding maximal K-split torus of L. Let A#

H denote the centralizer of AH in H, and let A#

L denote the centralizer
of AL in L. Since H and L are K-quasi-split, both A#

H and A#

L are maximal K-tori. Moreover, ρ(A#

H) =A
#

L.
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Since the restriction of ρ to the group generated by unipotent elements in Hx,0+ is an isomorphism onto the group
generated by unipotent elements in Lx,0+ , it is enough to show that the restriction of ρ to the pro-unipotent radical of A#

H

surjects onto the pro-unipotent radical of A#

L. This follows from Corollary 8.1.2.
Similarly, since the restriction of ρ to the group generated by unipotent elements in Hx,0 is an isomorphism onto the

group generated by unipotent elements in Lx,0, it is enough to show that the restriction of ρ to the parahoric subgroup of
A#

H surjects onto the parahoric subgroup of A#

L. This follows from Corollary 8.1.2. ∎

8.3. k-embeddings of maximal K-anisotropic k-tori in isogenous semisimple groups. Suppose now that H and L are
semisimple k-groups and ρ∶H→ L is a k-isogeny.

Let TH be a maximal K-minisotropic k-torus in H, and let TL be the corresponding maximal K-minisotropic k-
torus in L. Let xT denote the point in B(L) = B(H) identified by T and let F denote the facet to which xT be-
longs. From Remark 2.3.6 it follows that (resH ρ)−1[TLF ], the preimage of TLF = TL ∩ LxT ,0 under resH ρ, is THF and
(resH ρ)−1[NLxT ,0(TL)] = NHxT ,0(TH).

Set ZHF = ZH ∩ HF,0 where ZH denotes the center of H . Similarly, since ker(ρ) ≤ ZH it makes sense to define
ker(ρ)F = ker(resH ρ) ∩HF,0.

Lemma 8.3.1. If TL0 denotes the parahoric subgroup of TL, then (resH ρ)−1[TL0 ] ≤ THF and

(resH ρ)−1[TL0 ] = ker(ρ)FTH0 .

Proof. Since TL0 ≤ TLF and (resH ρ)−1[TLF ] = THF , we have (resH ρ)−1[TL0 ] ≤ THF .
Since L is semisimple, we have that TL0 = TL0+ . Thus, if t ∈ (resH ρ)−1[TL0 ], then t̄, the image of t in L, is topologically

unipotent and so t must be topologically unipotent mod ker(resH ρ). Since (resH ρ)−1[TL0 ] ≤ THF , we conclude that t
must be topologically unipotent mod ker(ρ)F . ∎

Definition 8.3.2. Define WH
T = NH(TH)/TH = NHxT ,0(TH)/TH , W̄H

T = NHxT ,0(TH)/TH0 , and T̄H = THF /TH0 . Define
WL
T , W̄L

T , and T̄L similarly.

Lemma 8.3.3. The map ρ induces an isomorphism WH
T ≅WL

T . Moreover, if p does not divide the order of ker(ρ), then ρ
induces surjections NHxT ,0(TH) ↠ NLxT ,0(TL), THF ↠ TLF , W̄H

T ↠ W̄L
T , and T̄H ↠ T̄L. The kernel of each of these

surjections is ker(ρ)F or ker(ρ)FTH0 /TH0 as appropriate.

Proof. Since ker(resH ρ) ≤ TH , we have WH
T ≅ WL

T . The remainder of the statements follow from Corollary 8.1.2 and
Lemmas 8.2.1 and 8.3.1. ∎

Remark 8.3.4. If p does not divide the order of ker(ρ), then we may and do identify ker(ρ)F with its image in T̄H .

Corollary 8.3.5. If p does not divide the order of ker(ρ), then

(TLF )Fr ≅ (THF )Fr/(ker(ρ)F )Fr and (T̄L)Fr ≅ (T̄H)Fr/(ker(ρ)F )Fr.

Proof. From Lemma 8.3.3 we know that

1→ ker(ρ)F Ð→ THF Ð→ TLF Ð→ 1

is exact. Since taking coinvariants is right exact, we have (TLF )Fr ≅ (THF )Fr/(ker(ρ)F )Fr. Similarly, from Lemma 8.3.3
we know that

1→ ker(ρ)FTH0 /TH0 Ð→ T̄H Ð→ T̄L Ð→ 1

is exact. Since taking coinvariants is right exact, from Lemma 8.3.1 we conclude (T̄L)Fr ≅ (T̄H)Fr/(ker(ρ)F )Fr. ∎

Corollary 8.3.6. If p does not divide the order of ker(ρ), then

NLxT ,0(TL)∼Fr ≅ (NHxT ,0(TH)/ker(ρ)F )∼Fr and (W̄L
T )∼Fr ≅ (W̄H

T /ker(ρ)F )/∼Fr. ∎

Remark 8.3.7. If z ∈ ker(ρ)F and c ∈ (W̄H
T )∼Fr, then, since z is central in H , we have cz ∈ (W̄H

T )∼Fr. For c1 and c2 in
(W̄H

T )∼Fr we write c1
ρ∼ c2 provided that there exists z ∈ ker(ρ)F such that c1 = c2z. Then (W̄H

T /ker(ρ)F )/∼Fr may be
identified with the set of

ρ∼-equivalence classes in (W̄H
T )∼Fr. A similar interpretation holds for (NHxT ,0(TH)/ker(ρ)F )∼Fr.
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Remark 8.3.8. Suppose G′ is the derived group of G. Recall that Gsc denotes the simply connected cover of G′ while
Gad denotes the adjoint group of G. Let T′ denote a K-minisotropic maximal k-torus in G′.

The results of this Section (that is, Section 8.3) show that if p does not divide the order of the kernel of the isogeny
Gsc → G′, then the stable classes in the G′-orbit of T′, the rational classes in the G′-orbit of T′, and the k-embeddings,
up to rational conjugacy, of T′ into G′ can be calculated in a straightforward manner if we know how to parameterize these
things for the corresponding torus in Gsc.

8.4. A generalization of Example 7.6. If G isK-split and T is a tameK-minisotropic maximal k-torus in G correspond-
ing to the Coxeter element of W̃ , then from Example 7.6 the set of k-embeddings of T into G form a single GFr

ad-orbit.
This phenomenon can be generalized as follows.

Lemma 8.4.1. Suppose T is a maximal K-minisotropic k-torus in G. Let xT denote the point in B(G) identified by T
and let F denote the facet to which xT belongs. If the images of T ∩ GF,0 and Z ∩ GF,0 in GF agree, then GFr

ad acts
transitively on the set of k-embeddings of T into G. In fact, up to GFr-conjugacy, the parahoric subgroup ((Gad)F,0)Fr
acts transitively on the set of k-embeddings of T into G.

Proof. Let Tad denote the k-torus in Gad corresponding to T.
The k-map G → Gad induces maps GF,0 → (Gad)F,0 and GF,0+ → (Gad)F,0+ . Since the images of T ∩ GF,0 and

Z ∩GF,0 in GF agree, we conclude that the image of Tad ∩ (Gad)F,0 in (Gad)F is trivial.
Suppose γ ∈ TFr is strongly regular semisimple and g ∈ G such that gγ is Frobenius fixed. Since gγ is Frobenius fixed,

we conclude that g ⋅xT is Frobenius fixed. Hence, from Lemma 6.1.4 there exists ℓ ∈ GFr such that ℓg ⋅xT = xT . So, without
loss of generality we may and do assume g ∈ StabG(xT ). It will be enough to show that there exists h ∈ ((Gad)F,0)Fr such
that gγ = hγ.

Let ḡ denote the image of g in Gad. Note that ḡ ∈ StabGad
(xT ). From Lemma 2.3.1 there exist t ∈ Tad and k ∈ (Gad)F,0

such that ḡ = kt. Thus, gγ = kγ. But then k−1Fr(k) ∈ Tad ∩ (Gad)F,0 ≤ Tad ∩ (Gad)F,0+ = (Tad)0. Since H1(Fr, (Tad)0)
is trivial, there exists y ∈ (Tad)0 such that k−1Fr(k) = y−1Fr(y). But then h = ky−1 ∈ ((Gad)F,0)Fr ≤ GFr

ad and hγ = kγ =
gγ. ∎

9. K-MINISOTROPIC COXETER TORI

The existence of a maximal K-minisotropic k-torus in G was established by Adler in the Appendix to [13]. We sharpen
this result by showing that there exists a maximal K-minisotropic k-torus such that xT is in the interior of C ′.

Lemma 9.0.1. Recall that ZC = Z ∩GC,0. There exists a maximal K-minisotropic k-torus in G such that (a) xT ∈ C ′ and
(b) TC = ZCT0+ .

Proof. If ψ is an affine root of A with respect to G, A, K, and our valuation ν, then we let Uψ denote the subgroup of Uψ̇
corresponding to ψ. Recall that for z ∈ A(A), we have Uψ ≤ Gz,0 if and only if ψ(z) ≥ 0.

Write Φ as the finite disjoint union ⊔mi=1Φi with each Φi irreducible. This decomposition produces a decomposition
∆ = ⊔mi=1∆i of the affine simple roots and a decomposition Ψ = ⊔mi=1Ψi of the affine roots. Similarly, we also have a
decomposition Bred(G) = B(Gsc) = ∏mi=1B(Gisc) where Gisc is a simply connected group with root system Φi, and we
write C ′ =∏mi=1C ′i for the corresponding decomposition of C ′. For each 1 ≤ i ≤m there exist unique ri ∈ R>0 and a unique
xi ∈ C ′i such that ri = ψ(xi) for all ψ ∈ ∆i. Let x = (x1, x2, . . . , xm) ∈ C ′ and r⃗ = (r1, r2, . . . , rm) ∈ Rm>0. Let Gx,r⃗ be the
group ⟨A0+ , Uψ ∣ψ ∈ Ψi implies ψ(xi) ≥ ri⟩ and let Gx,r⃗+ be the group ⟨A0+ , Uψ ∣ψ ∈ Ψi implies ψ(xi) > ri⟩.

Since Fr preserves C, it acts on ∆. For ψ ∈∆, choose uψ ∈ Uψ ∖Uψ+ such that Fr(uψ) = uFr(ψ). Set u =∏uψ.
Suppose y = (y1, y2, . . . , ym) ∈ Bred(G). If for each 1 ≤ i ≤ m we have ψ(yi) = ri for all ψ ∈ ∆i, then x = y. That is,

u ∈ Gy,r⃗ ∖Gy,r⃗+ if and only if x = y. In fact, this is true for any element of uGx,r⃗+ .
It follows that CG(γ) ≤ StabG(C) for all γ ∈ uGx,r⃗+ . Since u−1Fr(u) ∈ Gx,r⃗+ and H1(Fr,Gx,r⃗+) is trivial, we conclude

that uGx,r⃗+ ∩GFr ≠ ∅. Thus, we may choose a strongly regular γ ∈ uGx,r⃗+ ∩GFr. Since CG(γ) is a bounded subgroup of
G, we conclude that T ∶= CG(γ) is a maximal K-anisotropic k-torus of G. Note that xT = x.

Suppose t ∈ TF = GxT ,0 ∩ T , and let t̄ denote the image of t in GxT . Since xT is in C ′, the reductive quotient GxT is A.
Since t commutes with γ ∈ uGxT ,r⃗+ and t̄ ∈ A, we have α(t̄) = 1 for all α ∈∆. Thus, TC = ZCT0+ . ∎

The point xT for T = CG(γ) with strongly regular γ as in the proof of Lemma 9.0.1 is, in the K-split tame setting,
given by the Kac coordinates of the Coxeter conjugacy class in W̃ . For this reason, we make the following definition.
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Definition 9.0.2. A torus that arises via the construction in the proof of Lemma 9.0.1 is called a K-minisotropic Coxeter
k-torus. If we don’t require that it be defined over k (i.e., we don’t require that Fr(u) = u or Fr(γ) = γ), then we will call
it a K-minisotropic Coxeter K-torus or just a K-minisotropic Coxeter torus.

K-minisotropic Coxeter k-tori have many desirable properties. We enumerate some of these properties here.

Corollary 9.0.3. Suppose T is a K-minisotropic Coxeter k-torus with xT ∈ C ′.
● If a facet H of B(G) is contained in the closure of C, then the representatives for StabG(H)/GH,0 can be chosen

in T . If H is also Fr-stable, then the representatives for StabGFr(H)/GFr
H,0 can be chosen in TFr.

● The group GFr
ad acts transitively on the set of k-embeddings of T into G.

● Every element of StabGad
(C) is cohomologous to an element of Tad. Here Tad is the k-torus in Gad corresponding

to T.

Proof. The first point follows from Corollaries 6.3.14 and 6.3.15, the second follows from Lemma 8.4.1, and the final point
follows from Lemma 2.3.1 and Remark 3.4.5 ∎

Recall that η∶Gsc →G is the composition Gsc →G′ →G.

Corollary 9.0.4. If T is a K-minisotropic Coxeter K-torus and xT ∈ C ′, then TC = η[Zsc]T0.

Proof. We already know from Corollary 2.3.4 that TC = η[Tsc]T0. Since Tsc is a K-minisotropic Coxeter K-torus in Gsc,
from Lemma 9.0.1 we have Tsc = (Tsc)C = Zsc ⋅ (Tsc)0+ where Zsc denotes the center of Gsc. Since η[(Tsc)0+] ⊂ T0, the
claim follows. ∎
Corollary 9.0.5. If T is a K-minisotropic Coxeter K-torus in G, then A ∩ T = A ∩Z.

Remark 9.0.6. This result is not true for arbitrary K-minisotropic tori. For example, if p > 2 and T is a K-minisotropic
torus in Sp4 of type −1 ∈ A1 ×A1 as in Example 3.6.2, then A ∩ T has order 4, not 2.

Proof. Without loss of generality, we may and do assume that G is absolutely almost simple.
Choose g ∈ A ∩ T . Let H = CG(g)○. If H =G, then g ∈ Z.
Suppose H ≠G. Note that A# ≤H and T ≤H.
If H is a Levi K-subgroup, then since g ∈ A we must have that H is the Levi of a parabolic K-subgroup. However,

since T is elliptic in G, it cannot then belong to H.
Thus, H must be a generalized Levi K-subgroup of G that is not the Levi of a parabolic K-subgroup. Consequently,

the ranks of the derived groups of H and G must be the same and so we can identify Bred(H) in Bred(G). Since T ≤H,
by uniqueness we have xT ∈ Bred(H) ⊂ Bred(G). Choose r > 0 so that GxT ,0+ = GxT ,r ≠ GxT ,r+ . Since xT ∈ B(H),
there exists h ∈ H such that hxT ∈ A′(A). Let C ′1 be the G-alcove in A′(A) that contains hxT , let x1 be an absolutely
special vertex in C̄ ′1, and let B1 be the Borel subgroup determined by A, C̄ ′1, and x1. Since hT is aK-minisotropic Coxeter
K-torus in G, it contains an element u that, modulo GhxT ,r+ , looks like∏uψ as ψ runs over ∆′ =∆(G,A,K, ν,C ′1) and
uψ ∈ Uψ ∖ Uψ+ . Since Hy,s = H ∩Gy,s for all y ∈ A′(A) and s ∈ R>0, we have that, modulo HhxT ,r+ , the element u ∈ H
looks like ∏uψ where ψ runs over ∆′ and uψ ∈ Uψ ∖ Uψ+ . We conclude that for each ψ ∈ ∆′ we have ψ̇ ∈ Φ(H,A).
In particular, ∆(G,B′,A) is a subset of Φ(H,A), hence Φ(H,A) = Φ(G,A). This contradicts our assumption that
H ≠G. ∎
Remark 9.0.7. The proof of Corollary 9.0.5 shows that if H is a connected reductive K-subgroup of G that contains both
a K-minisotropic Coxeter torus and the centralizer of a maximal K-split torus of G, then H must be G. In particular, the
intersection of a K-minisotropic Coxeter torus and any maximal K-split torus of G must be central.

As Lemma 9.0.8 shows, the Lie algebra version of Corollary 9.0.5 holds for any K-minisotropic Cartan subalgebra.
Thus, in characteristic zero we can always conclude that if G is semisimple and T is any K-minisotropic torus G, then
A ∩ T is finite.

Lemma 9.0.8. Suppose k is any field of characteristic zero and g is the Lie algebra of a reductive k-quasi-split group.
Suppose b is a Borel k-subalgebra of g and h is a Cartan k-subalgebra of b. If t is a k-elliptic Cartan subalgebra of g,
then t ∩ hk is z ∩ hk, where z denotes the center of g.

Here hk denotes the maximal k-split toral subalgebra of h.
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Proof. Suppose Y ∈ t ∩ hk. Then Cg(Y ) is a Levi k-subalgebra of a parabolic k-subalgebra of g. Since h ≤ Cg(Y ) and h
is k-elliptic, we conclude that Cg(Y ) = g. That is, Y ∈ z. ∎

Remark 9.0.9. In characteristic zero, the proof of Lemma 9.0.1 can be modified to work on the Lie algebra by choosing,
for ψ ∈ ∆, Xψ ∈ gψ ∖ gψ+ such that Fr(Xψ) = XFr(ψ). Here the subgroups gψ and gψ+ of the root group gψ̇ are the Lie
algebra analogues of Uψ and Uψ+ . We then replace γ with a regular semisimple Y ∈X + gFrx,r+ where X = ∑Xψ ∈ gFr.

Remark 9.0.10. In the tame setting the GFr-conjugacy class of CG(γ) is independent of the choice of strongly regular
γ ∈ uGFr

x,r+ . Similarly, in the tame setting in characteristic zero the GFr-conjugacy class of the Cartan subalgebra Cg(Y ) is
independent of the choice of regular semisimple Y ∈X + gFrx,r+ . This follows from [2, Lemma 2.3.2].

APPENDIX A. TWO QUESTIONS ABOUT PARAHORIC SUBGROUPS OF K-MINISOTROPIC TORI

Mitya Boyarchenko, Stephen DeBacker, Anna Spice, Loren Spice, and Cheng-Chiang Tsai

We continue to use the notation developed in the main body of this paper. In particular, G is a connected reductive
k-group, G is the group of K-points of G, C is an alcove in the building of G, and GC,0 is the parahoric subgroup of G
corresponding to C. If T is a K-torus, then B(T ) is the alcove of B(T ), and we denote by T0 the parahoric subgroup of
T .

We explore two natural questions that arise from results in this paper:

(1) Does the sequence

(A.0.1) 1Ð→ GC,0 Ð→ StabG(C)Ð→ StabG(C)/GC,0 Ð→ 1

discussed in Section 6.3 always split?
(2) If T is a maximal K-anisotropic torus in the derived group of G, is the cardinality of T /T0 independent of the

isogeny class of the derived group?

A.1. On the splitting of A.0.1. It is known that the sequence A.0.1 splits whenever G is K-split and either the derived
group of G is simply connected or G is almost simple [4]. In this appendix we show that A.0.1 also splits when both G is
adjoint and a K-minisotropic Coxeter k-torus (see Definition 9.0.2) in G splits over a tame extension of K. We then show
that A.0.1 does not, in general, split.

Suppose T is a K-anisotropic maximal torus. Note that T is bounded. Write T = Tp′ × Tp where Tp′ is the subgroup of
elements of order coprime to p and Tp is the pro-p-subgroup of T . If Tp = T0 = T0+ , which always happens when T splits
over a tame extension, then the sequence

1Ð→ T0 Ð→ T Ð→ T /T0 Ð→ 1

splits.

Lemma A.1.1. If G is an adjoint group and T is aK-minisotropic CoxeterK-torus in G that splits over a tame extension,
then sequence A.0.1 splits.

Proof. This follows from the discussion prior to the statement of the lemma together with Corollary 6.3.15 and Lem-
mas 6.3.2 and 9.0.1. ∎

To see that the sequence in A.0.1 can fail to split in the absence of tameness, even in characteristic zero, consider the
following example. Let k be Q2, let i ∈ k̄ be a square root of −1, and let E be the quadratic ramified extension K[i]. Note
that 1+ i is a uniformizer in E. Let T be a K-torus such that T(E) = E× and T = N1

E/K , the kernel of the norm map from
E to K. From [28, Section 7.3] we have the following commutative diagram.

E× = T(E) X∗(T)

N1
E/K = T X∗(T)Gal(E/K)

κT(E)

N α

κT
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Here each of the horizontal maps is a surjective Kottwitz map, N is defined by N(x) = xτ(x)−1 where τ is the non-
trivial element of Gal(E/K), and α is the obvious surjective map. Since N(1 + i) = i and α(κT(E)(1 + i)) ≠ 0 in
X∗(T)Gal(E/K) ≅ Z/2Z, we have κT (i) ≠ 0. Note that κT (−1) = κT (i2) = 2κT (i) = 0. Since the kernel of κT is T0, we
conclude that −1 ∈ T0 and ī, the image of i in T /T0, generates the group T /T0 ≅ Z/2Z. Since the only order two element
of T is −1, we conclude that the sequence in A.0.1 does not split.

If we replace Q2 in the above discussion with F2((t)) where F2 is the field with two elements and let E be a quadratic
extension of F2((t)), then T /T0 has order two, but T has no order two elements and so the sequence in A.0.1 does not
split.

A.2. Isogeny and the cardinality of T /T0 for K-anisotropic T. If T is a k-torus in SL2 corresponding to the norm one
elements of a tamely ramified extension and T′ is the corresponding k-torus in PGL2, then T /T0 and T ′/T ′0 have the same
cardinality. This is not a general phenomenon, but it is not rare.

From the results of Haines and Rapoport and of Kottwitz discussed in Section 2.3 we have T /T0 ≅ X∗(T)I where I is
the inertial group Gal(k̄/K). We will study X∗(T)I .

Lemma A.2.1. Let Λ be an additive cyclic group of order n, and τ an automorphism of Λ. Let m be a multiple of n such
that τm is trivial, and put Nτ,m(λ) ∶= ∑m−1i=0 τ i(λ) for all λ ∈ Λ. Then Nτ,m is identically 0 on Λ.

Proof. By the Chinese Remainder Theorem, we may, and do, assume that n is a power of some prime ℓ, so that Λ is a
cyclic module for the ℓ-adic integers Zℓ. Since Nτ,m factors through Nτm/n,n, we may, and do, assume that m is also a
power of ℓ, as well as a multiple of n (or even that m equals n, though we do not need this).

Choose an element k ∈ Zℓ such that τ sends a generator λ of Λ to kλ, hence acts as multiplication by k on all of Λ. Then
Nτ,m acts on Λ as multiplication by the ℓ-adic integer ∑m−1i=0 ki.

Since τm, which acts on Λ as multiplication by km, is trivial, and the annihilator of Λ in Zℓ is nZℓ, we have that km

belongs to 1 + nZℓ. Since m is a power of ℓ and Zℓ/(1 + ℓZℓ) has order relatively prime to ℓ, we conclude that k belongs
to 1 + ℓZℓ, and so that the ℓ-adic valuation of km − 1 is the sum of the ℓ-adic valuations of m and k − 1. That is, km − 1
belongs to m(k − 1)Zℓ, so ∑m−1i=0 ki = km−1

k−1 belongs to mZℓ ⊆ nZℓ, and hence multiplication by ∑m−1i=0 ki annihilates Λ;
that is, Nτ,m is identically 0 on Λ. ∎

We now present a technical result, Proposition A.2.2, on Weyl groups, whose proof seems to require case-by-case
analysis.

The quantification in Proposition A.2.2 seems elaborate, but note that almost every irreducible root system has a cyclic
fundamental group, so the result usually says that the order of w is divisible by the order of the fundamental group, and in
the remaining case (of Dn with n even) just says that the order of w is divisible by 2.

Proposition A.2.2. If Φ is an irreducible root system and w is an elliptic element of W (Φ), then the order of w is divisible
by the order of every element of every subquotient of the fundamental group of Φ.

Proof. PutW =W (Φ). We indicate below the possibilities, according to the Borel–de Siebenthal algorithm, for a maximal
proper, but non-parabolic, Weyl subgroup W ′ of W .

For W of type An, the maximal proper Weyl subgroups of W are all parabolic. Since the Weyl groups of types Bn and
Cn are the same, we do not distinguish them.

We put B1 = C1 = A1 and D2 = A1 +A1, but do not consider D1, so that any occurrence of a symbol Dm carries the
implicit constraint m > 1.

Type of W Type of W ′

Bn or Cn Cr +Cn−r, Dn

Dn Dr +Dn−r

E6 A1 +A5, 3A2

E7 A1 +D6, A2 +A5, A1 + 2A3, A7

E8 A1 +A2 +A5, A1 +A7, A1 +E7, A2 +E6, A3 +D5, 2A4, A8, D8

F4 A1 +A3, A1 +C3, 2A2, B4

G2 A1 +A1, A2.
Recall that W is the Weyl group of Φ. For each entry in the chart above, if W ′ is the Weyl group of Φ′ and Φ′′ is

an irreducible component of Φ′, then in each case except Dn with n even, the fundamental group of Φ is (cyclic and)
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isomorphic to a subgroup of the fundamental group of Φ′′. Even in this exceptional situation, we have that every cyclic
subgroup of the fundamental group of Φ is isomorphic to a subgroup of the fundamental group of Φ′′.

Therefore, we may, and do, assume that w belongs to no proper Weyl subgroup of W . Then, using [11, p. 8, Lemma 10]
to enumerate the possibilities and [11, p. 23, Table 3] to compute their orders, we find:

Type of W order of w is divisible by . . .
An n + 1

Bn or Cn 2n
Dn 2gcd(n − 1,2)
E6 3
E7 2
E8 1
F4 12
G2 6.

The result follows. ∎

Lemma A.2.3. Suppose k has characteristic zero and G is split and simple over K. Suppose ρ∶G→H is an isogeny. Let
T be a K-anisotropic maximal torus in G and let T′ denote the corresponding torus in H under ρ. Let E be the splitting
field of T over K, and suppose that IE ∶= Gal(E/K) is cyclic. We have that X∗(T)IE and X∗(T′)IE have the same
(finite) cardinality.

Proof. Since k has characteristic zero, the isogeny is separable. Since G is K-split and K-simple, its absolute root system
is irreducible.

By assumption, IE is cyclic, say of order m. Choose a generator τ .
We have an exact sequence

0 X∗(T) X∗(T′) Λ 0,
ρ∗

and Λ is a quotient of the (absolute) fundamental group X∗(T′)/ZΦ∨(H,T′) of H, hence a subquotient of the fundamental
group of the absolute root system Φ(H,T′). The short exact sequence above yields the long exact sequence in homology

H1(IE ,X∗(T′)) H1(IE ,Λ) X∗(T)IE X∗(T′)IE ΛIE 0.

Since IE is cyclic of ordermwith generator τ , for every Z-moduleA on which IE acts we have H1(IE ,A) = AIE/NIE [A]
where NIE(a) = ∑

(m−1)
j=0 τ j(a) for a ∈ A. Since T, and so T′, is K-anisotropic, we conclude that H1(IE ,X∗(T′)) = 0.

Thus, the long exact sequence becomes

0 ΛIE/NIE [Λ] X∗(T)IE X∗(T′)IE ΛIE 0.

Since

0 ΛIE Λ Λ ΛIE 0
1−τ

is exact, we conclude that ∣ΛIE ∣ = ∣ΛIE ∣. Thus, the index of X∗(T)IE in X∗(T′)IE is ∣NIE [Λ]∣.
Since G, hence H, is K-split, it must be the case that there is some elliptic element w ∈ W̃ such that the action of

Gal(E/K) on X∗(T′) satisfies τ(λ) = w(λ) for all λ ∈ X∗(T′). Then m is the order of w, so Proposition A.2.2 gives that
the order of every element of Λ divides m.

Moreover, the action of IE on the fundamental group of the absolute root system Φ(H,T′), hence on its subquotient Λ,
is trivial. Thus NIE(Λ) is multiplication by m, which, by assumption, divides the order of every element of Λ; so NIE(Λ)
equals 0. ∎

Remark A.2.4. If IE is not cyclic, then the cardinality of X∗(T)IE and X∗(T′)IE need not be the same, even if Λ is cyclic.
For example, suppose that k has characteristic zero, the residue field of K has characteristic 3, and E is a Galois extension
of K with Galois group S3. Let T be the maximal k-torus in SL3 determined by the standard action of S3 on

X∗(T) = {∑aiei ∣a1, a2, a3 ∈ Z with a1 + a2 + a3 = 0}.
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Here (ei ∣1 ≤ i ≤ 3) is the standard basis of Z3. Specifically, T may be taken to be ker(ResE′/kGL1 → GL1), where E′

is the fixed field of any one of the order-2 elements of IE . Let T′ denote the corresponding k-torus in PGL3 under the
isogeny ρ∶SL3 → PGL3. Then X∗(T)IE is trivial while X∗(T′)IE is isomorphic to Z/3Z.

APPENDIX B. ON −1 INVARIANTS AND TITS GROUPS OF A SPLIT SIMPLY CONNECTED GROUP

Ram Ekstrom
We continue to use the notation of the main body of this paper. Suppose G is a simply connected K-split group. This
means that K̃ =K and σ̄ = 1. Since G is simply connected, X∗(A#) is spanned by the coroots, Φ∨ = Φ∨(G,A#).

Suppose −1 belongs to W̃ and let n ∈ W̃ be a representative of −1. In this note we investigate when the group of n-fixed
points of N = NG̃(A#) is a Tits group (with respect to some pinning). We assume n is tame. Thanks to the next lemma,
this is equivalent to assuming p is not two.

Lemma B.0.1. n4 = 1.

Proof. Since (−1)2 = 1, we know n2 ∈ W̃ ∩ Ã#. Thus, there exists µ ∈ ZΦ∨ such that n2 = µ(−1). The result follows. ∎
Let ℓ denote the order of n; so ℓ is 2 or 4. Let ξ be −1 or i depending on whether ℓ is two or four.

B.1. The structure of Nnt for any t ∈ Ã#

0. Recall that G is simply connected and K-split. Let N = NG̃(A#).

Lemma B.1.1. For all t ∈ Ã#, the elements n and nt have the same order. In fact, we have (nt)2 = n2.

Remark B.1.2. Since n is elliptic, n and nt are conjugate by an element of Ã#. Hence n and nt have the same order.

Proof. Note that
(nt)2 = nt ⋅ n2

t ⋅ n2 = t−1 ⋅ t ⋅ n2 = n2.
Since n has order 2 or 4, the result follows. ∎
Lemma B.1.3. Fix t ∈ Ã#

0. There is a pinning (G,A#,B,{Xt
a}a∈Π̃) such that if nta is the unique element of

N ⋂ U−a(K̃) exp(Xt
a)U−a(K̃) = N ⋂ exp(Xt

a)U−a(K̃) exp(Xt
a)

for a ∈ Π̃, then
Nnt = ⟨nta∶a ∈ Π̃⟩.

That is, Nnt is the Tits group for the pinning (G,A#,B,{Xt
a}a∈Π̃).

Proof. If a ∈ Π̃, then
ntna = ǎ(a(t))−1 ⋅ nna.

Recall that na is the unique element of N ∩U−a(K̃) exp(Xa)U−a(K̃). Because nna and na have the same image in W̃
and n normalizes Ga, we have that n−1a ⋅ nna lies in both G̃a ∩ Ã# and W̃ ∩ Ã#. So n−1a ⋅ nna is in the image of ǎ and has
order either one or two. In the former case na is fixed by n while in the latter nna = naǎ(−1). If nna = na, then define
yta ∈ RK to be a square root of a(t). If nna = naǎ(−1), then define yta to be a square root of −a(t). Observe that these
elements exist since the polynomial X2 − a(t) has roots in R×

K̃
= R×K . This is because, modulo ℘K̃ , X2 − a(t) has simple

roots over the algebraically closed residue field, p is not equal to two, and K̃ is Henselian. Put Xt
a = (yta)−1 ⋅Xa and note

that nta = ǎ(f
t
a)na = naǎ(yta) where f ta is a square root of (yta)−1. We then calculate that if nna = na, then

ntnta = ǎ(a(t))−1 ⋅ na ⋅ ǎ(yta)−1 = na ⋅ (ǎ(a(t)) ⋅ ǎ(yta)−1) = naǎ(yta) = nta.
While if nna = naǎ(−1), then we similarly find

ntnta = na ⋅ (ǎ(a(t)) ⋅ ǎ(−1) ⋅ ǎ(yta)−1) = naǎ(yta) = nta.

Consequently the group W̃t = ⟨nta∶a ∈ Π̃⟩ is a Tits group for the pinning (G,A#,B,{Xt
a}a∈Π̃) and is fixed by nt. Since

N = W̃tÃ# and G is simply connected, we find

Nnt = W̃t ⋅ (Ã#)nt = W̃t ⋅ (Ã#)n = W̃t. ∎

Remark B.1.4. Note that Nn = W̃1, and it can happen that W̃1 ≠ W̃ .
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Remark B.1.5. Simply connectedness is necessary in the above lemma. For example for the non-simply connected group
G = PGL2 with A# the diagonal torus, consider the matrices

n = [0 1
1 0
] , t0 = [

−1 0
0 1

] .

Then n = na is a nontrivial representative of the Weyl group NG̃(A#)/Ã# and one calculates that (NG̃(A#))n is the four
element group generated by n and t0. On the other hand, preserving the notation of the above lemma, one checks that since
na is fixed by na we have that y1a can be taken to be 1, and n1a = naǎ(y1a) = na. Consequently ⟨n1a∶a ∈ Π̃⟩ = {1, n} is a Tits
group and is a proper subgroup of (NG̃(A#))n.

B.2. Results about n.

Lemma B.2.1. For all t ∈ Ã# we have that n2 = (nt)2 is central.

Proof. Fix t ∈ Ã#. From Lemma B.1.1 we know that n2 = (nt)2. It will be enough to show that for all a ∈ Π̃ we have
(nt)2Xt

a =Xt
a.

Fix a ∈ Π̃. Since ntnta = nta and Ad((nt)2)U−a(K̃) =U−a(K̃), we have

NG̃(A
#) ⋂ U−a(K̃) exp(Xt

a)U−a(K̃) = NG̃(A
#) ⋂ U−a(K̃) exp((nt)

2

Xt
a)U−a(K̃).

A calculation shows this can happen if and only if (nt)
2
Xt
a =Xt

a. ∎

Corollary B.2.2. If n has order four, then for all t ∈ Ã# we have n2 = (nt)2 = λn(−1).

Proof. Recall from Section 3.3 that there is an h ∈ G̃ such that h−1nh = λn(i). Thus,

λn(−1) = (h−1nh)(h−1nh) = h−1n2h.
Since n2 is central, the conclusion follows. ∎
Lemma B.2.3. If G is k-quasi-split, K-split, then we may assume Fr(n) = n.

Proof. If G is k-quasi-split and K-split, then we may assume {Xa}a∈Π̃ is a Chevalley-Steinberg system for G (see [25,
Section 2.9]). Note that we then have Fr(na) = nFr(a) for all a ∈ Π̃.

If w ∈ W̃ has a reduced decomposition w = sa1⋯sar where ai ∈ Π̃, then the lift nw of w to W̃ defined by nw = na1⋯nar
is independent of the reduced decomposition of w [25, Proposition 2.9.11]. It thus follows that if −1 ∈ W̃ has a reduced
decomposition −1 = sa1⋯sam , then Fr(n) = Fr(na1⋯nam) = nFr(a1)⋯nFr(am) = n since sFr(a1)⋯sFr(am) is another
reduced decomposition of −1. ∎
Remark B.2.4. If G is not quasi-split, then it may be the case that n cannot be Frobenius fixed. As an example, let D be
a central division algebra over k of index 2 and let G = SL1,D. Then our n fixes exactly one vertex of the Bruhat-Tits
building B(G) while Fr fixes exactly the barycenter x of an alcove C. This latter fact follows from the fact that since {x}
is the underlying set of B(G, k), the reductive quotient Gx is defined over f and therefore is quasi-split by Lang’s theorem.
And so a Borel subgroup B ⊂ Gx defined over f is a torus since G is anisotropic, whence Gx is an f-torus. This implies that
x is an interior point of C (necessarily the barycenter). As a consequence one concludes that n cannot be Frobenius fixed.

B.3. Results about nF . Recall that nFr and nF = λ
−1
n (π)nFr are defined in Definitions 7.4.1 and 7.5.1. By construction,

nF ∈ NG(Kn)x0,0
(A#) normalizes Nnλn(ξ). In this section we assume G is K-split, k-quasi-split and simply connected.

From Lemma B.2.3, we may and do assume Fr(n) = n. From Lemma 7.5.3 there exists z ∈ Z0 = Z̃0 such that
Fr [Nq(nzλn(ξ))] = n−1F (nzλn(ξ))nF . Since −1 ∈W , the center of G is an elementary abelian two group and so z2 = 1.
Since Z0 = Z0+ and p ≠ 2, we conclude that z = 1. Thus Fr [Nq(nλn(ξ))] = n−1F (nλn(ξ))nF .

Lemma B.3.1. We have nF ∈ Nnλn(−1).

Proof. Since n2 is central, we have Ad(n)λn(ξ) ⋅Ad(n2)λn(ξ) is trivial. Thus, Nq(nλn(ξ)) = Ad(nq)(λn(ξ)) ⋅ nq.
Suppose first that n2 = 1. In this case we have ξ = −1, and soNq(nλn(−1)) = Ad(nq)(λn(−1))⋅nq = Ad(n)λn(−1)⋅n =

λn(−1)n = nAd(n−1)λn(−1). Thus, from Corollary 7.5.3 we conclude that

nλn(−1) = nλn(−1) = Fr(Nq(nλn(−1)) = (nF )−1 ⋅ (nλn(−1)) ⋅ nF .
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Consequently, nF ∈ Nnλn(−1).
Suppose now that n has order four. In this case we can take ξ = i, and so Nq(nλn(i)) = Ad(nq)(λn(i)) ⋅ nq. We have

two cases: q ≡ 1 (4) and q ≡ 3 (4)
Suppose first that q ≡ 1 (4). In this case Fr(i) = i and Nq(nλn(i)) = Ad(n)(λn(i)) ⋅ n = nλn(i). Thus, from

Corollary 7.5.3 we conclude that

nλn(i) = nλn(i) = Fr[Nq((nλn(i)))] = (nF )−1 ⋅ (nλn(i)) ⋅ nF ,
and so nF ∈ Nnλn(i).

Suppose now that q ≡ 3 (4). In this case Fr(i) = −i and Nq(nλn(i)) = Ad(n3)(λn(i)) ⋅ n3. From Lemma B.2.1 and
Corollary B.2.2, n2 = λn(−1) is central, so

Nq(nλn(i)) = Ad(n)λn(i) ⋅ nλn(−1) = λn(−i)nλn(−1) = n ⋅Ad(n−1)λn(−i) ⋅ λn(−1) = nλn(−i).
Thus, from Corollary 7.5.3 we conclude that

nλn(i) = Fr[nλn(−i)] = Fr[Nq(nλn(i))] = (nF )−1 ⋅ (nλn(i)) ⋅ nF ,
and so, nF ∈ Nnλn(i). ∎

The following result now follows from the above work and Corollaries 7.4.11 and 7.5.5.

Corollary B.3.2. Suppose G is a simply connected, K-split, k-quasi-split group and −1 belongs to W̃ . Let n ∈ W̃ be a lift
of −1 such that Fr(n) = n. The set of k-stable classes inOkT is indexed by the conjugacy classes in W̃ . If T′ is a k-torus in
the conjugacy-class corresponding to w′ ∈ W̃ , then, up to GFr-conjugacy, the set of k-embeddings of T′ into G is indexed
by Ã#−1

w′Fr. Finally, the set of G(k)-classes in OkT is indexed by Nnλn(ξ)
∼Fr . ∎

Remark B.3.3. This Corollary and Lemma B.1.3 were used in Example 7.10 to compute the number of rational classes in
OkT for T corresponding to −1 in the Weyl group of G2. We also used this Corollary to double-check the results about the
tori that correspond to −1 for SL2 and Sp4 in Examples 7.7 and 7.8.
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