PROBLEM SET 8 — DUE NOVEMBER 17
See course website for policy on collaboration.
This week, we compute integrals! We also prove a useful formula for the matrix exponential.

1. In this problem, we will compute [ e~ dx.

(a) Give exhaustions of R? and R to show that
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(b) Give another exhaustion of R? to show that
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(c) Compute [ v*. Hint: Try the change of variables x = rcos#, y = rsin 6.
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2. (a) Show that, for 0 < r < 1, we have
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(b) Show that
1 =1
/(x,y)E[O,l]x[O,l] l—ay nz:l n?’

1 w2

(c) Make the substitution z = u + v, y = u — v to compute that f(x De01x[01] Tozg = 6

3. In this problem, we will compute limy;_o f[07 it
(a) Show that
lim lim e Wsing = lim Smx.
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(b) Show that
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We now need to justify interchanging the limits. Feel free to replace the bounds below
with other bounds which do the job.

(c) Show that
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Hint: |sinz| < z.
(d) Show that
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Hint: I'd integrate on y first.
(e) Show that
lim lim e Wsing = lim lim e "Wsinx.
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4. Let X and Y be n x n matrices. Recall that we write adx for the map Y — [X,Y]. The point
of this problem is to prove the identity:
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I have to admit I don’t know a really nice proof of this one; here is an argument.
(a) Check that

iesx = XX = XX,
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(b) Put
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(c) Show that
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and deduce the identity for (Dexp)x(Y).



