Dual space and transpose
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Review of dual spaces

Wake up problem: Let f: R® — R be a linear map, and let ¢},
€>, €3 be the standard basis of R®. Suppose that f(e;) = 2,
f(e2) =3 and f(e3) = 5. What is

f(a€1+bes+ces) = af(er)+bf(€2)+cf(€s) = a-2+b-34+c-5 = 2a+3b+5c

In general, a linear map f : F'™ — F'is determined uniquely by its

value on the basis vectors e, es, ..., e,.




Review of dual spaces

If V is a vector space, then the dual space V* is Hom(V, F). If ey,
ea, ...1s a basis of V, then e : V' — F' is the linear function where

ef (¥) is the coefficient of e; in 7.

If dim V is finite, then the e] are a basis of V™.

So, for our map f ([%D = 2a + 3b + 5c¢ on the previous slide, we
have f = 2e] + 3e5 + Se3. It is often helpful to think of ordinary

vectors as column vectors, and dual vectors as row vectors.

So, if dimV = n < oo, then dim V* = n as well.
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Given a linear transformation F': V — W, we get a dual
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F* (w*)(7) := w* (F ().

Example: Let V =R? and W = R3. Let F = { }

We have F(Gl) = f1 —+ 3f2 —+ 5f3 and F(eg) = 2f1 + 4f2 + 6f3
What is F*(f{)?




Given a linear transformation F': V — W, we get a dual
transformation F'* : W* — V* defined by

F*(w*)(9) : v)).

Example: Let V =R? and W = R3. Let F = {é%}

We have F(Gl) = f1 —+ 3f2 —+ 5f3 and F(eg) = 2f1 + 4f2 + 6f3

F(fi)(e1) = fi(F(e1)) = f1 (fi +3f2+5f3) =1.

P(f{)(e2) = F (Fle2) = f{ (2f1 +4f2 +63) = 2.
F(ff) =€} +2¢;




Given a linear transformation F': V — W, we get a dual
transformation F'* : W* — V* defined by
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F(f{) =e] + 2e5 F(fy) = 3e] + 4e;5 F(f3) = bel + 6e5.
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Given a linear transformation F': V — W, we get a dual
transformation F'* : W* — V* defined by

F*(w*) (%) := w* (F(7)).

Example: Let V =R? and W = R?. Let F = {é }

We have F*(el) = f1 + 3f2 + 5f3 and F*(Bg) = 2f1 + 4f2 —+ 6f3
F*(fi)(er) = fi(F(e1)) = fi (/1 +3f2 +5f3) =

F(fi)(e2) = f1(F¥(e2)) = f1 (2f1 +4f2 +6f3) =2
More generally,

Fr(fi) =ei+2e;  F7(fy) =3e1 +4ey  F7(f3) = Seq + Ges.

So the matrix of F is the transpose matrix, [3 3 2].




In general, suppose we have bases e, eo, ..., e, of V and f1, fo,

cooy Jn of W. Let ef and f7 be the dual bases of V* and W*.
Then, if A is the matrix of F : V — W, then A’ is the matrix of

F* o W* = V™




Time for you to talk!

Problem 1 If F': U — V and G: V — W are linear maps, then
(GF)* = F*G*.

Problem 2 If F': V — W is surjective, then F* : W* — V* is

injective.

Problem 3 If V and W are finite dimensional, and F': V — W is

injective, then F* : W* — V* is surjective. (This one is harder.)




