Multilinear forms and determinants




Last time: A multilinear form

k
A VXVX--XV > F

is a function which takes in £ input vectors and gives a scalar such
that, in each position, we have
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Last time: A multilinear form

k
A VXVX--XV > F

is a function which takes in £ input vectors and gives a scalar such
that, in each position, we have

A(U1, V2, ..., 01, + Y, Vjt1,...,0k) =
A(Ul,vg, ceey U1, L, U541, - - ,Uk)+A 1,025+ -5U05-1,Y, U541,

A(V1, Vs, ..., Uj_1,CZ,Ujt1,...,0k) =CA(U1, V2, ..., Uj_1, 2, Ujt1, ...

If e1, eq, ..., e, is a basis for V, then A is determined by the
values of A(e;,,€i,,...,e; ). This is n* values.
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two of the ¢’s are equal. This implies that switching any v; and v;

switches the sign of A.
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A multilinear form is alternating if A(¥/1,¥s,...,U;) = 0 whenever
two of the ¢’s are equal. This implies that switching any v; and v;
switches the sign of A.

So, if any two of i1, 9, ..., 7 are equal, then
A(eil,eiQ, “. 76?3k:) = 0.

And, if 71, 79, ..., i are distinct, then the k! values of A where we
order the inputs in different ways all differ up to sign. So A is

determined by the values A(e;,,€;,,.-.,€;, ) where
1 <ty < - < 1.

For example, if A(eq, ez, €e3) = a, then we have
Aley,eq,e3) = Aleg,ez,e1) = A(es, er,e3) = a and

A(€17€37€2) — A(€37€27€1) — A(€27€17€3) = —a.

But it isn’t clear that, for general k£, there is a consistent way to

choose the signs.




Okay, clearing up the sign issue. Suppose we know that
A(eq, eq,e3,e4,e5) = 7. What should A(es, es, e1,ea,6e4) be?




Okay, clearing up the sign issue. Suppose we know that
A(eq, eq,e3,e4,e5) = 7. What should A(es, es, e1,ea,6e4) be?

A(637657617627€4) — _A(63764761762765)
A(637 €2,€1, €4, 65)

_A<617 €2, €3, €4, €5> = —7

What if we did the switching in a different order? Would we get

the same sign? It turns out that, yes, we would!




What we need to show is that there is a way to assign a sign to

every permutation of {1,2,3,...,k} such that, switching the order

of any two elements, switches the sign. For example:
(1,2,3) ~ 1 (1,3,2) ~» —1

(2,1,3) ~ —1  (2,3,1) ~ 1
(3,1,2) ~ 1  (3,2,1) ~ —1




What we need to show is that there is a way to assign a sign to
every permutation of {1,2,3,...,k} such that, switching the order
of any two elements, switches the sign. For example:

(1,2,3) ~ 1 (1,3,2) ~ —1
(2,1,3) ~ —1  (2,3,1) ~ 1
(3,1,2) ~ 1  (3,2,1) ~ —1

Here is the rule: The sign of (o(1),0(2),...,0(k)) is

(—1)#{(0d) + <5 and o()>0 ()}




The sign of (o(1),0(2),...,0(k)) is

(_1)#{(i,j) 2 1<j and o(1)>0(j)}

We need to show that, if we switch o(¢), o(j), then this changes

sign.

Of course, we switch the contribution from (7, 7). Also, if i < h < j
and o(h) is between o(i) and o(j), the contribution to the exponent
from (i, h) and (h, j) will switch by 2, so the sign will not change.




The sign of (o(1),0(2),...,0(k)) is

(_1)#{(i,j) 2 1<j and o(1)>0(j)}

We need to show that, if we switch o(¢), o(j), then this changes

sign.

Of course, we switch the contribution from (7, 7). Also, if i < h < j
and o(h) is between o(i) and o(j), the contribution to the exponent
from (i, h) and (h, j) will switch by 2, so the sign will not change.




Now we know that there is a well defined sign for each
permutation. So, given the values A(e;,, €;,,...,¢€; ) for
1 <91 <ig9g<--- <1 <n, we can describe A on all k-tuples of

basis vectors as follows:
If two of j1, j2, ..., Jjk are equal, then A(e;,,€j,,...,€5,) =0.

If all of the j1, 79, ..., ji are distinct, and
Jo(1) < Jo@) <+ < Jo(k), then

A(eh AIPERRER ejk) — Sign(J)A(er(l) ' €ioayr e eja(k:))'




Thus, if dim V' = n, the space of alternating multilinear forms of &

vectors has dimension (Z)

Corollary: If k > n, the only alternating multilinear form V* — F
1s 0.

Corollary: If £ = n, there a one dimensional space of alternating
multilinear form V* — F.




Determinants
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mn
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Let n = dim V. We have seen that there is a one dimensional space
mn

7\

of alternating multilinear forms VXVx--xV—F. Ou goal

now will be to understand this concretely.

Let w be a nonzero alternating multilinear form of n vectors. Let

T :V — V be a linear transformation. Then the function
w(Tﬁ’l, T’UQ, ce ,T’l?n)

is also an alternating multilinear function. So it is a scalar multiple
of w. We call this scalar det(T'):

w(Tﬁ’l, T’l72, ce ,T’Un> = det(T)w('ﬁ’l, ?72, ce 77771)
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We'll start with n = 2. Let 1" have matrix [%1 %3 }




Let’s see how we compute det from this definition.

We'll start with n = 2. Let 1" have matrix [%1 %3 }

w(Tey, Tes) = w(Tr1e1 + Tore2, To1e1 + Thoes) =
TiiTow(er,er) +Ti1Toow(er, e2) + Tor1Tiow(es, e1) + Tor1Toow(es, €3)
= 047111 T0ow(e1, e2)—To1T1ow(er, e2)+0 = (111100 —To1T12)w(eq, €2).




Let’s see how we compute det from this definition.

We'll start with n = 2. Let 1" have matrix [%1 %3 }

w(Tey, Tes) = w(Tr1e1 + Torea, Tioer + Thoes) =
TiiTiow(er,er) +Ti1Toow(er, e2) + Tor1Tiow(es, e1) + Tor1Toow(es, €3)
= 047111 T0ow(e1, e2)—To1T1ow(er, e2)+0 = (111100 —To1T12)w(eq, €2).

So

| = (T11To2 — Tor Th2).




Similarly, for n = 3, expanding w(T'e1, Tes, Te3) gives 3% terms:

T11T12T13w(61, €1, 61) —+ T11T12T23w(61, €1, 62> -+ ...
All but 3! of them are 0. The nonzero ones give

T11TooT33w(er, ea,e3) + T11T30Tosw(er, e3,e2) + - - - =

(Th1T20T53—T11T52T03—To1T19T53+T51T52T 13+ T31T12To3—T51T2T13)

) W(el, €2, 63)-




Similarly, for n = 3, expanding w(T'e1, Tes, Te3) gives 3% terms:

T11T12T13w(61, €1, 61) —+ T11T12T23w(61, €1, 62) -+ ...
All but 3! of them are 0. The nonzero ones give

T11TooT33w(er, ea,e3) + T11T30Tosw(er, e3,e2) + - - - =
(Th1T20T53—T11T52T03—To1T19T53+T51T52T 13+ T31T12To3—T51T2T13)
) W(el, €2, 63)-

In general, we get

Z Sign(U)T0(1)1T0(2)2 e Ta(n)n-

o a permutation of {1,2,3,...,n}




We started by saying that there is a one dimensional space of
n

7\

alternating multilinear forms VxVx--oxV—=F.

Concretely, all such forms are a scalar multiple of

(’171,’172,...,?7n) — det(ﬁ’l ?72 7771)




Properties of determinant

Multilinearity gives the standard column properties of determinant:

e If we switch two columns, we switch the sign of the

determinant.
o If we rescale a column, the determinant rescales.

o If we add a multiple of one column to another, the determinant
is unchanged.

These properties also hold for rows, since det(A) = det(AT).




We have det(T') = 0 if and only if T" is not invertible. In other

words, if w is a nonzero alternating form, then w(¥, s, ..., U,) =0

if and only if v7, ¥s, ..., v, are linearly dependent.




We have det(T') = 0 if and only if T" is not invertible. In other
words, if w is a nonzero alternating form, then w(¥, s, ..., U,) =0

if and only if v7, ¥s, ..., v, are linearly dependent.

Proof: Suppose that we had a linear dependency

27]' — 01?71 + 62’172 + -+ Cj—lﬁj—l- Then

—

W(Ul, U2, ... 7vn) — Cd(’l}l, UV2,... 7Uj—17 61U1+C2U2—|—' . '—|—Cj_1’Uj_1, <. ’Un)

7—1
— E Ckw(gl,ﬁg,...,?73'_1,’(7;{;,...’77”) =04+04+---4+0.
k=1




We have det(T') = 0 if and only if T" is not invertible. In other
words, if w is a nonzero alternating form, then w(¥, s, ..., U,) =0

if and only if v7, ¥s, ..., v, are linearly dependent.

Proof: Suppose that we had a linear dependency

27]' — 01?71 + 62’172 + -+ Cj—lﬁj—l- Then

—

W(Ul, U2, ... 7vn) — Cd(’l}l, UV2,... 7Uj—17 61U1+C2U2—|—' . '—|—Cj_1’Uj_1, <. ’Un)

7—1
— E Ckw(gl,ﬁg,...,?7]'_1,’(7;{;,...’77”) =04+04+---4+0.
k=1

In the other direction, suppose for the sake of contradiction that vy,
Ua, ..., Uy is a basis of V', and yet w(v1,vs,...,7,) = 0. Since w is
determined by its value on a basis, we deduce that w is identically
zero; contradiction. []
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The most exciting property of determinant is that it is

multiplicative:

det(AB) = det(A) det(B).

Let’s prove this!

w(AB”Ul, AB2727 ce ,ABﬁn) det(A)w(BfUh Bﬁg, P B’Un)
det(A) det(B)w(v1, U, . . .,

But also

w(ABﬁ’l, AB’(?Q, v o ,ABUn) — det(AB)w(’&'l, 272, e o ey

det(AB) = det(A) det(B). ]




Enjoy your break! More about determinants when we return!




