
Let V be an n-dimensional vector space over a field F and let A : V → V be a linear
transformation. Then we have defined a scalar det(A).
We can define it abstractly by

ω(A~v1, A~v2, . . . , A~vn) = (detA)ω(~v1, ~v2, . . . , ~vn)

where ω is any non-zero alternating multilinear n-form.
Concretely, in any basis, we have

det(A) =
∑
σ∈Sn

sign(σ)A1σ(1)A2σ(2) · · ·Anσ(n).



We have the basic properties:

det(AB) = det(A) det(B).

• Adding a scalar multiple of one row/column to another keeps the determinant the same.
• Multiplying a row/column by c rescales the determinant by c.
• Switching two rows/columns switches the sign of the determinant.
• We have det(A) = 0 if and only if A is not invertible.
Wake up: What is

det
[
1 1 1
1 2 2
1 2 3

]
?



Problem 1. (1) Show that

det
[
A11 A12 A13
A21 A22 A23
A31 A32 A33

]
= A11 det

[
A22 A23
A32 A33

]
− A12 det

[
A21 A23
A31 A33

]
+ A13 det

[
A21 A22
A31 A32

]
.

(2) Show that

A21 det
[
A22 A23
A32 A33

]
− A22 det

[
A21 A23
A31 A33

]
+ A23 det

[
A21 A22
A31 A32

]
= 0.

Let Âij be the matrix A with the i-th row and the j-th column removed. We generalize the
above computations to matrices of arbitrary size:

Problem 2. (1) For any row r, show that

det(A) = (−1)r+1
(
Ar1 det Âr1 − Ar2 det Âr2 + Ar3 det Âr3 − · · ·+ Arn det Ârn

)
.

(2) If q 6= r, show that

Aq1 det Âr1 − Aq2 det Âr2 + Aq3 det Âr3 − · · ·+ Aqn det Ârn = 0.

The adjoint matrix of A is defined by

adj(J)ij = (−1)i+j det Âji.

(You saw this in homework problem 5.2.3.) For example,

adj
[
a11 a12 a13
a21 a22 a23
a31 a32 a33

]
=

[
a22a33−a23a32 −(a21a33−a23a31) a21a32−a22a31
−(a12a33−a13a32) a11a33−a13a31 −(a11a32−a12a31)
a12a23−a13a22 −(a11a23−a13a21) a11a22−a12a21

]
Problem 3. Show that

adj(A)A = det(A)Idn.

Problem 4. If det(A) 6= 0, show that A−1 = 1
detA

adj(A).

Problem 5. Let detA 6= 0. We consider solving the equation

A~x = ~b.

(1) Show that

xi =
1

detA

∑
j

det(−1)i+jÂjixj.

(2) (Cramer’s rule) Let Ai(b) be the matrix where we replace the i-th column of A
with b. Show that

xi =
detAi(b)

detA
.


