PROBLEM SET SEVEN: DUE THURSDAY, MARCH 10 AT 11:59 PM

See course website for homework policies.

Reading Read 5.6 and 5.7.

Problem 1. Recall that the cross product of two vectors in R3 is defined by
[m } [yl ] |:m293*y2$3 }
Z2 X Y2 — T3Y1—Y3x1 .
z3 Y3 T1Y2—Y1T2
For any vector ¢ = [Eﬂ in R3 define Bx(7,9) := - (T x 7).
(1) Show that, for any vector ¢ € R3, the function Bz( , ) is an alternating bilinear form.

(2) Let B(, ) be any alternating bilinear form on R*. Show that there is a unique vector
¢ € R3 such that B(, )is Bz, ).

Problem 2. Let V' be an n dimensional vector space over a field F'. Let ey, es, ..., e, be one
basis for V and let fi, fo, ..., f, be another basis. Let S be the matrix defined by f; = >, Sj;e;.

(1) Let T: V — V be a linear map and define the matrices X and Y by T'(e;) = >, Xije;
and T'(f;) = >, Yi;fi. Give a formula for Y in terms of X and S.

(2) Show that det X = detY.

(3) Let B: V xV — F be a bilinear form and define the matrices P and Q by B(e;, ¢;) =
P,; and B(fi, fj) = Qi;. Give a formula for @) in terms of P and S.

(4) Show that there is a nonzero element s € F with det P = s*det Q.

Problem 3. Let V be an n-dimensional vector space over a field F' and let B : V xV — F
be an alternating bilinear form. In this problem, we will show that there is some integer r
such that there is a basis 1, 91, To, U2, -+, Lry Yy 215 295 - - -5 Zn_op of V such that B(Z;, ¥;) =
—B(¥;,2;) = 1 and all other pairings between the basis vectors are 0. This proof is by induction
on n.

(1) Do the base cases n =1 and n = 2.
(2) Explain why we are done if B(¥,w) = 0 for all vectors ¢ and & in V.

From now on, assume that n > 2 and that B(¥, ) is not always 0. Choose two vectors T, i/
with B(Z,y) = 1. Set V' = {v: B(Z,v) = B(y,v) = 0}.
(3) Show that V' = Span(Z,y) @ V.
(4) By induction, V' has a basis &1, ¥1, Ta, U2, -« Try Yry 21, 225 -+ - Zn_o_2r as required.
Explain how to finish the proof from here.
(5) We conclude with an example. Consider the alternating bilinear form

B((u1, uz, u3, ug), (v1,v2,03,04)) = Z (uivj — u;v;)
1<i<j<4

on R*. Find a basis 71, 1, T2, U» as above.



