WORKSHEET 21: UNIQUE FACTORIZATION IN POLYNOMIAL RINGS

Let R be an integral domain and let F be its field of fractions. We know that F'[z] is a Euclidean Domain, hence a PID
(Problem 16.5), hence a UFD (Problem 14.6). Thus, if p(z) € R[z], then p(z) factors uniquely in F'[z]. In general, the
situation in R[x] can be much more complex:

Problem 21.1. Let R = R[t? %] and let F be the fraction field of R. Show that the polynomial 22 — ¢? factors in F'[z],
but is irreducible in R|[x].

Problem 21.2. Let R = R[t2,#3] and let F be the fraction field of R. Give two different irreducible factorizations of the
polynomial 2° — ¢ over R[z].

As the rest of this worksheet will show, if R is a UFD, then life is much nicer. For the rest of this worksheet:
\ Assume that R is a UFD. \

Problem 21.3. Let p € R be a prime element. Let a(x) and b(x) be polynomials in R[z]. Show that, if a(z)b(z) € pR][z],
then either a(z) € pR[z] or b(z) € pR[z].
We define a polynomial a,z™ + - - - + a1z + ag in R[z] to be primitive if GCD(ay, - - ,a1,a9) = 1.
Problem 21.4. (Gauss’s Lemma) Let a(x)b(x) = c(x) with a(z), b(x) and ¢(z) € R[z]|. Show that ¢(z) is primitive if
and only if a(z) and b(x) are primitive.
Problem 21.5. Let a(z)b(z) = c¢(x) with a(x) € R[z] primitive, b(z) € F|z] and ¢(z) € R[z|. Show that b(z) € R]z].
Problem 21.6. Let p(x) € R[z]. Show that the following are equivalent:
(1) p(z) is prime in R[x].
(2) p(z) is irreducible in R[z].
(3) One of the following two conditions holds:
e p(x) is a constant polynomial whose value is a prime element p of R.
e p(x) is primitive in R[x], and is prime in F'[z].
Helpful reminder: R and F[x] are UFD’s, so prime and irreducible are synonyms in those two rings.

We are now set to prove:
Problem 21.7. Show that, if R is a UFD, then R[z] is a UFD.

In particular, Z[z1, . .., z,] and k[z1, ..., x,] are UFD’s for any field k£ and any number of variables.
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