
WORKSHEET 2: MODULES

Groups are meant to act on sets. Similarly, rings are meant to act on abelian groups.

Definition: Suppose R is a ring. A left R-module is a set M with two operations:
• +: M ×M →M (called addition) and
• ∗ : R×M →M (called scalar multiplication)

and an element 0M satisfying the following axioms:
M1: (M,+, 0M ) is an abelian group,
M2: (r + s) ∗m = r ∗m+ s ∗m for all r, s ∈ R and m ∈M
M3: (rs) ∗m = r ∗ (s ∗m) for all r, s ∈ R and m ∈M
M4: r ∗ (m+ n) = r ∗m+ r ∗ n for all r ∈ R and m,n ∈M
M5: 1R ∗m = m for all m ∈M .1

“M is an R-module” will mean “M is a left R-module”.
The map ∗ : R×M →M is called an action of R on M and the elements of R are often called scalars.

Problem 2.1. Show that Zn is a left-Matn×n(Z)-module by having X ∈ Matn×n(Z) act on Zn by taking v ∈ Zn to Xv.

Definition. Suppose R is a ring and M and N are R-modules. A function g : M → N is called an R-module homomor-
phism provided that

• g is a group homomorphism and
• g(rm) = rg(m) for all r ∈ R and m ∈M .

The set of R-module homomorphisms from M to N is denoted HomR(M,N). We set EndR(M) := HomR(M,M) and
call EndR(M) the endomorphism ring of M .

Problem 2.2. Suppose R is a commutative ring and M is an R-module. Show that there is a “natural” map of rings
R→ EndR(M). What if R is not commutative?

Definition. Suppose R is a ring and M and N are R-modules. The direct sum of M and N , written M ⊕ N , is the
R-module defined as follows: An element of M ⊕ N is an ordered pair (m,n) with m ∈ M and n ∈ N . We have
(m1, n1) + (m2, n2) = (m1 +m2, n1 + n2) and r(m,n) = (rm, rn).

Problem 2.3. Check that M ⊕N is an R-module.

Problem 2.4. Let M1, M2, M , N1, N2 and N be R-modules. Show that HomR(M1 ⊕M2, N) ∼= HomR(M1, N) ×
HomR(M2, N) and HomR(M,N1 ⊕N2) ∼= HomR(M,N1)×HomR(M,N2) as abelian groups.

Problem 2.5. Let L1, L2, . . . , Lp, M1, M2, . . . , Mq and N1, N2, . . . , Nr be R-modules, and let L =
⊕

Li, M =
⊕

Mj

and N =
⊕

Nk. Describe a way to write elements of HomR(L,M), HomR(M,N) and HomR(L,N) as matrices, so that
the composition map HomR(L,M)×HomR(M,N) −→ HomR(L,N) corresponds to matrix multiplication.

1As you might guess, some people do not impose this last condition.
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