
18. SPLITTING FIELDS AND MAPS BETWEEN THEM

Definition: Let k be a field, let f(x) be a polynomial in k[x] and let K be an extension field of f . We will
say that f splits in K if f factors as a product of linear polynomials in K[x]. We say that K is a splitting
field of f if f splits as a product c

∏
(x− θj) in K[x] and the field K is generated by k and by the θj .

For example, if k = Q and θ1, θ2, . . . , θn are the roots of f(x) in C, then Q[θ1, . . . , θn] is a splitting field of
f(x).

Problem 18.1. Let k be a field and let f(x) be a polynomial in k[x]. Show that f has a splitting field.

Problem 18.2. Let L be a splitting field for x3 − 2 over Q. Show that [L : Q] = 6. (Hint: At one point, it
will be very useful to use the fact that Q[ 3

√
2] is a subfield of R.)

Problem 18.3. Let L = C(x1, x2, . . . , xn). Let ek be the k-th elementary symmetric polynomial and let
K = C(e1, e2, . . . , en) ⊂ L. Show that L is a splitting field for xn − e1x

n−1 + e2x
n−2 − · · · ± en over K.

Problem 18.4. Let

f(x) =
(
x− cos 2π

7

) (
x− cos 4π

7

) (
x− cos 8π

7

)
= 1

8

(
8x3 + 4x2 − 4x− 1

)
.

I promise, and you may trust me, that f(x) is irreducible. Let K = Q(cos 2π
7 ).

(1) Show that [K : Q] = 3.
(2) Show that f(x) splits in K. Hint: Use the double angle formula.
(3) Show that there is an automorphism σ : K → K with σ(cos 2π

7 ) = cos 4π
7 .

Problem 18.5. Let k be a field and let f(x) be a polynomial in k[x]. Let K be a splitting field of f in which
f splits as

∏
(x − αj). Let σ : k → L be a field homomorphism and let σ(f) :=

∑
σ(fj)x

j split in L.
Show that there is an injection φ : K → L making the diagram

k

��

σ

&&
K

φ // L

commute. Hint: Think about k ⊆ k[α1] ⊆ k[α1, α2] ⊆ · · · ⊆ k[α1, α2, . . . , αn] = K.

Problem 18.6. Let k1 and k2 be two fields and let σ : k1 → k2 be an isomorphism. Let (x) =
∑
fjx

j be a
polynomial in k1[x] and let σ(f)(x) :=

∑
σ(fj)x

j . Let K1 be a splitting field of f and let K2 be a splitting
field of σ(f). Show that there is an isomorphism K1

∼= K2 making the diagram

k1

��

σ // k2

��
K1

∼= // K2

commute.

Problem 18.7. Let k be a field and let f(x) be a polynomial in k[x]. Let K1 and K2 be two splitting fields
of f . Show that there is an isomorphism K1

∼= K2 making the diagram

k

�� ''
K1

∼= // K2

commute. So splitting fields are unique.
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