4. GROUPS

Definition: A group G is a set with a binary operation * : G X G — G obeying the properties

(1) There is an element 1 of G suchthat 1 x g =g+ 1 =g forall g € G.
(2) Forall g € G, there is an element g~ ! obeying g x g~ = g~ ' x g = 1.
(3) For all g1, g2, g3 € G, we have (g1 * g2) * g3 = g1 * (92 * g3).

Given a group G, a subgroup of G is a subset containing 1 and closed under * and g +— g '.

Depending on context, we may denote * by *, X, - or no symbol at all, and we may denote 1 as 1, e or Id.
Problem 4.1. Show that a group GG only has one element 1 obeying the condition (1).
Problem 4.2. Let GG be a group and let g € G. Show that GG only has one element obeying the condition (2).

Definition: Given two groups G and H, a group homomorphism is a map ¢ : G — H obeying
d(g1%92) = ¢(g1) * d(g2). A bijective group homomorphism is called an isomorphism and two groups
are called isomorphic if there is an isomorphism between them.

A group homomorphism can also be called a “map of groups” or a “group map”.
Problem 4.3. Let ¢ : G — H be a group homomorphism. Show that ¢(1) = 1 and ¢(g~!) = ¢(g) L.
Problem 4.4. Let ¢ : G — H be a group homomorphism.

(1) The image of ¢ is Im(¢) := {¢(g) : g € G}. Show that Im(¢) is a subgroup of G.
(2) The kernel of ¢ is Ker(¢) := {g € G : ¢(g) = 1}. Show that Ker(¢) is a subgroup of G.

Definition: Given two groups GG and H, the product group is the group whose underlying setis G x H,
with multiplication structure (g1, h1) * (g2, h2) = (9192, h1h2).

Problem 4.5. Let G and H be two groups and let 7y and 79 be the projections G x H - Gand GXx H — H
onto the first and second factor. Show that G x H obeys the universal property of products, meaning that,
for any group F' with maps ¢ : F' — G and ¢ : F' — H, there is a unique map (¢1,¢2) : F' — G x H

such that the diagram below commutes:
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We close with a few more definitions:

Definition: For g € G, the conjugacy class of g is the set Conj(g) := {hgh™! : h € G}.

Definition: A group G is called abelian if g1 x go = go * g1 for all g1, g2 € G.

If (G is abelian, we often denote * by + and 1 by 0. We never use these notations for a non-abelian group.
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