THE QUADRATIC FORMULA

Let the quadratic 22 — e,z + e, factor as
22 —ex+ey = (r —1)(T—719).
Set D = r; — ry and note that e; = ry + 79, S0
ri=3(e1 +D).(&%)
Now note that

D? = (ry —r)? =717 — 2riro + 15 = (11 + 1) — driry = €f — dey. ()

So, use (V) to compute D?, take a square root to compute D, and use (&) to compute r;.

THE CUBIC FORMULA

Let the cubic 22 — e12? + esx — e5 factor as
2 — e +eor —e3 = (x — 1) (2 — 1) (T — 73).

Let w = %‘73 We note that w? +w+1 =0 and w?® = 1. Put
P =1 4+ wry + w?rg Q =11 + Wry + wrs.

We also note that e; = r; + 9 + r3. Thus, if we can compute P and (), we can compute

ry = %(61 +P+Q). (d3)

Consider the quadratic equation with roots P? and Q3:

V= fy+fo=w—P)y—@Q%.  (Os)
We have
fz = 2€3 — 9ejey + 2763 fo = (€2 — 3ey)*. (©3)

Thus, we can use (U3) to compute f3 and fg; use the quadratic formula to solve ({3) for P?
and @?; take cube roots to get P and Q and then, finally, use (&3) to find r;. This is the
cubic formula!

Technical note: The summary here suggests that you should take cube roots twice. This

would give you 9 options for (P, @), only 3 of which lead to correct solutions. In fact, you
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should compute one cube root to find P, and then compute @ as =



THE QUARTIC FORMULA

Let the quartic 2% — e;2® + es2? — e3x + €4 factor as

4 2

ot —e1x® +epr? —esrtey = (v —1)(x— 1) (T —13) (T —14).

Put

T:T1+T2—T3—T4 U:T1—7“2+7"3—T'4 V:T1—7“2—?"3+7"4
We also note that e; = r1 + 19 +r3 + r4. Thus, if we can compute T, U and V, then we can
compute

lei(el—FT—i-U—‘—V) (*4)

Consider the cubic equations with roots T2, U? and V?:
22— g + gy — g6 = (v — T?)(x — U*)(z — V?). ().
We have
g2 =3ei—8ey gy = 3e]—16ejea+16e5+16e1e3—64es g5 = (e} —dereq+8es)’. (Qy)

Thus, we can use (V) to compute go, g4 and gg; use the cubic formula equation to solve
({4) for T2, U? and V?; take square roots to get T, U and V and then, finally, use (&) to
find rq. This is the quartic formula!

Technical note: The summary here suggests that you should take square roots three times.
This would give you 8 options for (7, U, V), only 4 of which lead to correct solutions. In

e?—4el ea+8e3

fact, you should compute square roots to find 7" and U and then compute V' as O



