15. THE SCHUR-ZASSENHAUS THEOREM, GENERAL CASE

Today’s goal is to prove:

Theorem (Schur-Zassenhaus). Let A and C be finite groups with GCD(#(A), #(C)) = 1. Then any short exact
sequence 1 -+ A — B — C' — 1 is right split.

We introduce the following (not standard) terminology: We’ll say that a pair of groups (A, C) is straightforward if
every short exact sequence 1 -+ A — B — C' — 1 isright split. On the previous worksheet, we showed that (A, C)
is straightforward if A is abelian and GCD(#(A), #(C)) = 1.

Problem 15.1. Suppose that (A4;, C) and (A2, C) are straightforward and there is a short exact sequence 1 — A; —
A — Ay — 1 with A; canonical in A. Show that (A, C) is straightforward. Hint/Warning: Unfortunately, I think
this first problem is one of the hardest. First use that (Ag, C') is straightforward, then use that splitting to build a new
sequence which we can split using that (A, C) is straightforward.

Problem 15.2. Let C be a finite group, let p be a prime not dividing #(C) and let P be a p-group. Show that (P, C')
is straightforward.

Let p be a prime dividing #(A) and let P be a p-Sylow subgroup of A. Let1 - A — B — C' — 1 be a short exact
sequence, with GCD(#(A), #(C)) = 1. Assume inductively that we have shown (A’, C) is straightforward
whenever GCD(#(A"), #(C)) = 1 for #(A") < #(A).

Recall that No(P) = {a € A : aPa~! = P} and likewise for Ng(P).
Problem 15.3. Show that P is canonical in N4(P).
Problem 15.4. Suppose that A = N4(P). Prove that 1 - A — B — C' — 1 is right split.

So we may now assume that N4 (P) # A.

Problem 15.5. (Frattini’s argument) Show that B = ANg(P). Hint: Let b € B. What can you say about bPb~1?
Problem 15.6. With A, B, C, P as above, show that 1 — N4(P) — Np(P) — C — 1 is exact.

Problem 15.7. Show that 1 — A — B — C — 1 is right split.

Remark. Problem[I5.1]has uses outside of finite groups. For example, let K be a compact Lie group and let U be
a simply connected nilpotent Lie group. An analogous argument shows that (U, K) is straightforward.
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