1. THE QUADRATIC, CUBIC AND QUARTIC FORMULAS

I added up the area of my two squares: 1300. The side of one exceeds the side of the other by 10.
Babylonian tablet, 2000-1600 BCE, British Museum

Problem 1.1. Let 22 + bz + ¢ be a polynomial with complex coefficients and let its roots be a1 and ap. Express
the following quantities in terms of a;; and 2. In the expressions with a square root, you may choose which square

root to use. b V214
b e b —de b2 — dc %

Problem 1.2. Let the symmetric group So act by switching a; and . Describe the effect of S5 on each of the
expressions you derived in Problem [I.1]

When the cube with the cose beside it / equates itself to some other whole number .. . Tartaglia, 1543

Letw = 71%‘/?‘3; we recall that w? 4w 4+ 1 = 0 and w® = 1. Let 31, 32 and 33 be complex numbers. Define:

s = B+ B2+ B3
o = B + wh + wps
o2 = B+ wh + whs

Problem 1.3. Let S5 permute 31, 32, (3.

(1) Describe how S3 acts on {01, wo1, w?oy, oo, Woa, W2oa}.
(2) Describe how S5 acts on {03, 03 }.
(3) Show that S fixes s and the coefficients of the quadratic polynomial 4> — fiy + f2 := (y — o3)(y — 03).

Let (z — B1)(x — B2)(z — B3) = 2> — e12? + eax — e3. To make your lives easier, here are some useful formulas:

er =B+ B2+ B3

ex = 182 + 183 + B203 el = B} + 26182 + 26183 + B3 + 26285 + B3

e3 = 318203 erea = BiBa + B3B3 + 5153 + 6818283 + 5183 + B3B3 + 5253

e} = B3 + 36782 + 38185 + 36153 + 6818283 + 351535 + B + 35383 + 36235 + B3

o102 = 7 — B1B2 — B1B3 + B3 — Pafls + B3

o} + 03 =287 — 3B8}B2 — 36783 — 3B155 + 1218283 — 36155 + 25 — 35383 — 33235 + 233

Problem 1.4. Give formulas for the following, as polynomials in eq, e, e3:

S 0102 fl f?-

Problem 1.5. Show that o7 and o3 can be computed from ej, eo, e3 using the operations +, —, X, Vv and Ve
together with multiplication by rational numbers and the number w. Show how to likewise compute (31, 82 and 3.

Given an equation in which the unknown quantity has four dimensions ... reduce it to another of the third degree,
in the following manner . .. Descartes, La Géometrié, 1637

Let 71, ¥2, v3 and 4 be complex numbers. Set

t =7 + 2 + 13 + "
T = M +t Y2 — Y3 — M4
™ = 71 — Y2 + Y3 — M4
3= 71 — Y2 — Y3 + M

Problem 1.6. Let S permute 71, 2, 3, 4. Describe how Sy acts on

(1) {£m, £m2, 73}
@) {rf, 73,73}
(3) Show that S fixes t and the coefficients of the polynomial (z — 73)(z — 73)(z — 73).

Problem 1.7. How would you compute the ~y; from the coefficients of the quartic [[(z — +;), using the operations
+, —, X, —and {zf?
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