
21. INTRODUCTION TO FIELD AUTOMORPHISMS

Definition: LetK ⊆ L be fields. An automorphism of L is a bijection σ : L→ L with σ(x+y) = σ(x)+σ(y) and
σ(xy) = σ(x)σ(y). An automorphism of L fixing K is an automorphism of L obeying σ(a) = a for all a ∈ K.
We write Aut(L) for the automorphisms of L and Aut(L/K) for the automorphisms of L fixing K.

Problem 21.1. Let K ⊆ L be fields. Let f(x) be a polynomial in K[x]; let {θ1, θ2, . . . , θr} be the roots of f in L.

(1) Show that Aut(L/K) maps {θ1, θ2, . . . , θr} to itself.
(2) Show that stabilizer of θj in Aut(L/K) is Aut(L/K(θj)).

Problem 21.2. . Let K be a field, let f be a separable polynomial in K[x], let L be a splitting field for f and let
{θ1, θ2, . . . , θn} be the roots of f in L. Show that the action of Aut(L/K) on {θ1, θ2, . . . , θn} gives an injection
Aut(L/K) ↪→ Sn.

Problem 21.3. Let K, f , L and {θ1, θ2, . . . , θn} be as in Problem 21.2. Let g(x) be an irreducible factor of f(x)
in K[x] and renumber the θ’s so that {θ1, θ2, . . . , θm} are the roots of g in L. Show that {θ1, θ2, . . . , θm} is the
Aut(L/K)-orbit of θ1 in L. Hint: Apply Problem 20.4 to the diagram

K[θ1]

��

K[x]/g(x)K[x]
∼=oo

∼= // K[θj ]

��
L // L

Problem 21.4. Let L be the splitting field of x3 − 2 over Q. Show that Aut(L/Q) ∼= S3.

Problem 21.5. Let L = Q(cos 2π
7 ). Show that Aut(L/Q) ∼= C3.
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