PROBLEM SET 5: DUE WEDNESDAY, FEBRUARY 12

Please see the course website for guidance on collaboration and formatting your problem sets.

Problem 5.1. Recall that Z(G) is the center of a group G, and that a central series of G is a sequence of subgroups
G() < G1 < G2 -4 GN where Gi+1/Gi - Z(G/Gl) for all 2.

(1) The upper (or ascending) central series of G is defined inductively by Uy = {e} and Uy,11 = 7, '(Z(G/Uy)),
where 7y, is the projection G — G/Uy. Let {e} = G <G <G2<--- be a central series with Gg = {e}.
Show that G}, C Uy.

(2) The lower (or descending) central series is defined inductively by L° = G and letting L**! be the group
generated by all products ghg~'h~' withg € G and h € LF. Let G = G'>G'>G?>- - - be a central series
with GO = G (note that we have reversed the direction of the numbering). Show that LF C G*.

(3) Recall that a group G is called nilpotent if there is a central series {¢} = Gp<G1 <Gy <--- <Gy = G.
Show that G is nilpotent, if and only if U}, is eventually G, if and only if L* is eventually {e}.

Problem 5.2. Let R be a ring (not assumed commutative) and let I be a two sided ideal of R. We define I™ to
be the two sided ideal generated by all products x1z3 - - - ), for 1, T2, ..., ;, € I. We define the ideal NV to be
nilpotent if there is a positive integer m such that N = (0). Let N be a nilpotent ideal and let U be the group
{142 :2 € N}. Show that U is a nilpotent groupﬂ

The next three problems are adapted from QR exams.

Problem 5.3. Let G be a group where g2h? = h%g? for all g and h.

(1) Let N be the subgroup {g? | g € G). Show that NN is normal.
(2) Show that G is solvable.

Problem 5.4. A group G is called virtually solvable if G has a normal subgroup /N such that IV is solvable and
G/N is finite.

(1) Show that a subgroup of a virtually solvable group is virtually solvable.
(2) Show that a quotient of a virtually solvable group is virtually solvable.

Problem 5.5. Let G| and G2 be groups and let .S be a subgroup of G x Ga2. Let H; be the projection of S onto G;
and let K; = SNG;.

(1) Show that K; is normal in H;.
(2) Show that Hl/Kl = HQ/KQ.

These problems do not use the current material, but will be useful in the future. Let & be a field and let k[z] be the
ring of polynomials with coefficients in x. Recall that k[z] is a PID; you may use this fact freely in these problems.

Problem 5.6. Let K C L be two fields and let a(z) and b(z) € K|z]. Let g(z) be the GC'D of a and b in K|x].
Show that g is also the GC'D of a and b in L[z].

Problem 5.7. For a polynomial f(z) =Y f;z7 € k[z], we define the derivative f/(z) to be Y j fjz/ L.

(1) For any two polynomials f(x) and g(z) € k[z], show that (f + ¢)' () = f'(x) + ¢'(z) and (fg)'(z) =
f(x)d'(z) + f'(x)g(x). Note that your proof should work for any field k.

For a nonzero polynomial f(z) and an irreducible polynomial p(z), let m,( f) be the number of times that p appears
in the prime factorization of f.

(2) Let f and p be as above and suppose that m,,(f) > 0. Show that, if k£ has characteristic zero, then m,,(f’) =

my(f) — 1.

(3) Give an example to show that the above need not be true in nonzero characteristic.

IThis is the most direct conceptual connection I know between the uses of the word “nilpotent” in ring theory and in group theory. The
actual historical origins of the word come from the following related case: Start with R being n X n upper-triangular real matrices, N being
upper-triangular real matrices with 0’s on the diagonal and U being upper-triangular real matrices with 1’s on the diagonal. Let G be a Lie
subgroup of U, then the Lie algebra g is a Lie subalgebra of V. The group G is a nilpotent group, and the Lie algebra g is a nilpotent Lie
algebra. (We have not defined Lie groups, Lie algebras or what it means for a Lie algebra to be nilpotent.)
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