
PROBLEM SET 9: DUE WEDNESDAY, APRIL 1

Problem 9.1. This is a lemma we’ll want soon, though it doesn’t mention Galois theory:

(1) Let G be a subgroup of Sn. Define a relation ∼ on {1, 2, . . . , n} by saying that, for 1 ≤ i 6= j ≤ n, we have
i ∼ j if (ij) ∈ G and defining i ∼ i for 1 ≤ i ≤ n. Show that ∼ is an equivalence relation.

(2) Let p be prime, let G be a subgroup of Sp that acts transitively on {1, 2, . . . p} and suppose that G contains
a transposition. Show that G = Sp.

Problem 9.2. Let L/K be a Galois extension, not of characteristic 2. Let {θ1, θ2, . . . , θN} be a subset of L which
is mapped to itself by Gal(L/K). Show that K(

√
θ1, . . . ,

√
θN ) is Galois.

Problem 9.3. Let K be a field, f(x) a separable polynomial with coefficients in K and L a splitting field of f ,
where f(x) =

∏
(x−θj).We consider Gal(L/K) as a subgroup of Sn by its action on {θ1, . . . , θn}. Let f(x) factor

in K(θ1) as
∏
gj(x).

(1) Describe how to compute the degrees of the irreducible factors gj(x) in terms of the action of Gal(L/K) on
{θ1, . . . , θn}.

(2) To check that you understand what you have done, suppose let n = 8, let Gal(L/K) ∼= GL2(F3) and
suppose Gal(L/K) acts on the θj in the way that GL2(F3) acts on the eight elements of F2

3 \ {(0, 0)}. How
does f(x) factor over K(θ1)?

Problem 9.4. Let K be a field, f(x) a separable polynomial with coefficients in K and L a splitting field of f ,
where f(x) =

∏
(x− θj). Let K have characteristic not 2. Set Φ =

∏
i<j(θi− θj)2. Note that, since f is seperable,

Φ 6= 0.

(1) Show that Φ ∈ K.
(2) Show that, if Φ is a square in K, then Aut(L/K) ⊆ An.
(3) Show that, if Φ is not square in K, then Aut(L/K) 6⊆ An.

Problem 9.5. Let p be a prime and let q = pn. In problem 8.4, you showed that the splitting field of xq − x over Fp
was a field with q elements, which we called Fq. You may use the results of that problem without proof.

(1) Show that the extension Fq/Fp is Galois; you may use any of our equivalent definitions of a Galois extension.
(2) Show that the Galois group Gal(Fq/Fp) is cyclic, with generator the Frobenius map θ 7→ θp.

Problem 9.6. Let K ⊆ L ⊆ M be a chain of fields, with [M : K] < ∞. Recall the definitions of Norm and Trace
from Problem 8.3.

(1) For θ ∈M , show that TL/K(TM/L(θ)) = TM/K(θ).
(2) For θ ∈ M , show that NL/K(NM/L(θ)) = NM/K(θ). Hint: I found this problem easiest when I wrote the

L-linear map mθ in rational canonical form.

Problem 9.7. We return to the discussion of constructible numbers from worksheet 18. Let θ1, θ2, θ3, . . . , θN be a
sequence of complex numbers where each θk is either

• a rational number,
• of one of the forms θi + θj , θi − θj , θiθj or θi/θj for some i, j < k or
• of the form

√
θj for some j < k.

Show that there is a Galois extension L/Q such that all the θj lie in L, and [L : Q] is a power of 2. (Hint: There is
a useful problem earlier on this problem set.)

Problem 9.8. Let ω be a primitive cube root of unity in C. Let K = Q(ω) and write α 7→ α for the automorphism
ω 7→ ω−1 of K. For a nonzero element α of K, let L = K( 3

√
α, 3
√
α).

(1) Show that L/Q is a Galois extension.
(2) Let σ ∈ Gal(L/Q) show that either (1) there are integers b and c such that σ(ωi 3

√
α) = ωb+i 3

√
α and

σ(ωj 3
√
α) = ωc+j 3

√
α or else (2) there are integers b and c such that σ(ωi 3

√
α) = ωb−i 3

√
α and σ(ωj 3

√
α) =

ωc−j 3
√
α (for all integers i, j).

(3) If αα2 is a cube in K, show that Gal(L/Q) is abelian.
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