NOTES FOR FEBRUARY 8

ADAM KAYE

Lemma (Cartan). Let K, L be closed polybozes in C™ with a common side, U,V
open neighborhoods of K, L respectively. Given H : UNV — GL,.(C) holomorphic in
each coordinate then (after possibly shrinking U andV to U’ and V', still containing
K and L) there are holomorphic maps F : U' — GL.(C), G : V! — GL,(C) such
that H = F~'G.

Proof when r = 1. Let h = log H (this is ok since U’ NV’ can be made simply
connected after the shrinking). Look at the Cech complex

0->0U)a0(V)—-0UNV)—0.

This computes H'(U U V,0) which we already know to be 0. So there is some
(f,g) € O(U)®O(V) such that g — f = h. Let G = e9, F = ef, then H = F~'G.
We'll do something similar for the general case, but we need to be careful with
taking log and exp of matrices. O

1. A QUANTITATIVE CECH VANISHING

We are now going to reprove the above result, keeping track of the size of every-
thing. Specifically we’ll show:

The next lemma is substantially corrected from the version presented
in class. I couldn’t quite make the proof in Hugo and Rossi work; so
here is my best fix. David Speyer

Lemma. Given K, L, U, V as above. There are chains of open polyboxes U 2
U DU" DK andV 2 V' 2 V" D L and a constant € Rsq such that given
heOUNV) with |h] <M on U NV', there are f € O(U"),g € OV") such that
h=g— f with |g|,|f| <CM.

Proof. Let Z be the sheaf of d-closed (0, 1)-forms so we have the exact sequence
0-0—=C"=2—=0

which induces the exact sequence of chain complexes

0—=0U)20(V) ——C®U)eC®(V)——=ZU)® Z(V) —=0

| | i

0 oUNV)——=C=UNV) Z(UNV) 0

We start with h € O(U NV), and we want to lift it to O(U) @ O(V). The first
step is to map h over to C°°(U N V), meaning to consider the same function as a
smooth function. We then lift h to C°(U) @ C*>°(V) “using partitions of unity”.
Let’s be explicit about how we do that:

Choose ¢ : R — [0,1] such that o(x;) = 0on U\ V and o(z1) =1 on V\U
(and o is smooth) where z; is the first coordinate in C™ and the common face
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of K and L is a hyperplane with constant x; coordinate. We can then define
new functions go = (1 — o(z1))h and fo = —o(z1)h which can be extended to
V and U respectively by 0. These satisfy |gol,|fo] < M. Now (fo,g0) lives in
C>(U) & C>(V). Unfortunately, fo and gy are probably not holomorphic. The
map 0 to Z(U) @ Z (V) measures our failure to take fo and go holomorphic.

OnUNV, go— fo =hsodgy/0z1 —0fy/0z1 = 0 where 2 is the first coordinate.
Thus we can define a C* function F' by F' = dgo/0z; on U and F = Jfy/0z on
V. OnUNV, we have F = (0o /9%1)h because h is holomorphic; outside of U NV,
we have F' = 0 since it is the derivative of the zero function. So |F| < C1M for
some constant Cy, namely, the maximum of the continuous function |9o/0z |.

Choose chains of open polyboxes U QU DU” D Kand V 2 V' 2 V" 2 L and
a smooth hat function 7 such that: 7 =1 on U”UV"”, and 7is 0 on (UUV)\(U'UV’),
and 0 <7 <1.

Define the function § on U UV by

0(z) = i/ —F(C’ZQ’“"Z”)T(C)dArea
2mi Jyoy C—=
where z = (21,...,2n).
When we proved Dolbeault’s lemma (January 27), we showed that this integral
converges and 00/0z; = F on U” UV". We want to bound the size of §. We have
the simple bound

|0(z1)] < i/ GiM dArea.
27 Jyovr |z — ¢

(Since 7 is zero outside U’ U V', we can use the bound |F| < CyM, which was
proved on U' U V"))

Choose some radius R large enough that, for any z; € U’ U V', the box U’ UV’
is contained in the disc of radius R around z;. Then our bound is

< 1 CiM
27 Jp(rm) 121 — (]
Switching to polar coordinates, this is

R 27 R
1 / / CM . rdg — / CyMdr = C;RM.
2m r=0J0 r

—0 T —0

dArea.

So, taking Cy = C1 R, we have the bound || < CoM on U' UV’ and 90/0z = F
on U"uUV”,

Now, set f = fo — 0 and g = go — 0. Since 90/9z; = F we will have 0f/0z, =
0g/0z; = 0. This makes f and g holomorphic because fy, go and 6 are holomorphic
in the other variables. In addition,

F1 < 1ol + 161 < M+ CoM = CM
for some constant C'. The same argument works for g so we have f, g with | f|, |g| <
CM and f—g=h.

2. THE MATRIX EXPONENTIAL

Recall the following: For A an r x r matrix, |A| = max),—; |Av| (which exists
by compactness). For (vq,...,v,) =v € C", |v| = (3 |vi|?)'/2. Also

|AB| < |A||B|
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|A+ B| < |A| +|B]
[Aij] < 1A < 1A,
irj
For any matrix a we define e® = % 7° | %’: and for any A with |[A—Id| < 1,log A =
k—1
S LU (A—T1d)*. These satisfy exp(log A) = A. Also |exp(a) —Id | = O(|a])

k
and |log(1 + A)| = O(|A|). Unfortunately, e/*9 # efed. The left hand side is
Lt frg+(F+9)?2+ =1+ f+g+ /24 f9/2+9f/2+¢*/2+ ...

while the right hand side is
A+ f+r22+. . )0 +g+d%/2+..)=14+Ff+g+f*/2+ fg+d*/2+...
and fg # fg/2+gf/2.

The following lemma says there is a bound on how much ef*9 and efe9 differ.
Better bounds can be given that depend on the commutator of f and g, but this
will be good enough for our purposes.

Lemma. There is a constant C > 0 such that if | f],|g| < 1/10 then
|79 — el ed] < Cf]lgl.

Proof.

0 k oo k k1
foo I 9| _ Iy
cle? <Id+z W k!)‘_ > T

k=1 k=1 kl>1

<3 1f1*lgl" _ (el = 1) (el — 1) < 1| f)lg]

0o sk © K
eerg_(Id—’_Z‘Z!—’_Zi!)‘:Z(kil)! > (fegfoff--.)

k,>1 orderings of

k f'sand lg’s
1 1 k+D' Lk 0
< > Ml =) Lf1%1g]
| | 1
k,1>1 (k + l)' orderings of k,l>1 (k + l)' li!
kf'sand lg’s
= (Ml = 1)(el! = 1) < 1 flg]-
Then we apply the triangle inequality and we win! [l

We also need

Lemma (Runge). Given K a compact polybox in C™, U an open neighborhood
about K, f € O(U), and € > 0, there is a polynomial p such that |f —p| < e on K.

This theorem is obvious for disks because we can just cut off the Taylor series,
but some trickiness is necessary to get it for any region. It will be proved in the
homework.
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3. PROVING CARTAN’S LEMMA

Remember that given H : UNV — GL,C we want H = F~'G for some
F:U—-GL.C,G:V - GL,C.

Step 1: Given ¢ > 0 we can shring U and V and write H = HoH; - - - Hx (where
each H; : UNV — GL, C) with |H; —Id| < ¢ for i > 0 and H constant.

Shift coordinates so that O e UNV. So for z € UNV, a € [0,1], az is also in
U NYV. The idea is that

H(z) = H(0)(H(0)™ H(012))(H(on2) " H(azz)) - (H(an-12) " H(2))

and this will give us what we want for suitable choices of a;. We can choose
KcU CK cUand L CV'CL CV such that for any « € [0, 1] there is an
interval (81, B2) around a with |H(82) 1H(az) —1d| < §/100 for 3 € (81, 32) and
z€ K'NL'. For ar,as in (B1, B2) we then have |H(cy2) H(B22) —Id| < 6. By
compactness of [0, 1] there are finitely many such intervals and we can take the «;’s
to be in the overlaps of successive intervals.

Step 2: Let h; = log H;. By Runge’s lemma we can (after shrinking our neigh-
borhoods again) find p;, a collection of r x r matrices with polynomial entries, such
that |h; — p;| is very small. Note that ePi is defined and in GL, C everywhere.
Replacing H by H' = e PNe PN-1...e P (0)"1H, we have reduced to the case
where |H —1d | is very small. This is because if (F’)~'G = H’ we can just multiply
F' by H(0)ePr...ePN to get a solution for F~1G = H.

Step 3: Let h =log H and let h = f — g with |f||g| < C1|h|. Let F; = e/, G =
e, H; = FyHGT'. Note that

[Hy —1d| = |ee?Te™ —1d| = |ef (e Te? + O(|fllg]))e™? — 1d|

=10(fllgD] < Calfllgl < C2CF|h|* < CoCECF|H —1d 2.

(Here the Cs is the constant in the bound |h| = O(|e" — 1]).)

Take H close enough to Id, so that |[Hy —Id | < %|H—Id |. Let hy = log Hy, and
let hy = go— fo, Fo = efz, Gy =e92, Hy = FQHlG;I etc. Then |F}9 —Idl = O(Q_k)
and |Gy —Id| = O(27%) so F :=--- F,Fy and G := - -- G2G; converge. Then

FHG ' =...FR,FKHG'Gy"' -

= (Id+0(27* 1)) Id+0(27 %) (Id+0(27 % 1)) = 1d+0(27%)
so FHG™! =1d.

4. A REMARK ON MATRIX LOGARITHMS

Remark: After class, several students asked me a good question. Given U a
simply connected domain in C™, and H a holomorphic function U — GL, C, is
there a holomorphic logarithm h of H? Recall that this is true for r = 1: Even
though the power series for log does not converge if H is far from 1, the simple
connectedness of U still lets us define the logarithm.

The answer is no. I’ll make life easier on myself and just show that, if we
have H(0) = Id, and require that h(0) = 0, there need not be a logarithm. I am
reasonably sure you should be able to extend this example to work without pinning
down h at a basepoint.
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The key point is that the differential of the exponential map is not always in-
vertible. Let J be the matrix (91 (1)) Note that J2? = —Id so we have

=3 on T Z(q)mﬁImZH)mﬂJ = (cos 0)Id + (sin 6).J
e = o 2. (Zm)! 2 (2m+1)! = (cos sin .

In particular, notice that e™ = —Id.
We will show that the matrix exponential, as a map from 2 x 2 matrices to
themselves, has noninvertible differential at 7.J.

Proof that the matriz exponential has noninvertible differential at wJ. Let S be the
set of matrices of the form g(wJ)g~— 1!, for g € GL2(C). Explicitly, S is given by the
equations Tr = 0 and det = 1, and is a two dimensional complex manifold. Now,
for g(wJ)g~—! in S, we have

1 n —1\n n jn
eoNe =N T T g )" _, (Z -/ )91 =g(-Id)g~' = -1d

n! n!

where the second equality is by g’s and (g~!)’s canceling.
So the matrix exponential collapses S to a point. So the differential of exp must
vanish on the tangent plane to S at wJ. O

Now, choose M a 2 x 2 matrix such that the vector in direction M is not in
the image of the differential of the exponential map at wJ. Look at the map
H : (z,y) — e®/ +yM. The image of this map is invertible in an open neighborhood
U of [0,7] x {0} within C2. Now, suppose that H has a logarithm h on U with
h(0,0) = 0. Then one can show that h(6,0) = 6.J. Then, for small ¢, we are suppose
to have exp(h(6,t)) = —Id+tM. But we chose M so that there is no smooth curve
f(t) with f(0) = nJ and f(t) = —Id + tM + O(t?). So h(m,t) is not smooth, and
h is not holomorphic.



