
MATH 632 NOTES: KÄHLER MANIFOLDS

SCRIBE: JUSTIN CAMPBELL

Definition 0.1. Let X be a complex manifold equipped with a J-invariant positive definite Hermitian form
〈 , 〉 = g − iω. We say X is Kähler if dω = 0.

We might also say 〈 , 〉, g, or ω are Kähler. For example, ω is Kähler if

• ω(Ju, Jv) = ω(u, v),
• ω(u, JV ) is positive definite,
• dω = 0.

Note: Kähler is a local condition.
Differential (Riemannian) geometry perspective: start with (X, g). Then we get a connection ∇LC on

T∗X called “Levi-Cevita.” This is the unique connection such that

(1) ∇ preserves the metric,
(2) ∇ has no torsion: if X and Y are commuting vector fields, then ∇XY = ∇YX.

Now the Kähler condition means that the Levi-Cevita connection commutes with J : J∇LCv = ∇LCJv.
Observe that if X is a Kähler complex manifold and Y is a complex submanifold, then Y is Kähler in the

restricted Hermitian form. This is just becaue d commutes with restriction.

Example 0.1. Let X be any curve over C and 〈 , 〉 any Hermitian form on T∗X. Then dω is a 3-form, so
dimRX = 2 forces dω = 0.

Example 0.2. Let V be an n-dimensional complex vector space and identify TxV = V . If Λ ∼= Z2n is a
discrete lattice in V , then any form descends to V/Λ, the complex torus.

Example 0.3. Let V be an n-dimensional complex vector space with a positive definite Hermitian form.
Recall that P(V ) = (V \ {0})/C×. Define S(V ) = {v ∈ V | 〈v, v〉 = 1} ∼= S2n−1, so that P(V ) = S(V )/S1.
Given x ∈ P(V ), we want a Hermitian form on TxP(V ). Lift x to x̃ ∈ S(V ). We have a short exact sequence

0→ Tx̃(S1x̃)→ Tx̃S(V )→ TxP(V )→ 0,

and we can use the inner product to identify TxP(V ) ∼= Tx̃(S1x̃)⊥. We have

Tx̃S(V ) = {y ∈ V | Re〈y, x̃〉 = 0}

and Tx̃(S1x̃) = R · (ix̃), so

TxP(V ) ∼= y ∈ V | 〈y, x̃〉 = 0}.
If you change the lift x̃ by eiθ, the isomorphism changes by eiθ. This doesn’t affect the restriction of 〈 , 〉 to
the right hand side, so we get the so-called Fubini-Study form on P(V ). Now P(V ) has an action of PGL(V ),
but note that the Fubini-Study form is only invariant under PU(V ).

Theorem 0.1. The Fubini-Study form is Kähler.

We’ll see soon that any complex line bundle gives rise to a closed J-invariant 2-form, which will imply
the theorem.

Lemma 0.2 (Nice coordinates). If X is a complex manifold with a positive definite Hermitian form 〈 , 〉,
then X is Kähler if and only if for every x ∈ X, there are holomorphic coordinates (z1, · · · , zn) near x such
that 〈 , 〉 =

∑
aij(z) dzi ⊗ dzj, where aij = δij +O(

∑
|zk|2) near x.
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Of course 〈 , 〉 is in the span of dzi × dzj because it is Hermitian. Without error terms, the requirement
is that we are looking at the standard form on Cn pulled back by the (z1, · · · , zn).

(The following point was explained badly in class) Since 〈 , 〉 is a smooth inner product, the aij will
be smooth functions. Therefore, the condition that aij − δij vanishes to order 2 implies that its derivatives
vanish to order 1. (Proof: The condition that F (x) = O(

∑
|xk|2) implies that ∂F/∂xi = 0 at 0. Since F is

smooth, so is ∂F/∂xi and, thus (∂F/∂xi)(x) = (∂F/∂xi)(0) +O(
∑
|xi|).

If we didn’t have F smooth, it might be something like x2 sin(1/x), which vanishes to order 2 but whose

derivative is discontinuous at 0. It might even be something like e−1/x
2

sin(e2/x
2

), which vanishes faster than
any polynomial at 0, yet has discontinuous derivative. But smoothness eliminates all that.

Proof. ‘⇐′ We care about

ω =
∑

aij dzi ∧ dzj ,
so write

dω =
∑

daij dzi ∧ dzj =
∑

O(
∑
|zk|) dzi ∧ dzj

at x. Thus dω = 0 at any x ∈ X.
‘⇒′ In any coordinates, sesquilinearity forces

〈 , 〉 =
∑

bij dωi ⊗ dωj .

Find holomorphic functions yi such that ∂
∂yj

are orthonormal at x. This gives

〈 , 〉 =
∑

dyi ⊗ dyj +
∑

cijdyi ⊗ dyj
with the cij smooth and cij(x) = 0. Then

ω =
1

2i
(
∑

dyi ∧ dyj +
∑

cij dyi ∧ dyj).

By hypothesis, dω = 0, so ∂ = 0, i.e. ∑ ∂cij
∂yk

dyk ∧ dyi ∧ dyj = 0.

This says that
∂cij
∂yk

=
∂ckj

∂yi
. We can deduce that there is a quadratic function

ϕj =
1

2

∑ ∂cij
∂yk

∣∣∣∣
x

yiyk

such that
∂ϕj

∂yi
|x = cij |x. Put zj = yj +ϕj(y), and since ϕj is holomorphic these are holomorphic coordinates.

Note

dzj = dyj +
∑ ∂ϕj

∂yk
dyk,

so ∑
dzj ∧ dzj =

∑
(dzj +

∑ ∂ϕj
∂yk

dyk) ∧ (dyj +
∑ ∂ϕj

∂yk
dyk)

=
∑

dyj ∧ dyj +
∑ ∂ϕj

∂yk
dyk ∧ dyj + · · ·+

∑ ∂ϕj
∂yk

∂ϕj
∂y`

dyk ∧ dy`

=
∑

dyj ∧ dyj +
∑

cij dyi ∧ dyj +O(
∑
|yi|2)

= ω +O(
∑
|yi|2).

But (y1, · · · , yn)→ (z1, · · · , zn) has a local smooth inverse, so O(
∑
|yi|2) = O(

∑
|zi|2).
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