NOTES FOR MARCH 31

TENGREN ZHANG

Let X be a compact Kahler manifold of dimension n, and define L %) = (flnf;;;, Last time,
we computed that * : H' (X) — H""9""P(X) is given by the formula * = #~9(—1) S pnk)

Today we pursue consequences of this formula.

THE POSITIVE DEFINITE HERMITIAN FORM ON H™(X)

Define a positive definite Hermitian form on HP'¥ (X) by (a, B) = ip_q(—l)@ [x anL=R)g.
This Hermitian form is in fact the hermitian form f A /3 defined previously, but restricted to
the primitive part.

We check that this is in fact positive definite in the following Corollary.

Corollary: For any primitive (p, ¢)-form 7, (n,7) > 0, with equality if and only if n = 0.

Proof:  Observe that (n,1) = [y n A ipf‘l(—l)k(k;l)L("*k)n = [y n A%, and we know that

Jx n AF >0, with equality holding if and only if n = 0. O

Suppose that I know X and its complex structure, then I can decompose H k(X ,C) into the
direct sums of HP?(X) without knowing the Kéahler structure. (See March 22.) Let w be the
negative of the imaginary part of the Kéahler form on X, and suppose all we know is what the
class [w] € HYY(X) is. We will now show that this is enough information to recover the Hermitian
positive definite pairing on H*(X) given by («a, ) = [ a A #B. Note that since L commutes with
A, we can view L as a map from HP4(X) — HPTL9+L(X) and this is given by L : [v] = [wv]. This
allows us to say (by a problem in Problem Set 10) what the primitive cohomology is, so we can get
the decomposition HP4(X) = H?? (X)@ LH? 171 (X))@ L2H?>97%(X)&. ... Also, by knowing

prim prim prim

L, we can say what (-,) is on each L’Angfié’lq*i(X), and since we know that the components of this

decomposition are pairwise orthogonal under (-,-), we can recover (-,-) on all of HP~9(X).

APPLICATION — A THEOREM OF SERRE

Every graduate class should prove at least one publishable theorem. This one is Serre, “Analogues
Kéhlériens de certaines conjectures de Weil”, Annals of Math. 71 (1960).
Theorem: (Serre) If X is compact Kahler and F' : X — X is an endomorphism such that

F*[w] = q[w] for ¢ € R>q, then the eigenvalues of F' on H*(X) have norm qs.
Proof:  Since F*([w]) = ¢[w], we have that F*L([n]) = ¢qLF*([n]), and in particular, F*
preserves L/ H? 7977 (X). Also,

prim

fX F*’I’] A L(n_k)F*ﬁ — qn%k fX F*n A F*(L(n_k)ﬁ)
L P A (LR
= qgi—k Jxnn (Ln=F)p)

The last equality holds because [n A L"¥)75] € H?"(X), which is the C-span of [w"]. Thus,
[n A L=F)7] = c[w"] for some ¢ € C, which means F*([n A L("9)7]) = cF*([w"]) = ¢"[n A L™ F)7].

The above computation shows that (F*n, F*n) = ¢*(n,1). (Note that F* is C-linear, so F*7j =
F*n.) Since the norm ( , ) is positive definite Hermitian, this implies that q_gF * is unitary. So all

eigenvalues of ¢~%/2F* all have norm 1 and we see that eigenvalues of F* all have norm ¢*/2. O
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ANOTHER HERMITIAN FORM ON H"(X)
Let p+q = n — 2j, and consider L/H?? (X) c HPT4Ti(X) C H"(X). Define a positive

prim
definite Hermitian form on LV HPH (X) given by (a, B) — P79(—1) e ;Jﬂ” JxanpB. This is
positive definite because for any 6 € L]Hgl’fm(X), we can write § = LIn for n € HP7977 so

[xO0ANO = [ LinAL7G= [,nA LY. Positive definiteness then follows from the relationship
between % and L, and the fact that [ v @A xf3 is a positive definite hermitian form.

On the other hand, we can avoid the complicated sign rule above and just define a Hermitian
form on H"(X,C) by («, ) — [y a A B. Note that this is not positive definite.

Example: Consider the Kihler manifold P! x P!, and let wy, wo be the pullbacks of the Fubini-
Study forms from each copy of P!. Then H*(P!) = C @ 0@ C, so H2(P' x P') = C? by Kunneth.
Explicitly, the generators of H? are w; and ws, the two Fubini-Study forms.

By computing the Fubini-Study metric in coordinates, we see that wy Awy = 0, so (w1, w1) =
fX w1 Awi = fXO = 0. Similarly, we can show that (ws,ws) = 0 and (w;,ws) = (w2, wr) = 1.

Every (1, 1)- form on P! x P! is of the form ajw; +asws for a; and ay € C. Thus, if w = ajwi +asws
is a Kéhler form, then w(u,v) > 0, which means ajw;(u) + aswa(v) > 0 for any nonzero (u,v). So
the Kahler forms are w = ajwi + aswsy for a; and as > 0.

Using the Lefschetz decomposition, we can write H'(X) = H L1

0,0 ..
) prim(X) ® LH . (X), and it is
easy to see that LH*? ,

prim

is the C-span of w while H; is the C-span of 0 := ajw; —asws. A straight
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forward computation then gives us that (w,w) = 2aja2 and (6,0) = —2aja2, so (-,-) is positive
definite on LHS;?m and negative definite on Hrl);ilm.

Note that (-, ) is R-valued when n is even and imaginary valued when n is odd. Also, when n is
even, the restriction of (-,-) to H"(X,R) is R-valued, and so it is a symmetric pairing for elements
in H"(X,R). Recall that, for any symmetric bilinear form over R (or Hermitian bilinear form over
C), the signature of the form is the difference between the number of +1’s and number of —1’s
when you diagonalize the form.

We can compute the signature of (, ) on H"(X) by counting up the dimensions of the spaces
Lng;IJI;q_] (X) (with p+ ¢ = n) on which we know ( , ) to be positive or to be negative.

Working out explicitly what i?~%(—1)k(+1/2 is we can read off the sign of { , ) on L/ HP~7971 (X))
in the following top half diamond:

I+ |+

T4+

L+ o+
T+ o+

+ +

SRS

+ +

For example, the sign on LjH;;ilm is negative, and the sign on L/ H*2?(X) is negative.

THE SPECIAL CASE OF HY! ON A SURFACE

On a surface (complex dimension 2), we can write H? = H>? @ H'' @ H%? and [w] € HY
LH™ is C-w. By considering the diamond above, we see that (-, -) is negative definite on H:1. (X).

prim prim
Forn € HY(X),let a = (w,n) / (w,w). The orthogonal projection of 1 onto Hg;ilm(X) is [n—aw].
So (n — aw,n — aw) < 0. Rearranging terms in this sum gives

2
(n,m) (w,w) < {w,m)
with strict inequality if [n] is not a multiple of [w]. For those who know the algebraic picture,
compare to Hartshorne Theorem V.1.9.



