NOTES FOR NOVEMBER 16

RACHEL KARPMAN

Let’s recall our setup from last time. We have the Lie group GL,, with Lie algebra
gl,, = {n x n matrices}.

There is a map [, | : gl,, x gl,, — gl,, defined by [A,B] = AB — BA. For each representation
p: GL, — GLy, we have a corresponding linear map o : gl,, — gly, with o([4, B]) = [0(4), c(B)].

Today, let’s look at how gl, fits in to the larger gl,. Let e;; be the elementary matrix with a 1
in the i*" row and j* column, and 0’s everywhere else. We have

leij, ene) = €iedjr — ejrdir
= ey (if j = k) —ej (ifi = 1)

We define hy = exk, ek = egr+1), [k = €(rr1)k-
Note: the set {ex, f, hr} generates gl,,. For instance, we have

[e1, [e2, e3]] = [e12, [eas, e34]]
= [e12, e24]
= e
Let’s look at gl acting on C? = C - {x, y}.
1 0 0 0 0 1 0 0
e o o) (@ D) @ 0) (o)

We can summarize this with a picture:

(0, 1)y\
el\t(l,O):ﬂ

For V(2) = C - {22, zy,y*}, we have

o 0 z? z? + 2aex? + - - -
<1+e<0 b)) zy | = |zy+ela+b)zy+---
y? y? + 2bey® + - - -

So

For example

x? 22+
0 1 9
1+e 0 0 Nyl = zytex+---
y? Y2 + 2exy + - - -

So we have
0 10
e] — 0 0 2
0 00
and similarly
000
fimr 2 00
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(0,2) y?
N(l, Lzy
Y
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The corresponding picture is

The downward arrows correspond to the action of e;, the upward arrows to fi.
For Sym"™C?, we get a similar picture

1. WEIGHT SPACES

In the above, we have used weight spaces to organize our pictures. Now we make some general
statements about how weight spaces will behave. First, we relate behavior of weights for the Lie
group action to weights for the Lie algebra representation.

If

tq
p -v:tlfl---tflnv
ln
then we have
a1
o v = (kra1 + -+ + kpan)v
an
Proposition: If u is in the (k1, k2, ..., k,) weight space, then o(E;;)u is in the
(kﬁl,kg,...,k?i—l-l,...,k:j—1,...,]43“)

weight space.
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Proof:
al al al
o (Eij)u = | o(Eij) +o yEig| | u
G, Qp, Gnp,

= (ka1 + - - + kpan)o(Eij)u+ o((a; — aj)Eij)u
= (kra1 + - - + knan)o(Eij)u + (a; — aj)o(Eij)u

So e; increases the i** component, and decreases the (i+1), while f; decreases the i*" component

and increases the (i + 1)%.

Now let’s look at V51(3). The action of f; corresponds to arrows pointing left; ey to arrows
pointing right, es to arrows pointing up, and fo to arrows pointing down.

T

A12A2 A12A1

\_/

Aoz Ao C-{A12A3,A13A,} Az

T

Ag3As A13A3

\_/

‘/—\ ‘/\
2A93A9 A3 A1 4+ A3Ag A3

We get a chain

A23A1 - A13A2

We can normalize this “nicely” by rescaling our basis vectors
2

AGEVAY) 7A23A1J§A13A2 A13Aq
\2_/, -~ 7
A13Ay — Az Ay

Similarly we get a chain
AYDYAV)

A13A242rA12A3

A13A9 — A3

Aq13A3

Notice that %, Aq13A9 — Ag3Aq, % and A13A9 — A12A3 are genuinely four
different vectors inside V51(3). Even if we decided to take two of them as our preferred basis,
making half of the maps in and out of the (1,1,1) weight space nice, the other maps would still
have nontrivial matrices.



