MATH 665 PROBLEM SET 5: DUE OCT 17 (WEDNESDAY)

See the course website for homework policy.

Problem 1 Let p be a representation of GL,, with character given by the symmetric function
f(x1,x9,...,2,). Let the restriction of p to G Ly X G Ly, have character g(yi1, ..., Yk, 21,22, - - - Zn—k)s
a function symmetric in the y’s and the z’s. What is the relationship between f and g7

Problem 2 Let V denote the standard n dimensional representation of GL,. Compute the
character of A*(A? V) as a symmetric polynomial.

Problem 3

Let p : GL,(C) — GL(V) be a polynomial representation of GL,(C). Write p(g9) = >, pr(9)
where the entries of pi(g) are degree k polynomials in the entries of g.

(a) Show that px(g)pe(h) =0 for k # ¢.

(b) Show that py(g)pk(h) = pr(gh).

(c) Show that V' can be written as @ Vi, where GL,,(C) acts on Vj, by a polynomial representation
whose entries are homogenous polynomials of degree k.

Problem 4 Let G be a compact group and p : G — GL(V) an irrep. Choose a basis for V' such
that p(g) is unitary. The aim of this problem is to prove the formula

— 1
/Gpij(g)pkﬁ(g)dg: m(sikdjg' ()

(a) Let 0 : G — GL(End(V)) be the representation o(g)(A) = p(g)Ap(g)~!. Construct a linear
map A : End(End(V)) — C so that

/ 013 (9) (9 dg = / Ao (9))dg.
G G

(b) Compute [, 0(g)dg, so your answer should be an element in End(End(V)). Hint: You
already did this on problem set 4.
(c) Prove formula ().

Problem 5

Let G be the unitary group U(n) and let O(G) be the ring of matrix coefficients. In class,
we proved that O(G) was generated as a C algebra by the matrix entries z;; and their complex
conjugates. This problem presents another proof of that fact.

(a) Show that, if X C Y are two representations of G, then the image of End(X)" in O(G) is
contained in the image of End(Y)V.

Let V be the standard n-dimensional representation of G; let W =V @ VY & C.

(b) Show that, for any N, the elements of End(W®V)Y in O(G) are polynomials in z;; and %;.

(c) Let x be the character of W. Show that x(Id) = 2n + 1 and |x(g)| < 2n + 1 for all other
g €aqG.

(d) Let U be a (nonzero) irrep of G, with character 1. Show that, for N sufficiently large,
Je x(9)N(g)dg > 0.

(e) Finish the proof.

One advantage of this proof is that it can be adapted to show that, for K any closed subgroup
of U(n), the ring O(K) is generated by z;; and Z;.



