MATH 665 PROBLEM SET 6: DUE OCT 22

See the course website for homework policy.

Problem 1 (The Weyl integration formula) Let A(z1,z2,...,7,) be the Vandermonde
determinant det(acg_l)lgi,jgn. Set sx_n(x1,. .., 1) = sx(1,. .., 20)(x1 - 20) N,
(a) Define W (61, ...,60,) to be A(er, ... e¥n)A(e=®1 ... e~%). Show that
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) Let V be a representation of GL,, and xy its character. Show that
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(d) Let F' be any class function in O(U(n)). Show that
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This is the Weyl integration formula.
(e) (Optional) Show that the same formula holds for F' any continuous class function on U(n).
Interpretation: We can kill the factor of n! by integrating over the smaller domain D := {0 <
01 <0y <---<0, <27} D meets every conjugacy class of U(n) exactly once. We have
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One can think of this as saying that the conjugacy class of diag(e’1, ..., e) has volume W (6)/(27)".
Using an invariant metric on U(n) to define volumes of submanifolds, this can be made precise.

Problem 2 (a) Find the coefficient of wzyz in s3;(w,x,y, z) and soa(w,x,y, 2).
(b) Find a basis for the part of S3;C* which has weight wayz for the action of diag(w, x, v, 2).
(c) Find a basis for the part of Sp2C* which has weight wayz for the action of diag(w, x, v, 2).

Problem 3 (The first fundamental theorem of invariant theory, preview) Let V be
a finite dimensional vector space with dimV > n. In this problem, you will show that the ring
Homg vy (VE", V") is isomorphic to C[S,]. The first fundamental theorem of invariant theory
says that, even when dimV < n, the natural map C[S,] — Homgy ) (VE", V") is surjective.
We’ll prove this in November.

(a) Use some result we have already proved to show that dim Homgyp)(VE™, V") is nl.

(b) Let a € HomGL(V)(V®”, V). Let eq, ..., e, be linearly independent elements of V. Show
that a(e; ® ea ® -+ @ ep) is in the span of e5(1) ® €5(2) @ -+ - @ €4y, for o running through S,.

(c) In the above notation, let a(e1,ea,...,en) =D ;e Colo(1) @ @ €q(p). Show that, for any
linearly independent fi, fo, ..., fn in V, we have
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(d) Show that the above formula holds for all fi, ..., f, € V.
(e) Explain why Homg ) (VE", VE") = C[S,].



