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Recall that a representation of a group G is a map of groups G — GL(V') for some vector space
V. For us, V will always be a complex vector space.

Our route to studying the representations of GL, (C) is through the unitary group U(n). Recall
that U(n) is the group of matrices that preserve the norm > | |z]?. In terms of matrices, a matrix

A € GL,(C) is unitary if UU" = 1d. An important feature is that U(n) is a compact group. We
now focus our work on compact groups to start our journey.

1. CompPACT GROUPS

Definition 1.1. A topological group G is a group and a topological space such that multiplication
G x G — G and inversion G — G, g+ g~ ! are continuous.

Remark. In our world, all topological spaces are Hausdorff.

Definition 1.2. A continuous representation of a topological group G means that the map p :
G — GL(V) is continuous.

2. THE BENEFITS OF HAAR MEASURE

The representation theory of compact groups is much nicer than the representation theory of
non-compact groups. The reason for this is that in the context of compact groups, we have a notion
of “averaging” that we do not have in the non-compact group setting. We discuss this precisely
now.

Let G be a compact group and let f : G — C be a complex-valued function on G. If G is finite,
we can compute the average |—(1;| > e f(g). We would like to generalize this to a compact group

G.

There is something called Haar measure which lets us talk about fG f(g) dg for measurable
functions f. (In particular, we may do this for when f is continuous.) The key properties of the
Haar measure are the following:

e It is linear.

e | cldg=1
e It is left- and right-invariant. That is, for any h € G,

[ thgydg = [ signyag = | 1) ds
G G G
o If f: G — R>p, then
| tardg=>o.
Furthermore, if f is continuous, f > 0 and fG f(g)dg =0, then f must be identically 0.

Remark. On locally compact topological groups, we always have a left Haar measure. The problem
is that the right Haar measure might not align with the left Haar measure. If these two do coincide,
then we say that the group is unimodular.

Proposition 2.1. Let G be a compact group an p : G — GL(V') a representation. Then G preserves
a positive definite Hermitian form on V.

Proof. Choose an arbitrary basis for V' and define an inner product

(u,v) = /Gp(g)u - p(g)vdg.
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This is clearly Hermitian and symmetric. It is positive definite as

(v,0) = /G Ipg)el? dg > 0.

The compact group G preserves this form since for any h € G,

ructo) = [ ooty pWptaids = | ptayo- oo d’ = (o).
where the main step in the above computation was the substitution ¢’ = hg. O

Since all positive-definite Hermitian forms are equivalent, we can choose a basis where (e;, e;) =
di;. Then this means that the image of G under p lies in the unitary group.

Lemma 2.1. Let G be a compact group and let p : G — GL(V) be a continuous representation.
Let U C 'V be a subrepresentation of V. Then there exists another subrepresentation W such that
V=UoW.

Proof. Find a G-invariant positive-definite Hermitian form (-, -). Then take W to be the orthogonal
complement of U with respect to this form. O

Definition 2.1. A representation W of G is called simple if it has no subrepresentations other
than 0 and itself.

Corollary 2.1. If G is compact, then every continuous representation of G is a direct sum of
sitmples representations.

Remark. A counterexample to the corollary when G is non-compact is if we take G = Z and consider
the representation Z — GLy(F) given by k +— ((1) ’f) .

This is all fine and dandy. But let’s PAUSE FOR SOME QUESTIONS: Why is there Haar
measure? Why is it both left- and right-invariant?

3. OBTAINING A HAAR MEASURE FOR COMPACT GROUPS

Let G be a Lie group of dimension n. Choose a volume form w on the tangent space at the
identity—call it T, G. Build an n-form n on G by translating w according to the left action. Set
nlr,e = LZ—lw-

Integration against 7 gives a notion of fG with

/G f(g)dg = /G £(hg) dg.

Moreover, every left-invariant integration is of this form for some w.
Note that R;n also gives a left-integration and

(Ban)ln, ¢ = By(nlT,, 1c) = ByLygn-10 = Ly gy -1 Bpw = Ly - (stuff).

So Rpn is a left Haar measure, but it may differ from the original left Haar measure 7.

Remark: This is a problem for groups in general. For example, consider Rsg x R, realized by
(49) for u > 0. Left Haar measure is = (du A dv)/u?. Pulling back (du A dv)/u? by the right
action of (&%) gives (d(au) A d(bu + v))/(au)? = (du A dv)/(au?) = n/a.

Since every left invariant Haar measure is of the form an, we have

Rin = a(h)n

for some a: G — R and a(h1hg) = a(hy)a(hs). Now, G is compact, and hence « is bounded, which
forces a(G) C {£1}. It turns out that a(G) = {1}.



