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September 6 — Introduction. This course will study the combinatorics and geometry of
Coxeter groups. We are going to spend the first few days discussing the finite reflection
groups. We are doing this for three reasons:

(1) The classification of finite reflection groups is the same as that of finite Coxeter
groups, and the structure of finite reflection groups motivates the definition of a
Coxeter group.

(2) One of my favorite things in math is when someone describes a natural sort of object
to study and turns out to be able to give a complete classification. Finite reflection
groups is one of those success stories.

(3) This will allow us to preview many of the most important examples of Coxeter groups.
I’ll also take the opportunity to tell you their standard names.

Today we will, without proof, describe all the finite reflection groups.

Let V be a vector space with a positive definite symmetric bilinear form - (dot product).
Let o be a nonzero vector in V. The orthogonal reflection across a’ is the linear map
T T — Qﬂa.

o«
This fixes the hyperplane ot and negates the normal line Ra. (The word “orthogonal”
is there in anticipation of future weeks, when we’ll have non-orthogonal reflections.) A
orthogonal reflection group is a subgroup of GL(V') generated by reflections. We will
be classifying the finite orthogonal reflection groups.

Let W7 € GL(V;) and Wy C GL(V3) be reflection groups. Then we can embed W; x Wy
into GL(V; @ V4), sending (w1, ws) to (% . ). We call a reflection group irreducible if we
can not write it as a product in this way. We will now begin describing all of the irreducible
orthogonal reflection groups.

The trivial group: Take V =R and W = {1}.

The group of order 2: Take V' =R and W = {£1}. This group can be called A, or Bj.

The dihedral group: Let be a positive integer and consider the group of symmetries
of regular m-gon in R?. This is generated by reflections across two hyperplanes with angle
7/m between them. Calling these reflections o and 7, we have 02 = 72 = (o7)™ = 1. This
dihedral group has order 2m and can be called I5(m). We note a general rule of naming
conventions — the subscript is always the dimension of V.

The symmetric group: Consider the group S,, acting on R” by permutation matrices.
The transposition (i) is the reflection across (e; —e;)*. This breaks down as R(1,1,...,1)&
(1,1,...,1)* So the irreducible reflection group is S, acting on (1,1,...,1)*. This is called
Anfl.

The group S, x {£1}": Consider the subgroup of G, (R) consisting of matrices which
are like permutation matrices, but with a £1 in the nonzero positions. This is a reflection
group, generated by the reflections over (e; — e;)*, (e; + ¢;)* and e. We give example
matrices for n = 3 below:

010 0 -1 0 -1 0 0

100 -1 0 0 0 10

0 01 0 0 1 0 01
reflection across (e; —ea)t  (eg + ez)t et

For reasons we will get to eventually, this is both called B,, and C),.
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FiGURE 1. Our running example of a hyperplane arrangement

The group S, x {+1}""': Consider the subgroup of the previous group where the product
of the nonzero entries in the matrix is 1. This is an index two subgroup of B,,, generated by
the reflections across (e; & e;)*. It is called D,,.

Collisions of names: We have A; = By, D; = {1}, A} x D1 =2 I5(1), A; x A} = Dy =
15(2), Ay = 15(3), By = I(4) and A3 = Ds. (The last is not obvious.) Some authors will
claim that some of these notations are not defined, but if you define them in the obvious
ways, this is what you have. Also, I5(6) has another name, Gj.

We have now listed all but finitely many of the finite orthogonal reflection groups. The
remaining cases are probably best understood after we start proving the classification, but
we’ll try to say something about them. Their names are Fg, E7, Fg, Fy, H3 and Hy.

Sporadic regular solids: Hj is the symmetry group of the dodecahedron. Hy is the
symmetry group of a regular 4-dimensional polytope called the 120-cell, which has 120
dodecahedral faces.

Symmetries of lattices [} is the group of symmetries of the lattice Z*U [Z"‘ + (%, %, %, %)}
in R*. Fjy is the group of symmetries of the eight dimensional lattice

{(al,aQ,...,ag) c78U [Z8+ (%,%7,%)] :ZaiE2Z}.

E; is the subgroup of this stabilizing (1,1,1,1,1,1,1,1); Eg is the subgroup of E; stabilizing
(0,0,0,0,0,0,1,1).

September 8 — Arrangements of hyperplanes. Let V' be a finite dimensional R-vector
space and let Hy, Hy,- -+, Hy be finitely many hyperplanes in V. Let H; = 3 for some
vectors 3; € VV. The H; divide V up into finitely many polyhedral cones.

Choose some p not in any H;. Let D be the open polyhedral it lies in and D its closure.
We'll choose our normal vectors (3; such that (5;, p) > 0. Observe: There can be no linear
relation between the fs of the form Y ¢;8; = 0 with ¢; > 0 (except ¢; =cg = -+ =cy =0)
since then »_ ¢;(5;, p) = 0.

We will call §; simple if §; is not of the form ) ¢;5; with ¢; > 0. So

J#i
D={o:(fi,0) >0,1<i<n}={o:(f,0)>0,p simple }.

In Figure 1, #; and By are simple and 3 is not.

Now let H; be the reflecting hyperplanes of some finite orthogonal reflection group. (Now
V has inner product) Let p, DY, D as before, 3; as before. Call the 3; “positive roots”. Let
aq, -+, be the simple roots.
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Example. Consider A,,_; (the symmetric group S,) acting on R". The reflections are the
transpositions (ij); the hyperplanes are x; = x; with normal vectors e; — e;. If we take

p=1(1,2,---,n), then the positive roots are e; — e; for (i > j).

The simple roots are e; 11 — e; =: q; for anything else, e; —e; = (e; —e;_1) + (ej_1 —
ej—2)+ -+ (eix1 —€;). So D ={(x1,22, - ,2n) 1201 <29 < -+ <1, }.

What’s the angle between o and a3? Since (aq, as) =0, it is 7.

What'’s the angle between oy and ap? We have (a1, ;) = (1) + (—1)? = 2, so |ay| =
V2 =|ag|. a1 -as = (ey —e1) - (e3 — e3) = —1, so cos O = \/5\1/5 =—jand 0 = 7.
Lemma. In any finite reflection group with aq, - -- , o as before, the angle between «; and

a; is of the form 7 (1 — mLJ), m;; € {2,3,4,---}. Letting s; be reflection over ;- the integer
m;; is the order of s;s;.

Proof. Let 0;; be the angle between «; and «;. Then s;s; is rotation by 6;; around the
axis af N ajL. Letting m;; be order of s;s;, we see 0;; must be of the form %ﬂ', where
GCD(l;;, m;j5) = 1. So s;,s; generate a copy of the dihedral group of order 2m;;. The m;

reflections in that subgroup are in mirrors - apart. So the corresponding positive roots
look like this:

i

o
m

The simple roots o; and a; must be the two at the ends, as the other roots aren’t simple.

0
Corollary. For i # j, (ay, o) <0.
Proof. cosm(1 — %) < 0 for m > 2. O
Lemma. oy, a9, - ,ap are linearly independent.

Proof. Suppose Y ¢;a; = 0. We already know can’t have all ¢; > 0. We also can’t have all
C; S 0.

Rewrite the supposed relation as ), ;cia)i — > . ;djo; = 0 where I NJ = () and ¢,
dj > 0.

Then ;i = .y djovy, we call this sum . But then vy =37, i ; cidj(i, o) < 0.
So 7 =0, and we already ruled that out. 0
Next time, we will classify all tables of m;; such that there exist o, ..., ax in R¥, a basis,

with angle 7(1 — m;;) between «; and «;.

September 11 — Classification of positive definite Cartan matrices. We review the
constructions from last time: Let V be a finite dimensional vector space with an inner

product. Let W C GL(V) be a finite orthogonal reflection group and Hi, ..., H, be the
hyperplanes corresponding to the reflections in W. Choose p € V —J, H;. Let f5; be normal
to H; such that (3;,p) > 0 and we let a1, ..., oy be the simple roots of this. Let s; be the

reflection in «;'.

Then, we showed last class that the «; are linearly independent and the angle between «;

and o is 7 (1 — L), where m;; is the order of s;s;.
mij

Main Idea: Today, we will forget about the reflection group and look at sets of vectors
with these properties. It turns out that this is a very limited set.
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mij )

We begin by normalizing |a;| to v/2 so {(a;, a;) = 2cos |:7T (1 s )} = —2cos =
call this A;;. We also have A;; = (a;, ;) = 2. A then forms a symmetric matrix.

Example. Let W =95,=A4,1. Soa; =¢; —e;y1 for 1 <i<n—1. We have

2 —1 0 0 0 0]
-1 2 -1 0 0 0
0 -1 2 0 0 0
A=
0 0 0 2 —1 0
0 0 0 -1 2 -1
(0 0 0 0 -1 2|

Proposition. A is positive definite.

Proof. Let 0 # ¢ € R*. Then, cAc’ = Zcicj (g, aj) = <Z civ, chozj> > 0. There is
b,J ( J

equality here iff >~ ¢;a; = 0, but as a; linearly independent and ¢ # 0, this doesn’t happen.
Thus, cAcl >0 . 0

We encode A in a graph I': The vertices are 1, ...,k and we include an edge (i,7) if
m;; > 3 (so A;; < 0) and we label those edges with m;; if m;; > 3. These are called
Cozxeter diagrams. Since positive definite matrices have all submatrices positive definite,
Ag cannot contain a subgraph corresponding to a non-positive definite matrix. We will thus
begin to list non-positive definite graphs. To do this, we use the following convention: If a
matrix S isn’t positive-definite, there is a nonzero vector ¢ such that c¢Sc? < 0. We will label
the vertex ¢ with ¢; in the below graphs to illustrate why each graph is not postive definite.

We’ll classify the connected Coxeter diagrams. We will show later that, if W gives rise to
a Coxeter diagram I' = I'; U 'y, then W breaks up as W; x Wy correspondingly.

Before we begin, we remind the reader of a few key values:

Ajj
0
-1
V3
-3

Note that the following subgraphs are excluded:

(1)

c:cnq;oowg
.

1

i

1 1 e 1 1
This implies I" is a tree.
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1 1 1
\2/ \2 9 9 2/
1/ \1 _ o

1 1

This implies I' has no vertices of degree > 4, and at most one of degree 3.

(3)

V2 24 2 e 2 24 V2
This implies I" has at most one edge with m,; > 4.

(4)

V229 2 9 2

This implies I" does not have both an edge with m;; > 4 and a vertex of degree 3.
At this point, we know that I' is either

(1) 3 paths with a common endpoint, and all edges with m;; = 3 or
(2) A single path, with at most one edge having m;; > 3.

The following excluded graphs rule out all but finitely many three path cases:

1

2 4 6 5 4 3 2 1
The following excluded graphs rule out all but finitely many single path cases. In the
middle two cases, there is no particularly natural choice of vector with negative inner product,
so we just compute the determinant.
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p 4213222 V2

. oo . det =3 —2V5 <0
o o . . . det =4 —2/5 <0
V3Z22o

The surviving graphs are the (connected) Coxeter diagrams! Recall that unlabeled edges
now mean m;; = 3.

° ° ce ° ° D,
°
°
° ° l ° ° Eg
°
|
° ° ° ° ° ° E;
°
° ° l ° ° ° o [
° oL o ° Fy
) > [ L] H3
o o ° ° Hy
° ° I(m)

There are also some alternate names:
Bn - Cn AQ - [2(3) BQ == 12(4) G2 == ]2(6) A3 - D3.
Reversing the Process: We have now shown that every reflection group generates one
of these Coxeter diagrams, but in order to conclude that this is a classification, we need to

show that this process can be reversed and is a bijection. It is clear that we can go from the
graph I' to the matrix A. Then, we have the following:

Theorem. For any positive definite symmetric matrix A, there exist vectors oy, ag, ..., a,

that are linearly independent such that (o, a;) = A;;.

Proof. Write A = UDUT with U orthogonal, D diagonal. Then, D = diag(\y,..., \,).
Let X = U - diag(v/A1,...,vV/An). Then, A = XX7T and the rows of X have the desired

property. 0]
We can thus go from A to some «j, ..., ai, with corresponding reflections s;(x) = = —
2%0@. These then generate some group Wousput-
(Eha¥]

However: The following issues still remain
(1) Is Woutputs necessarily finite?
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(2) If we start with a group Wipput, run the first algorithm to get a graph I" and then
run it backwards to get Woutput, does Woutput = Winput? (Note: If this is yes, it deals
with the issue of non-connected graphs from before)

(3) If we change p, do we always get the same Coxeter diagram I'?

(4) If we start with o, ..., ag, build Wy and take a p with (p, o) > 0, will o, .. .,
oy be the simples we get?

We will show on October 2 that the answer to all these questions is yes.

September 13 — Non-orthogonal reflections. Let V' be a finite dimensional R vector
space, V" its dual. We call an element o € GL(V) is a reflection if 0 = id and V¢ is of
codimension one. Then reflections look like o(z) = x — (o, x)a for some o € V., a¥ € V'V
with (o, «) = 2. Here @ and o are only determined up to rescaling of the form

a— ca, o’ — ctaV.

Up until now, we had a dot product (a symmetric bilinear form) on V', giving V= V'V,
In this setting, o is orthogonal if o and " are proportional. Then we will have oV = %

A reflection group is defined as a subgroup of GL(V') generated by reflections.

Lemma. If G is a finite subgroup of GL(V'), then G preserves a positive definite symmetric
bilinear form.

Proof. Take any positive-definite bilinear form (, ). Set

(T, 0) = éZ(gU, gi).

geG

Then ( , ) is positive definite and G-invariant. O

So all finite reflection groups are orthogonal.

Two reflections We now look at the case of two reflections. Let o and 7 be two reflections
such that

o(z) =z — (o, z)a, 7(z) =z — (B, 2)8,

with (oY, a) = (8Y, 5) = 2. We will care about the case when (8Y, «), (a¥, ) <0, and «a, 3
are linearly independent. Then the action on Span(aV,3Y)* is trivial.

Now we consider the action on Span(«, ). Since o(a) = —a, and o(f) = 8 — (o, B)a,
under the («, 5)-basis, we have

Lk

and
oT = _1+<a\/,ﬂ><ﬂ\/,a> <Oév75>
—(8Y,a) —1
det(o7) = 1,Tr(o7) = (", B) (8" 0,) — 2.

Since we have (8Y,«a), (oY, ) <0, we know that (", 5){(8Y,a) > 0.
Case I Assume (aV,8)(8Y,,) € [0,4). We set (a",B)(8",a,) = 4cos’f. Then we have

Tr(or) = 4cos?0 — 2 = 2cos 20. So eigenvalues of o7 are e*?’. This is the rotation

by 26. So the group < o, 7 > is dihedral of order 2m if § = %l, with ged(l,m) = 1.

Otherwise, it will become infinite.
Case IT When (", 5)(8Y,a) > 4, then the group < 0,7 > is infinite dihedral.
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Coxeter group Now let m;; be in {1,...,00}, for 1 < 4,5 < k. We set m;; = 1, and
mi; = mj; > 2. The Coxeter group W defined by those m’s is

< SiKSiSj)mij =1>.
We call a group which can be presented by this way a Coxeter group. Those s; are called

the simple generators.
Cartan matrix A matrix A is called a Cartan matrix for m;; if we have

Aij = O mij: 2
AijAji = 4cos? mLij’ Aija Aji <0 3< m;;<< 00
AijAji Z 4, Aija Aji <0 m;;= 00

Note that A;; and A;; do not need to be equal. We then say two sets ay,...,a; € V and
ay,...,a) € VVpair by A if

(o o) = Ay
Then we define s; : V. — V as s;(z) = x — (o, ), which gives an action of W on V.

Example. Consider the dihedral order By = I5(4). Then its hyperplanes and decomposition
of complements are given by a two dimensional plane cut out by y & x = 0. The associated
simple roots and their dual are given by

of o

5 1 NG

as = ay

From the diagram, we see the Cartan matrix is

2 =2
(A7)
the reflection with respect to hyperplanes are

§1 = ( _01 ? ) , So = ( _11 _01 ) . Warning: These formulas were given wrongly in class!

From this, we get an example of a Cartan matrix coming from a Coxeter group which is not
symmetric. In this case, we could instead choose to take oy = ay, both of length v/2. In
infinite groups, there are examples which cannot be made symmmetric.

September 15 — Roots, hyperplanes, length, reduced words. Last time, we discussed
the data needed for a Coxeter group; namely, a collection of m;;’s, with m;; € {1,2,3,..., 00}
so that m;; = 1, and m;; = my; > 2. This will define the Coxeter group W = (s;|(s;, s;)™9 =
1)

A Cartan matrix, A, for our Coxeter group W was then defined by A;; satisfying:
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Aii = 27
Aij =0 if m;; = 2,
2 .
AijAji = 4 cos miij, A’ij7 Aji <0 if 3 Smi]‘ < 00, and
If Vand VY are dual vector spaces with oy, as,...,ap € V and o, 0, ..., € VV, we

say that the pair by A if (), ;) = A. In this case, we get actions on both V' and V" with
si(x) =z — (o), x)ay, and s;(zY) = 2V — (¥, ) )

i

Example. In question 3 on homework 1, we played with: [_22 _22} . If aq, as, are a basis

for V, and wy, wy are a dual basis for V'V:
af = 2w — 2wy and o = —2w; + 2ws.
In particular, the oy do not necessarily form a basis for V.

Let D = {z¥ € VV|(z¥, ;) > 0}, and D° = {z¥ € VV|[(x¥, ;) > 0}. Generally, we want
D° non-empty. (As an example of what this forbids, when A = [_22 _22}, we don’t want
V2 VY 2R with a; = af = V2 and ay = o = —v/2.) We already have our simple roots -
let’s get the rest. Let ® = W-{ay, as,...,ax} C V. In this much generality, we could have
B and ¢ for some ¢ € R\ {£1} both in .

Each 3 € @ is of the form wa; for some w € W, and some i. We have ws;w™!, which is
a reflection acting by z — z — (8, x)5, with ¥ = wa;’. This will turn out to be all of the
reflections!

Lemma. There is a homomorphism sgn : W — £1 given by:
s; — —1.
Proof. Recall W = (s;|(s;,s;)™% = 1). All relations are sent to 1 if we send s; to —1. O

Proof (alternate). Choose a cartan matrix, roots, and coroots. This gives us:

W ——— GL(V)

o

{£1} — R*
U

The Length Function: For w € W, define /(w) to be the minimal ¢ € Z>( such that
we can write w = s;, sy, . . . 5, for some sequence of simple reflections. Notice /(w) = 0 if and
only if w = Id. We also have sgn(w) = (—1)“*), so £(w) isn’t a homomorphism, but it lifts
sgn to non-negative integers.

We define a word (s;,, Si,, - - -, S;, to be reduced if £ = {(s;,, si,,...,S;,). A (consecutive)
subword of a reduced word is reduced, i.e. if s;s2... s, is reduced, s;5;11 ... s;4; is reduced.

Lemma. For w € W and any simple generator s;, £(s;w) = ¢(w) £ 1 and £(ws;) = {(w) £ 1.
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Proof. We have ((s;w) < {(w) + 1 and {(w) < {(s;w) 4+ 1. So, {(s;w) — L(w) € {—1,0,1}.
We also have
(1)) = sgn(w) = —sgn(s;w) = —(—1)),
so l(w) = {(s;w) + 1 mod 2. O
We will say s; is a left ascent/descent of w according to whether:
((siw) = l(w) + 1 (left ascent), or
l(s;w) = L(w) — 1 (left descent).
We also characterize right ascent/descent, with
l(ws;) = l(w) + 1 (right ascent), and
l(ws;) = ¢(w) — 1 (right descent).
Any w other than the identity has some left descent and some right descent.
Note: This terminology makes sense in 5,. In S,

l(w) = #{(, )1 < i <j < nwli) >w(f)}
These are inversions. We get s; is a left ascent if w™'(i) < w™!(i + 1), and is a right ascent
if w(i) <w(i+1).

Example. Let 231 be 2+— 1, 3 +— 2, 1 +— 3. Then,

® 5, is a right descent of 231, because positions 2 and 3 are out of order, and
® 5, is a left ascent of 231, because numbers 2 and 3 are in order.

September 18 — Rank two computations. On the homework, you were asked to describe
the rank two reflection groups coming from Cartan matrices [ 2, 5* | and | % 5*]. These will
be key computations, so we repeat them here. The notes contain some material not cover in
class.

Let V have basis a1, ap and let wy, wy be the dual basis of VY. If we want o to pair with
a;j by [ 2, 5], we should take

a) = 2w — 2w,y ay = —2wi + 2wy.

Note that s = s3 = 1 so every element of W can be expressed by a word which alternates
s1 and so. We compute

ar = o
Sox1 = a; + 20[2
S§1S2001 = 30&1 + 20[2 ’
§951S20¢7 = 30[1 + 40&2

In general (s1s2)*a; = (2k + 1)ay + (2k)a,. Similar computations show that
WH{ay, as} = {nay + (n £ 1)as}.

So the roots ® lie on two parallel lines. The reflections s; and s, both fix the line R(a; 4 )
but they move elements parallel to a; and ay respectively.

Let D = {z¥ € VY : (x¥,a;) > 0} for i = 1, 2. So, in w coordinates, this is the first
quadrant. Then

wD ={z" e VV:(w 'z, a;) >0} ={2¥ € V¥ : (z¥,wa;) > 0}.
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2 2}

FIGURE 2. The roots for Cartan matrix [ %, 7

2 2}

FIGURE 3. The regions wD for Cartan matrix [_2 S

For example,
S1 D

2

{zV: (¥, s101), (¥, s109) > 0}

{zV: (x,

—a1), (¥, 201 + ) > 0}

{101 + ows 1 1 <0, 221 + 29 > 0}
In general, the wD form a collection of wedges filling up the half plane x; + x5 = O:
The wD and —wD together fill up VY. The same qualitative behavior (filling a half plane)

occurs for [ 2 5] whenever bc = 4.

Remark. We will prove later that —D € J o wD if and only if W is finite.

Remark. This example is sometimes called “the infinite dihedral group”. Indeed, if we
write the Io(m) root system in the basis oy, s, then the roots are

(Sin

7k

m

w(k—1)

oy + sin TO‘2> /sin™ k€ Z.
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T

FIGURE 4. The regions wD for Cartan matrix [ % 3*]

These lie on an ellipse and, as m — oo, the ellipse approaches two parallel lines with points
at (k,k+1).

2 -3

If we instead work with the Cartan matrix [ % 3’|, we now compute that

WHan, ag} = {Forar + Fopoa}

where F; are the Fibonacci numbers (indexed as (Fy, Fy, Fy, F3, Fy,...) = (0,1,1,2,3,...).
So the regions wD now have rays with slope —Fy/Fopao. In the limit, this slope approaches
—72 & —2.618 - -+ where 7 is the Golden Ratio. So the wD only fill up a convex wedge, and
must of V'V is in neither | JwD nor —JwD.

The same qualitative behavior occurs for [ 2, 5" | whenever bc > 4. Indeed, the eigenvalues

of 15, are e¥2° where bc = 4 cosh? o and the eigenlines always have slope —e*2? in the w,

wy coordinates. The region J, oy wD fills in a convex wedge bounded by the eigenlines.
September 20 — A key lemma. Today’s goal is the following key lemma:

Lemma. For w € W and s; a simple reflection:

o If s; is a left ascent of w, then { ,a;) > 0 on wD and
o If s; is a left descent of w, then ( ,a;) <0 onwD .

FIGURE 5. Hlustration of the lemma for A,
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Remark. We note that o, a; are not proportional: We can’t have o; € Rooa; as (o), ;) = 2
and (), ;) <0, and we can’t have o; € Rga; as that would make D° = 0.

Proof. We proceed by induction on ¢(w)

Base case: {(w) = 0 so w = 1. We want to show ( ,a;) > 0 on D. This is true by the
definition of D.

Case I: s; is a left descent of w so £(s;w) = ¢(w) —1. Inductively, (;, x) > 0 for x € s;wD,
so (i, s;y) > 0 for y € wD. But (o, s;y) = (sicvi, y) = —(a,y) so {ai,y) <0 fory € wD.

Case II: s; is a left ascent of w, but ¢(w) > 0. Since w # 1, there is some left descent
s; of w. Choose a reduced word for w of the form uv where u € (s;,s;) and is as long as
possible. Then u and v are reduced and ¢(u) + £(v) = ¢(w). We know u doesn’t start with
s; since s; is a left ascent for w, so u = $;5;5;8;...5; or ; We claim that 1 < {(u) < m;; — 1.
If /(u) = 0 then s; is not a descent of w, contradiction. No element of (s;,s;) has length
greater than m;;. Finally, is if /(u) = m;; then u could be rewritten as s;s;... with m;; terms,
which contradicts s; being a left ascent of w. So the claim is proven.

v AT =y o 5 o ) Y

FI1GURE 6. Our restrictions on the position of u

Since we chose u maximal, v doesn’t have reduced words with first letter s; or s;. So s;, s;
are both left ascents of v. And ((v) = l(w) — l(u) < {(w).
So, inductively, ( ,a;) >0and ( ,a;) > 0onvD.
By our results on u, we have: ( ,«;) > 0 on the set u{z|(z,a;) > 0,(z,o;) > 0} and
vD C{z|{z,a;) > 0, (x, ;) > 0}. Therefore, ( ,a;) >0 on uvD =wD O

Corollary. If w € W is not 1 then wD° N D° =

Proof. The element w has some left descent s;. We have {(a;, ) > 0onwD°®and (a;, ) <0
on D OJ

Corollary. W — GL(VV) is injective. W — GL(V) is also injective.

Example. Let’s see what this means for the symmetric group S,,. Recall that (ox); = z5-1(;)
where ¢ € S,, and z € R". So

r€oD < o'z €D <= (0 'z), is increasing <= To(1) L To@2) < oo < To(mn).-

The lemma says that (i 7+ 1) is a left ascent of 0 <= (e;41 —e;,2) > 0 for x € o D. By
the above equivalences, this will happen if and only if 67(i + 1) > o7 1(2).
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September 25 — Consequences of the Key Lemma. Last time, we proved the Key
Lemma:

Lemma. We have ( ,«a;) < 0on wD if s; is a left ascent of w and we have { ;) > 0 on
wD if s; is a left descent of w.

Corollary. For any w € W other than the identity, we have wD° N D° = (.
Proof. Let s; be a descent of w. Then ;- separates D° and wD°. 0
Corollary. For u,v € W, with u # v, we have uD° NvD° = {).
Proof. We have uD° NvD° = u(D° Nu~tvD®). O
So all wD? are disjoint.
Corollary. The maps W — GL(V) and W — GL(V") are injective.
We define @ to be & =W - {ay, s, ...,,} C V.
Corollary. For any 3 € ® and w € W, the cone wD lies entirely to one side of 3+.
Proof. Let 8 = ua;. We can reduce to a; and v~ *wD and use the Key Lemma. [l
Corollary. Each wD® is a connected component of V \ Ugea 3.

Proof. Its enough to show the claim for D°. We know D° lies entirely to one side of each 5,
and it is connected, so D° lies in some connected component E of V' \ Ugeg/3+. Suppose for
contradiction, there is some x € F \ D°. Since x € D°, so for each «;, we have (x, ;) # 0,
and for some say «;, have (x, ;) < 0. Then OzjL separates x from D°. O

We now know that, for any § € ® and w € W, the cone wD is entirely to one side of
BL. In particular, for any 3 € ®, we have either {( ,3) > 0 or ( ,8) < 0on D. So
we can write ® = T U &~ where & = {z € VY|(z,5) > 0} are the positive roots, and
O~ = {x € VV|(x, ) < 0} are the negative roots. We earlier described positive and negative
roots using a particular p € D°, we now see that the choice of p is irrelevant.

The next lemma essentially says that the simple roots are a subset of the «;, but is phrased
differently to avoid the question of whether to call a positive scalar multiple of a; “simple”.
The graphical intuition is shown in Figure 7.

e’fv 6t o'('\T/ﬁ"’(*»

Ay A

O(.L O(LL

FIGURE 7. D lying on the positive side of 3+ is dual to 3 being in the positive
span of the «;

Lemma. If § € &t then § can be written as ) ¢;o; with ¢; < 0.
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Proof. Suppose not, let R = {>_ c;a,¢; > 0}, then 8 ¢ R, and R is a closed convex set in
V', so there is some v € V¥ with (y, ) >0on R, and (y, ) <0 on . But then v € D,
and (v, ) < 0, its a contradiction. O

R
// /
ot.//}‘/,
)
Y//

FIGURE 8. Region R and the hyperplane v+

Lemma. Choose an index i. There exists an 6 € D, such that (#,«;) = 0 and (0, ;) > 0
for i # j.

Proof. Consider the line segment joining p € D° and —«;’. At p, all { ,«;) > 0, and at
—ay, we have ( ,a;) = =2 and ( ,«;) > 0 for ¢ # j. At the point of this segment where
( ,0;) =0 we must have ( , ;) >0 for all 7 # j. O

Corollary. «; ¢ Spang{«; : j # 1}
Proof. Let a; =}, i Cjj, pair with 6 in the previous lemma. O
Corollary. There is a nonempty open set of a; contained in D N s;D

Proof. Let U be a small enough neighborhood of 6 in a;*. Then all other { ,a;) >0 on U
and { ,a;)=0o0onU,soU C DNa;t. But s;DNaj =s;(DNa;)=DNa; since s; fixes
ait. U

7

D J@Yt

;.L
S

FI1GURE 9. The proof of the final corollary

This shows that D and s; D border along a codimension 1 wall. Thus, for any v, the cones
vD and vs; D border along a codimension 1 wall. This raises the following application, which
will return next class. Consider a word s;,s;, - - - 5;, with product w. Set v, = s;,5;, - - - 55, -
Then vy_1D and vy D = vi_;s;, D border along a codimension one wall. So the sequence of
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AVZ
ARG,

FIGURE 10. A word in W gives a walk through the chambers wD

cones D = vgD, v1 D, vsD, ..., vyD = wD each border along codimension one walls, as in
Figure 10.

The region (J, oy wD is called the Tits cone and denoted Tits(WW). The above argument
shows that it is connected in codimension one.

Correction to class: Prof. Speyer stated in class that the Tits cone need not be convex.
He was wrong, it is always convex. We’ll have enough tools to prove this next time.

September 27 — Adjacency of chambers, the set 7, assorted homework topics.
Last time:

e For every w € W and 3 € ®, the cone wD lies to one side of the hyperplane 5+
e & =9t UD where f € dTif (8, ) >0on D

e DN s;D is an n — 1-dimensional cone

Proposition. For any § € ®, § not a multiple of «;, the cones D and s;D are on the same

side of B+.
Proof. If D and s;D are on opposite sides of 3+, then (3,) =0 on DN s;D. Then Span(D N
s;D) = ai so (B,) can be 0 on it only if 8 € Ray;. O

So the chambers bordering D are precisely the chambers s;D. So the chambers bordering
uD are us;D. Since D and s;D are separated by a;-, so their images uD and us;D are
separated by ua;. So when uD and vD are bordering chambers, they border on g+ for
some 3 € ®. In that case v = us; for some s; so that vu™! = us;u™"! reflects over that wall.

Let T C W be defined as T = {us;u™' : ueW, i=1,--- ,n}. In S, these are transposi-

tions.
Corollary. If ¢; and ¢, € T reflect over the same hyperplanes, then t; = 5.

Proof. Let t, = ulslufl and ty = unguz_l. Consider t, - u; D. Points of u; D° very near the
(uloq)L wall would be mapped by t, into t,U;D°. Since the interiors of the chambers are
disjoint, tou; = tyuy and hence to = ;. O

From homework: Problem 3: Given a Cartan matrix A;; and «; linearly independent,
is there some symmetric bilinear form preserved by W with (c, ;) > 07 Need there to exist
numbers d; so that d;A;; = d;jAj;. Then the matrix of the inner product is [d;A;;]. If we
have such d;, then A is called symmetrizable. In that case, W preserves the inner product
(,) so that |wa;| = |ay| = d;.

Earlier difficulty: Could we have ca; € ® for some ¢ # +1?7 That is, could we have
wa; = coy? Then dj = *ed;. Certainly this can’t happen if all d; are equal. If A is
symmetrizable, we need to make sure that if wa; = o; then d; = d;. The hyperplane (szj)L
is fixed by ws;w™! and aj" is fixed by s;. So if wa; = a; then ws;w™! = s;. We don’t have
to worry; assuming d; = d; when s; and s; are conjugate in W. Problem 2 classifies when s;
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and s; are conjugate to each other. Namely, erase all edges of I" with even labels (where oo
is even). Then s; and s; are conjugate if and only they are in the same component.

An action of the affine symmetric group (Problem 4): We defined VY = {(a;)iez :
airn = pa;} where p > 1. Take n = 3 for example. Then

010 100 0 0 p
s;=11 0 0|, s$o=1(0 0 1|,s3=1]0 1 0
0 01 010 pt 0 0
We compute
1 -1 0 0 0 0 1 0 —p
[d-—s;=|—-1 1 0|, Id=sy,=1]0 —1 1 , Id — s3 = 0 0 0
0O 0 0 0 1 -1 —pt 0 1

so we can take

=1 =1 0] ap=[0 1 —1] az=[1 0 —p]
1 0 1
QY = |1 Oé;/ = 1 Qg = 0
0 -1 —p~!

2 -1 0 0 0 —p|
-1 2 -1 0 0 0
0 -1 2 -1 0 0
0 0 -1 2 0 0
o 0 0 0 --- 2 -1
—pt 0 0 0 - -1 2

which is clearly not diagonalizable. Indeed, the action preserves no norm and you can check
that (s18283)%an = pay. The Tits cone in this case is an orthant, as shown in Figure 11.

FIGURE 11. The representation of A, discussed above
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September 29 — Inversions and length. Last time, we defined ' = {us;u™ i =1,...,n,u €
W}, the set of conjugates of simple generators. We saw the bijection:

T +— {B+ : ped}
t —  Fix(?)
wsiw™ !t — (way)?t.
We introduce not standard, but useful notation; for z € VV — U B, set
Bed
I(z) ={t €T : Fix(t) separates D and x}.

If x € wD°, what is this? To get an idea, we let w = s;,8;,...5i,, Vg = S, ...S;,, and
tp = UkUk—1 = Siy ... Si, ... Si;. We get the picture:

\ 7 ’

D s1D v9 D e wD

Walking from D to wD, our reflections are the ¢;s. In the above notation, we get another
characterization of I(x),

I(x) = {t € T|t occurs an odd number of times in t1,...,%:}.
This description is purely algebraic, while our other is geometric.
Corollary. The set I(x) for x € wD® depends only on w, not on the Cartan matrix.
We write inv(w) for I(x). These are the inversions of .

Corollary. For t € T and w € W, the parity of the number of times ¢ occurs as tj is
independent of the choice of word.

Example. In As, let wy = 515951 = s25159. With both forms, we get the same set of ¢;s,
just in a different order:

518251 525152
b1 = 81 82
to = 818281 898182 = 815281
t3 = 8518525159251 = SS9 S595159251S2 = S1.

Corollary. If x € wD°, then #I(z) < oco. Similarly, if z € wD, then {f € ®T/R>,
(B, ) < 0} is finite.

This corollary gives us a way to prove things aren’t in the Tits cone. We now prove the
converse result:
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Theorem. Let z € V'V — U, and #I(x) = ¢ < oo. Then, x € wD® for some w with
Bed

l(w) =4L.
Lemma. For z € V'V — U Bt
Bed
o if 5; & I(x), then I(s;x) = {s;} Us;I(x)s;, and
o if s, € I(x), then I(s;z) = s;I(x)s; — {si}-

Proof. If t = s;, then z is on one side of a; and s;z is on the other, so s; € I(z) if and only
if s; & I(s;x).

(Sz’ﬁ)l ﬁl

Now suppose that t # s;. Let t € T reflect over 3+ € ®*+. The hyperplane 3+ separates

x from D if and only if s;3% separates s;x from s;D. But D and s;D are on the same side

of s;4+. So B+ separates = from D if and only if s;5+ separates s;x from D. We conclude
that t € I(z) if and only if s;ts; ' € I(s;x).

O

We now prove the main theorem of the day.

Proof. We induct on ¢. If £ = 0, then I(x) = &, and x € D°. We can take x € D° and
w = 1.

If ¢ > 0 but finite, then x ¢ D°. So some «; separates z and D°, giving us s; € I(z). Then,
we note I(s;z) = s;I(x)s; — {s;}. By induction, s;z € w’'D° for some w’ with {(w') =€ —1
and = € s;w' D°. Since s; € I(s;x), this means (o, ) > 0 on s;z, and s;x is a left ascent of
s;w'.

Therefore, ((w) = (w') +1 = ¢. O
Corollary. A word s;,s;, . .. s;, is reduced if and only if the sequence ¢, . . ., ¢ has no repeats.

Proof. Let w = 84,84, ...5;,. We know £(w) = #{t; occuring an odd number of times}, so
¢(w) = ¢ if and only if each ¢; occurs exactly once. O

In practice, compute a;,, i, Q,, Si; SiyQy, - - -, and s;, ... s;,_, oy, to see if a word is reduced.
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Example. In Dy, is sys1525350 reduced? Computing the list from above, we get:
Qo
So0] = g + o
S0S10ig = Qg + Qg
505152003 = Qo + Qi3
508152830 = 209 + a1 + o + iz
These are distinct, so £(sps1525350) = 5.
Corollary. The Tits cone, Tits(w), is the set {x € VY| finitely many Fix(¢) separate x and D°}.

Corollary. The Tits cone, Tits(w), is convex.

Corollary. If |W| < oo, Tits(w) = VY, so the wD® are the connected components of

VY- st

ped®
Corollary. If |W| = oo, then —D° N Tits(w) = &

In the finite case, we define wy € W to be the element so that wgD° = —D°. For this
element, we have (wy) = #T, and {(w) < #T for any w # wy. For this reason, wy is the
longest word.

October 2 — David pays his debts. We have two procedures that we want to verify are

mutually inverse. Today’s goal is to do exactly that, and answer the question from the end

of September 11. We start by recording two “running” algorithms from past lectures.
Algorithm 1: Start with W a finite orthogonal reflection group. Take

® = {normals to hyperplanes}.

Choose p not in any +; this splits ® = ®+ L ®~. Let ay, ..., a; be simple roots in &+ with
reflections sy, ..., s;. The a; will be linearly independent, and the angle between «a; and o
is (1 — 1/m;;) where m;; is the order of s;s;. We get a positive-definite Cartan matrix A
with entries A;; = «a; - 5.

Algorithm 2: Start with positive-definite Cartan matrix with entries A;;. Find oy, ..., o €
V and of,...,a) € VY such that (o), ;) = A;;. Note that the «a;’s will be linearly
independent: indeed, if ), c;a; = 0, then (3, ;o >, ¢ja5) = 0. However, the latter value
can be expressed as (X, 2) = ¢ Ac and A is positive definite, yielding a contradiction.

We can define an inner product on V' (so V= VV) and can think of V' = VY. The s;,
given by s;(x) =z — (o, x);, generate some subgroup W C GL(V).

So Algorithm 1 associates to each finite orthogonal reflection group a positive-definite
Cartan matrix, while Algorithm 2 associates to any positive-definite Cartan matrix an or-
thogonal reflection group.

Claim 1: The output of Algorithm 2 is finite when A is positive definite.

Proof of Claim 1. Let ¥ be the unit sphere in V and let A = ¥ N D. We equip X with a
Riemmannian metric by restricting the inner product from V', so we can talk about volumes
of subsets of V. All of the wA have disjoint interiors in ¥. So

Vol(Z) > ) Vol(wA) = [W] Vol(A)

weW
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where the equality is because W preserves the inner product on V' and hence preserves the
metric on Y. Thus

VOI(E)
W< A O
Vol(A)
Now that we know |W| < oo, we know V = JwD so ¥ = |JwA and |W| = xsll(i))
Suppose that we compose in the following order:
Wi 123 AR W,
That is, W, is sent to A by Algorithm 1, and A in turn is sent to W, by Algorithm 2.
Claim 2: Is W, isomorphic to W,,;?
Proof of Claim 2. By definition, Wout is generated by s"’“, ..., g obeying (s{"*sg")™i = 1.
Meanwhile, the elements si", ..., in Wy, obey (si" ;”)m” = 1. So we have a group

homomorphism W, — Wm C GL(V).

We showed W, — GL(V) is injective, so Wy, € Wy,. The group W;, is generated by
reflections, so it is enough to check every reflection ¢ in W, is in the image of W,,;. Suppose
that H = Fix(t) and that H = 3+ for some 3 € ®;,. If H = 3+ for some 8 € ®,,;, then t
is the orthogonal reflection over A+ and ¢ € W,,,. If not, H passes through wD° for some
w € W Up to replacing t by w™'tw, we may assume H passes through D°. Then

B & Spang (o, ..., qr) U — Spangs (aq, ..., ).
But that means we failed to take the correct simples in Algorithm 1, a contradiction. U

FIGURE 12. Proof of Claim 2.

Now we compose in the opposite order. Suppose we start with a positive-definite Cartan

matrix A;, and we construct
Alg 2 Alg 1
Ay — W — A .

Under Algorithm 2 we consider the following data: of",...,ai" € V and a positive-definite
inner product on V with (s") = W. Under Algorithm 1 we consider the following data:
O = ot U D, where o™, ... a% € ®F are the simples of . We want to verify that:

out7 aqut> — <a§:n’ a;n)

b <ai 7

o If p is such that (p,a}") > 0, then {a"} = {ag"}.
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First of all, what if we choose p such that (", p) > 07
From Problem Set 4, Problem 2, all reflections in W are over some (wai™)*. Thus we

: j
conclude that ®,,, = {w - a}”}. Now

ino

s} U {negative combinations of the o/*’s}.

{w - !} = {positive combinations of the « E
By our choice of p, the functional (p,-) is positive on first set and negative on the second
set.

Thus @7, as defined by (p, -}, will be positive combinations of the a;'-”’s; the latter will be
the simple roots.

What about some other p? That p must lie in wD® for some w € W, so w™'p € D°. The
positive roots for p are w - {positive roots for D°} = {w - i, ... w - ai"}.

Note to the reader: There were a lot of topics which probably should have gotten
covered at this point which were tossed onto problem sets instead. I wound up taking a day
to cover them on October 20. If you are reading these notes without the class, you might
want to go there now.

October 4 - Crystallographic groups.

Main Idea. Today, we started talking about when Coxeter groups preserve some lattice.
We begin by recalling the following definition:

Definition. Let V be a vector space. Then, A C V is called a lattice iff it is a discrete
additive subgroup of V' which spans V' as a vector space.

1 1/2 .
. 2 C 2 . C 2 . C
Example. Z* C R? and Z <{ 0 } , [ \/5/2 ]> C R* are both lattices, but Z - (1,7) C R

is not (as it isn’t discrete).

Theorem. Lattices are always of the form Z - (w1, ..., w,) for (wi,...,w,) a basis of V

Definition. For a lattice A in V', the dual lattice AY C VVis{x € VV : (2,8) € Z VS € A}
Note that Ay C Ay <= A} D AJ.

Definition. For W acting on V', we say that W preserves A iff w(A) C A for all w € W.
Note that if W preserves A, W also preserves AV (acting via the dual action).

Main Idea. We will show that, very roughly, if W is a Coxeter group, W preserves some
lattice in V' iff A;; € Z. More specifically, we have the following two main theorems:

Theorem (Theorem 1). If W (a Coxeter group) preserves a lattice in V', then we can rescale
that «; (so A;; ~ E—AU) to make A;; € Z. Furthermore, I can choose this rescaling such
J

that Z (o) € A C (Z{a)))" (and dually, Z (o)) € AY C (Z (o))"

3 3

Theorem (Theorem 2). If all A;; € Z and Z (o) and Z () ) are lattices, then W preserves
them and preserves any lattice A between them.

Note that this requirement that these be lattices prevents this from being a full converse
of Theorem 1.
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FI1GURE 13. The A, roots and weight lattice

Definition. We define the following lattices:
root lattice: Z(«;)
weight lattice: (Z(a"))"
coroot lattice: Z(a")
coweight lattice: (Z(a))"

Example. Let W =4, 1~ S, V=(1,...,)P CR"and V¥V = V¥V =R"/R(1,...,1)

We can then identify V and VV via V — R" — V'V

Then, we can have a; = e;41 —¢; and o = e;41 — ¢;

Our root lattice is then Z (ay) = (1,...,1)* N Z" and our weight lattice is (Z (o))" =
{(z1,...,2n) € (L,..., ) vy —a; € Vi, 5} =Z{ay + Z (2,2, L L — 1)

Thus, (Z (aV))" /Z (a;) ~ Z/nZ and so the lattices preserved by W correspond to sub-
groups of Z/nZ.

Definition. A Cartan matrix is called crystallographic if all A;; € Z.
A Coxeter group is called crystallographic if all m;; € {1,2,3,4,6,00}.

Example. In the following diagrams, the origin is at the center, the black circles are the
generators of the root lattice, the lines are where pairing with some «;" gives an integer and
the open circles are the weight lattice.

Example. We recall that, as groups B, = C,,, however, they correspond to different crys-
tallographic structures (for n > 2) as we will show here:

4

Recall that they correspond to
ThU.S, we have that A” = 2,A12A21 = 27 Ai,i—i—lAi—‘rl,i = 1for i > 1 and AU = 0 if
li — j| > 1. Thus, for A;; to be integers there are two possibilities for the Cartan matrix:
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i
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(X7

C
C
C
C

F1GURE 15. The G5 roots and weight lattice

[ 2 —2 0 0o 0 0 | [ 2 -1 0
1 2 -1 -~ 0 0 0 2 2 -1 ...
0 —1 2 0 0 0 0 —1 2
Either OR
0 0 0 2 —1 0 0 0 0
o 0 0 - —1 2 -1 o 0 0 -
0 0 0 0 -1 2 | 0 0 0

These give us the root systems

2 -1 0
-1 2 -1
0 -1 2

B,: ® = {£ey, te; £ e}, @V = {£2e;, Lte; £ €;}, while C,, has & and ¢V reversed.
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These look like By : - 0 - and Cy: - 0 - soin By and (5 can be made to have

the same crystallographic structure by a change in coordinates, but that isn’t true for higher
dimensions as most roots will be the longer length in B,, and most will be the shorter length
in C,,.

For B,, we have Z{(a;) = Z", while (Z (o))" = {(z1,...,2,) : 274, +2; 2, € Z} =
(zr+ (L. 1)Uz,

For C,,, we have Z (a;) = {(a1,...,a,) € Z" : 3 a; = 0(mod 2)}, while (Z (o))" = Z".

So while both have (Z (o))" € Z (o), in B,, the smaller lattice has an orthonormal basis,
while in C,,, it is the larger lattice.

Theorem. The finite crystallographic cases are:

An Bn Cn Dn EG E7 EB F4 G2
(Za) [Zoy | Z](n+ V)2 | ZJ2 |22 | Z]2 x ZJ3 | Z/3 [Z/2 | 1 | 1 | 1

Proof of Theorem 2. Recall s;(a;) = oj — A;joy so if all A;; € Z, then s; acts on Za; by an
integer matrix and W preserves Za;. Likewise W preserves (Zoz}/)v

To show W preserves any A between these, it is enough to show that W acts trivially on
(Za))Y | Zay;.

Let w € (Zay)". Then, s;(w) = w — (o), w) a; = w(mod Zay). O
Proof of Theorem 1. Let W preserve A. Then, we claim that Ra; N A # (0).

To see this, note that A spans V, so it contains A ¢ (af)t. Then, s;(\) = A+ ca; for some

c &0, so ca; € A. Thus, the claim holds.
Sine the lattice is discrete, Roy; N A = Z - (coy;) for some ¢ € R4y. Rescale so ¢ = 1. Now,

Ther_l, Si(aj) = a5 — AijOéi € A, SO AijOéi € A and Aij € 7.
Finally, for any A € A, s;(A\) = A — (o, \) a; € A so (o, \) oy € A, which means that

(), \) € Z. O
October 6 — The root poset and the highest root. We first work through a homework
problem.

Problem Set 3, Problem 3 Let V'V f{(ai)iez € RZ : a;,, — a; is independent of 1}. An
element f in the affine symmetric group A,_; acts on V¥ by (f(a))i=as1(.
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Choose a basis {eq, €3, ...€"} for V'V, then (e;);=1 if j = i(n), and (e;);=0 otherwise, and
f; = j. The reflection s; acts by an matrix:

(10 ---0 0 -0 0
00 ---0 1 0 1
0 0 1 0 0 —1
0 0 0 0 0 0
00 -0 0 0 1]

The group looks like

S, *
0 1
To work out «; and ), we need to find the form 1 — s;, that is

oo -- 0 0 ---0 0]
00 -+ 0 0 -0 0
oo --- 1 -1 ---0 =1
00 -+ -1 1 ---0 1
00 0 O 0 0
0 0 0 0 0 0

Fo

0

So a)= _11 jand a=[0 - 0 =1 1 0 -~ 0], ap=[1 0 --- 0 —1 1].
0
0

The domain area is D={z1e; +xoea+ -+ xpnen +yf i1 +y > a1, 1 +y > 2}, SO We
get D={(a;) : a; < a;41}, and the Tits cone Tits(W)={a;+, — a; > 0}.

Now go back to new materials.

The root poset and highest root: Let (IW,®) be crystallographic, and «; are linear
independent, so ® C Z{a;}, and T C Z>p;. We partially order & by the following rule:
we say »_ by > ¢y if by > ¢; for all i.

Example. Lets consider the root system ®* for By. On the left we draw the roots in black
and the cover relations of the poset in blue:

Proposition. In finite type, the root poset is graded by the height ht(>_ b;a;)=> " b;.
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. __g(;de 1A+, 3d\+ A

oA td\

Vi
0(’ 0(\, \0(\

FIGURE 16. Order of roots of By

This was not proved in class. Thanks to Peter McNamara ! for providing a short proof.

Lemma. Let ® be a finite crystallographic root system and let o and 5 € ®. If (oY, 8) <0
and a # —f3, then a + 8 € ®T. If (¥, 5) > 0 and o # 3 then § — o € ® and, if we further
assume « is a simple root, then f —a € ®*.

Proof. We first consider the case that (a¥, ) < 0. We have (a”, 5)(5Y,a) < 3 since our
bilinear form is positive definite. The dot products (o, 5) and (5", «) are integers with the
same sign, and we have assumed that sign is negative. Thus, at least one of («",3) and
(BY,a) is —1; without loss of generality say (aV,3) = —1. Then the reflection of 3 over at
is B —(a™V,fla=a+,s0 a+ € P. As a sum of positive roots, it is clearly positive.
We first consider the case that (", ) > 0. As before, we deduce that § — a € ®. If
further more « is the simple root «; and 8 # «;, then § = > ¢;a; and there is some j # i for
which ¢; > 0. So f —a =) ¢jo; — o has positive coefficient on «; and must be a positive
root. O]

Proof that the root poset is graded by height. 1t is obvious that, if 51 < [s then h(f;) <
h(52). What remains to be shown is that, if 51 < 83 and h(fs) — h(f1) > 2, then there is a
B with 81 < B2 < fs. Let 5 = 1+, cia; with ¢; > 0. Let - be the positive definite inner
product. Since ). ;¢ - > ;i > 0, there must be some ¢ for which a; - )., ¢ > 0.
So a; - B1 < - B3. If a; - B < 0 then the lemma shows that 8; + a; € ®T; set 5y = 51 + a.
If a; - B3 > 0, then the lemma shows that 83 — a; € ®T; set By = 53 — ;. Either way, we
have 1 < [y < fB3. (We use that h(fs;) — h(51) > 2 to shows that these inequalities are
strict. If h(Bs) — h(B1) = 1, then the proof works until this detail, but we either get £ = (35

[

or ff = 53-)

Obviously the minimal elements are «;, - - - a,,. When I is connected, there is one maximal
element, the highest root 0. We will sketch a proof:

Proof sketch. From Problem Set 5, Problem 5, we know for each « € Tits(W), there is
exactly one point in Wx N D.

Note that if 6 is maximal in ®, then § € D after identifying V with V'V, ie V = V'V, Indeed,
if 6 is not in D, then we can find an «;, such that #-a; < 0, then s;,0 = 6 — ?O(:‘Zaf; «o; > 6. For
each orbit in @, is precisely one element in D, so in types A, D, E we are done. In B, C, F',
G, there is a long orbit and a short orbit. Let 0;,,4 and 04p,0,+ be the unique root of each orbit
in D. Using that I" is connected, we have 7, - 79 > 0 for any 7;, 72 nonzero vectors of D.

So, in particular, Osport - Olong > 0. By the above Lemma, £(00ng — Oshort) € 4. Assuming

Ihttps://mathoverflow.net/questions/283343
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O1ong — Osnort € @1 (in fact, this is always the correct sign), we see that 6,y > Osport in the
root poset, o Ogpor is NOt maximal. O

In A, _1, highest root is e, —e; = a1 + - - - ay,

1 1 1 e 1 1
In B,, the highest root is e,_1 + e,.

9% 9 9 9 1

In C,, the highest element is 2e,,

12 9 9 9 9

In D, the highest element is e,,_1 + €,

/ :
2 2 2 2 2\
1
In Eﬁ
2
1 2 3 2 1
In E7
2
2 3 4 3 2 1
In Eg
3
2 4 6 5 4 3 2
In F4
1 223 1
In Gg,
322
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October 9 - Affine groups. Let A be a symmetrizable Cartan matrix, means there exists
some d; > 0 with

dzAz] = deji'
Set B;; = d;A;;, then we could ask the following question:what will happen when B is
positive semi-definite? Here we get a positive semi-definite inner product on V', and roughly
the answer to that question is

W lookslikeWy x (Za),

where Wy is finite Coxeter group, and Zc,' is a lattice.

As usual, associated to the Coxeter group we could get a graph I', with edges I';; if A;; # 0.
We say I is reduced if it is connected.

We first make the following claim:

Claim: The subspace ker(B) is at most 1 dimensional. And the vector in the kernel is a
combination of «;’s with all same signs.

Example. When the Cartan matrix looks like

2 -1 -1
-1 2
B = ,
-1
-1 -1 2
the kernel is
1
ker(B) =R | :
1

Proof of the Claim. Let ¢ = Y ¢;a;; be in the ker(B), then > ¢y - > cio; = 0. We let
I, = {ile; > 0}, Iy = {i|c; = 0}, and I = {i|¢; < 0}. So we could write ¢ = ¢, — ¢_, where
Cy,C_ have > 0 entries with disjoint support. Then we have

8+ = Z c,ai,E_ = — Z C; ;.
i€l iel_
From (¢, —c_) - (¢4 —¢-) =0, we get
5+'E++5_‘5_:25+'C_:_,

where the left side is > 0 by the positive-semi-definiteness, and the right side is < 0 since
A;; <0 for i # j. In this way, the condition we have makes everything become 0, and ¢,, c_
are null vectors of length 0, such that I, does not border /_ is I'.

Now we make the following claim:

Claim One of I, and I_isall of {1,2,...,n}, and the other is @), (here we already assumed
that I" is connected). If not, let ig € Iy border I,. Then we get

0 < (€4 4 0iy) - (G4 + daiy) = Gy - Cp 4 208, - iy + 62y - i,

where ¢ > 0 is small enough, and the right side is small than 0, a contradiction.
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Now we have shown that for ¢ in kernel, all ¢; have the same sign. This actually forces
1-dimensionality: If ¢ and d are non proportional, then for some scalars p and ¢ and some
coordinates ¢ and j, we have

pc; + qd; < 0,pc; + qd; > 0,

a contradiction.

Now let ¢ be in ker(B), Then we have

<Oé;‘/7 Z Ciai> = 07 \V/j
Then we will have > ¢;a; # 0. Otherwise if > ¢;a; = 0, then > ¢;(z, ;) = 0 for all z € V'V,
which leads to D° = @. And we denote by d to be >_ c;a;, then all o € §+.

Example. Recall in recent homework, a’s looked like
0

We put V¥ = {z € VY|{(x,d) = 1}, then W preserves V}¥. (This is because
<5a Sil‘> = <57 _<ai7 l’>Oé;/>
= (3, %) — (a, z)(0, ),
where the latter is 0.

We then descend the - from V' to V/RJ, and it becomes positive definite on V/Ré. Canon-
ically (V/RS)Y = ¢+ C VV. So 6+ has positive definite inner product. And VY has a
canonical matric:
which is preserved by W. That also means W acts on V}” through the Euclidean symmetry
group

O(64) x o+,
Note that, on VY, (—,8) =1, so B NV} and (3 + §)* N'V}¥ are parallel hyperplanes.
We will be proving

Proposition. We have
W =W, x Zdy,
for some finite crystallographic (Wp, ®y).

Example. See the lattice of A, in Figure 17.

Since 0 = Y ¢;a; has ¢; > 0, the linear form (—, d) is positive on D\{0}. Set D; = DNV}",
then Dy is a simplex, see Figure 18. (When I is disconnected, the corresponding story will
involve a product of simplices.)

Now we make the following claim:
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h_m\w/z

0,=0,¢1% Rre—

FIGURE 18. D; and V}”

Proposition. We have

U U)Dl =

weWw
Proof Sketch. Since Dy C V}Y, and W preserves VY, so all wD; C V). If they did not fill,
let z be on the boundary of Uwew wD;. Then D;’s accumulate at z. But all D;’s have same
area and shape, which means they cannot accumulate at any point in V}". 0

At last, we claim the following:

Proposition. The image of ® in V/R¢ is finite. Correspondingly, there are only finitely
many directions of hyperplanes.

Proof. Tt is enough to show a lower bound for angle between images of fi- and 3 in V/RS.
If 3 and By in V}” are not parallel, let x € SN By NV}, Then w™!Bi and w='B;y meet on
Dy only at finitely many hyperplanes touching D;. So W acts on V/Rd via finite reflection
group Wj. U

October 11 — Affine groups II. Summary from Last Class If A is a positive, semi-
definite Cartan matrix, then we get a positive semi-definite inner product on V. Reduce to
the case where I' is connected. Then the inner product - has signature (+ + ... +0). Let
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d = ker(+). W preserves hyperplanes in V¥ perpendicular to §. (See figure 18 from the notes
from last class). Recall V)Y = {z € V¥ : (§,z) = 1} where V}” has a natural metric and W
acts on V¥ by maps in O(§1) x 6+ where O(6+) corresponds to rotations and reflections
while §+ corresponds to translations.

We further showed that DY = DN V)" is a simplex, (J, o wDY fills V)", and, when § € @,
then 3+ NV,Y is an affine hyperplane and (3 + 6)* is parallel to 3. Since the image of ® in
V/R{ is finite, there are only finitely many parallel classes of hyperplanes.

We have a commutative diagram:

1 > P > W > Wo > 1
N N N
1 > Ot > O(6) x 0t —— O(6t) —— 1

Here P = W Né&+. Wy is a reflection group acting on d+ and its dual preserves the image of
® in V/RJ. So, since this image is finite, W} is finite.
Claim 1: P is a lattice. Since the P-translates of Dy are disjoint, P is discrete.

Proof. For each w € Wy, choose a lift w to W and set Q = |JwDy. Then @ is bounded and
Upep p@ fills V}* so rank(P) = dim(V;"). So Wy is crystallographic.
]

Recall: If By = B, + k6, then B3 and Bi- are parallel. For any 3 € ®, some p € P does
not take B+ to itself. So, there is 8 + kd € ® for some scalar k. Given € ® we have
(B+RO) NP = {5+ 7Z(kd)} for some k > 0. Rescale so all k are equal to 1. (Note ® is still
W-invariant because there were no choices made in that scaling.)

Claim 2: All A;; are integers. This was done badly in class; it will be fixed in the next
class.

Claim 3: The short exact sequence 1 - P — W — W, — 1 is semi-direct.

Proof. As seen in the commutative diagram above, the sequence 1 — 6+ — O(§+) x §+ —

O(0t) — 1 is semi-direct. We would like to use a lift to show that the sequence in the

top line of the diagram is semi-direct as well. Let s{,...,s% | be simple generators for Wj.

They are reflections over n — 1 normals to linearly independent vectors. Lift each s? to
s; € W. These are now reflections over n — 1 transverse hyperplanes. They meet at some

z € V)Y, a vertex of our hyperplane arrangement. The s; also satisfy (s;s;)™7 = 1 so
s¥ — s; extends to Wy — W. This means that we do have a splitting for the sequence
1->P—-W —=>W,;— 1. [

We can translate D such that Fix(s;), ..., Fix(s,—1) are n — 1 of the boundary walls of Dy.
There is one more boundary wall.

Claim: We can write V' = Vj & R where W, acts on Vj and & = Z + &y and the simple
roots are (a9,0), ..., (a2 _;,0), (=6, 1) where @ is the highest root.

n—1

October 13 — Affine Groups III. Let’s recall where we were. We split the map W — W,
This gave a copy of the root system @ inside ®. We normalized the roots such that, for
Bo € Py, we have Sy + RO NP = [y + Z. So we have a splitting of V' as Vo @& R and a
splitting of V'V as §1 @ V-, The (n — 1)-dimensional vector spaces V; and 6+ have canonical
inner products which identify them with each other. We identify V}Y with ¢, identifying
the origin with Vi~ N VY, where the n — 1 lifted hyperplanes we described yesterday meet.
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For By € @y, lets see how the reflection over ([ + k&)L acts on V}Y. It acts by

x> x — (B + ké, x)By =z — ((Bo, x) +k)By.
In other words, x — t(z) + kB where t is the reflection over ;. We thus see that W acts
on V)Y by maps in Wy x Z(a).
Conversely, let’s see that every map in Wy x Z(a;) is in W. Clearly, Wy C W. Suppose
that we reflect over a;-, and then over (o; +0)*. The first map takes x to x — {a;, ¥)a) and
the second map takes us to

(z—{ay, x)aiv)—<:c—<ai,x)al\-/, ai+5>al\/ = o—{ay, x)a) —{ay, ) o) +2{ay, ) o) +a) = z+a).

so we have the translations to generate Zo,'.

roots v COroots

FIGURE 19. The Bg arrangment

Example. Figure 19 shows the affine group B,. The affine hyperplanes in the drawing are
{z : (Bo,z) = k} for By a root and k € Z. The solid black dots show the coroot lattice. The
domains | J, ey, wD are shaded in blue. Note that translations by the root lattice tile the
plane with copies of the blue region, corresponding to the decomposition W = Wy x Z(a').

If of, a5, ..., a;_; are the simple roots for Wy, then the simple roots for W are a3, a3,
., ap_y and —0Opign + 6 where Gyigp, is the highest root.
We take the opportunity to give the Coxeter diagrams of the affine groups. (This wasn’t
done in class.) Note that each diagram has one more dot than its subscript.
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\
/
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[ ] [ ] [ ] [ ] [ ]
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[ J [ ] [ J [ ] [} F4
6 -
[ ] [ ] [ ] G2

A fun identity: Let W, be a finite irreducible crystallographic Coxeter group of rank
n— 1. Let 6 be the highest root and write § = > ¢;a;. Let f be the index (Za;)Y /Z(a)).
Then

[Wol = (n— Dlcrea -+ - cna f.
(I've chosen my indexing to match the rest of the lecture. Sitting by itself, the result would
look prettier if we called the group W and the rank n, so we wrote |W| = nleicg- - ¢, f.)
We consider fundamental domains for the lattices (Za;)¥ and Z(«'). Set

H={z:0<(z,0;) <1, 1 <i<n-—1}
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A = U le
weWp
So IT is a fundamental domain for (Za;)¥ and A for Z(«). In Figure 20, A is drawn in blue
and II in yellow. We have translated II to make the figure more readable; drawn accurately,
one of the acute vertices of Il is at the center of A.

FIGURE 20. The domains IT and A for B,

So Y/‘;}((ﬁ; = f. We have defined A to be covered by |Wy| copies of DY. We now want to
count how many copies of D; are in II. Let wy, ..., w,_; be the dual basis to a1, ..., a,_1.
Soll ={> zyw;:0<xq,...,2,1 < 1}. The simplex D; has one vertex at 0 and the other
vertices at ¢; 'w; (for 1 <i<n—1). So

1 1

(n — 1)' C1C ***Cp—1

Vol(D,) = Vol(II).

Putting it all together,
CVol(d)  |Wlvol(Dy)
~ Vol(I)  (n—1)lejcy- -+ ¢y Vol(Dy)

f

and we conclude
[Wol = (n— Dlerea - cpa f

October 18 — Hyperbolic groups. Here is a summary of the different types of Coxeter
groups that give pretty pictures:

e Positive definite bilinear forms correspond to finite Coxeter groups which look like

triangulations of S 1.
e Positive semi-definite bilinear forms correspond to affine Coxeter groups which look

like triangulations of R"~ 1.
e Bilinear forms with signature (+ + ... + —) correspond to hyperbolic Coxeter groups

which look like triangulation of H"!.

Hyperbolic geometry: Let V' be an n-dimensional real vector space with a symmetric
bilinear form, the dot product - with signature (+"!'—). Let Q ={v eV :¢-v = -1}
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F1GURE 22. The point x represents the image of a point in the Klein model

FiGUurE 21. Hyperboloid Q = Q4+ UQ_

E.g. 2%+ y? — 22 = —1, see Figure 21. This is a hyperboloid of two sheets. Call this
hyperboloid @) and denote the sheets with positive and negative z values by @), and Q) _
respectively. Then we have the following isomorphism of manifolds: @, = R"! = B(1) C
R™! where B(1) denotes the ball of radius 1. The first isomorphism can be demonstrated
with the map R*~! — @, defined by (x,y) — (x,y,+/1 + 22+ y2). The isomorphism to
B(1) will be discussed later.

For 7 € Q., we get the tangent T;Q, = {7 € V : ¢ - Z = 0} = v". Restricting - to T5Q
gives a dot product on T3Q which is positive definite (because V = R @ (¥)*). So @, is
naturally a Riemannian manifold, commonly called the hyperbolic place/space/disk.

Given ¥ € V with - ¥ > 0, we can reflect over ¢+ in the following way:

P d—22 15
U0
This takes Q4 to itself. Reflect over o N Q.. These are hyperplanes in Q..

Given n = 3 and dim @, = 2 there are two ways to draw this in the disk.

Klein model Take an affine plane, K, separating the origin from @,. Plot ¥ € @, at
the intersection of R¥ with K. See Figure 22. The picture will be contained within an open
ball and hyperplanes are represented as affine hyperplanes in the open ball.

Poincare model Choose v € Q4. Plot # € ()4 at the intersection of the line through
—v and ¥ with T3Q,. See Figure 23. In the Poincare model, lines are arcs of circles
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F1GURE 23. The point = represents the image of a point in the Poincare model

F1GURE 24. Triangulation in Klein model

perpendicular to the boundary of the disk. The Poincare model is conformal, meaning that
angles are correct. It also puts things nearer to the center of the disk, so the diagram can
render more detail.

Example. To compare the Klein and Poincare models, we will consider Cartan matrix and
reflection group given as follows:

2 =2 =2
A=1|-2 2 =2 W = <81,52,33|3%:3§:S§:1>
-2 =2 2

The triangulation created in this example can be seen in the Klein model (Figure 24) or the
Poincare model (Figure 25).

If we have a1, ...,a, € V with ;- a; = 2 and a; - a; € {—2cos =~ : m > 2} U (—o0, —2]
and {z : a; - x > 0} # 0 we'll get a Coxeter group acting on Q4. We can do this if A is
symmetric with signature (4+ + ... + —). Take V to be the vector space on basis {a;} and
define - by o; - a;; = A;;.

Example. If we want ms = my3 = mo3 = 4 (i.e. triangles with all angles equal to %) then
use the Cartan matrix
—V2 V2

_ 2_\/§
V2 =2 2

Qll\-')
DO N
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FI1GURE 25. Triangulation in Poincare Model

Slightly more generally, if sig(A) = +8710"*— then we can get ay,...,q, in V where
dimV =k and «; - a; = A;; and we can hope to have D # 0.

Example. Suppose we want to tile the disk with pentagons whose angles are all 5. Then
we need mis = mo3 = ... = ms; = 2 and my3 = moy = ... = 00. Then we get the signature
(+ + 00—) and the Cartan matrix

2 0 a a 0
0 2 0 o o
A=|a 0 2 0 «a| wherea < -2
a a 0 2 0
0O a a 0 2
Note: The diagram shown in class has a = —1 — /5. If the a values were chosen to not all

be equal, then we would get different side ratios on the pentagons.

How will D and |JwD = Tits(w) relate to @47 In all our examples so far, - is < 0 on D
and Tits(w) filled up one of the two components of {z : z -z < 0}.

If sig(A) = (+"'—), then D lies in @, if every principal (n — 1) x (n — 1) minor of A is
positive definite and D lies in @ if these minors are positive semi-definite.

Example.

S S ,
A=|=vV2 2 =2 Here, the minors {—\/5
-2 V2 2
In this case, |J,, ey wD fills Q.

2 _ :
ﬂ are positive definite

Example.
2 =2 =2
A=|-2 2 =2 Here, we have Q) C U wD C Q4
-2 =2 2 wew
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S~

FiGURE 26. Klein model for an example with negative signature

Example. Finally, consider an example in which we allow negative signature. This type
of example cannot be illustrated with the Poincare model, but only with the Klein model,
because the intersections of the lines occur outside the disk. See Figure 26.
2 =22 =22
A=|-22 2 =22
—22 =22 2
Note: This is not considered “hyperbolic” The definition of hyperbolic Coxeter groups re-
quires sig(A) = (+F710"*—) and sig(A;) = (+/710"7)

October 20 — Assorted topics about inversions and parabolic subgroups. Today
we catch up on some scattered topics from the homework:

Roots and the reflection sequence Given w € W, we originally defined inv(w) by
taking w = s;,si, . .. 5;, and setting t;, = vpvVE_1 = Sy ... Si, - - - Sy, tO get

inv(w) :={t € T : t occurs an odd number of times in ti,...,¢}.
We then got the equivalent description,
inv(w) = {t € T : Fix(t) separates D and wD},
showing our original description did not depend on choice of word for w.

In the homework, we put S = s;, ... s;,_, a so Fix(ty) = Bkl. The chambers s;,s;, - - s;,_, D
and s;, s, - - - 8;, D are separated by 6,?, with (8, ) positive on the s;, 8, -+ s, D side. We
showed that the first time ¢ occurs as tx,, [k, is a positive root, the next time ¢ occurs, [,
is a negative root, and this continues to alternate.

Example. In A,, looking at s1525159, we calculate:
B =
Ba = 51009 = 1 + 2
B3 = 5152011 = Qg
B4 = 515281000 = —Q1.

The fourth step crosses «a; in the opposite direction:
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15251
8182D 81828182D

81D

D

Using this we can see if a word is reduced. Note that the action of the s; on the a; basis
is easy to compute, and it is easy to see in the «; basis if a root is positive or negative.

There are many equivalent ways to describe inversions. We have ¢ € inv(w) if and
only if:

e [(3; separates D and wD,
e (B, wD) <0, and
e w14, is a negative root.

If 8 is a postive root not a multiple of «;, then s;(3 is positive.

Weak order We define the weak order on W by u < v if £(v) = £(u) + £(u~v). In other
words, if you concatenate a reduced word for u and one for u~!v, you get a reduced word for
v whose prefix of length ¢(u) multiplies to w. This is equivalent to containment of inversion
sets, u < v if and only if inv(u) C inv(v).

Parabolic subgroups Early on, we showed wD° N D° = () for w # 1. We know discuss
what happens for x in the boundary of D.

Let z € D. Let I = {i|{a;,z) =0}, and W; = (s;)ic;r € W. For w € W, the following are
equivalent:

o wr €D,

e wxr =z, and

o W EC W[.
This is not obvious, as the conditions seem to get much stricter as we go down the list (for
example, {w|wxr € D} is not even clearly a group). Note: Wj is a Coxeter group, with

{mij}i,jef-
Example. Letting I = {1,2},
S1 ><

the region D for W is the yellow region.

S3

59

Our subgroup W; is called a standard parabolic subgroup. A parabolic subgroup is a
subgroup of the form uW;u=! for some v € W. We can also define these subgroups as
{Stab(x)|x € D} and {Stab(x)|x € Tits(w)} respectively.
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If you hate geometry, you can use this to describe triangulation of the Tits cone as an
abstract simplicial complex. How? The vertices are the cosets W/Wp,_(; with i € [n], and
the faces are collections of cosets {u, Wjy_g;,1}, where (N u, Win—g,.y # 0.

October 23 — Examples of Lie Groups. A Lie group is a manifold G with a group
structure such that (z,y) — xy is a smooth map G x G — G. By the implicit function
theorem, this implies that the map g — g~! is also smooth.

Examples: We can have G = R, with addition, or S' = R/Z. Passing up to higher
dimensions, we can have G = V| a finite dimensional vector space, or V/A, the quotient of V'
by a lattice. A group of the form V/A, with A a lattice of maximal rank, is called a torus.
Of course, every torus is (R/Z)", but we shouldn’t think of it as coming with a specified
basis.

Any group, with the discrete topology, is a 0-dimensional Lie group. For this reason, we
focus on describing the connected Lie groups.

We can have G = GL,R or GL,C, these are open submanifolds of R™ and R,

We have the orthogonal and special orthogonal groups:

On)={X € GL,R: XX" =1d,}
SO(n) ={X € O(n) : det X = 1}.
We also have their unitary variants, which preserve the standard Hermitian form on C":
U(n) ={X € GL,C : XX" =1d,}
SU(n) ={X € U(n): det X = 1}.
We'll need to compute a lot in SU(2), so it is worth knowing that it has an alternate

description. Set
i 0 0 1 0 1
e R R ]

SU2)={a+bl+cJ+dK :a*>+b* +c+d* =1}
The main result which we will discuss (not prove!) this week is

Then

Theorem. Isomorphism classes of compact connnected Lie groups are in bijection with
isomorphism classes of quintuples (W, A, AY, ®, ®") where A and A" are dual lattices, ® C A,
OV C AV and W is a finite Coxeter group acting dually on A and AV such that ® and ®
form roots and coroots.

The correspondence will be defined in terms of a maximal torus 7' of G, meaning that
T C G is atorus, and is contained in no larger torus. There are several foundational theorems
on maximal tori, such as:

Theorem. Any compact connected Lie group has a maximal torus 7', and any other maximal
torus is conjugate to T'. We have G = UgeG gTg~!, so every conjugacy class of G meets 7.

We will have A = Hom(7,S') and AY = Hom(S*,T). Or, for those who like algebraic
topology, A = HY(T,Z) and AV = H,(T,Z). The dual pairing between Hom(7, S') and
Hom(S!, T) occurs as follows: Let v: S' — T and y : T — S'. Then y o~ : S' — S! must
be of the form 6 — m#@ for some m; we put (x,vy) = m.
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The normalizer of T', N(T'), is defined to be {g € G : gTg™*
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=T} Set W =N(T)/T. So

1

W acts on T by conjugation. Clearly, for g € N(T') and t € T, the elements ¢t and gtg~' are
conjugate. In fact, the reverse is true as well

Theorem. The set of conjugacy classes of G is W/T.

The rest of today is spent on examples.

Example. Let G = T. Then N(T')

=T and W is trivial.

Example. Let G = U(n). A maximal torus is the diagonal matrices diag(e®t, ez, ... ).

We have A and AY naturally identified with Z". So

N(T) is the matrices which conjugate

diagonal matrices to diagonal matrices; these can be seen to be matrices of the form

0 = 0 0
00 0 =
00 % 0
* 00 0

where the * are roots of unity and we may take any permutation. In other words, N(T') =

S, X (SH™ and W = S,,.

Example. Let G = SU( ). Then T' = {diag(e, ...
kn) : Z k; =0}, spec1ﬁcally, the maps are # — diag

Hom(S*, T) is {(k1,...,

The dual lattice A is Z"/Z(1,
unaltered by adding the same integer to all the ¢;. We still have W =
AV in the standard way.

zc9n )

,..., 1), since the character diag(e

A word of warning: The sequence

1-T—-NT)—S,—1

7

> 6; = 0}. The lattice AV =
ihnd),

( ”Lk19 lk29 6

9. Z9") > ZEG is
Sn, acting on A and

is no longer semidirect. Taking n = 2, the non-identity element of Sy would have to lift to a

matrix of the form [_ 0

Example. Let PU(n)

This time we have AY = Z"/Z(1,1,...
write PU(n) as SU(n)/(diag(¢, ¢, ...,

—i6 0

(1,1,...

] but such a matrix squares to —Ids, not Ids.

= U(n)/C*, with C* embedded as the center diag(e?, e, ..., e').
;1) and A = Z" N
¢)) where ( is a primitive n-th root of unity. We can

,1)*. Note that we can

interpolate between SU(n) and PU(n) by quotienting by various subgroups of the cyclic

group of order n, and get other lattices which are preserved by .5,,.

Example. Now let’s look at SO(m). A maximal torus looks like

[ cos 60,
sin 91
0
0

—sin 91
cos 0,
cos 0
sin 92

0 0 e 0
0 0 e 0
—sinfy --- 0
cos b, 0

0 0 cos 6,

0 0 sin 6,

0

0
0
0

—sinf,

cos 6,

in SO(2n)
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[cosf; —sinf, 0 0 e 0 0 07
sinf); cosb, 0 0 e 0 0 0
0 0 costly —sinfy --- 0 0 0
0 0 sinfly  cosf, 0 0 0
.| in SO(2n +1).
0 0 0 0 -+ cosf, —sinf, 0O
0 0 0 0 sinf,, cos#, O
| 0 0 0 0 0 0 1]
The normalizer N(T') in
0 Ol [0 0 0 07
0O Ol [0 0 O O
000 Ofx [0 0
%
22880088 in SO(2n)
* /0 0 0 0 0 0
000 0 0 0]x*x =
0 0 0 0 0 0] =]
0 O [0 0 0 0 07
0 0| =0 O O O O
00 0O [0 0 O
00 0Ol [0 0 O
* x({0 0 0 0 0 0 0] inSO(2n+1)
x /0 0 0 0 0 0 O
000 O0O0O0]x x| 0
000 O0OO0O0O]x x| 0
0000 OO0 0 0 =41]

where each 2 x 2 block is in O(2).

We must make sure that the determinant is 1. In SO(2n+1), this just amounts to choosing
the sign in the lower right accordingly. We get N(T') = S,,x O(2)" so N(T")/T = S, x (Z/2)".
This is the Coxeter group of type B,,. In SO(2n) we have to make sure that an even number
of the boxed entries are in the non-identity component of O(2), so N(T')/T = S, x (Z/2)" .
This is the Coxeter group of type D,,.

It isn’t clear yet why we are calling SO(2n + 1) type B and not type C; we’ll discuss this
later. There is also a family of Lie groups realizing type C'. We didn’t get to this in class,
but I'll put it in the notes here:

Example. Let H be the ring of quaternions and let a + bl + ¢J + dK =a — bl — ¢J — dK.
Put

U(n,H) = {X € Mat,xn(H): XX = 1Id,}.
A maximal torus is matrices of the form diag(cosf; + I sin6,cosfy + [sinfsy,---  cosb, +
Isinf,). The normalizer is permutation-like matrices where the nonzero entries are in
{cosO + Isinf} U {Jcosf + Ksinf}. We have W = S, x (Z/2)". We'll see later why
this should be called C,,.
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We close with an example which shows that we really need the extra data of ® and ®V,
which we have not discussed yet:

Example. Consider the groups SU(2) and SO(3). They are not isomorphic; for example, the
center of SU(2) is £Idsy, while the center of SO(3) is trivial. In fact, SO(3) = SU(2)/ £ Ids.
In both these groups, a maximal torus is 1-dimensional, namely

cosf —sinf 0

i0
{60 602-9] and |[sinf cosf O

0 0 1
In both cases, N(T')/T is the cyclic group of order 2, generated by
01 0
ﬁ_3}mﬂ 10 0
00 -1

respectively. So in both cases, W = Z/2 and A =2 AV =2 7 with W acting by negation. We
need to add extra data to distinguish them!

October 25 — Lie algebra, exponential, and Lie bracket. Let G be a Lie group,
g="T.G.

Example. e When G =R, g =R.
e When G =R/Z, g =R.
e When G=V/A, g=1V.
e When G = O(n) (or SO(n)), which is {X € GL(n), XX7T = Id}, we have
(1+e)1+e) =1+e(J+JI)+0(H).

Then the Lie algebra is o(n) = so(n) = {J € Mat,x,(R),J + J¥ = 0}, the set of
skew-symmetric matrices.

e When G = GL,(R), g[,R = Mat,«,(R). And since

det(14+€eX)=1+ EZX”» + O(é?),
i=1
we have

sly = {X € Maty(R) : Y X =0}
=1

e When G =U(n)={X € Matnm((C),XYT = Id}, we have
u(n) = {J € Matun(C)|J + T =0}
su(n) = {J|J+J =0, Te(J) = 0}.
In particular, for SU(2) = {a + bl + ¢J + dK|a* + b* + ¢* + d* = 1},, we have
su(2) = {pl +qJ +rK}.

Lie Bracket The multiplication p : T, .(G x G) — T.G induces the additive structure
gD g— g. So we could define the Lie bracket to be a bilinear skew symmetric map

[]:gxg—g
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Defined by the following property: If @, 7 € g, and v and ¢ : (—1,1) — G are smooth paths
with v(0) = 6(0) = e, 7/(0) = @ and 0’(0) = ¢ then we have
Y(8)a(t)y(s) 1o (t) st = [, ta] + O(Is?([t] + |s][t]).
For G C GL,, g C gl,, = Mat,,«,, then the Lie bracket on g is given by
[X,Y] = XY - YX.

Let’s see this with a computation in coordinates:

n(14+sX)(14+tY) (148 X)) H(14+tY) ™t = (148 X)) (14+tY ) (1—s X +82 X2 — - ) (1—tY +*Y 2~ ...
=14+ (XY -YX)st+---.

Exponential We define exp : g — G, such that for a smooth pathy : (—1,1) — G with
7(0) = e, v/(0) = ¥, the map is given by
exp¥ = lim y(—)".
n—00 n
If G=R,acg=R, and y(t) = at, then we have
: I,
Jim ()" =a,

so exp : R — R is the identity. And exp gives an obvious quotient R — R/Z.
When G =RZ,, g =R, 7(t) = 1 + at, we have
lim (1 + g)" = e
n—o00 n
More generally, if G C GL,,, and X € g C Mat, ., we have
lim (1 +tX)" =Y —¢*
k=0
We note that for a given AY C VY, T =VY/AY, and t = VV. Then AY is the kernel of
exp : t — T, so A naturally sits in t".
Adjoint action For given Lie group G, it can act on itself by conjugation as

g:hw— hgh™,
which fixes e. So by taking the differential, we get the action of G on T.G = g. This is called
the adjoint action
adg 1 g — @.
When G = GL,, g = Mat,«,, we have
ady(X) = gXg".

If G is compact, the action will preserve a positive definite symmetric bilinear form on g.
If T is a torus of G, then t C g inherits a dot product -. And Induced from the conjugate
action, we get the action of W = N(T')/T on T', and on t correspondingly, which preserves
the - and ker(exp : t = T).

The action of 7" on g Since T is maximal, the fixed subspace of g is t. We then have

the decomposition
g=te P o

x€(A—{0})/+1



48 COXETER GROUPS
where A = Hom(7\, S*), 6 € t acts on g, by
cos x(#) —sinx(0)
sinx(0) cosx(9)) |-

The character x is only defined modulo 1 because g, doesn’t come with a natural orien-

tation, so we can’t distinguish between a clockwise rotation by 6 and a counterclockwise
one.

We let & C A\{0} to be subset consisting of those x such that g, # 0. So ® consists of
pairs %.

Example. e When G=T,g=t &=0.
: cosf) —sinf :
e When G = SU(2), T = {cosf + Isinf} = { }, where elements in

sind cos®
o
o—i0

g={pl+qJ+rK} t={pl}.
And by computing the conjugation explicitly, we have
(cos® + I'sin®).J(cosf — Isinf) = (cos> 6 — sin® 0)J + (2sinf cos ) K
= cos 20J +sin 20 K.
(cos@ + Isinf)K(cos® — Isinf) = —sin 20.J + cos 20 K.

So we have

T can also be written as

Then we have

d={+2} CA=7Z.

0 =z vy cosf —sinf 0
e When G = SO3),g={| — 0 =z |}, welet T = {| sinf cosf 0
y —z 0 0 0 1
Then by computing the conjugation, we get
cosf) —sinf 0 =z vy cosf sind
sinf  cosd —x 0 =z —sinf cosf
1 y —z 0 1

0 x ycos@+ zsinf
=| —z 0 ysinf+ zcosd
x % 0

So from this, we see ® = {+1} C A = Hom(T, S*).
e When G = U(n), T is given by the set of diag(e®, ..., e%) and Lie algebra is

121 Tpg + WWYpq
129
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And like before we compute the conjugation:

i01 (251 Tpg + 1Ypg —ib
e ) e
129
10n,

e ‘ .
~Tpg + Wpg t2n

which gives € (x,, + iy,,)e . So we get
¢ ={e,—e,} CZ".
October 29 - Co-roots in Lie groups.

Setup. Let G be a compact Lie Group with Lie Algebra g. Let T be it’s maximal torus,
with Lie algebra t. We have a G-action on g and thus a T'—action on g.

Recall from last time that g =t @ EB g, and that we defined ® C A = Hom(T, S*).
XEP/£1

Then, we have W = N(T)/T acting on t, A,

However, this picture doesn’t include coroots. Today we will see how to incorporate them.

To begin with, fix some +x € ®. We know g, ~ R? with 7" acting by rotation by some 6.

Let Jo, Ko be an orthogonal basis for g,. Then, let I, = [Jy, Ko|. For any t € T,
In=1t- Jo,t- Ky (since t acts by rotation on the 2D space).

r]:‘hU_S7 t-1y, s0 Iy €t Then, []0, Jo] = X(IO)KO and []0, Ko] = _X(IO)JO

Now recall that Hom(7,S') C t¥ because for § € t and x € t', we have that x(6
mod AY) = (x,0) mod Z.

Example. For T =R"/Z", Z" =AY Ct=R"and Z"=A C t' = R"

This is because we have compatibility ad.. = exp|z, —] since
/—"n\—
e e XXX YT
efye " = ZO o

Thus, Spang(/y, Jo, Ko) is a sub Lie-algebra of g.
We claim without proof that Iy # 0 and x(Io) > 0, so this is a basis. (See below for
comments on this.)

We put [ = 2I° ,J = \/ X JO and K = x(l Ko Then, we get

su(2) —— g

]

Rl —— t
Since su(2) is simply connected, we get
SU2) —— G

J ]

exp(RI) ~ S' «—— T
So we get a pair of maps 3" € AV = Hom(S!, T). These are our coroots.
Thus, we have constructed (W, A, AY, &, dY).
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Question. Where do the reflections come from that make this a reflection group?

. ~1
. 1 0 0 1 0 1
Think of I = {O _ } Then, we note that [ 1 O} ][ 1 0] =—1.
Example. SO(2n) ~» (D, A, AV, ®,®"), where (+e; £ e;) =P C A =7Z" and (£e; te¢;) =
OV C AV =17".
Then, ® C Z™ C (Z®")Y, with both C of index 2. So this means that there are two other
options for the group D,,.

SO(2n)
+Ida2y,

(Spin(2n) is a 2 : 1 cover of SO(2n)).

Without proof we claim that G/conjG >~ T'/W (where on;G is G acting by conjugation)
and that g/.aG ~ t/W.

+—— SO(2n) <—— Spin(2n)

Example. We can apply these two to various Lie Groups to get various results about ma-
trixes. For example, the first equation applied to unitary group: Every unitary matrix ¢ is

it
U U=, where (64, ...,0,) unique up to permutation.
oifn
Applying the second to the corresponding Lie algebra gives that every skew Hermetian
I\
matrix X is U U=, where (A1, ...,)\,) unique up to permutation.
1\
Example. Now, we do the same with groups of type D:
O
In SO(2n), every g = U U~!, where each O is CO.S(G) sin(0) where
—sin(f) cos(f)
O
the (64,...,60,) unique up to permutation and reversing sign of an even number of them.
The Lie Algebra version is that every skew-symmetric 2n x 2n matrix X is of the form
OJ
g=U U, where each O is ( _O)\' )(\)’ ) where the (Af,...,\,) unique up
D (2

to permutation and reversing sign of an even number of them. In particular, A;--- A\, is
well-defined under SO(2n) conjugacy — it is called the Pfaffian of X.

We remark on the claim that Iy # 0 and x(ly) > 0. If Iy = 0, so [Jy, Ko] commute, then
the simply connected group with Lie algebra Span(ly, Jo, Ko) is Span(ly) x Span(Jy, Ko)
where 01, acts by rotation by . This has no compact quotients. If Iy # 0 and x(Ip) < 0,
then the adjoint action of exp(tKo) on Span(ly, Jo) is [ ;] or [kt sinht ] These actions do

not preserve a positive definite inner product.

October 30 — Examples and notation for invariants. We fix a ring R, and a finite
Coxeter group W. Let S = RY be the subring of W invariants. We consider two settings.
First, let V' be the reflection group of W, while

R=Sym*(V)=RaV @ Sym*V ...
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consists of the polynomial functions on VV. Again, S = R". Note that
g/Adg =t/W =2VY/W.

Example. Working with the A, ; = S,-action on R", R[x,...,2,]°" = Rley,...,e,] by
the Fundamental Theorem of Symmetric Functions, where

€L E Ly Ly *+* Ty,

11 <12<...<if
Example. Working with A, 1, set
1+ 1
1 1
V= , VV=R"/R-
1 1

We then have

R=Rlzy,...,z,)/(x1 + 220+ +x,), S=Rley,...,e;]/(e1) = Rleg, ..., e,
Example. Working with B, = C,,, R = R[zy,...,z,]. Note that W acts by permuting and
negating the x;’s, so that fy = en(z?,...,22) € S. Indeed, S =R[f1,..., fn].

rrn

Example. Working with D,,, which is an index two subgroup of B,, (C,,) preserving xyxs - - - T,
we have S = R[f1,..., fa_1,€n]

Example. Working with Ir(m), S = R[x? + y?, F] where F is a degree m polynomial.
These examples illustrate a general result that we will eventually prove:
Theorem. (Chevalley-Shephard-Todd) S is a polynomial ring on dim V' generators.

Now we move to a second setting/question: given a cystallographic Coxeter group W, and
an invariant lattice A, we set
R=R[A, S=R".
These are the functions on G/ Ad G = T'/W. Note that A,,_; acts on Z", and

RlzE, ..., 25]% = Rley, ey, ..., en_1,e].
1
Note that A,_; acts on A =7Z"/Z - | 1| . In this case, we have
1
R=R[zF,. .. 2f)/(z1ag - 20 — 1).
S=Rler,es,.. . en1,65]/(en — 1) 2 R[ey,. .., en_i.
1
1
1
By way of contrast, we note that A, ; actson |, | NZ", in which case
1

ﬁzR[xi/xj: 1<i##j<n] CRaT,... 27,

rrn

while S consists of the degree zero elements in Rley, . .., e,_q, eZ].
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The answer is nicest for the weight lattice A = (Z®")". In this case, we can consider the

vector

Bedt

which satisfies (p,a;) =1 fori=1,... n.

Working with C), and the lattice A = Z", R= R[z7,...,zF]. The group W acts by permu-

’n

tations and reciprocals. This really is not the same as the W-action on R by permutations
and negation. Note that in working with ® = {£2e;, +e; £ ¢,},

QY = {+ep, +e; te;}, and (ZOY)' =72
The element p. This is defined as p = 53 5.4+ 8. For all 4, we have (p,o) = 1.
Proof: We know that s; permutes ®* \ {a;}, so (3 > pear\(a) B @) = 0 and (p,af) =

(1/2)(az,aY) = (1/2) -2 = 1.

(2

We can use the second formula (p, o) = 1 to define p for infinite groups.

We have
Sip
Si1Sin P

Siy Sip " SigP
so we deduce wp

P — &
P — ai1 - Silaig

¢
p— Zk:l Siy v S84, O

p— Zteinv(w) /Bt

November 1 — Commutative algebra background. We assume all rings are commuta-

tive with 1. A ring R is called Noetherian if for any finitely generated R—module M, and

M' C M any submodule, M’ is finitely generated.

Remark. The following wasn’t said until November 3 but should have been said here: If M

is a finitely generated R-module, and g, is a possibly infinite list of generators for M as an

R-module, then there is a finite subset of the g, which generate M as an R-module. Proof:
Let M = (hy,...,hg) and write h; = ZaeAi fiaga where A; is some finite set. Then M is

generated by |J,{ga : @ € A;}.

Theorem. (Hilbert Basis Theorem) Let k be a field, then the polynomial ring k[xy, 2o, . . .

is Noetheran.

Corollary. Any finitely generated k algebra is Noetherian.

Indeed, if A is a finitely generated by elements 6, 65, ..., 6, in A, then we get a ho-
momorphism k[z,xs,...,2,] — A by sending x; to ;. this map makes A—modules into
klx1,2s, ..., x,]—modules.

R is called graded if it is equipped with a decomposition R = ®;°R; as an additive group
and R;R; C Riy;. A R—module M is called graded it M = @©2,M; and R;M; C M,4;.

An ideal m is maximal if R/m is a field. A ring R is called local if it has precisely one
maximal ideal. A graded ring R is called graded local if it has precisely one graded maximal

ideal.

There are two main ways to get graded local rings:

e Ry =k Then m = &3°, R;, such as k[xq,xs, ..., x,| with degree z; = 1.

e R local and R = R,.

, Tn)
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Let R be a graded ring, and m a homogenous maximal ideal, then R is graded local with
maximal ideal m iff for any x € Ry, exactly one of the following holds: x € m or x is a unit.

Theorem. (Nakayama Lemma) Let R be a graded local ring with the graded maximal
ideal m, M a finitely generated graded R-module. Let & = R/m be the residue field. Put
V = M ®g k= M/mM; this is a k vector space. Let ey, ..., e, be homogenous basis of V,
and lift e; to a homogenous element ¢; € M. Then €7, ..., €, generate M as an R—module.

Proof. Let M be generated by fl, ey fq as an R—module, without loss of generality, we can
take f; to be homogenous. Let fj be the image of fj in V, so we can write f; = > " | ¢ije;.
So in M, we have fj = €&+, d;jfk, where ¢;; € R are homogenous and d;j €m. We
rewrite this in the matrix form:

[f1 = [elle] + [d][f] so ([1d] — [d])[f] = [€][e].
Note that det([Id] — [d]) is homogenous and, is 1 modulo m. So det([Id] — [d]) is a unit,
and ([Id] — [d]) is invertible, so we have [f] = (Id — [d])~'[¢][¢]. This shows that the f; are
in the R-module generated by the ¢€;, so the ¢€; generate M. O

Our goal for next time:

Theorem. If G is a finite group acting on a finitely dimensional vector space V' over a field
k, and let R = Sym®V be the symmetric algebra, then the ring of invariants R is finitely
generated.

November 3 — Commutative algebra of rings of invariants. Let R be a k-algebra, G
a finite group acting on R. Let S = RC.

Theorem (Noether). If R is finitely generated as a k-algebra, then so is S.

Proof. Let 6y,--- ,0, generate R as a k-algebra. Let el be the k'™ elementary symmetric
function of {g - 0;}. We have e; = 3 g0i, e, = >, (96:)(h0;), and so on. So all ¢} € S.
Let T be the sub-k-algebra of S generated by the e}. Observe that [T, —gbi) = 0. So
0!G| - e’i@l-al_l +--- £ efG| = 0 and we see that le is in SpanT(HiGl_l, o+ ,6;,1). So any 6

is in SpanT(GlGl_l, -+ ,0;,1). So any monomial 8052 - - - 0N is in Spany (5 --- 0% : a; <

|G| —1). So {6{*---60%]a; < |G| — 1} span R as a T-Module.

The k-algebra T is finite generated by its definition, so it’s Noetherian by the Hilbert
Basis Theorem. We have just showed R is a finitely generated T-module. Now, S is a sub-
T-module of R, so, by the Noetherianity property, S is generated by some (;, ..., 0 as a
T-module. So S is generated by the e} and the ;. O

In the course of this proof, we showed that R is a finitely generated S-module, which will
be important in its own right.

We now give a second proof, due to Hilbert. This time, assume R is a finitely generated
graded ring with Ry = k, and assume |G| is not divisible by char(k). Assume that the action
of G fixes k and preserves the grading.

Then S = R has a grading S = @;>09;, where S; = RZG and Sy = k. Write Ry = @;-0R;
and S, = @;505;. Write J = RS, the ideal generated by S, in R.

Example. If R = k[z;, 23] and G = S with char k # 2, then S = k[z; + x9, x129] and
J = (z1 + x9, x129) In klxq, 23]
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By Hilbert’s Basis theorem, there exist gi, ..., g, generating J as an ideal. We may take
the g; homogeneous and in Sy. Let P = k[gy, -+ ,g,] € S. We claim that P = S.

Proof. We show P; = S; by induction on .

Base case: For i = 0, we have Py = s; = k.

Let f € S; for i > 0. Since f is in Sy it is in J. So f = > g;h; for some h; €
R. We can assume g; and h; are homogeneous with deg f = deg g; + deg h;. So f =
& Zoee 25 0(0)7(h) = & Toce X970 (hy) = 32, 9572557 We have g; € P and
% € S. By the induction hypothesis, this is in P. So f € P;. O

In the course of the proof, we have shown that any list of homogenous elements of S, which
generate RS, as an R-module also generate S as a k-algebra. By Nakayama’s lemma, gener-
ators of RS, as an R-module correspond to generators of (RS, )®r R/Ry = (RS.)/(R.S.)
as a k-vector space.

Let’s think about R as an S-module. By Noether’s proof, we know it’s a finitely generated
S-module. If R is a domain, then so is S. It is easy to check that Frac S = (Frac R)¢. If G
is a finite group acting on a field L and every g # e in GG acts non-trivially, then the degree
of the extension [L : L%] = |G|. (Artin; see Dummit and Foote chapter 14, Theorem 19)

Corollary. We have dimy R/J > |G| and if dimy R/J = |G|, then R is a free S-module.
Proof. Take basis ey, -+ ,ey for R/J = R/S,R. Lift to é1,--- ,ey which span R as an S-

module. Then €3, -, ey span Frac R as a Frac S vector space. So N > |G|. In the equality
case, €; are a basis for Frac R over Frac S, so there are no nontrivial additive relations between
the €;, and thus R is free. O

November 6 — Invariants of Coxeter actions on Laurent polynomial rings. Let
(W, ®) be a crystallographic finite Coxeter group, where ® is the root system, and A =

(Z®V)V is the weight lattice. Let R be the ring R[A] and let S = R". Here is the main
result today:

Theorem. If ® spans V', then Sisa polynomial ring.

As a remark, the reason why we do not impose the spanning condition at the beginning
is that we can talk about cases like the action of symmetric group, where we have

RlzE, ..., 255 = Rley, ..., en 1, 5]
We also note that when n = dim V', where n = dim(R - ®), then we will have
RV =Rley,...,en st ... st_].

That said, we’ll actually only do the detailed proof when ® spans.
Let aq, ..., a;, be simple roots, and o, ..., o’ be their corresponding elements in the
dual space. We take w; to be the dual of ), in the sense that

L
<a¥,wj>={ e h

0 otherwise.
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Welet A =7 {wy,...,w,}, and D = Rysq - {wy,...,w,}. Pick p=>""  w; € A. We also
write elements of R[A] as
Z cAz’\, cx € R.

AEA
And we say Z/\e A c\z” is W-invariant if ¢, is constant on orbits of the action of W on A.
From this, we have an R-basis of S , given by
my = Z 20
SEW-A
as A ranges over A/W. As an example, we have mao (21, 29, 23) = 232523 + 232923 + 212222,
We said that A should range over A/WW; we know that a set of orbit representatives for

that action is D N A. So {my}repna is a basis of S.
Here is our main theorem

Theorem. We have R
S =Rmy,,...,my,]

For A =3 ciw; € DN A, we put ey = [[iL; mfji'Q

Example. Let W = S5, and A = Z. Then we have «o; = {2}, o/ = {1}, and w; = {1}. So
we have

mo=1m =z+z2z " my=2>+2"2my=2"+273,
and

60:1,

61:m1:z+z’1,

egzm%:z2+2+z_2:m2+2,
egzm‘?:z3+32—|—32_1+2_3:m3—|—3m1.

If we want to say {e,} is a upper triangular in {m,}, we first have to give a partial order
on A. We put
A2 pyifA— = Spang.(ay,. .., an).
We note that for A € D N A, there are only finitely many 4 € D N\ with u < \. See
Figure 27. Note that we checked on the homework that D = Spanp_ (wi,...,wn) C

Spang_ (a1, ..,a,), which is why the shaded acute angle formed by w;, w; is inside the
obtuse angle formed by o, as.

20n reflection, to match the standard conventions for symmetric functions, I should call this eyr. But
this is confusing, since there is no notion of “transpose” outside type A.
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FIGURE 27. There are only finitely many pu € D N A which are < \.

We will show that
ex=my + Z Ky,my,, forsomeK,,,.
p<A
If this is true, then for any § € D N A, we have
Spany<s(ex) = Spany<s(my),

and both are bases.
Now we reduce the question to showing, if 1 € DN A such that m,, has nonzero coefficient
in ey, then p < A. In fact, it is true for all monomials z*.

It is enough to show that
My, = 2" + Z cs?’.

d<w;
This is because every exponent of mg} ...mg is a sum of ¢; +- - ¢, terms, of which the first
c1 are < wy, and the next ¢, are < ws, etc. For example, we have
621<Zl, 29, 23) = (21 + Z9 —+ 23>2(2122 + Z1%3 -+ ZQZg)
:Z%(leg>+
= oitwz
Now we only need the following claim:

Claim. Let v € D, w € W. Then we have w -y < 7.

Proof. We induct on l(w). Let w = s ...,s; be a reduced word. Put vy, = s, ---s;,,
and By = Sy -+ - Si,_, . Then B € ®*. Here is the picture: So we have vy = vp_1y —
(nonnegative scalar) - i, where Sy € . So vy < vp_177 < 7. O

Figure 29 illustrates this claim in A,. The obtuse cone with vertex at the upper right is
spanned by —a; and —as.
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FIGURE 28. wvyy and vg_17y

FIGURE 29. Illustration of the final Claim

November 8 — Anti-symmetric functions.

Definition. Let W be a Coxeter group, U a vector space on which W acts. Then f € U is
called antisymmetric if s - f = (—1)4®) f.

Let R be an R-algebra with a W action and S = R". Then the anti-symmetric elements
are an S-module.

Claim. Let R = Sym®V with V the usual representation of W. Let t € T and f € S obey
f(tz) = —f(x). Then B, divides f.

Proof. Switch to a basis (x1,- -+ ,x,) of V where t = diag(1,1,...,1,—1). The hypothesis is

that f(z1,--,Tp_1,—2y) = —f(z1, -+, Tn_12,) so all powers of x,, in f have odd exponent;
we conclude that z,|f. O
Now suppose f is anti-symmetric. So every € &1 divides f. So A := [] B|f.
Bedt
Example. If f(z1,---,2,) € Rlzy, -+, 2,] is anti-symmetric in (21, -, 2,) then [, (z; —

z)|f-
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Notice
w@) = [l = [] 7= 0#eea - e
pedt vEw(®T)
So A is anti-symmetric. So we see that f is anti-symmetric if and only if f = Ag for ¢
symmetric. We conclude:

Theorem. The anti-symmetric elements of R are a free rank 1 S-module with generator A.

We now search for the Laurent polynomial version of this theorem:

Let A C V be a lattice and let ¢t : A — A act by reflection on V so that V =V, @ V_
with V, codimension 1, V_ dimension 1. Let § be the minimal lattice element in V_ so that
V_NA=1Zg. Let R=RA].

Claim. If t - f = —f, then 2* — 1|f.

This claim is a little messier than the polynomial version, because there is more than one
way for a reflection to act on a lattice: [§ %] and [9}] acting on Z? are not related by an
integer change of basis. Nonetheless, it works out; details are left to the reader.

So, let W be a crystallographic Coxeter group and A a lattice on which it acts. Put
R = R[A] and suppose f € R anti-symmetric. Then 2% — 1 divides f for all 3 € ®+. So

[T (2° —1) divides f. This product is not antisymmetric. We now need to tweak things to
Bedt

fix this.
We’d rather work with the product A := H(zg — z‘g), which is anti-symmetric. As
written, this product is in R[%A]. We now simplify it. We have

A = H (zg — z_g) — »2pea+ B/2 H (1-— z_ﬁ) = 2P H (1— z_ﬁ).

Bed+t Bed+ Bed+

So,ifpeAandéDCA,thenﬁeﬁ.
So, as before, we deduce:

Theorem. If ® and p € A, then the anti-symmetric elements of R are a free rank 1 S-module
with generator A.

We take as hypotheses for the rest of the day that ® and p are in A. This theorem provides
a natural new basis for symmetric Laurent polynomials:

For p € A, put A, = Y (=1)4z»W  So Au/ﬁ is symmetric. We have A, ) =

weW

(—1)*®) A, so we can restrict our attention to u € D. Moreover, if u is on the boundary
of D, then the stabilizer is some nontrivial parabolic subgroup W; and A, = 0. So we can
restrict to u € ANDY. As p ranges over DYNA the A, are a basis of antisymmetric functions.

Note that u € Dy N A if and only if (o), p) € Z~y, if and only if (), u — p) € Z>o, which
is another way of saying i = p + A for A € DN A. So a basis for S is

_ Axgy
Sy - ‘A
where A € D N A. In type A, these are the Schur polynomaials.
Recall RV = § is functions on T/W = Conj(G). A good example of a function on
conjugacy classes is the trace of a representation. We state the following result, whose proof

is fact beyond this course:
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Theorem (Weyl Character Formula). The s, are the characters of the finite-dimensional
irreducible representations of G.

We conclude by discussing the relation of the sy to the bases e, and m) we already posses.
Specifically, we will show that

Sy = my + E I()\‘Lﬂn‘u
u<A, peEDNA

for some constants K,. One again, we have ordered A by v < § if § — v € Span.,®*. (In
type A, the K, are called the Kotska numbers.) -

We need to show that, if the monomial z* occurs in sy, then u < A (and that the coefficient
is 1if u = A.) We have

Zwew(,l)f(w)zwv&p)fp)

AT Mocor(1—27)
= Zwew(_l)e(w)zw(/\ﬂ)_p EZT,kQ,...,szo 7 Xk
where 1, ..., By is some enumeration of ®*. We have w(A + p) < A+ p, with equality only

forw=1,s0wA+p)—p—>2 kifi<(A+p)—p=A\
As a final corollary, we prove

Theorem (Weyl Denominator Formula). We have

Z (_1)f(w)zw(p) e H (1— z‘ﬁ).

weWw Bedt

Proof. The ratio of the two sides is sg. We showed above that sy = mg+ (lower order terms),
but there are no lower order terms, so so = mg = 1. O

November 10 — Extensions and Variants of the Weyl Denominator Formula. At
the end of last time, we had (W, ®), a finite crystallographic Coxeter group and root system.
We also had A, a lattice on which W acts, with ® C A, and p = % > B € A. Lastly, we

ped+
= H (zg —z%ﬁ) =z H (1—279).

Bedt Bedt

had

>

For any A € AN D,
Z (_1)€(w)zw()\+p)
weWw

—~

A
= (,1)f(w)zw(p)
is symmetric. What if A = 0?7 Then, we get “=¥

denominator formula:

Z(—l)g(w)zw(”) = H (zg — Z_TB) =zf H (1—277).

weWw Bedt Bedt+

= = 1. So we have the Weyl
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1
Example. Take S, acting on Z"/Z |:|. The simple roots are {e; — es,..., €1 — €},
1
givingus p=(n—1,n—2,...,2,1,0). Our formula then gives us:
o) n—1_n— n—1_n— Z5
Z(_l)é( )ZJ(1§ZU(2§‘ 0(n) =272 e H( - Z—j)
€Sy i<j !
The left side is
27 ! 2y 2 P
det : : :H(Zi_zj)a
21 Z9 e Zn i<j
1 1 . 1

this is Vandermonde’s determinant identity.
Types B, C' and D each can also be rewritten as determinants; see the course website.

Put ﬁq =27 ] (1 —qz). We will now play games with ﬁq.
Bed+
Example In our example from before, but now with Ss, we get
21— C.I )(1 q )(1 C] ) = Hm—qnz—qh B+ H s+ s — i+ — ) ns.
21
In our previous proof, we saw two things:
e Every z# that occurs with non-zero coefficient in ﬁq has u < p (we get to them by

taking p and subtracting positive roots).
e The set of p which occur is W-invariant. This latter is probably easiest to see if we

write A = [lsea+ (2%/%2 — qz=P/2): Each exponent is of the form (1/2) > pex B where
X Contalns exactly one of each £/ pair.

Now, we want to antisymmetrize. So Zwew(—l)f(“’)w . ﬁq is a multiple of A and, looking
at the coefficient of z”, we have

> (DA = (3 g )A
weW weWw
We remove the monomials lying on the supporting hyperplanes.

Example. Again in our S3 example, we see (¢* — ¢)212923 gets taken out three times. We
have

Z (=1 (201)=20(2)) (2o(1) =020 (3)) (Za@)—Z0(3) = (142q+2¢°+¢%) (21— 22) (21— 23) (22— 23).
gES3

Rearranging, we have
[T (1—gz®)
o(w ﬂ€®+
> 4" Z Zw(B)

weWw wEW’ﬁe¢+

Example. In S5, we check:

1—qz !

1—21 1—2z
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We get a nice specialization of the 2’s by sending 2% + ¢~1. Soif 8 = 3. ¢, 27— g~ 2.
The term where w is the identity is:

Ja- gz ")
[T (a—=7) 11

+
ped+ pee

1 — ght®)+1
1— qht(ﬂ) ’

If w is not the identity, the w has some left descent, s;. This gives us the picture:

BE=Ewly
|

w D |wls;D

with wf = —a;, where 5+ separates w™'D and w™'s; D, and /3 is in ®*. This gives us that
IT (1 — gz=*#)) specializes to 0. So only one term survives the specialization, we deduce
Bedt+
S @ = ] L gt
1— qht(ﬂ) )

weW Bedt

The height function is on the root poset. For a more usable form, we note that if there are
h; elements of ®* at height ¢, then the right hand side is equal to

T2, — )
(1—q)"
Example. In A, _1, our root poset looks like:

€1 —€p
— ~
€1 — €n-1 €2 — €p
.../ \/ DY
— \
e—e PR o e ei—e
/1 3\ _— ~ /n2 n\
€1 — €2 €2 — €3 €n—2 — €n-1 €n-1 — €En

So (hi,he,...,hy—1) =(n—1,n—2,...,1), giving us
3" 4 = (1-g)(1-¢")...(1-q")

_ n—1
= (1—4q)
In particular, sending ¢ to 1,
ht(B) + 1
Wl = T —
wi= 11 =5

ped+
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November 13 — Regular Rings. Let R be a Noetherian commutative ring, m a max-
imal ideal, and k := R/m a field. Note that V = m/m? is a k-vector space called the
Zariski cotangent space. Since R is Noetherian, m is finitely generated, whence V' is
finite dimensional. For any d > 0, we have a natural map of k-vector spaces

Sym?V — m?/m?1.

By Nakayama’s lemma, this map is surjective. We define R to be regular at m if this map
is an isomorphism for all d. We call R a regular ring if R is regular at every maximal

ideal.
Some Examples:

(1) First, we work with polynomial rings over a fixed field k.
(a) R = k[x] is regular at m = (x — a) for any a € k.
(b) R = k[zy,...,x,] is regular at m = (1 —aq,...,2, —a,) for any a4, ..., a, € k.
(c) R = k[z*!] is regular at m = (z — 1). To see this, notice that

S = ka*']/ (e — ) 2 kfa] /(z — 1)V

because, in S, we have 7! = m =14+(1—-2)+(1—2)*4+---+(1—2)VL
So once we are quotienting by powers of m any way, it doesn’t matter that we
were inverting x.

(2) R =7 is regular at m = (p) for any prime p.

(3) R = Zlz] is regular at m = (p, z) for any prime p. We have V = m/m* = F2.

By contrast, the ring R = k[z,y]/(zy) is not regular at m = (x,y). We have

m/m? = % =~ k2 and Sym(m/m?) = k%! for all d.
e,y
But for d = 2 we have s o
m2/m3: <x Y > ~ 12

(28, 2%y, xy?, 23, wy)
Roughly speaking, regular rings have no “higher degree relations” like zy = 0 in this example,
but they define this without needing to introduce a notion of degree.
Suppose that we have an embedding k& < R such that k& < R/m — k is an isomorphism.
Let eq,...,ey be a basis of V' over k, and choose lifts €1,...,exy to m. We get a map

klzi,...,zn] = R, x; — €.
This in turn descends to
kloy, ..., on]/{zy, ... o) — R/mH!
for each d > 0.

Claim. R is regular at m if and only if the latter map is an isomorphism for all d.

Proof. The left hand side is filtered by (z1, ..., zx)¢ while the right hand side is filtered by
m°. The map preserves the filtration. In high tech language, the map between filtered vector
spaces will be an isomorphism if and only if the map on associated graded vector spaces is
an isomorphism. In low tech language, the map is given by a lower block-triangular matrix,
so it is invertible if and only if the diagonal blocks are invertible. 0
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Now suppose R is graded, and set m = R, := €p,., R;. Suppose R, is a field k.
Claim. R is regular at m = R, if and only if R is a polynomial ring with homogeneous
generators.

Proof. The vector space V = m/m? inherits the induced grading. Choose a homogeneous
basis e, ..., ey of V, and take homogeneous lifts é1, ..., ey to R,. Let d; := dege;. We
have a natural graded map
k[a:l, ce ,QZN] — R
where the left hand side is graded with degz; = d;.
We now show this map is an isomorphism. It is enough to check that it is an isomorphism
in each degree D. Take any d > D: our hypothesis is that

klzy,...,xn)/{x1, .., on)™ — R/RET
is an isomorphism. We take the degree D part of this map. Since d > D, the ideals

(z1,...,2x) and RT™ are 0 in degree D. We deduce that k[x1,...,zx]p — Rp is an
isomorphism, as desired. O

Finally, we note that if R is a graded ring, polynomial with generators in degrees dy, . . ., d,,
then the degrees are uniquely determined, since we have the formal series

(dim R)t' = —————.
; Hj:l(l — %)
November 15 — Rings of Coxeter invariants are polynomial, first proof. Let (W, ®)
be a crystallographic Coxeter group. _Let ® span V and let A C V] be the weight lattice
(Z®V)V. Let R = Sym*(V) and let R = R[A]. Let S = RW and S = R". We saw on

November 6 that S is a Laurent polynomial ring. Our goal today is to deduce that S is also
a Laurent polynomial ring. This is part of:

Theorem (Chevalley-Shephard-Todd). Let K be a field of characteristic zero and let W be
a finite subgroup of GL,(K). Let R = K[z1,...,x,] and S = R". Then S is a polynomial
ring if and only if W is generated by elements which fix n — 1 dimensional subspaces of K™.

The rough idea of our proof is to map RtoR by

[o¢]
B
BHZJ
n=0

So we “plug in e for 2”. Infinite sums don’t make sense in R, but this formula does define a
map ¢ : R— R/R4H! for any d.

Geometrically, ¢ comes from the exponential map from the Lie algebra t to the torus 7.
This map only exists in the analytic category (which is why we don’t have an algebraic map
R— R) but the map ¢ is an algebraic shadow of it.

We put m = R, C Rand m = (2% — 1) C R.

Lemma. The map ¢ descends to an isomorphism of R-algebras R/m*t! — R/m®*!. This
isomorphism takes m/mé™ to m/mé*! and commutes with the W action.
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Proof. We first check that ¢ is a map of rings. We must show
¢(2717) = o(2")(27)

—~(B+7)" =B =
DT I By

or, in other words

!
n=0 =l
This follows from the binomial theorem: (8 +7)" =3>_7_, ],#lj), Iy,
Next, we note that m is taken into m, since ¢(2® — 1) = 3°° 2= € m. This makes it

clear that the map descends to ﬁ/ﬁid“ — R/mé*L. Since R and R are regular at m and m
respectively, to check that the map is an isomorphism, we just need to check that it is an
isomorphism on the Zariski cotangent spaces m/m? — m/m? We have m = .., R; and
m? = @,., R;som/m> = R, = V. Meanwhile, in /m?, we have (27 —1)+(27—1) = 2771,
since the difference 2717 — 28 — 27 +1 = (2% —1)(27 — 1) lies in m?. So 2% — 1+ § provides

—_— 2
amap fm/fm — V, which is easily seen to be an isomorphism.
Finally, we note that ¢ commutes with the action of W

wiy N~ @B (ST et
oz )—;} W ;n! = wp(2"). O
Putn=SNmand n= Siak
We know that S is the polynomial ring in e; := Y 5oy, 2°. We claim that n = (e; — [Ww).
Clearly, e; — [Ww;| = Zﬁewwi(zﬁ — 1) is in n. But §/ (e; — [Ww;|) 2R, so (e; — |[Ww;|) is

already maximal so m N S couldn’t be larger than this. We see that S is regular at fn\z
For any positive integer D, we have

(R/m”)" = (R/m")"

since R/mP and R/@P are isomorphic as rings with W-action. We claim that (R/m?)W =
S/(mP N S) and likewise for the Laurent versions. Clearly, we have a map S = RY —
(R/mP)W and its kernel, by definition, is m” N S. So S/(m? N S) injects into (R/mP)" and
the issue is to prove surjectivity. Let f € (R/mP)" and lift f to f € R. Then f may not
be W invariant, but ‘—VIV‘ Y et f* is and has the same image in (R/mP)". So we can find
a W-invariant lift of f. Then this lift is an element of .S which maps to f.

We deduce R

s . S
mPNS HfPNgS

Also, this morphism carries the image of n to the image of n. Thus,

-~

S N S

nf+(mPNS) " RE 4 (@PN3)

for any positive integer E. But (homework!) m®WIn S C nf. So taking D > E|W| we
deduce

S/ =~ §/aF
for any £. We know S is regular at m, so this implies that S is regular at m. By the previous
day’s lemma, this shows S is polynomial. QED
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November 17 — Molien’s formula and consequences. Recall from homework, if G is
a finite group, p : G — GL(V) is a representation, where V' is a finite dimensional vector
space over R, we have

dim V¢ = Z Trp(g
|Gl =
Proof. Put m = ﬁ >~ p(g). So 7 is an endomorphism of V satisfying 7% = 7, and we have
Imm=V% So dimVG:TrW:ﬁZTrp(g). O
This generalizes Burnside’s Theorem. To see the connection, let G' act on a finite set X

and let V = R¥. Then V¢ are functions constant on orbits, 50 dimV% = #(X/G), and
Tr g = # Fix(g). So we deduce Burnside’s theore: #(X/G) = IG\ > gec # Fix(g).

Let R = Sym®*V and let S = RC. Applymg the previous result degree by degree, we get:

Z(dim Si)t" e Z Ztl Tr(g : Sym'V — Sym‘V)
1=0 | ‘ gelG i=1
Let g € G act on V with eigenvalues A\i(g), ..., A\n(g). Then we have:
= | 1 1 1
2 G 2 T T = o))~ 161 2 et = 70

This formula is known as Molien’s Formula.
Now suppose S is a polynomial ring generated by fi, ..., f, with degrees dy, ..., d,. So

1
T 0= 1G] 2 L0 = A

We rewrite

7, (1 — ¢%)
|G| = n L °
gze(:; Hj:l(l - )‘j(g)t)
Let t — 1. All terms except g = Id go to 0. So we obtain

n

-tk
G| = lim 1—t_1ldi

=1

Lets expand around ¢ = 1 up to O((t — 1)?). We only need to keep Id and those g with
eigenvalues (1,1,...,¢). Since we are over R, ¢ must be -1, and g must be a reflection. Write
T to be the set of all reflections in G:

yG\—ﬁ<di—M(1_w+0(1—))+\T|( Hd +0(1—1t)?

i=1
Factoring [[ d; = |G| out of everything, we obtain
- (di — 1) 2 (1-1) 2
1= 1———7(1- 1-— T|l—- 1-—
11( 5 (1= +0(1=1) ) +|T|*——+0(1 1)

So

n

T| = Z(dz —1).

i=1
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These two results are special cases of a Theorem of Shephard and Todd (1954, Canad. J.
Math), given a better proof by Solomon (1963, Nagoya Math. J.). Namely:

H(q+di _ 1) _ Z qdimvw‘

i=1 weW
The ¢" term has coefficient 1, meaning that only Id acts trivially. The coefficient of ¢"*
gives |T'| = > (d; — 1) and putting ¢ = 1 gives [[d; = |W|. We'll prove this next week.

We next discuss the topic of, if we find invariants in .S, how can we know they generate S?
Let W be a finite coxeter group, so we have R = S is a polynomial ring, suppose we find
algebraically independent hy, ..., h, € S with degrees e; obeying either > (e; — 1) = |T'| or
[Tei =W/, I claim S = R[Aq, ..., hy).

Let S = R[f1,..., fa] and let the degree of f; be d;. I claim we can reorder the h; such
that e; > d;. We can write h; = Pj(f1,..., fn). Define bipartite graph with vertices fi,...,
fns b1, ..., hy, and edges f; — h; if f; occurs in P;. If we have an edge f; — h;, then
degh; > degf;. We need to know Hall’s Marriage Theorem:

Theorem. Exactly one of the following occurs:
(1) We can reorder the h;, such that these edges f; — h;, for any i

(2) There exists a subset ) C [n], such that #{i: 3j € Q, f; = h;} < #(Q)

Assume for the sake of contradiction we're in Case (2). Qo {h; : j € @} are polynomials
in {f; : i € P} for some |P| < |Q|. But then {h; : j € @} is not algebraically independent,
so a contradiction. So we are in Case (1) and, after reordering, we have e; > d;. But
[Te:i =11d: = |G|, so e; = d; (and similarly if > (e; — 1) = |T| = > (d; — 1).

Let A = Rlh;,...,h,] C S = R[fi,..., fu]. Then we have > (dim A;)t' = Hﬁ =
S (dim S;)t'. So A; = S;, as claimed.

We can now prove the reverse direction of the Chevalley-Shephard-Todd theorem:

Theorem. Let G C GL,(R) be a finite group. and R® = R|hy,..., f,]. Then G is a
reflection group.

Proof. Let T be the set of reflections in G. Let W = (T) € G. Then RY = R[fi,..., f,].
So Y (deg f; — 1) = > (degh; — 1) = |T|, so deg f; = degh; after reordering. So |[W| =
[1(deg f;) = [](degh;) = |G|. We deduce that W = G. O

November 20 — The ring of invariant differentials. This lecture and the next closely
follow Solomon, “Invariants of finite reflection groups”, 1963.

As usual, let W be a finite Coxeter group and let W act on V. Let R = Sym*®V (functions
on VV). Let S = RW.

In addition to functions on vector spaces, we can also have differential forms on vector
spaces. Let E be the non-commutative algebra of differential forms on Vv with polynomial
coefficients. So if R = R|xy,...,x,], then E = Rlzy, ..., x,](dz1, ..., dx,). Our goal today is
understand EW.

We proved S is a polynomial ring. Let S = R[fi, ..., f»]. Today’s main result is

Theorem.
EW =RI[f1,..., fJ{df1,. .. dfy).
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Obviously, everything on the right hand side is invariant. It remains to show that this
gives us all of EW.
Recall that, given vector spaces R™ R", and a C* map ¢ : R™ — R", we get a m X n

matrix D¢ = [8—?} which obeys the chain rule: [D(¢ o v¥)], = [D@]y(a)[DV]s.

0 J
Lemma. Let fi, ..., fu € R[zy,...,2,]. The determinant det Df is not identically 0 if
and only if fy, ..., f, are algebraically independent. This holds in any field of characteristic
ZEro.

Proof. The easy direction is if fi, ..., f, are algebraically independent, say h(fi,..., f,) = 0.
Then Dho Df = 0 (this is a 1 X n matrix times an n x n matrix. Taking h of minimal
degree with A(f1,..., f,) = 0, not all entries of Dh are 0. (Note that the entries of Dh are
90 (f1,.... fa).) So Df has a kernel and det Df = 0.

Now for the reverse direction. Suppose fi, ..., f, are algebraically independent. We need

to show that det [37]2} # 0. Any n+1 polynomials in n variables are algebraically dependent.

So there exists some g; € Ry, ..., Yn, 2] such that g;(f1,..., fn,z;) = 0. Choose g, to have
minimal degree with respect to z. Since f; ..., f, are algebraically independent, this degree
is greater than 0. We are in characteristic 0 so the polynomials % # (0 are nonzero in

R(y1, .-, Yn, ). Since we chose g; of minimal degree, we also have %f (fi, for ooy frszy) #£0
as a polynomial in zq, ..., z,.
Take some Z1, ..., T, € R"™ where all the polynomials %g; (f1, f2, ..., fn, ;) are nonzero. By

the Implicit Function Theorem, there exist functions (1, ..., ¢, defined near (f1(Z), ..., f,(Z))
with (;(f(z)) = z and ¢;(f1(x), ..., fu(2),((x)) = 0. So (i, ..., ) locally invert (fi, ..., fn).

It follows that e 1oy
L\ | = Id,.
{3%} {3%}
See the handout/website for a purely algebraic proof (taken from Humphrey’s.) U

Now let S = R[f1,..., fa]. So we know det [%} =det Df # 0. We claim that det D f

will be anti-symmetric. To see this, for any w € W, note that we have fow = f, so
(Df)w@) - w = Df, and det(Df)y@)(—1)"(w) = (Df),. But, unpacking the notation,
(Df)w(z) is what we mean by w- Df, sow-Df = (=1 D

Now note that deg [%} = (deg f;) — 1 = d; — 1, so degdet [g—i]] =>(d;—1)=1T| =
deg A. Since Df is antisymmetric, it is divisible by A, and we just showed it has the same
degree as A, so

Df =cA

for some nonzero scalar c. We can rescale the f’s to make ¢ = 1.

We want to understand E". As a warm up, let’s see when ¢ - dz; A --- A dx, will be
invariant. We have

w- (dzy A - Adzy) = (=1)@day A - Aday,

So gdxy A - -+ A dx,) is W-invariant if and only if ¢ is anti-symmetric. In this case, we have
g =hA for h € S. Then

gdry A---Ndx, =h Adxy N\ --- Ndx,, = h df; A -+ Adf,.
So, invariant n-forms are S - (dfy A -+ Adfy,).
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We now consider arbitrary p-forms with p # n. Let £ = ®FEP where EP are p-forms. Let
K = FracR. Let L = FracS = K". Then EP @y K is a rank (Z) K-vector space with
obvious basis dz;, A -+ Adx;, where 1 <1y <1y < ... <1, <n.

Claim: df;, A--- Adf;, is also a basis.

Proof. Since this set has the same number of elements as the basis, it is enough to check
that the elements are linearly independent. Suppose ) a;,..;,df;, A --- A df;, = 0 for some
a;,...i, € K. We need to show that a;,..;, = 0 for all coefficients.

(E:%MMMA~-A%JA@%HA~-A#J:0
al...pdfl VANEIVAY dfn =0
Since dfy A --- Adf, # 0, it follows that a;.., = 0, and similar arguments apply to all the

coefficients a;,..;,. So any w € EP can be uniquely written as > ai,. i, dfsy, A -+ Adf;, with
a;,..;, € K. This is W-invariant if and only if a;,..;, € KW = L. Since w is in E, so is
WA dfpr1 N Ndfy, = ar.pdfi A - - ANdfy, = aq..pcAdxy A -+ Adzy,

So a;..,A € R. More generally, a;,..;,A € R and a;,..;, € FracS.
S0 aj,...;, A is anti-symmetric. So a;,...;, A = b;,..;, A for b;,..;, A € S. So aj,...;, = bj,..;, € 5.
So EW:R[fl:"'aandfl?'“ 7dfn> ]

November 22 — The formula of Shephard and Todd. Recall where we were last
time. Let R = Sym®*(V) and let E be the ring of polynomial differential forms on V. Let
S =RW =R[f1,..., f.] with deg f; = d;. Then EY =R[f1,..., ful(df1, ... dfn).
We now turn this into an equality of generating functions. We grade E such that degdz; =

1. This implies that deg df = deg f (for example, degd(z") = degnz" ldx = (n—1)+1=n.)
We compute

Z dim(E?)YV t'uP

4,p
in two ways. First, from last time’s result,

: 1+t
Z dim(EP)V tu? = M
p Hz 1 -4
But also, copying the proof of Molien’s formula,

Wi p [1; 1+ tudj(w)
ZdlmE Wt |W|Z Hl—t)\ w)

We will get nicer signs 1f we replace u by —u, so we do this now:
Hi 1 — tdig, — tul; ( )

[[;1— e IWIZ Hl—M (w)

We want to find a limit under which this formula behaves particularly nicely. It makes
sense to send u — 1, as this makes all the factors with A\; # 1 cancel out. But then we have
better send t — 1 as well, or everything will cancel. If we were just following our noses, we
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should put £t =1+ 2 and v = 1 + rz and send z — 0. Having done the computation in
advance, it comes out prettier if we put v = ¢! and send t — 1. We get

Hi(di+q 1
= S )

weW j

Using that |[W| =[] d;, this simplifies to

Hq+d_1 qulmvw

) weWw

November 27 — Divided Difference Operators. As usual, let W be a Coxeter group
that acts on a vector space V. Let R = Sym®V and let § € ®* with the associated reflection
t. Define 0 : R — R as follows:
9sB(f) = ford
B

We verify that g divides f —t- f: Since t-(f—t-f)=t-f—f=—(f—t-f)and t-5=—0,
it follows that 8 divides f —t - f, so 0303 is well-defined.

We'll abbreviate dga; to d; when the meaning is clear.

Fact 1 0; is R'-linear and, thus, all 9; are S-linear (where S = R").

Proof. Let f € R',g € R. Then
fg—t-(fg) _ Jg—t(f)tlg) _ fg—f-tg)

9 (fg) = 3 = 3 = 3 = fOgg.

Fact 2 ker 03 = R

Proof. Obvious. 0
Fact 3 Imdz = R

Proof. First, we show Imds O R":

et S fot)
t-0f =t e — 0sf.

Now, we show Imds 2 R'. Since Imdj is a R'-submodule, it is enough to check that 1 € Imds:
1 38— (=368
Ol =p)=4+—2"=1.
’ <25 ) E
O

Example: Let W = Ay and A = (z; — 22) (21 — z3)(22 — x3). By acting on A repeatedly
by 0, and 0y we get the following polynomials:
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/\

2 $1—$3 2—$3 $1—$2)($1—$3)
/ lag lal X
41‘1 — 25(]$ — 21’3 2(131 + 25(72 4ZL'3

lal or 8

0
In the next few lectures, we will prove:

Theorem. Let W be finite (we need this in order for A to be defined).

e The set of non-zero values of 0;, - - - 9;, A has size |IW| and R is a free S-module with
this basis.

e More precisely, if a word s;,s;, - - - 5;, is not reduced then 0;, - - - 9;, = 0.

o If words s;, 5;, - - - 54, and s;,5j, - - - 5, are reduced with the same product, then 9, - -- 9;, =

0j, -+ 0j, = 0y and 0, A # 0
e So our basis of R as an S-module is {0,,A}

This theorem will be proved over the next two lectures, but first we will look at its
implications. Consider the following identity.

> dim Rit' = ( D e 8wA> (Z dim St/ >
i j

weW

To simplify the identity above, we make the following observation:

Z tdegduts — Z fdeg A=t(w Z #two)— Z ) where u = w™ L

weWw weW weW ueW
Using this simplication, we can rewrite the original identity as follows:

-2 I

By rearranging these terms we getting the followmg generating function:

3 g ima (1 — %)
1 — )"

ueWw

Recall that if (W, ®) is crystallographic then we have

_ t3\hj—1—h
>t = Lz =1 )n where h; = #{8 € ®* : ht(B) = j}.
weW (1 N t)
We deduce h; — hj—1 = #{i : d; = j}. There is a nice way to visualize this: We already
know that > h; = |T| = > d; — 1. This equality says that h; and d; — 1 are conjugate
partitions. For example, in B3, the number of elements of the root poset at each height is
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(3,2,2,1,1) and the number degrees of the invariants are (6, 4,2) (the elementary symmetric
functions in the z?).

We note that the sizes of the rows are (1,1,2,2,3) and the sizes of the columns are
(6-1,4—1,2—1).
We make some other remarks:

Using all reflections doesn’t give a basis: In S3, we have

1,2 2 2
Oey—er A = Oez—ey A+ Ocy—ey A = (27 + 75 + 25 — 1109 — L1203 — 2223) * Oey—e; Ocy—ey Oeg—ey A

Other bases: From Nakayama’s Lemma, we have a correspondence between S-bases
for R and R-bases for R/RS.. Since 0z are S-linear maps, they descend to linear maps
R/RS, — R/RS,. So, if we choose any homogeneous F' € R with F' = ¢A mod RS, for
¢ € Ry, then 0, F = c0,A and 9,,F will be another S-basis for R.

Schubert polynomials In type A, 27~ "...22_y2,-1 = LA mod RSy so 2l '...a2_yx, 1 =:
Sy-1u, is another S-basis for R. These are called Schubert polynomials.

Flag groups Finite crystallographic Coxeter groups give us compact Lie groups K, and
reductive groups B. Let T' be the maximal torus of K, and B the Borel of G. The flag
manifold Flis K/T = G/B.

If we consider the cohomology, we get: H®(k/T,R) = H*(G/B,R) = R/RS,. This
correspondence doubles degrees: H* corresponds to (R/RS,); and H*"! is 0.

In type A, the Schubert variety of X% is 9,27 *...22_,z, ;. In any type, we have [X %] =
0:[X™]. So [X¥] = 0,[X ] = d,[point].

November 29 — R is free over S, part I. We have our usual notation: W is a finite
Coxeter group, it acts on V and R = Sym*(V). We put S = RY and write R, and S, for
the maximal graded ideals @,., R; and @, S;.

We have S-module maps 9; : R — R. Our long term goal is to show {9}, ... ;A nonzero}
is a free basis for R as S—module. Today’s goal is to show that {9, ... ;A nonzero} spans
R as S-module.

Let U be a finite dimensional W representation over R, let € be the operator IWll S (1)U

w)w

in R[W], so € : U — U is an idempotent projecting onto the anti-symmetric vectors. So we
have the decomposition U = Kere @ Ime.

Lemma. In the above notation, Kere = Span(U®*,i =0,...,n).

Proof. Fix a positive definite symmetric W invariant dot product on U, we’ll show Span(U®i, i =
0,...,n) and Ime are orthogonal complements. Since € is self adjoint, its image and
kernel are orthogonal complements. We also have the orthogonal decomposition U =
{1-eigenspace of s;} @ {—1-eigenspace of s;}. We have {1-eigenspace of s;} = U* and we
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define V; := {(—1)-eigenspace of s;} = V;. Then
Span(U*)* = ﬂ(US’ m Vi ={v: s;v = —v Vi} = {anti-symmetric vectors}. [

Applying this lemma degree by degree to R, we have
R=SA D Span(R‘”)lgign = SA D Sp&n(@iR)lgign.
But then
&R = 8Z(SA D Span(ajR)lngn) = Span(S&A, aﬁjR)lngn.

So we have
R = Spang(A, 0;A, 0;0,R); j=1

.....

Continuing in this manner:

Spans((?il Ce 8%A, (3]-1 Ce 8]‘NR)

where k runs over {0,1,..., N — 1} and the indices i1, iz, ..., ik, j1, J2, - - -, jn range from
1ton—1.
Lemma. There exits an N > 0, such that all 9;, ...0,, act by 0.

Proof. Let g1, ..., gm be the homogeneous generators, take N > max{deg g:}. Forany h € R,

we have h = Z fzgz with fz € S. Then (9j1 e 3jN Z fzgz = Zfl iy - JNgZ The 8]1 . @-Ngi
have degree < 0, so they are zero. 0

Wee see that R = Spang{0;, ...0; A} for k < N, where N is as in the lemma. We have
now proved today’s main claim and we pursue corollaries:

Corollary. If N > l(wy), then 0}, ...0;, = 0.

Proof. Notice that deg(9;, ...0;,A) = deg(A) — k = l(wy) —k = |T| — k. So we have shown
that R is spanned by generators in degrees < {(wg) and the proof of the previous lemma
shows that 0;, ...0;, = 0 for N > {(wy). O

Note that this is what we would expect from the theorem we are trying to prove, which

states that 0;, ...0;, = 0 whenever s; sj, ---5;, is not reduced. We now consider what

happens when N = {(wy).
We first show:

Lemma.

Oy - Oiyg,y) () = Tc(il, e i)
for some c(iy, . .., iwy)) € R.

Proof. Let f =%, . G50 0, where gj,_j € S. Then

.....

11 .. 'Ll(wo)-f E g]1 Tk “ . Zl( 8]‘1 e a]kA

For k£ > 0, the summand has negative degree and thus vanishes. When k£ = 0, then

O, - - &lwo)A is degree zero, so it is some scalar. So 0, ... &lwo)f is a scalar multiple of
go-

We now look at the right hand side. For k > 1, we have 0;,...0;,A € 9;;R = R*1. So

S (=1 kills 9;, ... 0;, A for every k > 1. Thus Z(_I)Al(w)“’f = % (- 2 ol = |W|gp.
We have shown that both sides are scalar multiples of gy, and the scalar on the left hand
side is nonzero, so there is some scalar ¢ as claimed. O
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We now describe the scalar c.

Lemma. In the above notation,

C(il, . 7il(wo)) — {é Sllh‘ . 'il(.wo) = Wy .
otherwise

We abbreviate c(iy, . . ., i) to ¢ from here on.

Let K = Frac(R) and L = Frac(S). So L/K is a Galois extension with Galois group W.

Let A= K < W > be the skew group algebra. As a set, its elements are of the form
> wew Jww, where f,, € K. The multiplication is given by (fu)(gv) = f(u.g)(uv), for f and
g € K and uw and v € W. The ring A acts on K where f € K acts by left multiplication and
u € W acts by its action on L. So the action of 9y is by 87!(1 — ¢) where t is the reflection
in 3. The previous lemma showed that [T a; '(1 —s;,) and cA™ > (=1)®)w have the same
action on K.

Lemma. A injects in Hom (K, K).

Proof. This is a standard Galois theory lemma. See, for example, Corollary 5.15 in Milne’s
Fields and Galois Theory and take E and F (in Milne’s notation) to be L. O

So we must have [Ta; (1 — s;,) = cA™ 3 (=1)"™w in A. Look at the coefficients of wy

on both sides. On the RHS, it is (=10

For the LHS, the only thmg which could give wo is s;; - - - si,
the coefficient is 0 and we have ¢ = 0 as promised.
Suppose now that s;, --- Situy) = Wo- We need to compute

. SO if s;, - " Sy % wy,

a; (=si)ag, (=siy) - .. ai_l(lwo)(—sil(wo)).

We pull out the factor of (—1)6(“’0) and then start moving the group elements to the right by

the relation ut = —-u.
e u(a)

1 1 1
Qi 11 Qg 2 Qg 13 iy 4 all(wo) L (wg)
Qiy Sip @y 1702 Qg 13y, Tl i) L (wp)

1 1 1 1

- S: 8: 8. —— 8§ e ——m— G —

Qiy Sij Qi Sip SigQig 171271 ay, T Uiy H0)

1 1 1 1 1
Qiy Siy iy Siy Sig Qi Si1 SioSiaQliy iy Sip -8 o7} i1 SigSig * 'Sil(w )

iy SigQig Sig SigQig Sig SigSiz iy i1 512" Fig () —1 Vig(wg) 0

By hypothesis, s;,5;,5:; - = wp. Since the word s;, 5,5, - Sit(ug) is reduced, the

Si

product on the left is Hﬂemv(i:;))ﬁ—l = A, So (putting back the power of (—1)) we have
c(=1) I AT = (1) w0 AT

and ¢ =1 as claimed. [J

December 1 — R is free over S, part II. We have again the usual W (finite), V', R, R, ,

S, Sy, and A. Last time, we showed {0;, ...0;, A} span R as an .S module. We also showed
if t > l(wy), Oy, ... 0;, =0, and if t = (wy),

0 Sil...Sit#wo
E(—1)4<w0>w
Y — Siy - - -

ail...ait:

S, = Wo
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Also 07 = 0.
These foreshadow the general claim: 0, ...0;, = 0 if s;,...s; is not reduced, and if
Siy ... S;, and sj ...sj, are reduced words for w, then 0;, ...0;, = 0}, ...0;,, which we will

then call 9,,.
We will leverage November 29th’s results and a previous homework problem to prove this
claim. We start by recalling proving the braid move lemma from the homework.

Lemma. If w = s;, ...s;, = s;, ...5;,, both reduced, then we can turn one into other by a
sequence of braid moves.

Proof. Induct on t. The base case t = 0 gives us the empty word. Now, if i; = j;, we
can change s;,...s; to sj ...s;, by induction. Otherwise, we put i = i1, j = ji1, and
m;; = m. Looking at s;...s;,, we have s; € Inv(w), and likewise, s; € Inv(w). So wD
is on the other side of o; and «a; from D. So it is also on the other side of S+ for all
B € @y ;3. In other words, s;, 5;5;5;, 5;5;5:5;5;, etc. are all in Inv(w). So then, s; € Inv(w),
s; € Inv(s;'w), and s; € Inv((s;8;)"'w). Continuing this, we can put w = s;5;8; . .. u, where
———
m
l(w) = m + £(u). Choosing a reduced word for u, sg, ... Sg,, we can then get from s;...s;,
t0 (8;8;8i...)Sk, - - . Sk, via our induction, which can be turned into (s;s;;...)S, - . - Sk, With
a braid move, which finally can be changed to s;...s;,, again by our induction. 0

Now, we move on to proving today’s main claim. Let I C [n], with (wg); the longest
element in the parabolic subgroup W;. Let s; ...s; and sj ...s;, be reduced words for

('LU())[.

t

Proposition. 0;,...0;, = 0;, ...0;,.
Proof. We have V; @ V-, where V; := Span(a|i € I). Our group W acts trivially on Vi,

and acts the usual way on V7. Choosing a basis z1, ..., 2z, for V5, we get R = Ry[z1, ..., 2],
and for B in ®;, O acts on R through action on R;. So our claim follows from having the
claim for W; acting on Rj. L]
In particular, we already know this for 0,0,0; ... = 0;0,0; . ... From our earlier lemma, if
—_— Y
m;; times m;; times

we have s;, ...s;, and s;, ...s;, both reduced with the same product, we can turn one into
the other with braid moves. We have now proved that, if s;, s;, ---s;, and sj,55, - -s;, are
reduced words with the same product, then 9,, ...0;, = 0;,...0;,.

Now, take s;, ...s;, not reduced. Put t;, = s;, ...s;, ...s;. By our hypothesis, some t;, = t,
for k < £. Take k to be maximal. We will show 0, ...0;, = 0. We will reindex to k =1, so
Siy - - - Si,, 1s not reduced but s;, ...s;, is reduced. So s;, is an inversion of s;,...s;, . This
gives us a reduced word s;, ...s;, for s;, ...s; with jo = 1. So,

0, (0i, ... 0;,) =0 (0, ... 05,) = 8?1(something) =0.

We now know that {0;, - - - 9;, A nonzero} is {0,,A}, which has size |IW|.
So R has an S—spanning of size |IW|. As we pointed out at the end of November 3, this
must be a free S-basis for R.

December 4 — Rings of invariants are polynomial, second proof. We will now prove
for a second time that S is a polynomial ring. This will follow immediately from
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Theorem (Bourbaki Lie Groups and Lie Algebras V §5). Let R = k[xy,--- ,x,] of charac-
teristic zero®. Let S be a graded sub-k-algebra of R such that R is free of ﬁmte rank as an
S-module. Then S = k[yy, -+, yn].

We put R+ = @i21Ri and S+ = @]215]‘ = S M R+.

The key property of free modules that we will use is this: If M is a free S-module and
f e M with f ¢ S, M, then I\ : M — S a map of S-modules such that \(f) ¢ S;. Proof:
Let M =S¢ ®---® Sg, and write f = ) ¢;g; with ¢; € S. Then some ¢; € Sy. Let A take
coefficient of g;. If M is graded and f homogeneous, we can take A graded. So A(f) € Sop =k
and is not 0.

Consider RS, ®r R/R, = RS,/R,S,. This is a graded R/R,; = k vector space. Let
fi, o, fp be a homogeneous basis; lift to fi,---, f, homogeneous elements of S. So as an
R-module, RS, = (f1,---, f,) by Nakayama.

Claim. fi,---, f, generate S.

In the case of rings of invariants, we already proved this on November 3 (our second proof
of finite generation). The proof below just repeats this argument, replacing the averaging
operator with an abstract map Ag.

Proof. Let A\g : R — S be an S-module map with Ag(1) = 1. Let P be the sub-k-algebra
of S generated by fi, ..., f,. We show by induction on j that P; = S;. Let 7 > 0 and
g €S;. Sog=> h;fj for some h; € R. We have g = \o(g) = >_ fjAo(h;). So g is in the
ring generated by f; (in P by definition) and A\g(h;) (in P by induction). O

So we know that S is generated by the f;, and we want to show that they are algebraically
independent. Suppose for contradiction that there exists H € k[y1, - ,yp], H # 0, with
H(fi,---,f,) =0. Set h; = 8H|yj —f;, €S Ck[ry,--- ,z,]. Note at least one h; # 0.

We have H(f1, -+, f,) =0so0 [hy -+ hy] [af’ = 0. We introduce the short-

Ox;
hands

Il ) SRl

so this relation is .
h'D = 0.
We also need a basic observation, due to Euler:

Proposition. If f € k[z1,--- ,z,] is homogeneous then ) x;5-- af = (deg f)f.

Proof. 35,y () = 53, dy (e = (S e 0
hTD = 0 Putting 7 = [z;] and § = [(deg fi)fjl, we can also encode this as a matrix
equation:
DZ =1.

We first sketch the proof.

3Actually, the result is true without this hypothesis; see the end of this day’s notes.
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Sketch of proof. Case I: If all D;; € RS, then all entries of D% lie in R S;. So f; € R.Sy,
and f; = 0. But f; is a basis for RS, /R,S.

Case II: If D;; ¢ RS, then 3\ : R — S with A(Dy;) ¢ S.. Then hTA(D) = 0 gives
linear relations between the h;. There are so many linear relations that we contradict our
knowledge that some of the h; are nonzero 0

We now give the details:

Proof. Set K = (hy,--- ,h,) C S. Note K # (0). Let h; be the image of h; in K ®g S/S.
Let hy,- -+, h,, be a basis of K ®g¢.5/S. By Nakayama, K = (hy,--- ,h,,) as an S-module.
(In particular, m > 0.) For j > m, let h; = > Gj;h; with G;; € S. So we have
- ha -
i = [ng] = [Ig’”] Frgen:

“hon

So hl., [Idn, G']D=h"D=0.PutD=[ld, G']D,sohL,D=0.

Case I: All entries of D are in RS,. Then all entries of DZ are in R.S,. We have
D7 = [Idm GT] y. So we deduce that (deg fi)f1 + > Gji(deg f;)f; € RyS+. But this
shows that (deg f1)fi + Y. Gji(deg f;)f; = 0 in RSy/R,S,. This gives a nontrivial linear
relation between the f;, a contradiction.

Case II: Some D;; ¢ RS,. Then 3\ : R — S with A(Dj;) ¢ S,. Since the entries of Egen

are in S, we have A(hZ, D) = hZ (D) so hZ, (D) = 0 and we get that there is an S-linear

gen gen gen

relation between hy, ..., hy,,, not all of whose coefficients are in S, . But then mapping to
K /S, K gives a nontrivial linear relations between hy, ..., h,,, contradicting that the h; are
a basis of K/S, K. O

We remark on an alternate proof, due to Neil Strickland.* Take the Koszul complex, this
is a free resolution 0 — F,, — ---F; — Fy — k of k£ over R. Since R is assumed a free
S-module, the F; are also free S-modules and this is a finite length free resolution of k as an
S-module. But by a Theorem of Serre (see, for example, Matsamura’s Commutative Ring
Theory, Theorem 19.2), if S is a graded local ring over which the residue field has a finite free
resolution, then S is regular. As we discussed before, a graded regular ring is a polynomial
ring.

December 6 — Coxeter Elements. Let W be a Coxeter group, si,...,s, are simple
generators. A Coxeter element of W is an element of the form s; - - - s,, for some ordering of
simple generators.

Example. In A3 = S3, we have
(12)(23) = (123),(23)(12) = (132).

In some sources, this is called a standard Coxeter element, and a Coxeter element is defined
as anything conjugate to a standard Coxeter element.

https://mathoverflow.net /questions /282780



COXETER GROUPS 7

Here we note that s; - - - s,, is reduced. And we have

512611

By = 5101 = s mod Ray

Bn =81 Sp10, =, mod R{ay,..., o, 1}

So f3; are linearly independent and in particular distinct. Since the words s;, ---s; and
sj, - -+ s;, for Coxeter elements are reduced, they give the same Coxeter element only if they
differ by interchanging commuting generators.

Example. In A3 = S, we have

S1 = (12)
S9 = (23)
S3 — (34)

And the collection of Coxeter elements are
515253, S35251, 5153582 = 535152, 525153 = S25351.
So there are 4 Coxeter elements in As.

Now let I' be the Coxeter graph, with vertices 1,...,n, and edges connecting ¢ — 75 if
siS; # s5j5;. An ordering of sy, ..., s, gives an acyclic orientation of I', where ¢« — j, if s,
is before s; in reduced words of c. Interchanging commuting generators doesn’t change this
orientation, since there is no edge between commuting generators, so this is a map from

Proposition. Coxeter elements correspond bijectively to acyclic orientations of the Coxeter
graph.

Proof. Surjectivity: Any acyclic orientation extends to a total order.

Injectivity: We induct on n. Assume s;, ---s;, and s;, - - - 55, give the same orientation O.
Let 7; and j; be sources of O. We assume j; = i1, then ji,..., jr_1 commutes with ;. So
we get S Shr—14k " Sgn = SitSi1 T Sjk—1Sikqr T Sin

O
Corollary. If I is a tree with n vertices, then there are 2"~! Coxeter elements.
Proposition. If I is a tree (or a forest), then all of Coxeter elements are conjugate.

We note that the conjugation s;'(s;---s,)s; = 83--- 8,51, corresponds to reversing the
source at 1 and turning it into a sink. In other words, we claim that we can get from any
given O, to any other Oy, by taking sink-source and source-sink reversals.

Proof of the Claim. We take the induction on n. Let 5 be a leaf of I', and let k be its
neighbor. We let I be induced subtree on [n] — j (See the picture below). Let O] and O)
be the restriction of O; and O, to I''. Then by induction, we could turn O] into O by a
series of reversals.

What happens when we try to extend this series to I'? If we cannot take reverse at k, we
can insert reversal at j first in order to permit the reverse at k. And if j — k edge is wrong
at the end of the process, we can reverse at j one more time to make our process keep going.
So, inserting these extra reversals at 7, we can transform O; to O,. O
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Ficure 30. T" and TV

We prove a lemma for future use:

Lemma. If ay,...,a, and of,«q,/ are bases for V and V'V, then ¢ acts on V¥ without
eigenvalue 1.
More strongly, if s; - -+ spz = x for some x € VV. We have

(x,01) =+ =(x,04) = 0.
Proof. We still induct on k. Assume s; - - - spz = x, then we get
T=S8y- -5 =852 =x, mod Span(ay,...,a) ;).

So sy sgx € Span(ay,...,a)), and s;z —x € Span(ay). In this way, since o, ..., o) are
linearly independent, we have

S1T—x =89 --Spx —x = 0.

Thus (z,aq) and (z,a0) = -+ (x, o) = 0.
U

Suppose I' is bipartite. We label the vertices + and —, such that all edges are between
vectices of different signs. We take ¢, = [[, i5 , si, and t_ = [, 5 _si. Since all the +
generators commute, and likewise for the — generators, these products are well defined.
Then ¢, t_ is a Coxeter element, which is called as "the” bipartite Coxeter element. If we
order the + rows of the Cartan matrix together, and the — rows together, then the Cartan
matrix takes the form

= { 21d —B]

-BT 2Id

Here the entries of B are positive, and we have chosen to use a symmetric Cartan matrix.
So how do ¢, and ¢_ act on «; and w;, where w; is the dual basis of /7 If 7 is +, then

t+&i = —Q;.
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And if j is —, then
Sip o Si 0 = sy o8y (g — Agyai,)

= Siy " Siy_s (aj - Aikflj)aikfl - Aikjaik
e E Ai i,
T

So t, acts on the a; basis by

~1d B]
0 Id
and t_ acts by
Id 0]
BT —Id|-

The action on the w basis is by
—Id 0 q Id B
BT 1d| " |0 -md|-
December 8 — The Coxeter Plane. Let W be a Coxeter group with generators sy, ..., sy,
" be it’s Coxeter diagram and let I' be connected and bipartite. Fix a {+, —} colouring of
I.
Let t; =[], is . si and t_ =[], ;5 _ s and o; be a basis of V.
Then, (t,,t;) is abstractly Iy(h) for h the order of ¢,¢_(possibly infinite).
If T is a tree, all Coxeter elements are conjugate and so h is the order of any Coxeter
element, called the Coxeter number.
We wish to find a 2-plane H C V¥ on which (t,,¢_) acts be the standard representation

of Iy(n), with ¢, and ¢_ its simple generators.
We review some linear algebra we will use here.

Lemma. Let B be an n, x n_ real matrix. Then, 3 nonzero vectors u,;,u_ and a scalar
o > 0 such that Bu_ = ou,, B'u, = os_.

Definition. In the above lemma, u, and u_ are called the singular vectors of B and o is
the corresponding singular value.

Then, we get that BT Bu_ = oc%u_, so u_ is an eigenvector of B' B with eigenvalue o2.

Lemma. With the setup of the previous lemma, if all entries of B are > 0, then we can take
Uy, u_ to have nonnegative real entries. In addition, let I" be the bipartite graph with edge
(i,7) if B;; > 0. Then, if all B;; > 0 and I' connected, we can take u;,u_ to have positive
real entries.

Resuming our previous discussion from before the linear algebra aside, we note that we
may take our Cartan matrix to be symmetric and group our + generators before our negative
generators. Then, the Cartan matrix is of the form
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—BT

and the action on the w,’ basis of ¢ty is

10 ~1|B
t+_{B —1}”5_[0 1]

Example. For Ay, we have s1(w;) = —w; + we and sq(ws) = we
S1W1
D
W2 w1
ai ay

Now, let ny, n_ be the sizes of + and — sets of I' and apply the linear algebra lemma
above: Bu_ = ouy, Bu, = ou,_, 0 > 0, uy have positive real entries.

We identify u, with the vector [%] and u_ with the vector [#-]| Then, t uy = uy —ou_
and t,u_ = u_.

So ty acts on H := span(uy,u_) by [ %] and ¢_ acts by [§ % ].

Example.

~ o+
te(u-) 1 2 3
ay

Here, t, is acting by rotation (reflection across i and a3 ) and t_ by reflection across oy

has order oo ifo>2
acts like rotation by 6 if 0 = 2cos6

By the linear algebra lemma, o > 0 and u, and u_ are in the interior of Spang.  (w;); is +
and Spang. ,(w;); is — respectively. -

ty and t_ act on H by reflections and ¢¢_
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If o > 2 then ¢ ¢_ has infinite order and ¢, t_ act as simple generators of I5(c0) on H.
Let 0 < 2, 0 = 2cosf. We claim that § € 7Q.

Proof. If not, some power of ¢, t_ will rotate Spang>(u4,u_) to overlap itself but not be
equal. (Notice D N H = Spansg(uy,u_), D°NH = Ryous + Rogu-).
Then, we have (t ¢t )*D°N H # () without (¢,.¢_)* = Id. O

Letting 6 = £, (t.t_)(D" N H) is disjoint from D° for 1 < p < ¢ — 1 and is D° N H for
p=gq. So tyt_ has order ¢ = h.

The 2h cones (DN H), t.(DNH), t,t_ (DN H) are all disjoint in H.

So tyt_ moves 2 steps around; = 7

Appendix: Proof of claims about singular vectors

Let B be an m x n real matrix. Let u be a vector in R” of norm 1 which maximizes |Bu|
and put Bu = ov for v a unit vector and ¢ > 0. I claim that BTv = ou. Proof: Since
|Bu|? = u” BT Bu is maximized at u, the first order variation of u” BT Bu must be 0. Let v/
be perpendicular to u. Then (u + eu' )T BT B(u + ev') = u? BT Bu + 2eu/T BT Bu + O(€?). So
wTBTBu = 0. Since we v is proportional to Bu, we have ' perpendicular to BTv. This is
true for all v’ perpendicular to u, so we deduce that BT v is proportional to u, say BTv = Tu.
Then v"Bu = vTov = 0 and v Bu = pulu = p so p = 0.

Now, suppose that all the entries of B are nonnegative. Let u = (uq, ..., u,) be any vector
in R” and let @ = (Juq|, |uz|, ..., |u,|). Then |u| = |u| and |Bu| > |Bul, so the largest value
of Bu occurs at a vector in RZ,.

Finally, assume that all B;; > 0 and make a bipartite graph I where there is an edge (4, j)
if B;; > 0. Let v and v be as above. We claim that all w; and v; are strictly positive if I" is
connected. If not, let I be the set of ¢ for which u; > 0 and let J be the set of j for which
v; > 0. Then the induced subgraph of I" on 7 U J is a union of connected components of I'.
So, when I is connected, all u; and all v; are > 0.

December 11 — Coxeter eigenvalues and invariant theory. (The first part of today’s
talk was meant to be in the previous lecture.) Let W be a finite Coxeter group whose Coxeter
graph is disconnected and let H = Span(uy,u_) be the Coxeter plane. Let Ly, Lo, ..., Ly,
be the h lines in H fixed by the h reflections of (t,,t_) = I1(h). Let ny and n_ be the
number of + and — vertices, son =n, +n_.

Lemma. For any 8 € ®, the intersection 8+ N H is one of the L;.

Proof. First of all, we claim that H is not contained in +. This is because positive com-
binations of u, and u_ lie in D°, and D° is disjoint from all 8+. Thus, H N B+ is a line
L.

We now claim that L is one of the L;. If not, it lies in between two of the L;. Acting by
t, and t_, we may assume it lies between Spanu, and Spanwu_. But then L meets D°, and
S+ cannot meet D°, a contradiction. 0

We will now consider which 3+’s can contain which lines. Letting 3+ be the fixed plane of
t, we have 3+ N H = Ru, if and only if tu; = u,. From a homework problem, the stabilizer
of uy is (si), i o Since all the s; where i is + commute, this group is simply (Z/2)"+. So the
only reflections in this group are {s;}, js .. We see that there are n, reflecting hyperplanes
for which 3+ N H = Ru,. More generally, as we travel through L,, Lo, ..., L, the number
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of reflecting hyperplanes through these lines are n, n_, ny, n_ .... (If his odd, this shows
ny =n_.) We deduce that

@] = |T| = hr57= = B,

As a corollary, we obtain an almost canonical reduced word for wy: We claim that

h
tit tit ---1is a reduced word for wy. Proof: This word carries the positive span of u
h
——
and u_ to its negation, so it carries points of D° to —D°, so t t_t, t_--- = wy. The length

of wy is |T|, and we have just shown this is the number of generators in the word.

Connection to invariant theory (We now reach where today’s lecture was meant to
start.) Let h be the Coxeter number and let the eigenvalues of h on V ® C be exp(2mim;/h)
for 0 < m; < h. Since we showed that ¢ does not fix any nonzero vector, we actually have
0< m; < h.

Define R and S as usual and let S = R[f1,..., f,] with deg f; = d;.

Our final theorem for the course is that (after potentially reordering), we have m; = d; —1.

We remark that if u, v is an orthonormal basis for some 2-plane H, and ¢ orthogonally
rotates this 2-plane by 6, then ¢ acts on H ® C with eigenvalues e and eigenvectors v+ iv.

In particular, let H be the Coxeter plane, and let (u,v) be an orthonormal basis of it. Let
z1 = u+ 1v, so z; is an exp(2mi/h) eigenvector of c.

Lemma. For any € ®, we have (3, z1) # 0.

Proof. We have (6, u + iv) = (B, u) + i(5,v). Since (5,u) and (5, v) are both real, this can
only be 0 if (3,u) = (8,v) = 0. But u and v span H, so this would imply that H C 8+, and
we showed that H is not contained in any 3+. 0

Let z; be the exp(2mi/m;) eigenvector for ¢ acting on V @ C. Recall that, for any basis

of V', the Jacobian det <gfj> is a nonzero multiple of A = HB€<I>+ 5. We thus see that the

determinant det <g—£> is nonzero at the point z;.

Thus, after reordering, we may assume that

f;
8zj

This means that f; must contain a monomial of the form z{"z;. (In coordinates, we are

differentiating with respect to z; and then plugging in (1,0,0,...,0).) Since deg f; = d;,
this monomial must be zfj _1zj.

£0.

Z1

Thus, zfj_lzj is ¢ invariant and we deduce that d; — 1+ m; = Omod h or d; — 1 =
h —m; mod h.

Now, since c¢ is a real matrix, each exp(2mim/h) eigenvalue is paired with an exp(2mi(h —
m)/h) eigenvalue. So, reordering our indexing, we have d; — 1 = m; mod h. We want to lift
this congruence up to an equality.

Since m; < h and d; — 1 = m; mod h, we have d; — 1 >m;. So [T|=>_d; —1> > m,.
Since the m; come in pairs summing to h, the sum on the right hand side is (n/2)h, which
we also just showed equals |T|.
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